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PREFACE 

This  book  is  an  attempt  to  supply  a  systematic  discussion  of  gyrostatic 
action  and  rotational  motion  which  may  be  of  use  both  to  students  of 
dynamics  and  to  practical  men.  To  many  engineers  the  gyrostatic  action  of 
machinery  is  more  or  less  a  mystery,  while  to  the  student  gyrostatics  is  an 
affair  of  certain  formal  equations  by  means  of  which,  as  by  a  kind  of  "hocus 
pocus,"  certain  well-known  elementary  results  can  be  obtained.  These  results 
seem  to  have  been  erected  into  a  code  of  dogmata  to  be  quoted  and  applied 
in  all  manner  of  circumstances.  This  has  been  especially  notable  in  the 
history  of  invention  during  the  war.  In  attempts  to  construct  devices  which 
should  operate  by  gyrostatic  action,  inventors  have  often  tried  to  combine 
mutually  exclusive  conditions,  a  fact  which  shows  that  the  criteria  of  fulfil- 
ment of  an}*  specified  conditions  have  not  been  clearly  understood.  And  if 
inventors  have  been  deficient  in  clear  perception  of  the  conditions  of  success 
in  the  construction  of  gyrostatic  devices,  it  cannot  be  said  that  judges  and 
critics  of  such  appliances  have  been  conspicuousl}'  more  successful. 

All  this  is  no  doubt  to  a  considerable  extent  the  result  of  the  fact  that 
as  a  rule  the  discussion  of  dynamical  and  especially  of  gyrostatic  problems 
in  the  lecture-room  and  in  text-books  has  either  been  restricted  to  one  or 
two  simple  special  cases,  or,  when  more  comprehensive,  been  far  too  much  an 
a  Hair  of  Kuler's  or  Lagrange's  equations,  which,  by  providing  a  walled  in  path 
along  which  the  mind  can  travel,  withdraw  its  attention  from  the  incidents, 
often  exceedingly  instructive,  which  attend  its  progress.     This  process  may 
"  pay     as  a  preparation  for  the  academic  puzzles  of  the  examination  room, 
but,  a-  ,i   training  for  dealing  at  once  and  from  first  principles  with  the 
practical  scientific  questions  which  arise  in  the  course  of  a  great  European 
war,  it  i-  -idly  deficient.      What  is  required  is  a  training  in  the  analytical 
and    numerical  discussion   of   problems  of   actual   apparatus,  accompanied 
by  the  practical  study  of  gyrostatic  devices.     This  training  can  be  best 
obtained    in    the    lecture-room,    laboratory,    and    workshop    of    a    physical 
Institute  where  real  dynamics  is  made  an  important  subject. 

In  the  present  work  my  aim  has  been  to  refer,  as  far  as  possible,  each 
gyrostatic  problem  directly  to  first  principles,  and  to  derive  the  solutions 
by  steps  which  could  be  interpreted  at  every  stage  of  progress.  In  this 
way   light    is   thrown  on   the    formal    processes,   which,   when    their    results 
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are  seen  to  be  the  outcome  of  a  few  simple  primary  considerations,  acquire 
a  freshness  and  life  which  as  mere  rules  they  '1"  not  possess.  A  large 
number  of  problems  of  .-ill  kinds  have  been  thus  < l»-.-il t  with,  and  in  a  final 
chapter  of  the  present  volumes  considerable  number  of  others  have  been 
collected,  and  solved  either  fully  in  detail  or  in  a  summary  of  steps  with 
their  results.  Some  of  these  problems  were  rather  famous  in  the  early 
history  of  the  subjeci  and  were  solved  sixty  or  seventy  years  ago  by  Bour, 
!.  btner,  and  others,  using  the  formal  equations;  the  remainder  are  those, 
many  of  them  of  greal  physical  interest,  which  have  presented  themselves 
in  the  later  history  of  the  subject. 

A-  a  rule  the  method  employed  has  been  one  of  calculating  rates  of 
growth  of  angular  momentum  for  different  axes,  which  amounts  to  a 
reduction  to  practice  of  vector  ideas,  and  which  I  devised  nearly  twenty 
years  ago  for  use  in  my  own  teaching  and  dynamical  work.  At  the 
foundation  it  is  really  only  the  simple  notion  that  the  velocity  (in  its  fullest 
sense)  of  the  outer  extremity  of  the  vector  of  resultant  angular  momentum 
represents  in  direction  and  magnitude  the  moment  of  the  resultant  applied 
couple,  as  given  by  the  couple-axis.  This  notion,  mutatis  mutandis,  can 
of  course  be  applied  to  any  vector  quantity  and  its  rate  of  change. 

It  has  been  stated  that  all  such  methods  merely  amount  in  substance  to 
the  formal  equations  given  in  all  the  usual  treatises,  and  no  doubt  that  is 
true  in  a  certain  sense.  Nevertheless  the  criticism  is  pointless.  There  is  a 
very  important  sense  in  which  every  process  of  a  vector  nature  (whether 
it  follow  the  notation  of  a  vector  analysis  or  not)  differs  from  the  usual 
equations:  the  former  declares  interpretations  at  every  step  to  those 
who  can  read  them,  the  latter  does  not.  Thus,  insight  into  mechanical 
action  is  lost, a-ed;  a  continual  appeal  to  first  principles  accustoms  the 
mind  of  the  user  to  the  application  of  fundamental  ideas  to  all  kinds  of 
contrivances  and  in  all  circumstances.  The  perception  of  the  action  of  more 
or  less  complicated  gyrostatic  or  other  dynamical  devices  becomes,  in  time 
and  with  the  continual  exercise  of  thought,  intuitive  when  the  processes 
are  fundamental  and  interpret  at  ive  :  on  the  other  hand,  the  traditional  and 
scholastic  method  fosters  the  habil  of  reliance  on  the  operation  of  a  kind  of 
machine  of  which  the  solver  of  the  problem  merely  turns  the  handle.    How 

to  arrange  the   machine,  what   to  teed  into  it   and  what  to  leave  out.  puzzles 
him  at  '■\cyy  change  of  application  and  environment. 

Free  use  has  been  made  of  mathematical  analysis,  though  only  as  a  means 

of  obtaining  and   explaining  results  of   physical    interest,  and  of  preparing 
these    for    numerical    computation,  and,    further,   i^    placing    students    in    a 

position  to  make  progress  in  the  discussion  of  new  problems  or  of  carrying 
old  problems  to  a  further  stage  of  development. 

It  is  impossible  to  enumerate  here  all  the  cases  in  which  I  am  indebted 
to  original  researches  or  to  dynamical  literature,  but  in  the  proper  place  I 


iHiumnnTi 


PKKKACE 


\  ii 


have  always  tried  to  make  due  acknowledgment.     As  was  to  be  expected, 

I  am  under  special  obligation  to  the  writings  of  Sir  George  Givenhill.  His 
Report  on  Gyrostatic  Theory  will  lorn;-  form  the  chief  digest  of  learning  and 
research  on  the  applications  of  Elliptic  Functions  to  Dynamics,  but  besides 
my  indebtedness  to  that  important  work   1  owe  much  stimulation  and  help 

to  our  correspondence  from  time  to  time  on  matters  gyrostatic. 

As  regards  the  reading  of  proofs,  I  have  been  helped  in  the  earlier  part  of 
the  hook  by  my  colleagues  Professor  G.  A.  Gibson,  who  read  the  first  250 
pages  with  much  care  and  gave  me  much  valuable  advice,  and  Dr.  R.  A. 
lloustoun.  Hut  the  exigencies  of  teaching  and  work  in  great  University 
departments,  with  their  stall's  depleted  by  the  demands  of  the  war,  rendered 
the  continuance  of  such  help  impossible,  and  latterly  I  have  had  mainly 
to  depend  on  my  own  unaided  scrutiny  of  the  proofs.  Hence  many  slips 
may  have  escaped  observation.  A  few  sheets  were,  however,  very  kindty 
looked  over  by  Sir  George  Greenhill,  while  my  old  colleague  Dr.  G.  B. 
Mathews  has. come  also  to  my  assistance  from  time  to  time. 

I  must  also  acknowledge  the  great  care  which  the  compositors  and  readers 
of  the  Glasgow  University  Press  have  bestowed  on  every  detail  of  type- 
setting and  printing,  and  their  patience  in  meeting  all  the  troubles  which 
arose  in  carrying  through  a  very  difficult  piece  of  work. 

It  was  originally  intended  to  include  in  the  volume  an  account  of  a 
variety  of  gyrostatic  devices  which  are  of  use  in  naval  and  military  affairs 
and  in  engineering.  Any  such  account,  written  on  lines  permissible  at 
present,  would  however  be  more  or  less  fragmentary,  and  therefore  unsatis- 
factory :  and  it  is  proposed  to  issue,  if  that  is  possible  and  convenient,  a 
supplementary  Second  Part  after  the  war  has  come  to  an  end.  That  will 
also  include,  besides  a  series  of  diagrams  of  the  motion  of  tops,  various 
numerical  results  illustrative  of  some  interesting  parts  of  the  elliptic 
function  theory. 

In  the  discussion  of  practical  applications  I  hope  to  have  the  assistance  of 
my  son  Dr.  J.  G.  Gray,  who  for  several  years  at  Glasgow,  where  the  subject 
is  traditional,  has  made  gyrostatics  his  main  scientific  work. 

ANDREW  GRAY. 


1  For  as  whipped  tops  <>r  bandied  balls, 
The  learned  hold  are  animals  ; 
So  horses  they  affirm  to  be 
Mere  engines  made  l>y  gt-ninetry." 

Hudibras 


"  .  .  .  stujict  insi-ia  supra 
Impubesque  manus,  mirata  volubile  buxuin." 

Verc;.,  -AV.  vii,  381-2. 
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CHAPTER   1 

INTRODUCTORY* 

1.  Gyroscopes  and  gyrostats.  A  gyroscope  is  generally  regarded  as  a 
tow  the  behaviour  of  which  is  mysterious  and  unnatural.  It  consists  of  a 
flywheel,  generally  in  the  Eorm  of  a  disk  with  a  massive  rim,  mounted  in 

an  open  frame,  which  may  be  supported  in  various  ways,  for  example  as 
shown  in  the  adjoining  diagram.     But  the  flywheel  may  be  enclosed  in  a 


I'M 


(b) 


east-  which  completely  conceals  it,  as  when,  in  the  music-hall  entertainment, 
a  cheese-shaped  body  is  set  up  on  edge  and  successfully  resists  the  efforts 
of  a  strong  man  to  turn  it  down  flat.  The  concealment  of  the  rapidly 
rotating  flywheel  in  this  case  gives  an  additional  element  of  mystery. 
When   the   flywheel    is   thus   concealed    we    have   what    Lord    Kelvin    called 

gyrostat,  because,  in  virtue  of  the  rotation  of  the  flywheel,  the  arrangement 
stands  with  any  of  th Iges  of  the  case  resting  on  a  hard  smooth  table. 

The  arrangements  of  the  apparatus  shown  in  the  diagram  above  allow 

*  In  this  chapter  a  general  account  of  gyrostatic  phenomena  and  of  a  Dumber  of  experiments) 
is  given  ;  full  explanations  of  all  these  will  be  found  in  later  chapters  of  the  book. 

O.O.  \ 
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-<»ii.'  remarkable  Pacts  to  be  verified.  In  diagram  (a)  of  the  figure  the 
flywheel  is  Bhown  wit li  its  axis  CI)  held  by  a  ring,  which  can  turn  about 
bearings  E,  F  at  right  angles  to  CD.  These  bearings  are  at  the  extremities 
of  a  vertical  fork  carried  by  an  upright  stem,  which  we  shall  suppose  is 
free  to  turn  in  a  vertical  socket  carried  by  a  massive  base-piece  resting  on 
the  table.  The  bearings  K.  Fan-  so  arranged  that  the  ring  and  flywheel 
can  he  readily  removed  from  the  fork  and  securely  replaced  when  desired. 
For  the  present  we  suppose  that  there  is  no  weigh!  applied  at  1 ).  and  that 
the  axis  EF  passes  through  the  centre  of  gravity  of  the  wheel  and  frame, 
which  coincides  with  the  centre  of  the  wheel. 

2.  Experiment  showing  permanence  of  direction  of  axis  of  rotation. 
Action  of  torpedo.  Now  let  the  following  experiment  be  tried.  The 
flywheel  being  at  rest  and  the  arrangement  in  equilibrium,  the  base-piece  is 


turned  round  on  the  table.  The  upright  stem  with  its  fork  is  carried 
round  by  friction  in  the  socket,  and  so  the  flywheel  is  also  carried  round. 
and  its  axis  changes  direction  in  space.  The  ring  with  the  flywheel  is  now 
removed  from  the  fork  EF,  and  placed  so  that  the  axle  of  the  wheel  rests 
on  the  rubber  edge  of  a  disk,  carried  on  the  overhanging  end  of  the  spindle 
of  an  electric  motor  [see  figure],  liv  means  of  a  starting  resistance  the 
motor  is  run  slowly  at  first,  and  its  speed  gradually  increased  to  its  utmost 
value.  The  operator  presses  the  spindle  on  the  disk,  the  flywheel  gets 
into  motion,  and  runs  faster  and  faster,  as  the  speed  of  rotation  of  the 
spinner  increases.  Slip  between  the  spindle  and  disk  is  avoided.  The  ring 
is  now  replaced  on  the  bearings  EF  with  the  axle  ('!>  in  any  convenient 
inclined  position.  It  is  found  now  that  the  behaviour  of  the  apparatus  is 
entirely  changed. 

First   it  is  seen  that    when  the  base-piece  is  turned  round  on  the  table  the 

vertical  stem  is  no  longer  carried  round,  but  remains  apparently  fixed,  so 
that  the  axis  CD  points  in  a  constant  direction.  No  matter  how  the 
base-piece  is  turned  round  or  shifted  on  the  table,  the  direction  of  the  axis 
of  the  whcl  remains  practically  unchanged.     The  wheel  has  now  acquired 
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the  property  of  resisting  any  action  tending  to  produce  alteration  of  the 
direction  of  its  axis  of  rotation. 

The  reader  will  now  be  able  to  divine  the  explanation  of  the  music-hall 
experiment.  A  massive  flywheel  revolves  within  the  cheese-shaped  body, 
with  its  axis  along  the  axis  of  symmetry  of  the  outward  shape  of  the  body. 
When  an  attempt  to  throw  the  body  down  Hat  is  made,  the  flywheel 
powerfully  resists  any  change  in  the  direction  of  its  spin  axis,  and  the 
attempt  is  unavailing.  For  the  frontal  attack  on  the  body  must  he 
substituted  what  is  literally  a  "  flank  movement,"  which  may  perhaps  he 
inferred  from  what  follows. 

This  permanence  of  direction  of  axis  of  spin  explains  the  stability  and 
precision  of  a  rifle  bullet.  It  is  also  utilised  in  the  torpedo  to  maintain  the 
projectile  in  the  direct  inn  in  which  it  started.  The  hollow  body  of  the 
torpedo  contains  a  gyrostat  placed  with  its  axis  of  spin  along  the  axis  of 


the  "cigar,"  and  this  gyrostat  is  started  by  the  release  of  a  powerful 
spring  at  the  moment  of  firing.  If  the  "cigar"  swerves  a  little  from  the 
initial  direction  the  two  axes  diverge  at  a  small  angle,  since  the  axis  of 
spin  preserves  its  direction.  In  consequence  of  this  angle  a  motor  is 
called  into  play  to  actuate  a  rudder  in  such  a  way  as  to  annul  the  deflec- 
tion. Thus  the  gyrostat  acts  as  if  it  had  both  a  nervous  and  a  muscular 
system.  It  detects  the  swerve  and  calls  into  play  the  forces  required  to 
correct  it. 

3.  Motor-driven  gyrostats.  For  various  purposes  a  motor-driven  gyrostat 
is  very  convenient,  for  example  a  combination  of  gyrostats  can  be  much 
more  readily  adjusted  and  controlled  if  the  g}^rostatic  elements  are  motor 
driven.  Dr.  J.  G.  Gray  and  Mr.  (Jeorge  Burnside  have  constructed  a  very 
compact  arrangement  in  which  the  flywheel  of  the  gyrostat  is  the  rotor  of 
a  continuous-current  electric  motor.  The  parts  are  shown  in  the  diagram. 
The  armature  of  the  rotor  is  a  Gramme  ring  wound  on  a  ring  of  malleable 
cast-iron,  with  radial  iron  projections  between  the  segments  of  the  winding. 
The  Geld  is  supplied  by  a  small  electro-magnet,  of  which  the  cone  and 
pole   pieces  are  shown  on   the   right    at    the   bottom  of   the   diagram.      This 

magnet    forms    the    stator  :    it    carries   two   windings,   on 1   each    side    of 

the  shaft. 

The  armature  ring  is  supported  centrally  from  the  shaft,  which  is 
stationary,    by    means   of    two    magnalium    disks    perforated    to    allow    the 
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armature  and  field  magnet  to  be  cooled  by  circulation  of  air.  The  disks 
are  recessed  near  their  outer  edges  to  fit  tightly  into  the  inner  periphery  of 
the  armature  ring,  and  have  gun-metal  bushes.     The  magnalium  is  very 

light,  and  so  practically  the  whole 
mass  of  the  rotating  system  is  con- 
tained in  the  ring.  The  commutator 
is  mounted  on  one  of  the  disks:  the 
brushes  make  contact  with  phosphor- 
bronze  studs  projecting  inward  from 
the  magnalium  disk  which  carries  the 
armature  ring. 

The  case  is  made  in  halves,  pro- 
vided with  flanges  to  enable  them 
to  be  screwed  together  after  they  are 
placed  over  the  motor. 

The  form  of  gyrostat  with  open 
frame,  shown  in  the  preceding  diagram 
as  being  spun  on  the  motor-driven 
disk  apparatus,  has  however  been 
improved  so  much  by  Dr.  Gray  and 
Messrs.  Griffin  as  regards  balance, 
management  of  bearings,  and  lubri- 
cation that  it  can  be  used  for  all 
kinds  of  purposes  without  danger  of 
derangement,  spun  many  times  with  one  oiling,  and  will  continue  to 
spin  for  from  10  to  40  minutes  according  to  circumstances.  Thus  for 
a  large  number  of  ordinary  experiments  this  type  is  perfectly  convenient, 
and  its  cost  is  necessarily  considerably  less  than  that  of  the  motor 
instrument. 


Parts  of  the  gyrostat. 


4.    Effect  <>f  couple  applied  by  weight  hung  oh   otic  side.    Let  the 

weight  be  hung  on  at  1),  as  shown  in  the  diagram  (a), in  1.  If  the  flywheel 
were  not  turning  on  its  axis  the  effect  would  be  simply  to  turn  the  ring 
and  wheel  about  EF,  ami  the  weight  would  descend  until  it  came  into 
contact  with  the  supporting  stem.  But  with  the  wheel  rotating  rapidly 
the  result  is  widely  different.  A  very  slight  downward  motion  of  the 
point  D  can  be  detected  as  the  immediate  effect,  but  as  soon  as  the  least 
such  deflection  has  taken  place  the  whole  system  begins  to  turn  round, 
so  that  the  point  D  moves  sideways,  or,  with  reference  to  the  diagram  (</), 
p.  1,  at  right  angles  to  the  paper.  This  motion  goes  on,  and  presently, 
as  far  as  the  eye  can  detect,  a  steady  motion  of  the  stem,  fork,  ring  and 
flywheel  (all  as  if  they  composed  a  rigid  body)  about  the  vertical  has  been 
set  up.     The  point  D  of  the  axis  does  not  appear  to  descend  further,  and 
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the  axis  ('1)  remains  at  a  constant  inclination  to  the  horizontal  while  its 
azimuth  changes,  that  is  the  vertical  plane  containing  <'l>  turns  steadily 
round  the  vertical,  ll'  there  were  do  friction  between  the  moving  pari 
what  would  Ik-  seen  would  be  that  the  axis  CD  alternately  rose  and  Eel! 
through  a  small  range, so  that  on  the  average  the  apparatus  turned  steadily 
round  as  just  described. 

5.  E.iftt  .'im<  at  of  gyrostat  supported  l>;i  con/  attached  at  point  in  lim 
of  axis.  A.s  shown  in  diagram  (6),  in  1,  let  the  ring  and  flywheel  be  removed 
from  the  fork  and  hung  by  a  string  attached  to  a  knob  projecting  from 
the  ring.  The  wheel  is  steadied  until  the  axis  of  rotation  is  horizontal  and 
the  arrangement  is  left  to  itself.  It  is  supposed  that  the  wheel  is  rotating 
rapidly  about  its  axis  Again  a  downward  deflection,  so  slight  as  to  be 
hardly  observable,  takes  place,  and  a  sideways  motion  is  set  up,  so  that  the 
axis  of  spin  of  the  flywheel  turns  round  in  a  horizontal  plane.  Strictly 
speaking,  the  gyroscope  does  not  turn  about  the  string  as  a  vertical 
axis,  for  the  string  is  not  exactly  vertical.  If  the  point  at  which  it  is 
gripped  by  the  hand  remains  fixed,  the  string  is  inclined  so  that  its  lower 
end  is  a  little  displaced  from  the  vertical  towards  the  supported  gyroscope, 
for  upon  the  gyroscope  moving  as  a  whole  round  the  vertical  through  the 
point  of  support — the  upper  end  of  the  string — the  string  must  exert  an 
inward  component  of  pull.  But  this  displacement  is  slight,  and  we  may 
say,  with  a  considerable  approach  to  accuracy,  that  the  axle  of  the  flywheel 
turns  steadily  round  in  a  horizontal  plane  while  the  string  remains  vertical. 
In  reality  the  string  describes  a  narrow  cone  about  a  vertical  axis. 

6.  Ii<hari<>><r  of  gyroscope  dynamical  hut  apparently  unnatural.  The 
ordinary  undynamical  observer  who  knows  a  little  of  the  facts,  but  prac- 
tically nothing  of  the  reasons,  of  the  behaviour  of  ordinary  non-rotating 
bodies,  immediately  asks  the  ([uestion,  "Why  does  the  gyroscope  not  fall 
down  ' "  The  question  is  a  natural  one,  for  the  behaviour  of  the  gyroscope 
appears  to  him  to  be  most  unnatural.  He  does  not  pause  to  consider  that  if 
it  did  fall  down  the  planes  of  rotation  of  the  matter  of  a  massive  wheel 
would  have  to  be  quickly  changed,  and  that  such  a  change  may  possibly  be 
difficult  or  impossible  to  effect  by  a  direct  overturning  action  applied  to  the 
wheel.  His  attitude  is  just  that  of  the  ordinary  music-hall  spectator  of  the 
unoverturnable  "  cheese." 

The  idea  that  suggests  itself  to  those  who,  without  any  dynamical 
knowledge,  try  to  think  out  causes,  is  the  erroneous  one  that  gravity 
is  neutralised  in  some  way  by  the  rotation.  On  this  supposed  neutralisa- 
tion of  gravity  has  been  based  a  proposal  (perhaps  several  proposals)  for 
the  construction  of  a  flying  machine.  Such  observers  fail  to  note  the 
significant  fact  that  the  gyroscope,  when  its  axis  remains  horizontal 
in    this    apparently    paradoxical     manner,    is     turning     round    in    azimuth, 
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and    that   if    this 


turning 


is    checked    by    a    resistance    applied    to    the 


turning  axle,  the  wheel  at  once  begins  to  descend  in  the  "  natural  "  way. 
But  here  another  puzzling  result  is  obtained.  If,  instead  of  trying  to 
impede  the  motion  of  the  axle  in  azimuth  (the  precession al  motion,  as  it  is 
called),  the  observer  tries  to  assist  it,  the  outer  end  of  the  axle  rises,  that  is 
to  say  the  centre  of  gravity  of  the  gyroscope  is  raised. 

7.  Elementary  phenomena  and  their  dynamical  explanation.  The 
dynamical  theory  of  rotational  motion  and  of  gyrostatic  action  is  fully 
discussed  in  the  chapters  which  follow  ;  but  at  the  risk  of  some  repetition 

an  indication  of  the  principles  of  gyro- 
statics  is  given  here  for  the  sake  of 
general  readers. 

We  consider  the  case  of  steady  pre- 
cessional  motion.  It  is  supposed  to  be 
mysterious,  but  it  is  really  very  simple. 
It  is  illustrated  by  the  pedestal  gyrostat 
shown  in  the  first  figure,  or  by  the 
motor-driven  pedestal  gyrostat  shown  in 
the  adjoining  figure.  The  curved  arrow- 
head shows  the  direction  of  rotation,  the 
projecting  arrow  the  axis  of  spin,  the 
arrow  pointing  down  can  be  turned  so  as 
to  show  the  direction  of  the  axis  of  any 
applied  couple,  that  is  moment  about  YV 
of  any  applied  forces.  It  is  maintained 
by  a  spring  washer  in  any  position  in 
which  it  may  be  placed.  At  the  other  end 
of  the  axis  a  weight  balancing  all  these 
rods  is  hung,  so  that  the  centre  of  gravity 
may  remain  at  the  centre  of  the  wheel. 
Let  then  the  arrow  last  specified  be  turned  so  that  it  points  horizontally 
to  the  right.  It  represents  now  a  couple  which  would  turn  the  spin  axis 
down,  if  the  flywheel  were  not  rotating.  It  is  at  right  angles  to  the  parallel 
planes  in  which,  in  obedience  to  the  couple,  particles  of  the  body  would 
move,  if  there  were  no  rotation  :  and  it  is  drawn  towards  the  observer  it'  the 
turning  due  to  the  couple,  looked  at  from  a  point  beyond  the  arrow-head,  is  in 
the  counter-clock  direction.  The  length  is  made  equal  to  the  moment,  and 
thus  the  line  (which  is  called  the  axis  of  the  couple)  represents  the  couple  in 
all  respects.      |  The  phrase  "spin  axis"  means  the  axis  of  the  flywheel.] 

A  couple  may  be  applied  by  pushing  down  the  front  of  the  case  by 
hand  or  otherwise:  it  is  found  that  the  spin  axis  turns,  as  far  as  can 
well  be  observed,  in  a  horizontal  plane,  in  the  direct  ion  in  which  it  follows 
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the  couple  axis.  The  two  axes  turn  together  since  they  are  rigidly  con- 
nected, but  the  spin  axis  is  at  each  instant  turning  towards  the  position 
which  the  couple  axis  has  at  that  instant,  that   is.  towards  the  right. 

It'  the  back  of  the  case  is  pushed  down,  the  horizontal  turning  of  the 
spin  axis  is  towards  the  left.  But  as  the  couple  is  reversed  in  sign  from  its 
former  value,  the  pointer,  to  represent  it,  should  he  turned  towards  the  left, 
so  that  the  general  rule  thai  the  spin  axis  follows  the  couple  axis  again  holds. 

This  turning  is  due  to  the  fact  that  as  the  spin  axis,  with  the  angular 
momentum  Gn  about  it.  turns  towards  the  couple  axis  with  angular  speed  w, 
there  is  a  rate  of  production  of  angular  moment  uni  measured  by  Cno.i  about 
the  latter  axis.  Thus,  when  there  is  steady  turning,  the  rate  of  production  of 
angular  momentum  about  the  couple  axis,  equal  numerically  to  the  moment 
of  the  couple,  is  supplied  by  the  motion  of  the  body. 

If  it  should  happen  that  there  is  turning  of  the  spin  axis  (OX  in  the 
diagram)  towards  a  direction,  OY  say,  at  right  angles,  about  which  no 
couple  acts,  then  the  body  will  begin  turning  about  the  second  axis  OY  in 
the  direction  to  neutralise  the  rate  of  production  Cnco  of  angular  momentum 
due  to  the  motion  of  the  spin  axis.  [This  in  general  will  cause  turning  about 
OZ,  which  we  do  not  now  discuss.]  If  the  consequent  displacement  brings 
into  play  a  couple  about  OY  sufficient  to  account  for  this  Cwoo,  we  may  have 
steady  motion  set  up.  The  configuration  then  remains  unchanged,  the  spin 
axis  chases,  so  to  speak,  the  couple  axis  round,  and  we  have  a  state  of  relative 
equilibrium  with  constant  precession  (as  it  is  called)  of  angular  speed  to. 

If  however  the  neutralising  motion  about  OY  referred  to  above  is,  as  it 
may  be,  in  the  direction  to  call  into  play  a  moment  of  forces,  or  couple,  in 
the  opposite  direction  about  OY  to  that  required  to  account  for  Cn<o,  there 
will  be  instability,  the  deflection  will  go  on  indefinitely  increasing.  We 
have  an  example  in  the  gyrostat  with  axis  vertical  and  carried  round  on  a 
tray  in  azimuth  in  a  direction  opposed  to  that  of  the  rotation  of  the  flywheel, 
the  experiment  described  in  20,  below. 

Next  we  observe  that  when  it  is  attempted  to  retard  the  precessional 
motion,  by  applying  force  in  the  "natural"  way  to  effect  this  result,  the 
axis  descends,  if  it  is  in  like  manner  attempted  to  accelerate  the  precession 
the  axis  rises.  This  experiment  shows  that  the  horizontally  of  the  axis 
depends  on  the  freedom  of  the  gyrostat  to  precess  at  a  certain  definite  rate. 
This  rate,  as  we  shall  see  presently,  depends,  in  the  case  of  the  hanging 
gyrostat  described  above,  on  the  couple  applied  by  the  weight  of  the  gyro- 
stat acting  downward  in  one  vertical  line,  and  the  string  pulling  upward  in 
another  line  marly  vertical,  and  on  the  angular  momentum  of  the  flywheel. 

We  look  at  the  thine-  qow  in  this  way.  The  axis  of  rotation  round 
which  the  flywheel  has  angular  momentum  is  turning  towards  the  axis  A 

of    the    couple,    with    angular    speed,  „>    say.      Now.   and    this    is    the    point 
not  recognised  as  a  rule,  this  motion  itself  creates  a  raU  of  production  of 
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angular  momentum  about  the  axis  A  of  the  couple.  For  when  an  axis  01 
with  which  is  associated  a  directed  quantity,  L  say,  is  turning  towards  a 
fixed  direction  Om  at  right  angles  to  it  with  angular  speed  &,  there  is  a 

time-rate  of  production  of  the  quantity  of 
the  same  kind  associated  with  the  latter 
direction  measured  by  the  product  Leo* 

Now  the  flywheel  is  revolving  with  angular 
speed  n,  so  that  if  its  moment  of  inertia  is  C, 
it  has  angular  momentum  Cn  about  the  axis 
of  rotation  0/ :  but  with  angular  speed  co  the 
axis  01  is  turning  towards  the  instantaneous 
position  of  the  axis  Om,  a  fixed  direction  to 
which  0/  is  at  the  moment  perpendicular, 
and,  in  consequence  of  this  turning,  a  rate  of  production  of  angular 
momentum  Cnoo  exists  about  Om.     [See  12,  II  below.] 

Now  for  the  steady  motion  of  the  gyrostat,  that  is  steady  turning  in 
azimuth  without  rising  or  falling  of  the  axis,  it  is  only  necessary  that  this 
rate  should  be  equal  to  the  moment  of  the  couple  about  Om,  G  let  us  say. 
Thus  we  get  Cnoo  =  G,  which  gives  w  =  G/Cn. 

If  the  precession  is  hurried  by  a  little  impulse  applied  to  the  wheel,  and 
the  gyrostat  is  then  left  to  itself,  the  hurried  motion,  if  it  continued  after- 
wards in  the  horizontal  plane,  would  result  in  a  more  rapid  generation  of 
angular  momentum  about  Om  than  there  is  moment  of  couple  to  account  for, 
and  the  gyrostat  would  begin  to  turn  about  Om,  in  the  direction  to  cause  the 
angular  momentum  to  be  produced  at  the  proper  rate,  that  is  the  axis 
would  begin  to  rise.  In  the  same  way  an  impulse  towards  delaying  the 
precession  would  cause  the  axis  to  begin  to  descend.  In  each  case  the 
result  would  be  a  succession  of  alternate  rises  and  descents ;  but  the  subject 
of  vibrations  about  steady  motion  is  too  difficult  to  discuss  here,  and  will 
be  found  treated  later  in  the  book. 

8.  Two  possible  precessions  in  general  ease.  In  any  case  of  steady- 
motion  there  are  two  possible  precessional  motions  for  the  same  spin  and 
the  same  inclination  of  the  axis  of  spin  to  the  vertical,  which  are  given 
in  the  theory  as  the  roots  of  a  certain  quadratic  equation  [see  18,  II].  One 
is  great,  the  other  small.     The  former  to  the  first  approximation  does  not 

*For  example,  a  particle  of  mass  m  is  moving  at  any  point  P  along  a  curve,  that  is  along  the 
tangent  to  the  curve  at  1',  and  therefore  the  direction  of  motion  is  changing  at  V  with  angular 
speed  v/r,  where  r  is  the  radius  of  curvature  at  V.  We  may  regard  the  tangent  as  an  axis 
with  which  is  associated  the  momentum  mv,  and  which  turns  round  with  angular  speed  r/r,  as 
the  point  of  contact  advances  along  the  curve.  Thus  along  the  direction  towards  the  centre 
of  curvature  at  I',  which  direction  is  fixed  for  P,  and  towards  which  the  tangent  at  P  is 
turning,  there  is  a  rate  of  growth  of  momentum  measured  by  mvu=mv .  vjr=imrjr,  a  very 
well-known  result.  The  same  process  holds  for  any  directed  quantity  (momentum,  angular 
velocity,  angular  momentum,  etc.,  associated  with  an  axis). 
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depend  on  applied  forces,  the  other  does.  Lord  Kelvin  called  the  former 
"adynamic,"  the  other  " precessional."  But  in  strictness  both  involve  tin- 
forces,  and  they  appear  as  the  roots  of  a  certain  equation.  One  of  these  is 
at  once  approximately  realised  when  the  wheel  is  spun  fast,  the  gyrostat 
set  on  the  plate  at  rest,  and  left  to  itself.  The  motion  is  one  of  small 
oscillation  about  the  steady  motion,  which  is  characterised  by  slow  preces- 
sion, given  very  nearly,  but  not  quite  exactly,  by  the  same  formula  as 
before.  The  other  motion  of  tin;  axis  in  the  same  cone  is  one  of  much 
greater  precessional  angular  speed,  which  is  given  by  a  slightly  more 
complicated  formula  [see  18,  II]. 

In  strictness  we  must  regard  this  second  precessional  motion  as  character- 
istic also  of  the  gyrostat  when  its  axis  is  horizontal,  but  in  that  case  the 
precessional  angular  speed  is  intinite,  and  only  the  slow  motion  is  realisable. 

The  rule  often  stated  that  hurrying  a  gyrostat  in  its  precession  causes 
tilting  up  of  the  axis,  and  delaying  the  precession  causes  tilting  downward, 
is  true  only  of  the  slower  more  usual  precession.  For  the  faster  precession 
exactly  the  reverse  rule  holds  good.  This  fact  does  not  seem  to  be  generally 
known,  as  the  rule  is  often  stated  absolutely. 

It  is  important  to  notice  that  if  the  centre  of  gravity  of  the  gyrostat  is 
above  the  point  of  support,  supposed  on  the  line  of  the  axis,  the  two  pre- 
cessional motions  are  in  the  same  direction  ;  if  on  the  other  hand  the  centre 
of  gravity  be  below  the  point  of  support,  the  precessional  motions  are  in 
opposite  directions.  The  faster  motion  changes  sign  in  passing  through  an 
intinite  value,  when  the  axis  is  horizontal. 

By  the  effect  of  hurrying  or  retarding  the  precession  is  explained  the 
rising  and  falling  of  a  top  spinning  on  a  rounded  peg  in  contact  with  a 
rough  floor  along  which  the  top  can  move.  At  first  the  spin  is  fast  and  the 
slipping  is  such  as  to  produce  a  hurrying  friction  couple  which  causes 
the  erection  of  the  top.  After  the  spin  has  fallen  off  the  slipping  is  the 
other  way  and  a  couple  which  produces  the  reverse  effect  results,  and  the 
top  falls.  But  the  action  is  complex,  and  requires  mathematical  discussion  : 
it  will  be  dealt  with  in  a  later  chapter. 

9.  Bessemer  s  gyrostatically  controlled  saloon.  The  idea  occurred  to 
llesseiner  of  taking  advantage  of  the  resistance  which  ;i  rapidly  spinning 

flywheel  offers  to  change  of  its  plane  of  motion  for  the  construction  of  ;i 
ship's  saloon,  the  floor  of  which  should  be  kept,  by  gyrostatic  control, 
fixed  in  direction  as  the  ship  rolled  or  pitched.  The  idea  was  quite 
reasonable,  and  justified  an  attempt  to  realise  the  saloon.  So  a  cabin 
weighing  180  tons  was  suspended  from  a  fore  and  aft  axis  [see  The 
Engineer,  L875],  and  a  gyroscope  with  axis  of  spin  vertical,  for  the  ship  at 
rest  on  even  keel,  was  provided  to  control  it.  But  in  doing  so  the  designers 
and  constructors  ignored  the  fact  that,  as  in  the  experiment  described  above. 


]() 


(JVROSTATICS 


CHAP. 


gyrostatic  resistance  to  change  of  direction  of  the  axis  of  rotation  is  hound 
u]>  with  freedom  of  the  gyroscope  to  turn  as  a  whole  with  precessional 
motion.  This  freedom  of  precession  (about  an  axis  athwart  the  ship)  was 
not  provided  for  in  the  construction  of  the  saloon,  and  so  the  experiment 
was  unsuccessful  so  far  as  mitigation  of  rolling  was  concerned.  The 
arrangement  however  was  such  as  to  modify  the  pitching  motion,  though 
that  fact  does  not  seem  to  have  been  perceived  by  the  designers  or  their 
critics.  The  same  idea  has  been  revived  in  recent  years  and  realised  with 
fair  success  in  the  Schlick  apparatus,  described  in  Chapter  VIII  below,  for 
controlling  the  rolling  of  a  ship. 


c.*- 


10.  Gyroscope  or  gyrostat  is  merely  a  spinning  top.  The  earth  is 
a  spinning  top.  Spinning  of  an  ordinary  top.  The  gyroscope  is  how- 
ever merely  a  glorified  spinning   top,  and   the  person  who  asks  why  the 

gyroscope  hung  by  a  cord,  and  pro- 
cessing with  the  axis  of  rotation  of 
the  flywheel  horizontal,  does  not  fall 
down,  seldom  seems  to  notice  anything 
remarkable  in  the  fact  that  a  top 
spinning  upright  on  its  peg  stands  up 
stably,  and  when  its  spin  has  died 
away  lies  down  on  its  side  on  the 
ground,  and  will  not  stand  up  without 
spin.  Top  spinning  is  practised  by  all 
small  hoys,  and  the  behaviour  of  a 
top  is  taken  as  a  matter  of  course. 
"  Familiarity  breeds  contempt,"'  says 
the  proverb;  that  familiarity  with 
scientific  devices  which  consists  merely 
in  their  daily  use.  or  in  seeing  them  frequently,  produces  indifference. 
When  however  the  top  is  elaborated  a  little  into  a  gyroscope,  and  new 
experiments  are  made  with  it,  such  as  that  described  above  of  making  it 
hang  on  one  side  of  a  nearly  vertical  string,  many  people,  who  accept 
without  question  the  ordinary  top,  and  its  quite  as  wonderful  properties, 
ask  at  once  the  question  discussed  in  li.  Only  a  very  few  ordinary  ob- 
servers grasp  all  the  essential  facts  of.  what  they  see.  And  comparatively 
few  realise  that  the  earth  is  merely  an  ordinary  top,  which  spins  about 
its  axis  of  figure  at    the   rate  of  one  turn   in  about  four  minutes  less  than  a 

solar  day.     If  an  ordinary  top  is  spun  by  the  usual  process  of  throwing 

it  from  the  hand.  80  that  it  alights  OD  its  peg  just  after  a  string  has 
been  quickly  unwound  from  the  body  of  the  top,  its  axis  is  usually  at 
liist  inclined  at  a  somewhat  large  angle  to  the  vertical,  and  sways  round 
with  a  conical  motion.     Gradually,  by  the  action  of  frictional  forces  which 
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has  lu't'ii  referred  to  in  8,  the  angle  of  inclination  of  the  axis  to  the  vertical 

becomes  smallor  and  smaller,  and  the  centre  of  gravity  rises  until  the  axis 
is  vertical  and  the  top  "sleeps." 

This  conical  motion  is  indicated  in  the  last  diagram.  The  circles,  round 
the  vertical  and  the  axis  of  the  top,  there  shown,  indicate  the  conical 
motion  as  produced  hy  the  rolling  of  a  cone,  axis  OC,  fixed  in  the  body, 
round  a  cone,  axis  OZ.  fixed  in  space, in  the  manner  further  descrihed  below 
in  connection  with  astronomical  precession. 

After  a  little  as  the  spin  falls  off,  mainly  in  consequence  of  air  friction 
the  rotation  becomes  too  slow  for  maintenance  of  the  vertical  position,  and 
the  axis  of  figure  becomes  again  inclined  to  the  vertical  :  the  conical  motion 
is  resumed  and  goes  on  with  increasing  inclination  until  the  top  has  fallen. 

As  will  be  shown  later,  a  certain  limiting  angular  speed  of  spin  is  neces- 
sary that  the  top  may  be  in  stable  equilibrium  with  its  axis  in  the  upright 
position.  Also  it  will  be  proved  that,  when  the  axis  has  fallen  away  from 
the  vertical,  the  conical  motion  of  the  axis — the  precession  of  the  top — is 
due  to  the  action  of  gravity  on  the  inclined  over  body,  that  same  action 
which  in  the  case  of  the  gyroscope  makes  the  instrument  turn  round  in 
azimuth,  and  which,  according  to  the  undynamical  observer,  ought  to  bring 
the  centre  of  gravity  down  at  once  to  the  lowest  possible  position.  But  if 
the  falling  off  of  rapidity  of  spin  could  be  stopped  by  withdrawing  all 
resistance  to  the  spinning  motion,  while  the  axis  is  left  inclined  over  and 
moving  properly  sideways,  the  conical  motion  would  continue  indefinitely 
and  the  inclination  of  the  axis  to  the  vertical  would  remain  unchanged. 

11.  The  earth's precessional  motion.  The  earth  has,  besides  the  rotation 
about  its  axis  of  figure,  a  precisely  analogous  conical  motion  of  its  axis,  or, 
to  be  more  exact,  its  axis  would  move  in  a  cone  if  its  translational  motion 
in  space  were  annulled.  This  conical  motion  is  due  to  the  gravitational 
action  of  the  sun  and  of  the  moon  on  that  belt  of  matter  round  the  earth's 
equator,  which  may  be  regarded  as  constituting  the  deviation  of  the  earth's 
mas<  from  a  spherical  distribution.  The  earth's  centre  moves,  with  very  slight 
deviations,  in  a  certain  plane  round  the  sun,  the  plane  of  the  ecliptic,  as  it  is 
called,  to  which  the  plane  of  the  earth's  equator  is  inclined  at  an  angle  of 
23  27'  8"  (the  so-called  "  obliquity  of  the  ecliptic  "),  so  that  the  axis  of  spin 
of  the  earth,  that  is  the  line  joining  the  poles,  is  inclined  to  the  ecliptic  at 
the  complementary  angle  6G°  32'  52".  The  "falling  down"  of  the  earth 
which  this  gravitational  action  would  by  analogy  "naturally"  produce,  is  a 
tinning  of  the  plane  of  the  equator  into  coincidence  with  the  ecliptic, 
30  that  the  earth's  axis  should  set  itself  at  right  angles  to  the  ecliptic  [f 
this  were1  to  happen  there  would  be  a  disappearance  of  the  succession  of 

isons;  only  the  slight  variation  caused  by  the  eccentricity  of  the  earth's 
orbit  would  be  left,  and  a  practically  unvarying  climate  would   prevail  in 
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each  zone  of  the  earth's  surface.  Instead  of  undergoing  any  such  catastrophic 
change  in  position,  the  earth's  axis  moves  round  slowly  in  the  conical  path 
referred  to  above,  and  the  angles  of  inclination  of  the  equator  and  of  the  axis 
of  spin  to  the  ecliptic  remain  unaltered.  Thus  the  direction  of  the  earth's 
axis  in  space  undergoes  a  great,  though  slowly  proceeding,  periodic  change. 
..^^v..  The  position  of  the  north  or  south  pole  on  the 

***N       celestial  sphere  moves  slowly  round  in  a  circle, 
\     the   angular    diameter   of   which    subtended   at 
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IN  6500 
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/     the    earth's    centre    is   twice    the    obliquity,  or 
■/         46°  54'  16",  and  completes  a  circuit  in  25,800 
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IN  13000 
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years.  The  fixed  stars  are  so  distant — the 
nearest  is  about  275,000  times  as  far  from  the 
earth  as  the  sun  is — that  the  translational 
motion  of  the  earth  in  its  nearly  circular  orbit 
of  about  180,000,000  miles  in  diameter  has 
hardly  an  observable  effect  on  the  apparent 
path  of  the  pole  among  the  fixed  stars.  About  12,000  years  hence  the 
pole  will  point  nearly  to  the  star  a  Lyrae ;  about  4,000  years  ago,  when 
the  Pyramids  of  Egypt  were  built,  the  pole  star  was  the  star  a  Draconis. 
The  sloping  passages  in  the  Pyramids  seem  to  have  been  constructed  so 
as  to  be  used  for  the  observation  of  that  star. 


12.   Conical  motion  of  aarig  produced  by  rolling  of  body  cone  on  space 
cone.     This  conical  motion  may  be  regarded  as  due  to  the  rolling:  of  a 
narrow  cone  fixed  in  the  earth  (and  there- 
fore   moving    with    the    earth),    having    its 
axis  coincident  with    the  earth's  axis,  upon 
a  cone  fixed  in  space,  the  axis  of  which  is 
at  right  angles  to  the  ecliptic,  and  the  semi- 
ano-le  of  which  is  23'   27'  8".     This  is  illus- 
trated  by  the  diagram,  which  shows  a  model 
of    the    earth    mounted   so   as   to  show    the 
precessional    motion.      The   former   is   called 
the    body    cone,  the    latter    the    space    cone. 
The    upper    surface    of    the   Hat   ring   round 
the   stand   is   the   plane   of   the    ecliptic,   the 
•  lark  line  NE  is  pari  of  the  equator,  PN  is 
a    meridian  drawn  from  the  pole   I'  to  the  intersection  N  of  the  equator 
with  the  ecliptic.     The  point   N  represents  one  of  the  equinoxes  or  "nodal 
points"  at   which  the  sun   in   its  apparent    motion  among  the  stars  passes 
from  one  side  of  the  plane  of  the  equator  to  the  other.     Lines  drawn  from 
the  centre  (not  shown)  of  the  globe  to  points  on  the  ring  shown  as  situated 
parallel  to  the  ecliptic  at   the  top  of  the  model,  give  the  space  cone.     The 
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body  cone  is  represented  by  its  upper  end  P,  which  is  a  rod  of  brass  resting 

n  the  inner  surface  of  the  ring.  This  rod  is  a  very  narrow  cone  with  its 
apex  also  at  the  centre  of  the  globe,  and  its  axis  of  figure  is  ih.it  of  the 
globe.  With  the  rod  resting  on  the  ring  the  globe  is  set  spinning  aboui  1' 
in  the  counter-clock  direction  as  seen  from  above.  It  will  he  seen  that, 
while  for  the  ordinary  top  as  shown  in  the  diagram  in  10,  the  body  cone 
rolls  on  the  outside  of  the  space  cone,  the  body  cone  here  rolls  on  the  inside 
of  the  space  cone. 

The  cone  P  then  rolls  round  the  ring,  of  which  it  makes  one  circuit  in  the 
time  T.  I )  '/.  where  T  is  the  time  of  one  turn  of  the  globe  on  its  axis  and  ])  '/ 
the  ratio  of  the  diameter  of  the  ring-  to  the  diameter  of  the  cone  at  P. 
(Strictly  speaking,  the  ratio  should  be  (D  —  d)  d,  but  d  is  very  small  in  com- 
parison with  D.]  As  the  cone  rolls  round  the  meridian  NP  travels  with  it, 
and  the  equinoctial  point  N  moves  round  along  the  ecliptic.  Thus  we  have 
the  precession  of  the  equinoxes. 

13.  "  Diameter  of  earth's  axis."  We  can  now  solve  an  interesting  problem 
which  was  sometimes  proposed  to  the  students  of  the  Natural  Philosophy 
Class  of  the  University  of  Glasgow.  Supposing  the  polar  radius  of  the 
earth  to  be  4000  miles  and  the  precessional  period  to  be  25,800  years,  rind 
the  diameter  of  the  earth's  axis  .'  This  problem  puzzled  most  students  at 
first  sight,  as  its  statement  seemed  to  imply  the  possession  by  the  earth  of 
an  actual  material  axle,  but  an  inspection  of  the  model  globe,  of  which  the 
diagram  above  is  a  picture,  made  the  question  into  an  interesting  exercise, 
both  on  the  geometry  of  motion  and  on  an  important  question  of  physical 
astronomy.  The  time  T  is  one  sidereal  day,  and  the  time  TD/d  [strictly, 
T(D  — '/)  </]  is  25,800  equinoctial  years  of  360]  sidereal  days  each.  Thus 
we  have  approximately  25800  x  366|  =D/d.     But 

D  =  2  x  4000  X  sin  (23°  27'  8"). 
Hence  we  get,  in  feet, 

_  2  x  4000  x  5280  x  sin  23°  27/  8"  =    >7g 
25800x360]  = 

The  answer  to  the  question  is  therefore  21  inches. 

14.  Free  vibrational  motion  of  atop.    Free  and  forced  vibrations.   The 

motion  of  the  terrestrial  top  in  the  gravitational  field  of  force,  due  mainly 
to  the  sun  and  moon  acting  on  the  equatorial' belt  of  matter,  is  so  far  as 
we  have  gone  analogous  to  that  of  a  child's  top  spinning  in  the  field  of 
force  due  to  the  earth's  attraction  on  bodies  at  its  surface.  But  the  analogy 
can  be  traced  into  further  details  of  the  motion.  The  child's  top,  in  the 
early  part  of  its  spin,  rises  till  its  axis  is  vertical  and  then  sleeps.  If  there 
were  no  frictional  forces  acting  to  raise  the  axis  o>  the  vertical,  iii  the 
manner  referred   to  in  8,  it    would   continue  spinning  steadily  about  its 
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axis  ■while  the  conical  motion,  due  to  the  deviation  of  the  axis  from  the 
vertical  and  the  consequent  couple  about  a  horizontal  axis,  would  con- 
tinue without  alteration  of  rate  or  of  the  inclination  of  the  axis  to  the 
vertical.  But  as  it  is  any  little  inequality  of  the  pavement,  encountered 
by  the  peg,  produces  a  little  disturbance,  and  the  top  "  wobbles.''  This 
wobble  is  soon  extinguished  by  the  frictional  forces  acting,  but  if  these 
did  not  exist  there  would  be  a  periodically  repeated  disturbance  of  the 
motion.  This  would  be  seen  by  a  small  vibrational  motion  of  the  axis  of 
the  top  about  the  motion  which  it  had  before  the  disturbance  arose. 

The  vibration  has  a  period  which  depends  on  the  system  of  forces  under 
which  the  ordinary  undisturbed  motion  takes  place,  on  the  distribution  of 
matter  in  the  top,  and  on  the  inclination  of  the  axis  to  the  vertical  in  that 
motion.  This  period  is  called  a  "natural"  or  free  period  of  vibration  of 
the  top. 

The  period  arising  from  a  single  small  disturbance  must  not  be  confused 
with  the  periodic  motion  which  would  be  produced  by  a  periodically 
occurring1  disturbance.  In  this  case  what  is  called  a  "  forced  vibration  " 
would  be  produced  in  the  period  of  the  disturbance,  not  in  any  natural 
period  of  the  body,  unless  a  natural  period  and  the  forced  period  happened 
to  agree,  in  which  case  a  large  disturbance  might  quickly  grow  up. 

A  good  illustration  of  this  is  found  in  the  rolling  of  a  ship.  If  the  ship 
is  inclined  over,  in  otherwise  still  water,  and  left  to  herself,  she  will  then 
roll  in  a  period  which  depends  on  the  ship  alone,  and  is  a  natural  or  free 
period.  If,  however,  she  steams  in  a  seaway,  in  such  a  direction  that  waves 
pass  under  her  transversely,  she  rolls  in  the  period  in  which  she  encounters 
the  successive  waves,  that  is  she  performs  transverse  oscillations  in  a  forced 
period. 

In  the  same  way  the  earth-top  is  subject  to  periodic  alterations  of  the 
forces  applied  by  the  sun  and  moon,  as  the  system  of  bodies  periodically 
change  their  relative  position,  and  so  we  have  forced  vibrational  variations 
of  precession,  and  those  changes  of  inclination  of  the  axis  to  the  ecliptic 
which  are  called  nutation.  But,  comparatively  recently,  the  question  has 
been  asked,  Is  the  motion  of  the  earth-top  affected  by  any  free  period 
oscillation  '.  We  can  calculate  the  period  of  a  free  oscillation  of  the  axis 
about  the  mean  position,  and  the  calculation  is  given  in  X  below.  It 
comes  out  306  days  approximately. 

15.  Periodic  changes  <>f  hit  it  tide.  The  next  question  is  how  such  a  free 
oscillation  of  the  earth-top  would  disclose  itself.  It  is  clear  from  what  has 
been  stated  above  that  the  axis  of  figure,  remaining  fixed  in  the  body, 
would  vibrate  about  its  mean  direction  in  space.  This  mean  direction 
would  be,  as  we  shall  see  later,  that  of  the  axis  OK,  say,  of  resultant 
angular  momentum  of  the  earth,  due  to  its  spin  and  the  precessional  motion 
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combined.     This  axis,  nearly  coinciding  with  the  axis  of  figure,  we  may, 

for  the  consideration   of   the   motion   of   the   axis   of    figure,  take   as   ,-it    rest, 

though  as  a  matter  of  tact  it  is  displaced  iii  consequence  of  the  forced 
precession  ami  nutation.  Eence,  a.s  the  earth  turns,  OK,  thus  fixed 
direct  ionally  in  space,  describes  a  cone  in  the  earth,  and  the  pole  of  the 
earth  moves  round  among  the  stars  in  a  circular  path  about  the  intersect  ion 
i^(  OK  with  the  celestial  sphere,  in  the  period  of  free  vibration.  Hut  the 
usual   way  of   determining  the   latitude  of   a   place  is  by  observing  the 
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apparent  altitude  of  a  star  at  an  interval  of  12  hours,  and  therefore, 
since  the  pule  moves  round  a  fixed  point  on  the  celestial  sphere,  a  periodic 
alteration  of  latitude  will  he  noticed  if  the  observational  apparatus  i^ 
sufficiently  delicate. 

It  is  found  (sec  lor.  rit.  below)  that  if  the  moment  of  inertia  of  the 
earth  about  the  axis  of  figure  be  C,  and  the  mean  value  of  that  about  an 
equatorial  diameter  be  A,  the  period  of  a  free  oscillational  variation  is 
A  (C— A)  times  the  period  of  rotation.  Now  A/(C  — A)  is  about  .'504,  so 
that  the  natural  period  for  a  ri^id  earth  is  about  304  sidereal  days. 

A  careful  scrutiny  of  observations  of  latitude,  which  was  made  by 
-Mr.  S.  C.  Chandler  of  Cambridge  (U.S.),  has  disclosed  two  periodic  dis- 
turbances, one  in  a   yearly  period   and   another  in   a   period   of   about   42.X 
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days.  The  former,  a  motion  of  the  invariable  line  OK  with  reference  to 
the  earth,  is  a  narrow  ellipse,  about  30  feet  long  at  the  North  Pole,  and 
is  no  doubt  due  to  the  periodic  deposit  and  melting  of  snow  and  ice  in  the 
polar  regions,  which  must  alter  the  action  producing  precession.  Accordingly 
this  is  a  forced  oscillation. 

The  latter  however  is  a  motion  in  a  circle  at  the  pole  of  about  26  feet  in 
diameter  in  the  fourteen  months'  period  stated.  In  the  chart  on  p.  15,  the 
path  of  the  north  pole  of  the  earth  for  five  years  from  1890  to  1895  is 
pictured.  It  will  be  seen  that  the  curve  is  apparently  very  irregular : 
this  is  due  to  the  variation  in  position  of  the  ellipse  giving  the  yearly 
motion.  This  is  confirmed  by  the  results  of  later  observations,  notably  by 
the  chart  for  the  seven  years  1906-1912,  which  is  given  in  Chap.  XI  below. 

The  discrepancy  between  42S  days  and  304  days  was  at  first  puzzling, 
but  it  was  pointed  out  by  the  American  astronomer  Simon  Newcomb  that 
any  elastic  yielding  of  the  earth,  or  change  of  distribution  of  matter  due  to 
mobility  of  surface  water,  that  might  accompany  the  vibrational  motion, 
would  increase  the  period.  For,  clearly,  such  yielding  would  diminish  the 
forces  called  into  play  by  the  vibrational  displacements,  and  the  period 
would  be  increased.  The  exact  amount  of  the  increase  of  period  due  to  this 
cause  cannot  well  be  estimated  [see  however  Chap.  XI]. 

16.  Egg-shaped  sol id  body  stable  with  Jong  axis  vertical  when  spinning. 
"  Liquid  gyrostats."  The  question  of  the  behaviour  of  a  spheroidal  shell 
filled  with  a  liquid  and  made  to  spin  is  an  interesting  one.     We  take  a 


spheroidal  piece  of  wood,  a  nearly  egg-shaped  piece,  as  shown  in  the 
diagram,  and  laving  it  with  its  long  axis  horizontal,  apply  two  horizontal 
forces  in  opposite  directions  at  its  ends  with  the  fingers  so  as  to  make  it 
spin  rapidly,  say  in  the  direction  of  the  circular  arrow  on  the  left.  The 
wood  does  not  continue  to  spin  with  the  long  axis  horizontal,  but  raises  its 
centre  of  gravity  until  the  long  axis  is  vertical,  as  shown  on  the  right,  and 
spins  in  stable  equilibrium  in  this  position,  like  an  ordinary  top. 

It'   now  the  same  experiment  be  tried   with  a  metal  shell   tilled   with  a 
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liauid,  or  with  a  fresh  egg,  it  will  not  succeed.  The  arrangement  will 
spin  in  a  feeble  way.  l>ut  it  will  not  behave  as  an  ordinary  top  and  stand 
up  on  end. 

Tin'  rotational  motion  set    up   is  not    stable,  and  dies  away  fairly  quickly. 

I  >nt  the  shell  ran  be  stopped  by  placing  the  finger  on  the  egg  for  a  moment. 
When  thf  finger  is  removed  the  shell  moves  on  again,  being  draped  round 
by  the  still  rotating  liquid.  But  if  the  egg  is  boiled  hard  it  will  behave 
like  the  wooden  spheroid.  This  is  one  way  of  solving  the  problem  of 
Columbus — to  make  an  egg  stand  on  end  ! 

17.    Stability    of   rotational    motion    in    a    spheroidal    shell.     The 

stability  of  the  rotation  of  the  liquid  contents  of  a  spheroidal  shell  depends 
on  the  form  of  the  shell.  If  the  spheroid  is  oblate,  that  is  if  the  axis  of 
figure  is,  like  the  axis  of  the  earth,  the  shortest  diameter,  the  rotation  is 
stable,  and  will  endure  so  that  the  shell  filled  with  liquid  may  be  used  as 
the  flywheel  of  a  gyrostat.  If  however  the  shell  is  prolate,  that  is  if  the 
axis  of  figure  is  the  long  axis,  as  in  the  case  of  the  piece  of  wood,  the 
motion  is  unstable,  unless  indeed  the  shell  be  sufficiently  prolate.  We  ma}r 
place  the  gyrostat,  with  prolate  liquid  spheroid  as  wheel,  on  the  spinner 
and  get  up  a  great  speed  ;  as  soon  however  as  the  gyrostat  is  removed  from 
the  machine  it  is  found  that  the  spin  has  disappeared. 

On  p.  18  is  a  diagram  showing  an  oblate  shell  and  a  prolate  one  filled 
with  water,  both  mounted  in  frames  like  a  gyrostat  flywheel,  as  shown  in 
the  third  diagram.  The  deviation  from  sphericity  is  5  per  cent,  in  each 
rase,  but  in  opposite  directions.  The  oblate  one  admits  of  stable  motion  of 
the  liquid,  the  other  does  not. 

Oblateness  however  is  not  absolutely  essential  for  steady  rotational 
motion  of  a  liquid  round  the  axis  of  figure  in  a  spheroidal  case  turning 
with  the  liquid.  It  was  shown  by  Sir  George  Greenhill  in  1880  that 
steady  motion  is  possible  in  a  prolate  spheroid,  if  it  be  sufficiently  prolate. 
The  axial  diameter,  in  fact,  must  either  be  shorter  than  the  equatorial 
diameter,  or  be  more  than  three  times  as  long.*  As  Sir  George  Greenhill 
points  out.  a  modern  elongated  projectile  if  filled  with  a  liquid  would  not 
rotate  steadily  about  its  axis  of  figure,  and  therefore  would  not  have  a 
definite  trajectory  as  a  rifle  bullet  has:  it  would  (unless  abnormally  long* 
turn  broadside  on  to  the  direction  of  motion. 

The  possibility  of  spinning  an  oblate  ellipsoidal  mass  of  liquid  was 
discovered  mathematically  by  Colin  MacLaurin,  Professor  of  Mathematics 
at  Edinburgh  in  the  first  half  of  the  eighteenth  centurv.  He  showed  that, 
provided  the  angular  speed  was  kept  under  a  certain  limit  depending  on 
the  density  of  the  fluid,  there  were  two  revolution  ellipsoids  of  different 

•  Proceedings  qftht  Cambridg*  Philosophical  Society,  1880;  Encyclopaedia  Brilannica,  article, 
•■  Bydromechanics." 
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eccentricities,  which  were  figures  of  equilibrium  for  a  mass  of  liquid 
spinning  about  the  axis  of  figure,  with  its  surface  free.  With  one  or  other 
of  tin-  eccentricities  proper  for  the  speed,  the  case  may  he  supposed  removed 
without  affecting  the  equilibrium.  Of  course  it  is  understood  that  there  is 
no  terrestrial  gravity  to  produce  disturbance:  the  spinning  ellipsoid  of 
liquid,  without  enclosing  ease,  could  not  be  realised  excepl  in  a  laboratory 
at  the  centre  of  the  earth,  and  perhaps  for  various  reasons  not  even  there. 


All  this  is  connected  with  a  subject  of  very  great  interest,  the  equilibrium 
of  spinning  masses  of  liquid.  It  is  of  much  importance  in  its  bearing  on 
the  genesis  of  the  earth  and  moon:  but  for  further  information  the  reader 
is  referred  to  Thomson  and  Tait's  Natural  Philosophy^  and  to  memoirs  by 

l'oincare  and  Sirdeoi'ire  Darwin. 

18.  Gyrostatic  experiments :  gyrostat  supported  above  universal  flexun 
joint.  Double  instability  stabilised.  Some  of  the  usual  gyrostatic  experi- 
ments have  already  been  described  in  4  ...  7  above.  We  shall  now  describe 
a  few  others  of  a  somewhat  more  complicated  kind,  and  indicate  some 
speculations  which   have  been  put    forward,  principally  by  Lord  Kelvin,  as 
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Motor-gyrostat  on  gimbals. 


to  the  explanation  of  certain  physical  properties  of  matter  by  gyrostatic 
st  ructure. 

A  v.tv  instructive  gyrostatic  experiment  is  thai  with  a  gyrostai  sup- 
ported "ii  a  universal  gimbal  joint  as  shown  in  tin-  <li.-iiri-am.  This  drawing 
-hows  one  gimbal  axis  clearly:  the 
other  axis  is  ai  righi  angles  to  this  and 
is  partly  hidden  by  the  upper  ring 
to  which  the  knife-edges  are  seen 
attached.  The  gyrostai  thus  mounted 
Tonus  an  inverted  pendulum,  which 
has  two  freedoms  of  motion,  and 
when  the  wheel  is  without  spin  is 
unstable  in  both.  With  sufficient 
spin  the  gyrostat  is  stable  in  both 
freedoms. 

This  is  an  example  of  a  doubly 
unstable  arrangement  rendered  stable 
by  spin.*  In  Thomson  and  Tait's 
Natural  Philosophy  the  interesting 
theorem  is  proved  (at  least  it  is 
implied  in  the  discussion  in  §345yiii 
et   seq.)  that   in  a  gyrostatic  system 

an  even  number,  but  not  an  odd  number,  of  freedoms  can  be  stabilised 
by  rotation  of  flywheels  [see  also  XX  below].  Of  this  we  have  here  a 
particular  case. 

An  arrangement  of  double  instability,  of  which  the  idea  is  said  to  be  due 
to  the  late  Professor  Blackburn,  is  shown  on  p.  20.  A  trapeze  is  attached 
at  its  ends  to  two  vertical  chains  by  two  rings  attached  to  swivels,  so  that 
tic  trapeze  can  turn  about  its  own  longitudinal  axis.  The  trapeze  is  made 
of  two  slips  of  metal  between  which  the  rim  of  the  gyrostat  can  be  slipped 
ami  secured  by  a  pin.  One  of  the  chains  has  inserted  in  it  a  large  ring,  so 
placed  that  by  unhooking  one  of  the  chains,  passing  it  through  the  ring, 
and  then  rebooking  it,  and  turning  the  trapeze  end  for  end.  we  have  it 
BUSpended  by  crossed  chains.  Such  a  bitilar  suspension  is  of  course 
unstable,  as  the  trapeze  tends  to  turn  round  towards  assuming  the  arrange- 
ment of  two  parallel  or  uncrossed  chains,  in  which  of  course  the  centre  of 

•Tavitv  is  lower  than   in  tl ther  case,  and  which  so  far  as  the   bitilar   is 

concerned  is  the  arrangement  of  stable  equilibrium  without  spin. 

The  gyrostai    when    without   spin   and   hanging  below   the   trapeze,  with 
the  chains  uncrossed,  has  two  freedoms  for  both  of  which  it  is  stable:  (1) 

*  It  is  understood  here  and  elsewhere  that  there  is  no  friotional  resistance  involved.  The 
existence  of  Buch  resistance  must  be  reckoned  with  in  contrivances  for  practical  purposes. 
The  exact  meaning  also  of  stability  cannot  be  discussed  here. 
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the  .system  can  swing  as  a  pendulum  about  the  swivels  at  the  end  of  the 
trapeze;  (2)  the  trapeze  can  turn  in  azimuth  about  a  vertical  axis  through 
its  middle  point,  in  vibrations  in  which  the  chains  are  carried  in  opposite 


Motor-gyrostat  on  crossed  bifilar  support. 
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directions  out  of  the  vertical.  These  two  modes  of  motion  arc  thus  both 
stable  modes  without  spin  of  the  flywheel. 

Now    when    the  chains  are  crossed,  and   the   trapeze  is  turned  so  that    the 

gyrostat  is  above  it,  the  gyrostat  possesses  two  instabilities  without  rotation 
of  its  flywheel;  and  if  the  flywheel  is  spinning  and  the  arrangement  is  set 
up  so  that  the  chains  are  in  one  plane  with   the  casing  of  the  gyrostat 
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vertical,  the  contrivance  exhibits  remarkable  balancing  power.     The  effect 
ol'  friction  at  the  supports  however  causes  the  arrangement   to  leave  the 

vertical.  (Jyrostatic  oscillations  come  into  exist. nee.  The  gyrostat  oscil- 
lates about  the  horizontal  swivels,  and  the 
chains  oscillate  ahout  their  mean  positions. 
The  amplitudes  of  these  oscillations  con- 
tinually increase,  until  finally  the  gyrostat 
Ealls  o\  er.  The  balancing  in  any  oscillation 
can  be  traced  out  in  detail  as  an  effect  of 
'•  hurrying  "  precession. 

A  gyrostat  may  also  be  supported  on  two 
stilts  as  shown.  One  of  these  is  rigidly 
attached  to  the  case,  parallel  to  the  plane 
of  the  flywheel :  the  other  is  merely  a  stiff  wire  with  rounded  points,  the 
upper  of  which  rests  loosely  in  an  inverted  cup  on  the  case.  The  lower 
ends  of  the  stilts  rest  in  cups  on  the  table,  or  they  may  be  merely  set 
on  a  roughened  metal  plate.  There  is,  witli  the  freedom  to  turn  about 
the  line  of  the  lower  points  and  at  the  same  time  to  swing-  about  the 
vertical  centre  line,  which  the  arrangement  possesses,  considerable  stability 


Motor-gyrostat  mounted  to  demonstrate  the  principle  of  tbegyrostatic  conipn^. 

(quickly  undermined  however  by  increasing  amplitude  of  vibration)  with 
rapid  rotation  of  the  flywheel.  There  is  of  course  no  stability  without 
rotation. 

19.  Gyro8tatic  expt  rinu  nts :  gyrostat  on  tray  carried  round  in  azimuth. 
The  gyrostat  of  the  pedestal  instrument  carries  two  trunnions  in  line  with 
the  centre  of  the  wheel.  The  gyrostat  is  now  mounted  by  placing  these 
trunnions  on  bearings  attached  to  the  square  wooden  frame  shown  in  the 
figure,  SO  that  when  the  tray  is  held  in  a  horizontal  position,  the  gyrostat 
rests   with  its  axis  vertical  or  nearly  SO.      The  direction  in  which  the  wheel 

is  spinning  is  Bhown  by  the  arrow  on  the  upper  side.  The  frame  is  carried 
round  in  azimuth  in  the  direction  of  spin:   nothing  happens;  the  gyrostat 

spins  on  placidly.     If  however  the  frame  be  carried  slowly  round  the  other 
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way,  the  gyrostat  immediately  turns  upside  down  on  the  trunnions :  and 
now,  as  the  motion  round  in  that  direction  is  continued,  the  gyrostat  is 
quiescent  as  at  first;  but  the  spin,  by  the  inversion  of  the  gyrostat,  has 
been  hrought  into  the  same  direction  as  the  azimuthal  motion. 

The  gyrostat  behaves  as  if  it  possessed  volition — a  very  decided  will  of 
its  own.  It  cannot  bear  to  be  carried  round  in  the  direction  opposed  to  the 
rotation,  and,  as  it  cannot  help  the  carrying  round,  it  accommodates  itself 
to  circumstances  by  turning  upside  down  so  that  the  two  turning  motions 
are  made  to  agree  in  direction.  Again  the  azimuthal  motion  is  reversed, 
and  once  more  the  gyrostat  inverts  itself,  so  that  the  wheel  turns  in  the 
same  direction  in  space  as  at  first. 

It  will  be  noticed  that  when  this  curious  one-sided  stability  and  instability 
is  displayed,  the  gyrostat  is  affected  by  a  precession  impressed  upon  it  from 
without.  The  system  was  not  left  to  itself,  it  was  carried  round.  The 
gyrostat  has  little  or  no  gravitational  stability — the  centime  of  gravity  is 
nearly  on  a  level  with  the  trunnions:  but  even  if  it  were  gravitationally 
unstable,  sufficiently  rapid  azimuthal  motion  would  keep  it  upright  if  that 
motion  agreed  with  the  spin,  while  the  least  motion  the  other  way  round 
would  cause  it  to  capsize. 

If  the  gyrostat  be  placed  on  the  trunnions  so  that  the  axis  of  the  wheel 
is  in  the  plane  of  the  frame,  azimuthal  turning  causes  one  end  or  the  other 
of  the  axis  to  rise,  according  to  the  direction  of  turning. 

Better  than  anything  else,  this  experiment  affords  an  example  of  the  two 
forms  of  solution  of  a  certain  differential  equation,  which,  when  the  inclina- 
tion 0  of  the  spin  axis  to  the  vertical  is  small,  may  be  written 

where  X  is  the  angular  momentum  of  the  wheel,  and  w  the  angular  speed 
with  which  the  frame  was  carried  round.  When  the  turnings  were  in  the 
same  direction,  w  and  N  had  the  same  sign,  but  when  the  turnings  were  in 
opposite  directions  the  product  wN  had  a  negative  value.  When  the 
product  is  positive  we  have  a  solution  giving  oscillations  about  the  vertical, 
in  the  period  27r(A/wN)- :  the  equilibrium  is  stable.  When  however  a>  is 
reversed  the  product  must  be  given  the  opposite  sign,  and  we  gei  a  solution 
in  real  exponentials,  giving  the  beginning  of  continued  falling  away  Erom 
the  upright  position  until  the  opposite  position,  which  is  stable,  is  attained. 
N  has  now  also  been  reversed  in  space,  and  the  product  wN  in  the 
differential  equation  is  again  positive. 

A  turning  moment  about  the  vertical  is  required  by  the  gyrostat  from 
the  frame  constraining  it  to  move  round  in  azimuth.  The  average  amount 
of  this  moment,  multiplied  by  the  time  occupied  in  the  inversion,  is  2N. 
There  is  thus  at  each  instant  of  the  turning  in  azimuth,  before  the  inversion 
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lias  been  completed,  a  couple  required  from  the  frame,  and  this  couple  is 
greater  the  greater  the  angular  speed  n  of  spin.  The  operator  must  apply 
an  equa I  couple  to  i he  frame. 

The  couple  arises  thus.  Lei  the  gyrostat  axis  have  been  displaced  from 
the  vertical  through  an  angle  6  about  the  trunnion  axis.  In  consequence 
of  the  azimuthal  turning,  at  rate  <,^  say.  the  outer  extremity  of  the  ;ixis  of 
angular  momentum  is  being  moved  parallel  to  the  instantaneous  position 
of  the  line  of  trunnions,  and  thus  there  is  rate  of  production  I!  of  angular 
momentum  about  thai  line;  hut  there  being  no  applied  couple  aboui  the 
trunnions,  the  gyrostai  must  begin  to  turn  about  them  in  order  to  nm 
tralise  K.  This  turning  tends  to  erector  to  capsize  the  gyrostat  according 
as  the  spin  and  azimuthal  motions  agree  or  are  opposed  in  direction.  The 
consequent  motion  involves  production  of  angular  momentum  about  the 
vertical  tor  which  a  couple  must  he  applied  by  the  frame,  and  of  course  to 
the  frame  by  the  operator.  This  couple  is  greater  the  greater  N,  and 
therefore  if  the  operator  cannot  apply  so  great  a  couple  an  azimuthal 
turning  at  rate  a>  cannot  take  place.  With  sufficiently  great  angular 
momentum  the  resistance  to  azimuthal  turning  could  he  made  for  any 
stated  values  of  0  and  w  greater  than  any  specitied  amount. 

The  magnitude  of  this  couple,  which  measures  the  resistance  to  turning 
at  a  given  rate,  is  greatest  when  the  angle  0  is  90°,  that  is  when  the  axis  of 
the  flywheel  is  in  the  plane  of  the  frame. 

20.  Gyrostatic  structure  <>/  n  ri(ji<l  solid.  We  come  now  to  an 
interesting  application  of  these  ideas.  Lord  Kelvin  endeavoured  to  frame 
.something  like  a  kinetic  theory  of  elasticity, 
that  is  he  conceived  the  idea  that,  for  example, 
the  rigidity  of  bodies,  their  elasticity  of  shape, 
depends  on  motions  of  the  parts  of  the  bodies, 
hidden  from  our  ordinary  senses  as  the  fly- 
wheel of  a  gyrostai  is  hidden  from  our  sight 
and  touch  by  the  case*  I  Jonsider  this  diagram 
of  a  web.  It  represents  two  sets  of  squares, 
one  shown  by  full  the  other  by  tine  lines: 
the  former  are  supposed  to  he  rigid  squares, 
the  latter  tlexihle.  Unlike  ordinary  fabrics, 
which  are  almost   unstretchable  except  in  a 

direction  at  45  to  the  warp  and  wool',  this  web  is  equally  stretchahle  in 
all  directions.  If  the  web  is  strained  slightly  by  a  small  change  of  each 
tlexihle  square  into  a  rhombus,  or  into  a  nut  rectangular  parallelogram, 
the  areas  are  to  the  firsi   order  of  small  quantities  unaltered 
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•"Ether,    Electricity,    and    Ponderable    Matter."     Presidential    Address    to    Inst.    Elect. 
Engineers,  Jan.  10,  1889.     Collected  Papers,  III.  p.  184. 
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Now  imagine  that  a  gyrostat  is  mounted  in  each  of  the  rigid  squares, 
so  that  the  axis  of  the  trunnions  and  the  axis  of  rotation  are  in  the 
plane  of  the  square  shown  in  the  figure  If  the  angular  speeds  of  the 
flywheels  are  sufficiently   great,  it   is  impossible  to  turn   the  squares  in 

azimuth  at  any  given  small  angular  speed,  for  the 
gyrostai  would  very  strongly  resist  the  change  of 
direction  of  its  axis.  Thus  any  strain  involving  turning 
of  the  small  squares  is  resisted,  and  we  have  azimuthal 
rigidity  conferred  on  the  web  by  the  gyrostats.  There 
is  however  no  resistance  to  non-rotational  displacement 
of  the  squares  as  wholes. 
To  get  a  model  in  three  dimensions  Lord  Kelvin  imagined  an  analogous 
structure  made  up  of  cubes,  each  composed  of  a  rigid  framework  to  play 
the  part  of  the  squares,  and  connected  by  flexible  cords  joining  adjacent 
corners  of  the  cubes.  In  each  cube  he  supposed  mounted  three  gyrostats 
with  their  trunnions  at  right  angles  to  the  three  pairs  of  sides.  This 
arrangement  would,  like  the  web  of  squares,  resist  rotation,  but  now  about 
any  axis  whatever;  and  there  would  be  no  resistance  to  mere  translation 
of  the  cubes  as  wholes.  Thus  the  body  so  constituted  would  be  undis- 
tinguishable  from  an  ordinary  elastic  solid  as  regards  translators"  motion, 
but  would  resist  turning. 

21.  Gyrostatic  spring  balance.  In  this  connection  we  may  refer  to 
another  arrangement  suggested  by  Lord  Kelvin — a  gyrostatic  imitation 
of  a  spiral  spring — in  which  a  constant  dis- 
placement is  produced  and  maintained  by  the 
action  of  a  constant  force  in  a  fixed  direction, 
involving  the  application  of  a  couple  of  constant 
moment,  though  not  of  constant  direction  of 
axis.  This  gyrostatic.  spring  balance  is  indicated 
in  a  paper  entitled  "  On  a  Gyrostatic  Adynamic 
Constitution  for  Ether,"  published  partly  in  the 
Comptes  rendus,*  and  partly  in  the  Proceedings 
of  tlw  Jioijal  Soclrfif  of  Edinburgh.^  It  is 
described  in  some  detail  in  his  Popular  Lectures 
and  Addresses.l  The  arrangement  of  gyrostats 
is  shown  in  the  diagram,  and  is  fairly  simple  in 
conception.     It   does  not  however,  except   under 

certain  conditions  not  easily  realisable  even  approximately,  possess  the 
peculiar  property  of  a  spiral  spring  of  being  drawn  out  a  distance  propor- 
tional to  the  weight  hung  on  the  lower  hook.     The  gyrostatic  arrangement 


■  Comjihs  rnuln-i,  vol.  109,  p.  !">.'>,  1889;  Moth,  and  Phys.  Papers,  vol.  .">,  p.  466. 

\  Proceedings  of  thi  Royal  Society  oj 'Edinburgh,  vol.  II,  is'.in.  J  Vol.  L,  p.  237,  et  seq. 
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is  very  difficult  bo  realise  with  ordinary  gyrostats,  but   presents  qo  diffi 
culty   with   properly  constructed   motor   driven   instruments.      It  consists 
oi   a   frame  of   four  equal   bars,  constructed   by  jointing  the   bars   freely 

toevther  at  their  extremities  in  the  manner  shown  by  the  diagram,  ami 
hung  from  a  vertical  swivelling  pin  at  one  corner,  so  that  one  diagonal  of 
the  frame  is  vertical,  and  another  vertical  swivelling  pin  at  the  lowest 
corner  carries  a  hook.  Four  equal  gyrostats  are  inserted,  one  in  each  bar 
as  shown,  with  its  axis  along  the  bar,  and  are  given  equal  rotations  in  the 
directions  shown  by  the  circular  arrows.  Under  the  couples  tending  to 
change  the  directions  of  the  axes  of  the  flywheels,  and  applied  by  the 
weights  of  the  gyrostats  and  bars,  the  system  precesses  round  the  two 
swivels,  and  so  preserves  a  constant  configuration.  If  now  a  weight  is 
hung  on  the  hook  at  the  lower  end,  the  frame  is  elongated  a  little,  and  a 
new  precessional  motion  gives  again  a  constant  configuration  of  the  frame, 
di Herein  of  course  from  the  former  one.  Two  gyrostats,  the  upper  or 
Lower  pair,  would  serve  quite  well  to  give  the  effect. 

Lord  Kelvin  suggested  that  if  the  frame  were  surrounded  by  a  case, 
leaving  only  the  swivel-pins  at  top  and  bottom  protruding,  it  would  be 
impossihle,  apart  from  special  knowledge  of  the  construction  of  the  interior, 
to  discern  the  difference  between  the  system  and  an  enclosed  spiral  or 
coach  spring,  surrounded  by  a  case  and  fitted  with  hooks  for  suspension 
and  attachment  of  weights.  It  is  found  however  when  the  steady  motion 
of  the  system  under  gravity  is  worked  out,  that,  in  strictness,  the  distance 
through  which  the  frame  is  lengthened  can  he  regarded  as  simply  pro- 
portional to  the  load  applied  only  in  special  circumstances.  The  ratio  of 
the  extension  of  the  vertical  diagonal  to  the  addition  of  load  on  the 
hook  is  a  function  of  the  inclination  of  the  arms  of  the  frame  to  the 
vertical,  and  therefore  the  spiral  spring  law  only  holds  for  very  small 
deviations  from  a  steady  motion  position.  The  system  acts  certainly  as 
a  spring,  but,  constructed  with  actual  practical  gyrostats,  it  has  not  the 
properties  possessed,  though  only  approximately  even  in  their  case,  by 
ordinary  springs. 

The  theory  of  the  combination,  and  an  account  of  an  easily  constructed 
substitute,  will  be  given  later  [see  1,  VIII]. 

The  idea  however  underlying  the  contrivance  is  very  suggestive,  and 
goes  a  long  way  towards  enabling  us  to  obtain  a  definite  idea  of  how  the 
elastic  properties  of  bodies  may  be  explained  by  motion. 

22.   Gyrostatic  pendulum.     Next    we  consider  a   pendulum  consisting 

of  a  rigid  suspension  rod.  and  a  boh  rigidly  attached  to  it,  which  contains  a 
gyro-tat  with  axis  of  rotation  directed  along  the  suspension  rod  as  shown 
in  the   figure.     Without    rotation,  the    two   freedoms   of   this  system   are 

stable,    and    if    the    bob    be    made    to    describe    a    circle    about    the    vertical 
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through    the  point  of  support,  the   period   of  revolution  is  the  same  for 
both   directions  of   the  circular  motion.     When   the  gyrostat   is  spun  the 

behaviour    is    very   different. 

Circular  motion  may  take 
place  in  either  direction,  but 
the  periods  arc  different,  that 
of  the  circular  motion  in 
the  same  direction  as  the 
rotation  being  the  smaller. 
The  ratio  of  the  periods  de- 
pends on  the  arrangement; 
the  tlieoiy  is  set  forth 
below.     [See  4,  VIII.] 

A  combination  of  the  two 
circular  motions  in  different 
periods  and  in  opposite  direc- 
tions gives  a  star  figure, 
which  in  the  diagram  the 
pen  attached  below  the  bob 
is  shown  describing.  The 
peculiar  appearance  of  the 
graphs  here  pictured  is  due 
to  a  very  rapid  falling  off 
of  amplitude,  and  therefore 
shortening  of  the  rays,  due 
to  friction. 

There  is  a  remarkable  ana- 
logy between  the  motion  of  a  pendulum  with  a  gyrostat  in  its  bob  and 
the  motion  of  an  electron  in  a  magnetic  field,  which,   is  dealt  with  later. 


This  parallel  was  pointed  out   first  by  the  author  of  this  book,  and  after- 
wards by   Professor  Fitzgerald,  after  Zeeman's  discovery  was  announced. 
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The  gyrostatic  explanation  of  the  Zeeman  effed  is  attended  with  diffi- 
culties on  account  ol"  the  complex  of  spectral  lines  observed  in  the  Zeeman 
phenomenon. 

23.    Experiments:  Gyrostat  weighted  on  one  side.     Motor  gyrostat  on 

chain-suspension.  We  shall  now  describe  a  number  of  gyrostatic  experi- 
ments, most  of  them  new  and  made  with  novel  apparatus.  For  the  most 
part  the  experiments  and  apparatus  are  due  to  Dr.  J.  G:Gray.  The  descrip- 
tions given  below  are  to  a  great  extent 
taken  from  discussions  written  by  Dr.  Gray 
and  the  author. 

The  direction  of  rotation  of  the  rotor  of 
the  gyrostat  is  shown  by  the  circular 
arrow  head,  and  the  axis  OX,  drawn 
I'lv  im  the  centre  (all  on  the  remote  side  of  the 
instrument  in  the  diagram),  represents  the 
angular  momentum  N,  or  Cn  (C  =  moment 
of  inertia  of  rotor,  n  =  angular  speed  of 
rotor). 

One  of  the  weights  supplied  with  the 
instrument  is  hung  from  the  counterpoise 
of  the  rods  and  arrows  ;  or,  if  counter- 
poise and  rods  are  removed,  it  is  hung 
from  the  loop  shown  at  X'.  If  the  fly- 
wheel is  without  rotation,  the  gyrostat 
simply  turns  about  YY  .  The  weight  is 
now  removed,  the  flywheel  is  spun,  and 
the  weight  is  replaced.  It  is  seen  now 
that  the  wheel  and  case  with  the  support- 
in"'  fork  turn  as  a  whole  about  ZZ',  and 
do  so  more  quickly  the  larger  the  weight 
attached.  Again,  with  a  given  attached  weight  it  is  found  that  the  greater 
the  angular  speed  of  the  rotor,  the  slower  is  the  speed  of  turning  about  ZZ'. 
We  have  here  illustrations  of  the  gyrostatic  equation  which  holds  in  all 
these  cases,  (  Wiu)=  L,  where  at  is  the  angular  speed  about  the  axis  Z'Z,  and  L 
the  moment  of  the  couple  about  Y'Y.  By  the  turning  about  Z'Z  with  speed 
w  angular  momentum  is  being  produced  about  Y'Y  at  rate  Cnco,  and  this 
must  be  equal  to  L,  the  moment  of  the  couple  produced  about  Y'Y  by  the 
attached  weight. 

Again,  when  the  weight  is  attached  let  a  couple  be  applied  by  hand  in 
the  direction  which  seems  the  natural  one  to  hurry  the  turning  motion 
about  Z'Z.  It  is  Pound  that  the  gyrostat  now  turns  about  Y'Y,  so  as  to 
rai8(     the    weight.      On    the    other    hand,   if    the    couple    is   applied    SO   as 


Motor-gyrostat  in  pedestal,  with  weight 
attached. 
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of  the  couple  and  the  angular  velocity 

An  attempt  to  hurry  or  retard 
precession  has  an  exactly  similar 
result  to  that  already  described. 
When  the  chain  is  hooked  into 
the  middle  notch,  the  couple  is 
zero,  and  there  is  no  azimuthal 
turning. 


24.    Experiment :  Gyrostat  on 
skate.      The    adjoining    diagram 

shows  a  motor-gyrostat  resting  on 
a  rounded  convex  skate  screwed  to 
the  flanges  which  unite  the  two 
halves  of  the  case.  If  the  gyrostat 
Leans  over  at  an  angle  6  from  the 
vertical    through   the   skate  edge. 


to  endeavour  to  delay  the  preces- 
sion, the  gyrostat  will  turn  about 
Y'Y  so  as  to  allow  the  weight  to 
descend. 

The  gyrostat  may  be  hung  by 
the  chain  suspension  from  one 
of  the  notches  in  the  side  piece 
shown  in  the  adjoining  diagram, 
and  made  to  give  the  couple  by 
its  own  weight.  If  it  is  hung  in 
the  right-hand  notch,  as  shown, 
and  the  spin  axis,  indicated  by 
the  arrow  index,  be  drawn  to 
the  right,  the  axis  of  the  couple 
due  to  the  inclined  position  of 
the  gyrostat  would  be  at  right 
angles  to  the  paper  and  drawn 
towards  the  reader.  The  gyrostat 
would  thus  turn  in  azimuth  so 
that  the  extremity  of  the  spin 
axis  would  follow  the  couple 
axis,  that  is  would  turn  with 
angular  speed  w  towards  the 
observer. 

If  the  chain  were  attached  at 
the  left-hand  notch,  the  moment 
w  would  be  reversed  in  direction. 


Motor-gyrostat  balancing  on  a  skate. 
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a  couple  of  moment  equal  to  the  Eorce  of  gravity  on  the  gyrostat 
multiplied  into  hsind,  where  h  is  the  distance  of  the  edge  of  the  skate 
from  the  centre  of  gravity,  is  applied,  and  the  gyrostat  without  altera- 
tion of  its  inclination  moves  round  in  azimuth  with  an  angular  speed 
(ti= moment  of  couple/ angular  momentum  of  wheel,  at  least  this  will  be 
the  angular  speed  if  the  gyrostat  is  simply  set  down  on  the  skate 
(preferably  on  a  supporting  horizontal  tray  of  thick  glass).  But  there 
is  another  and  faster  angular  speed  of  azimuthal  motion  which  can  be 
realised  by  properly  starting  the  motion  on  the  glass  plate. 

An  explanation  of  how  these  two  possible  speeds  of  steady  motion  arise 
will  be  given  in  a  later  chapter. 

All  the  experiments  on  hurrying  and  retarding  precession  can  also  be 
made  with  this  arrangement. 


25.  Experiment :  Gyrostatic  bicycle  rider.  The  rider  of  a  bicycle  is 
here  replaced  by  a  gyrostat.  The  apparatus  may  be  so  contrived  that 
the    balancing   is   entirely    due   to   gyrostatic 

action,  or  so  that  it  is  effected  as  a  human 
rider  does  it.  In  the  former  case  the  bicycle 
is  stable  both  when  at  rest  and  when  in 
motion,  in  the  latter  it  is  stable  when  driven 
in  the  forward  direction.  We  give  here  the 
second  case,  in  which  an  old  type  of  bicycle  is 
used. 

The  gyrostat  is  spun  in  the  direction  of 
rotation  of  the  wheels  in  the  forward  motion 
of  the  cycle.  Then  tilting  of  the  machine  to 
the  left,  say,  and  the  consequent  alteration  of 
direction  of  the  axis  of  spin  of  the  fly-wheel, 
causes,  as  can  easily  be  seen,  precession  of  the 
gyrostat,  which  turns  the  wheel  to  the  left. 
For  the  tilting  gives  a  rate  of  production  of 

angular  momentum  about  a  downward  axis,  and  there  being  initially  DO 
couple  about  that  axis,  the  gyrostat  and  wheel  begin  to  turn  round  in 
azimuth  in  the  direction  to  neutralise  the  angular  momentum  produced. 
The  forward  motion  of  the  rider  and  machine  then  gives  the  upright 
making  action  in  the   usual    way. 

When  perfectly  balanced  the  bicycle  has  a  straight  path.  When  a  weight 
is  hung  on  one  side  the  path  becomes  curved. 

There  are  two  <>r  three  other  ways  in  which  a  gyrostatic  rider  can  keep 
upright,  but  that  just  described  and  the  following  must  suffice  for  the 
present. 

The  next  figure  shows  a  gyrostatic   rider  on  a  modern    form   of  bicycle. 


Gyrostatic  bicycle  rider. 
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The  saddle  is  replaced  by  a  sleeve-joint  on  which   the  rider  is  supported, 
and  two  arms  are  applied  as  shown  to  the  handle  bar.      When  the  wheels 

of  the  bicycle  are   in  one  vertical  plane  the 
sleeve-joint    is   inclined    backward    from    the 
vertical,    and    so,    if    the    gyrostat    turns    on 
the    sleeve,    the    brass    ball    carried    by    the 
gyrostat  moves  in  a  circle,  the  highest  point 
of  which  is  in  the  plane  of  the  back  wheel. 
Thus,  when  the  wheels  are  in  one  plane  the 
rider  is  unstably   mounted.      But    the   whole 
machine   is    unstable    on    the    wheels.     Thus 
there  are   two   instabilities  without    rotation 
of  the  gyrostat  flywheel,  and  these,  in  accord- 
ance   with    gvrostatic    theory    [to   be    given 
later],    are    both    stabilised    by    spin    of    the 
gyrostat. 

With  rapid  spin  in  the  direction  of  forward 
motion  of  the  wheels,  the  gyrostat,  as  already 
described,  imitates  the  human  rider,  and  tilting 
action  causes  the  machine  to  turn  to  the  right  or  left  as  the  case  may  be. 

In  all  these  bicycle  tops  the 
gyrostat  not  only  detects  but 
sets  about  correcting  any  ten- 
dency of  the  bicycle  to  capsize. 

26.    Experiment :    "   Walking 
gyrostat."       Another      entirely 
novel   experiment   is   shown   in 
the  figure.     A  box  is  suspended 
by   two    arms    of    equal    length 
from  two  horizontally  stretched 
wires.      The    wires    are    carried 
by    a     frame    mounted    on    two 
trunnions    mounted    on    wooden 
uprights  as  shown   in   the   dia- 
gram,   which    however    display 
only  one   end    of   the  arrange- 
ment    of    wires    and    supports. 
The     wires     are     conveniently 
made  about    12  or   14   feet    lone- 
and   strung   npon   them  arc  two 
rings,  to  which  the  arms  attached  to  the  box  are  hooked.      Fitted  within  the 
box  is  a  gyrostat  with  its  axis  horizontal  and  in  the  plane  of  the  arms. 


Walking  gi  rostat. 
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For  the  experiment  the  gyrostat  is  takes  out  and  spun  rapidly,  and 
replaced  in  the  box.  When  the  frame  is  oscillated  to  and  fro  on  the 
trunnions,  the  box  proceeds  hand  over  band  along  the  wires,  as  if  it  were 
endowed  with  life. 

It  will   lie  seen  t  b.lt    the  tilting  of   tile  frame  to  and   fro  thrOWS  the  weight 

of  the  gyrostat  and  box  alternately  on  each  of  the  arms.  The  illustration 
shows  the  weight  of  the  box  thrown  on  the  arm  I!:  since  Y  is  lower 
than  X.  The  resulting  precessional  motion  of  the  gyrostat  (which  is 
supposed  to  be  spinning  counter-clockwise  as  viewed  by  the  reader)  causes 
the  arm  A  to  move  forward  to  A'.  At  this  instant  the  wire  frame  is  tilted 
so  that  the  weight  is  thrown  on  the  arm  A',  when  the  arm  B  swings 
forward,  and  so  on.  At  the  start  of  the  motion  the  spin  is  great  and 
the  precession  small,  and  the  box  has  a  slow  and  Stately  motion.  As 
the  spin  falls  ott"  the  precession,  and  consequently  the  rate  of  walking, 
inpreases;  until  finally  the  box  literally  runs  along  the  wires. 

When  the  box  has  walked  from  one  end  of  the  frame  to  the  other  it 
must  be  brought  back  to  the  starting  end  to  repeat  the  experiment.     The 
direction  of  walking  depends  on  the  direction  of  the  spin:  if  it  is  desired 
to  cause  the  box  to  walk  in  the  reverse  direction 
it  must  be  reversed  on  the  wires. 

27.  'Experiment:  A  top  on  n  top.  This  figure 
illustrates  a  form  of  acrobatic  top.  Fitted 
to  the  frame  of  the  large  gyrostat,  in  a  position 
in  line  with  the  axis  of  the  flywheel,  is  a 
tube,  into  which  is  fitted  a  peg  as  shown.  If 
the  gyrostat  is  spun  rapidly  and  placed  verti- 
cally with  the  peg  resting  on  a  table,  it  will 
balance.  In  consequence  of  the  fact  that  the 
centre  of  gravity  of  the  gyrostat  lies  above 
the  point  of  support  it  possesses  two  instabilities 
without  rotation  of  the  flywheel,  and  the  result, 
as  in  lcS,  is  complete  stability  with  rotation. 
The  action  is  in  fact  identical  with  that  in- 
volved in  the  "gyrostat  on  gimbals"  experiment 
there  described.  The  friction  between  the  table 
and  peg  being  small,  the  friction  at  the  pivots 
i-  sufficient  to  cause  the  gyrostat  frame  to 
rotate  in  the  direction  in  which  the  flywheel  is 
rotating. 

Into  a  tube  fitted  to  the  top  of  the  frame  and  in  line  with  the  axis  of  the 
flywheel  can  be  fitted  a  second  tube  attached  to  a  horizontal  bar.  and  to 
this  is  hinged  the  frame  ,.t'  ,•:  Bmaller  gyrostat. 


Acrobatic  top. 
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To  perform  the  experiment  the  small  gyrostat  is  spun  rapidly  and  fitted 
above  the  large  one  as  above  described.  The  system  should  now  be  held  in 
the  vertical  position  (this  may  be  accomplished  by  holding  the  frame  of  the 

small  gyrostat  in  the  hand)  and  given  an  impulse 
in  the  direction  in  which  the  flywheel  of  the 
large  gyrostat  is  rotating.  Providing  that  the 
flywheels  of  the  two  gyrostats  are  rotating  in 
the  same  direction  as  viewed  from  above,  the 
small  gyrostat  will  balance  on  the  horizontal 
bar. 

A  variation  of  the  "gyrostat  on  gimbals"  ex- 
periment may  be  performed  by  means  of  the 
large  gyrostat  of  the  last  experiment.  The 
arrangement  of  the  apparatus  is  shown  in  the 
figure.  The  tube  carrying  the  peg  is  removed 
from  its  socket  and  replaced  by  a  tube  termin- 
ating in  a  grooved  wheel.  The  gyrostat  is  spun 
rapidly  and  placed  in  the  vertical  position  with 
the  wheel  engaging  on  a  tight  or  slack  wire. 
If  the  wire  is  stretched  horizontally  the  gyrostat 
may  be  pushed  to  and  fro  by  hand.  The  forces  should  be  applied  to  the 
tube  in  the  neighbourhood  of  the  grooved  wheel,  and  not  to  the  frame  of 
the  gyrostat,  A  preferable  method  of  carrying  out  the  experiment  consists 
in  starting  the  gyrostat  from  one  end  of 
a  slack  wire,  when  it  will  run  to  and  fro, 
and  finally  come  to  rest. 

This  gives  an  idea  of  gyrostatic  bal- 
ancing of  a  monorail  carriage.  This  is 
however  better  shown  in  this  monorail 
top  which  runs  along  a  wire  on  two  small 
wheels.  With  the  weight  above  there  is 
double  instability:  (1)  for  turning  about 
the  wire,  (2)  for  turning  about  an  axis 
transverse  to  and  above  the  wire.  These 
two  instabilities  are  stabilised  by  rotation 
of  the  flywheel. 

If  a  weight  is  suspended  from  one  side 
of  the  to])  it  will  lean  over  to  the  other 
side  of  the  wire,  thus  imitating  the  action 
of  a  man  who.  holding  a  heavy  weight  in  one  hand,  leans  over  so  as  to 
bring  the  centre  of  gravity  of  the  system,  composed  of  the  weight  and 
himself,  vertically  above  the  centre  of  the  base  formed  by  his  feet. 

The  balancing  action  of  this  top  is  best  shown  by  attaching  the  two  ends 
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of  a  long  wire  fco  two  fixed  points,  one  at  each  side  of  a  lecture  theatre. 
The  top  is  placed  on  the  wire  at  one  end,  when  it  runs  to  and  fro  on  the 
wire,  coming  to  rest  in  the  middle  position.  As  an  alternative  the  wire 
may  be  tightly  stretched  between  two  points  not  on  the  same  level.  If  the 
slope  of  the  wire  is  small  and  the  top  is  started  from  the  highest  point  of 
the  wire,  it  will  run  slowly  down  the  incline.  The  balancing  action  in  this 
ease  is  striking.  The  top  may  be  pushed  to  and  fro  on  the  wire  without 
any  danger  of  capsizing. 

28.  Gyrostatic  action  of  rotating  machinery.  Examples:  Paddles  of 
<t  steamer,  wheels  of  a  carriage.     The  gyrostatic  action  of  the  rotating 

parts  of  machinery  is,  if  the  speed  of  rotation  is  great  or  the  dimensions 
large,  of  importance  in  connection  with  the  running  of  ships  or  vehicles 
propelled  by  such  machinery.  We  take  a  paddle-steamer  as  the  first 
example,  though  in  consequence  of  the  slow  speed  of  rotation  the  gyrostatic 
action  of  the  wheels  is  not  of  large  amount.  The  spin  axis  for  the  wheels 
must  be  drawn  out  to  port  if  the  steamer  is  going  ahead.  Now  let  the 
steamer  roll  to  starboard  :  angular  momentum  about  a  vertically  upward 
axis  is  produced  by  the  motion,  and  in  the  direction  about  this  axis  round 
to  port.  Hence  the  bow  of  the  steamer  must  begin  to  turn  to  starboard  to 
neutralise  this.  As  she  turns  a  couple  begins  to  act,  resisting  her  turning, 
and  produces  the  angular  momentum  due  to  the  change  of  position  of  the 
spin  axis.  The  precessional  motion  carries  as  usual  the  spin  axis  towards 
the  instantaneous  position  of  the  couple  axis.  Of  course  the  reverse  action 
takes  place  if  the  ship  rolls  to  port.  The  gyrostatic  action  of  the  wheels 
thus  results  to  a  certain  extent  in  changes  in  the  direction  of  the  ship's 
head  taking  the  place  of  rolling,  and  the  ship  is  so  far  steadied.  It  will  be 
noticed  that  when  the  ship  rolls  to  starboard  the  starboard  wheel  becomes 
more  deeply  immersed  in  the  water  than  the  port  wheel,  and  so  tends  to 
turn  the  bow  to  the  port  side.  If  it  were  not  for  this  fact  it  would  be  a 
matter  of  more  difficulty  to  steer  a  straight  course  with  a  paddle-steamer 
in  a  cross*sea. 

Similar  considerations  show  that  if  the  helm  is  put  over  to  starboard 
the  steamer  will,  in  consequence  of  the  gyrostatic  action  of  the  paddle- 
wheels,  heel  over  to  starboard.  This  causes  the  starboard  paddle-wheel 
to  dip  further  into  the  water  than  the  port  wheel,  and  turning  of  the 
steamer  to  port  is  assisted.  Similarly  if  the  helm  is  put  over  to  port  the 
steamer  tilts  over  to  port,  and  again  a  couple  turning  the  steamer  in 
th«-  desired  direction  is  brought  to  bear  on  her. 

The  gyrostatic  action  of  the  paddle-wheels  may  be  readily  demonstrated 
by  means  of  the  motor  gyrostat.  For  this  purpose  it  is  fitted  with  the 
curved  rod  to  show  the  direction  of  rotation  and  of  the  armature,  the  rods 
to  represent  the  spin  and  couple  axes,  and  a  fourth  rod  which  serves  to 
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show  the  direction  in  which  the  steamer  is  supposed  to  be  proceeding. 
The  gyrostat,  so  fitted,  is  placed  in  the  "  fork  and  pedestal  "  mounting  as 
described  in  7.  The  direction  of  rotation  of  the  armature  being  counter- 
clockwise as  viewed  by  an  observer  looking  at  the  gyrostat  from  the  side 
to  which  the  rods  are  attached,  the  arrow  showing  the  direction  of  motion 
of  the  steamer  must  be  put  over  to  the  left.  The  effect  of  seas  striking  the 
port  side  of  the  steamer  is  imitated  by  the  experimenter  pushing  the  top 
of  the  gyrostat  from  him  (the  experimenter  is  supposed  to  be  in  the 
position  of  the  observer  referred  to  above).  In  consequence  of  gyrostatic 
action  the  fork  will  turn  about  the  axle  ZZ',  and  the  arrow  representing 
the  bow  of  the  steamer  will  turn  to  starboard.  To  imitate  the  effect  of  a 
sea  on  the  starboard  side  the  lower  side  of  the  gyrostat  is  pushed  from  the 
experimenter ;  here  the  arrow  turns  to  port. 

If  the  fork  is  grasped  by  the  hands  and  turned  about  the  axis  ZZ'  the 
gyrostat  will  turn  about  the  axis  YY'.  If  the  turning  about  ZZ'  turns  the 
bow  arrow  to  port  the  gyrostat  will  heel  to  starboard,  and  vice  versa. 

The  gyrostatic  action  of  the  wheels  of  a  carriage  is  similar  to  that  of  the 
paddles  of  a  steamer.  It  produces  when  the  carriage  is  passing  round  a 
curve  a  gyrostatic  couple  turning  the  carriage  over  towards  the  outside 
of  the  curve.  The  gyrostatic  couple  is  NCv2/rR>  where  C  is  the  moment  of 
inertia  and  r  the  radius  of  a  wheel,  N  the  number  of  wheels,  r  the  speed 
of  the  carriage  and  R  the  radius  of  the  curve. 

29.  Gyrostatic  action  of  Jlt/irhce/  of  motor-car.  In  the  motor-car  a 
massive  flywheel,  placed  with  its  plane  across  the  car,  revolves  with  consider- 
able angular  velocity  in  the  clockwise  direction  as  viewed  from  behind  the 
car.  The  gyrostatic  action  of  this  flywheel  has  important  effects  upon  the 
running  of  the  car.  If  the  car  turns  a  corner  it  is  easy  to  see  that  it  will 
be  subjected  to  a  gyrostatic  couple  in  a  fore  and  aft  vertical  plane.  11  tic 
the  spin  axis  is  represented  by  a  straight  line  drawn  from  the  car  in  the 
•direction  of  the  front  of  the  car.  If  a  corner  is  turned  to  the  left  a  couple 
is  brought  to  bear  on  the  gyrostat,  represented  by  a  line  drawn  vertically 
upwards.  The  spin  axis  turns  to  the  left,  and  hence  for  this  direction  of 
tinning  a  corner  the  effect  of  the  gyrostatic  couple  is  to  diminish  the  forces 
applied  by  the  ground  to  the  front  wheels  and  to  increase  those  applied  by 
the  ground  to  the  back  wheels.  The  magnitude  of  the  gyrostatic  couple  is 
proportional,  at  any  instant,  to  the  rate  of  turning  of  the  car  in  azimuth, 
and  if  this  is  very  great,  that  is  if  the  corner  is  turned  very  quickly,  the 
diminution  in  the  forces  between  the  front  wheels  and  the  ground  may  be 
sufficiently  great  to  endanger  the  steering  power  of  the  car.  Turning  a 
corner  to  the  right,  it  will  be  seen,  results  in  the  forces  between  the  front 
wheels  and  the  ground  beine;  increased,  and  those  between  the  back  wheels 
and  the  ground  being  diminished. 
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Again,  in  the  case  of  a  motor-car,  it  will  be  seen  that  it'  the  car  encounters 
a  dip  or  brow  in  the  road  the  effect  of  the  flywheel  will  he  to  apply  a 
couple  in  a  horizontal  plane  to  the  car.  This  couple  tends  to  produce 
skidding  of  the  wheels  on  the  ground. 

30.  Gyrostatic  action  of  turbines,  aeroplane  propellers,  etc.  The 
gyrostatic  action  in  steamers  in  which  the  main  engines  are  of  the 
steam  turbine  type  is  similar  to  that  of  the  lly  wheel  of  the  motor-car. 
The  turbines  are  placed  fore  and  aft,  and  rolling  of  the  ship  brings  no 
gyrostatic  action  into  play.  If  the  ship  be  propelled  by  two  main  turbines, 
and  if  the  rotors  be  equal  in  all  respects  and  run  at  the  same  speed,  but  in 
opposite  directions,  the  total  couple  exerted  on  the  ship  will  be  zero,  since 
equal  and  opposite  couples  will  be  exerted  by  the  two  rotors.  Internal 
stresses  will  be  exerted  in  consequence  of  the  opposite  couples,  and  the 
stresses  will  form  a  self-balanced  system  within  the  ship. 

When  the  ship's  head  turns  the  gyrostatic  action  of  each  rotor  results  in 
a  couple  lying  in  a  vertical  plane  being  applied  to  the  ship.  Here,  as 
before,  if  the  ship  is  propelled  by  two  turbines  as  described,  the  resultant 
couple  is  zero. 

A  very  interesting,  and  at  the  same  time  very  important,  example  of 
gyrostatic  action  is  afforded  by  the  aeroplane.  The  rotor  of  the  high-speed 
engine  and  the  propeller  form  a  powerful  gyrostat.  The  gyrostatic  action 
<  if  a  two-blade  propeller  is  partly  of  an  alternating  character.  In  consequence 
of  gyrostatic  action  the  effect  of  turning  the  aeroplane  in  azimuth  in  one 
direction  is  to  cause  the  aeroplane  to  dive ;  turning  it  in  azimuth  in  the 
opposite  direction  causes  the  front  of  the  aeroplane  to  rear  and  the  tail 
to  be  depressed.  The  aeroplane  may  be  maintained  more  or  less  nearly 
level  by  means  of  the  tilting  planes ;  but  it  is  to  be  remembered  that  if  it 
is  so  maintained  large  couples  are  brought  to  bear  on  the  machine, 
and  great  stresses  fall  to  be  borne  by  the  framework.  Dangers  from  the 
gyrostatic  action  of  the  propeller  and  rotor  of  the  engine  would  be  avoided 
by  balancing  the  gyrostatic  action  of  the  rotor  and  propeller  by  means  of  a 
second  flywheel  rotating  in  the  opposite  direction,  or,  if  that  were  possible, 
by  doubling  the  propelling  system,  and  running  the  rotors  in  opposite  ways. 

The  gyrostatic  action  of  the  Hy wheel  of  a  motor-car,  of  the  turbines  on 
board  ship,  and  of  the  rotor  and  propeller  of  an  aeroplane  may  be  readily 
demonstrated  by  means  of  the  motor-gyrostat  when  fitted  up  in  the  "fork 
and  pedestal."     The  mode  of  doing  so  will  easily  occur  to  the  reader. 

31.  Schlick  controller  of  rolling  of  a  slu'/t.     In  the  Schlick  device  for 

steadying  a  ship  at  sea  a  gyrostat  is  carried  on  bearings  placed  athwart 
the  ship,  and  in  line  with  the  centre  of  gravity  of  the  flywheel.  A  weight 
is  attached  to  the  frame  of  the  gyrostat  in  a  position  in  line  with  the  axis 
of  the  flywheel.     It  will  thus  be  seen  that  when  the  ship  is  on  an  even 
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keel  the  gyrostat  rests  with  its  axis  vertical  and  with  the  weight  directly 
below  the  centre  of  gravity  of  the  flywheel.  Heeling  of  the  ship  in  one 
direction  causes  the  gyrostat  to  precess  in  one  direction  on  the  bearings  in 
which  it  is  mounted ;  heeling  in  the  other  direction  causes  precession 
opposite  to  the  former,  and  couples  resisting  the  rolling  motion  are  brought 
to  bear  on  the  ship.  The  device  may  be  employed  in  two  ways.  In  the 
first  place,  if  the  bearings  on  which  the  frame  of  the  gyrostat  is  carried 
within  the  ship  are  smooth,  the  effect  of  the  gyrostat  is  to  resist  the  rolling 
force  of  the  waves  and  to  bring  about  a  lengthening  of  the  free  period  of 
rolling  of  the  ship ;  for  the  introduction  of  the  gyrostat  results  in  a  large 
virtual  increase  of  moment  of  inertia,  giving  a  long  period.  Excessive  rolling 
of  a  ship  is  due  to  the  cumulative  action  of  the  waves,  and  such  cumulative 
action  is  only  possible  where  the  period  of  the  ship  and  that  of  the  waves  are 
nearly  the  same.  A  ship  may  have  a  long  period,  with  the  result  that  the 
motion  of  the  ship  does  not  synchronise  with  that  of  the  waves.  The  free 
period  of  an  ordinary  ship,  however,  is  often  of  the  same  order  as  that  of 
the  waves  usually  encountered,  and  in  consequence  the  ship  rolls  badly. 

One  effect  of  introducing  a  gyrostatic  control,  operated  in  the  manner 
above  described,  is  to  endow  the  small  ship  with  the  period  of  a  very 
large  one.  With  this  long  period  however  coexists,  as  will  be  shown  in  G, 
VIII,  below,  a  short  period.  But  the  short  period  motion  is  damped  out  by 
the  friction  brake  described  below. 

As  the  ship  rolls  the  gyrostat  and  its  frame  oscillate  to  and  fro  on  the 
bearings.  There  is  a  phase  difference  of  90  between  the  motions.  When 
the  ship  is  passing  through  the  upright  position  the  axis  of  the  gyrostat  is 
at  one  extremity  of  its  swing,  and  when  the  ship  is  at  one  extremity  of  the 
roll  the  gyrostat  is  passing  through  its  mean  position  ;  and  so  on.  Now,  if 
C  is  the  moment  of  inertia  of  the  flywheel,  n  its  angular  velocity,  and  w 
the  instantaneous  value  of  the  rate  of  turning  of  the  frame  on  its  bearings, 
the  instantaneous  value  of  the  gyrostatic  couple  resisting  the  waves  is 
Onto.  Hence,  when  the  ship  is  in  the  upright  position  the  gyrostatic 
couple  is  zero,  since  at  that  instant  the  frame  of  the  gyrostat  is  at  rest,  so 
that  w  is  zero.  At  the  instant  at  which  the  ship  is  at  one  extremity  of  its 
swing  the  gyrostatic  couple  has  its  greatest  value,  since  at  that  instant  the 
rate  of  turning  of  the  gyrostat  on  its  bearings  is  a  maximum. 

Again,  consider  the  condition  of  affairs  which  holds  tor  an  instant  at 
which  the  axis  of  the  gyrostat  makes  an  angle  0  with  the  vertical.  The 
gyrostatic  couple  at  the  instant  is  CiKo,  where  w  is  the  instantaneous  rate  of 
turning  of  the  frame  on  the  bearings  which  connect  it  with  the  ship.  This 
couple  acts  in  a  plane  perpendicular  to  the  axis  of  the  gyrostat,  and  hence 
resolves  into  the  two  component  couples,  C/?a>sinfl  in  a  vertical  plane 
athwart  the  ship,  and  CmocosO  in  a  horizontal  plane.  The  former  couple 
alone  affects  the  period  of  the  vessel. 
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Friction  is  applied  to  resist  the  motion  of  the  frame  of  the  gyrostat  in  its 
bearings,  6  never  becomes  greater  than  45°,  and,  further,  the  phase  difference 

is  made  less  than  90°.  The  oscillations  of  the  ship,  and  especially  any 
rapid  vibrations  that  may  grow  up,  are  now  damped;  the  energy  of  the 
rolling  motion  is  converted  into  heat  at  the  bearings. 

In  applying  this  second  mode  of  using  a  gyrostat  to  steady  a  ship  in  a 
eross-sea,  Schlick  arranges  a  brake  pulley  in  the  line  of  the  bearings  on 
which  the  frame  of  the  gyrostat  turns,  and  friction  of  a  graded  amount  is 
applied  by  means  of  a  special  device.  With  this  second  mode  of  operating 
the  gyrostat  the  ship  is  forcibly  prevented  from  rolling.  In  the  trials  of 
the  device  it  was  found  that,  with  the  control  in  operation,  the  angle  of  roll 
of  the  ship  did  not  exceed  1°  in  a  cross-sea  which  produced  a  total  swing 
of  35°  when  the  control  was  out  of  action.     It  is  interesting  to  notice  that, 


Mutor-gyrostat  fitted  up  to  demonstrate  Schlick  s  method  of  steadying  a  ship  in  a  cross-sea. 

contrary  to  the  opinions  which  were  expressed  when  the  device  was  first 
suggested,  the  preventing  of  the  rolling  of  a  ship  does  not  result  in  the 
waves  breaking  over  her;  a  ship  thus  controlled  is  a  dry  ship. 

In  the  figure  is  shown  a  motor-gyrostat  fitted  up  in  a  skeleton  frame 
representing  a  ship.  The  frame  is  mounted  on  two  bearings  arranged  in 
two  wooden  uprights,  and  ma}'  be  oscillated  on  these  bearings  so  as  to 
imitate  the  rolling  of  a  ship  in  a  cross-sea.  The  frame  of  the  gyrostat 
is  mounted  on  two  bearings  placed  athwart  the  ship  frame,  and  a  weight 
is  attached  to  the  outside  of  the  case  in  a  position  in  line  with  the  axis  of 
the  flywheel.  The  centre  of  gravity  of  the  gyrostat  is  in  line  with  the 
bearings.  A  clip  device  is  provided  which  allows  the  gyrostat  to  be  rapidly 
clamped  to  the  skeleton  frame,  and  provision  is  made  whereby  a  graded 
amount  of  friction  may  be  applied  at  one  of  the  bearings. 

The  model  so  arranged  serves  to  demonstrate  both  of  Schlick's  devices. 
In  using  it  the  ship  should  be  set  oscillating  with  the  flywheel  of  the 
gyrostat  at  rest.  The  current  should  then  be  turned  on  and  the  frame 
oscillated.     If  the  gyrostat  is  clamped  to  the  frame  no  effect  is  produced  by 
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it  upon  the  rolling,  and  thus  the  necessity  for  allowing  the  gyrostat  freedom 
to  precess  is  demonstrated.  If,  however,  the  gyrostat  is  free,  and  there  is 
no  friction  at  the  bearings,  the  frame  oscillates  with  a  vastly  increased 
period.  Finally,  the  friction  collar  provided  at  one  of  the  bearings  may  be 
screwed  up,  when  it  will  be  seen  that  if  the  frame  is  made  to  roll  the 
rolling  motion  is  quickly  damped  out.  Impulses  may  be  applied  to  the 
frame  so  as  to  imitate  the  action  of  the  waves  of  a  cross-sea,  and  the  resisting 
power  of  th°  gyrostat  demonstrated.  [A  more  detailed  account  of  the  action 
of  this  controller  will  be  given  later.] 


(TIAPTUR    II 

DYNAMICAL    PEINCIPLES 

1.  Kinematics  of  a  body  turning  about  a  fixed  point.  We  shall  not 
discuss  in  detail  the  elementary  kinematics  of  a  rigid  body,  and  shall 
assume  the  usual  theorems  regarding  moments  and  products  of  inertia  of 
a  system  of  particles.  A  rigid  body  here  means  a  configuration  of  particles 
such  that  if  any  plane  whatever  be  drawn  in  it,  the  particles  found  in  that 
plane  remain  in  a  plane,  and  do  not  change  their  distances  apart,  as  the 
body  moves. 

If  such  a  body  turn  round  a  point  of  itself, 
or  a  point  rigidly  connected  with  it,  which  is 
fixed,  any  displacement  of  the  body  is  equiva- 
lent to  a  turning  about  a  line  drawn  through 
the  fixed  point  in  a  determinate  direction. 
For  let  a  sphere  be  described  from  the  fixed 
point  as  centre  with  any  convenient  radius. 
The  particles  on  that  spherical  surface  remain 
on  it  as  the  body  moves.  Take  any  two  which 
are  at  the  points  A,  B  (Fig.  1)  at  a  given 
instant,  and  at  the  points  A',  B'  at  a  subsequent  _ 

instant.     This  change  of  position  is,  we  can 

suppose,  produced  by  a  displacement  of  the  rigid  body.  For  join  A  to  A' 
along  an  arc  AA'  of  a  great  circle,  and  B  to  B'  along  another  great  circle 
of  the  sphere.  Bisecting  AA',  BB'  in  C,  D,  draw  through  these  points 
great  circles  on  the  sphere  at  right  angles  to  AA',  BB'  respectively.  These 
in  general  will  not  be  coincident,  and  will  meet  in  two  diametrically 
opposite  points  K.  K'  on  the  sphere.  Clearly  the  displacement  may  be 
produced  by  turning  the  body  about  the  line  K  K  ,  or  OK  as  axis:  and  the 
same  thing  is  true  for  the  displacements  of  any  other  two  points  on  the 
spherical  surface. 

The  most  general  displacement  of  a  rigid  body  in  space  can  be  produced 
by  burning  the  body  through  a  definite  angle  about  a  determinate  axis. 
and  displacing  it  without  rotation  through  a  certain  distance  parallel  to 
that  axis.     For  let  the  body  be  moved  without  rotation  until  a  point   in  it 
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is  displaced  from  its  initial  position  A  to  its  final  position  A'  along  the 
straight  line  AA'.  Then,  by  the  proposition  just  established,  the  body  can 
be  turned  about  an  axis  through  A'  until  the  final  configuration  is  reached. 

The  points  of  the  bod}-  which  lie  in  planes  perpendicular  to  that  axis 
turn  in  these  planes.  But  in  the  translation  parallel  to  AA'  the  successive 
positions  of  these  planes  were  parallel  to  one  another,  and  the  direction 
of  the  translatory  motion  of  each  point  was  inclined  to  these  planes  at 
the  same  angle.  We  might  therefore  have  first  displaced  the  body  in  the 
direction  perpendicular  to  these  planes,  and  then  (still  without  rotation) 
have  displaced  it  parallel  to  these  planes  so  as  to  bring  the  point  A  to  A'. 
But  the  latter  displacement,  with  the  subsequent  turning  about  A',  could 
be  compounded  into  a  turning  about  a  parallel  axis.  Thus  the  whole 
displacement  can,  as  stated  above,  be  produced  by  a  translation  parallel 
to  a  certain  axis  and  a  rotation  about  that  axis. 

These  displacements — the  translation  and  the  rotation — may  be  regarded 
as  taking  place  simultaneously ;  and  the  body  will  then  have  the  motion 
of  a  nut  along  a  screw.  The  motion  of  a  rigid  body  has  been  very  fully 
dealt  with  from  this  point  of  view  by  Sir  Robert  Ball  in  his  Treatise  <>n  tin 
Theory  of  Screws. 

2.  Angular  momentum  [a.m.].  The  angular  momentum  (a.m.)  of  a 
body,  or  of  a  system  of  particles,  about  any  axis  OA  is  found  in  the 
following  manner.  Let  I,  m,  n  be  the  direction  cosines  of  OA  with  refer- 
ence to  rectangular  axes  ( )X,  OY,  OZ  and  x,  //,  :  the  speeds  with 
reference  to  these  axes  of  a  small  element  P  of  the  body  (a  particle)  of 
mass  fi  situated  at  the  point  x,  ij,  z.  Then,  if  v  be  the  total  speed  of  P, 
the  cosines  of  the  direction  of  motion  of  P  at  the  instant  are  (x,  if,  z)fv* 
We  resolve  v  into  two  components,  i\  in  the  direction  /,  m,  n  and  v2  at 
right  angles  to  the  plane  AOP.     The  cosines  of  a  normal  to  this  plane  are 

(mz  —  ny,  nx  —  lz,  ly—mx)fr sind, 

where  0  is  the  angle  AOP,  and  r  =  (a?2  +  //-+:-)-.  [The  choice  of  cyclical  order 
here  made  between  /,  in,  n,  x,  y,  z  is  explained  below.]  The  eomponent  of 
momentum  of  P  at  right  angles  to  the  plane  AOP  is  therefore 

./(  m  :  —  n  )/)+  i)(nx  —  h)  +  z(ly-mx)  /1X 

-  /-sin  0 

TrTe  a.m.  of  P  about  the  axis  OA  is  the  product  of  this  by  the  length  of 
the  perpendicular  from    P  on  the  line  OA,  that  is  by  rsin#.     Hence  this 

AM-  ls  /u{x(  in  :- v  >/)  + f/(nx -/:)+:(/>/-  nix)}, 

or,  arranged  according  to  the  cosines  I,  m,  n, 

//*(:.'/-//:)+ >"M-'":  --■'•>+  »/x(. '/.'■-./•»/). 

•This  expression   is   an  abbreviation   for   x/v,  j//i>,   :/>■.     Similar  contractions,   which   will 
usually  explain  themselves,  are  frequently  used  in  what  follows. 
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The  usual  system  of  rectangular  axes  is  one  in  which  any  axis  (e.g.  OX  > 
is  changed  into  the  next  in  cyclical  order,  OY,  by  a  turning  about  the  third 
axis  OZ.  in  the  counter-clock  direction  to  an  observer  looking  towards  O 
from  a  point  on  OZ.  An  ordinary  right-handed  screw  (the  usual  cork- 
screw) placed  so  as  to  point  along  OZ,  and  with  half  of  the  handle  along  OX, 
would,  if  that  part  of  the  handle  were  turned  in  the  direction  from  OX  to 
OY,  advance  along  OZ. 

To  agree  with  this  specification  of  axes  the  angular  momentum  should, 
for  positive  values  of  x,  //,  Z,  x,  y,  i,  correspond  to  motion  of  the  particle 
round  the  axis  OA,  in  the  counter-clock  direction  as  seen  by  an  observer 
looking  towards  0  from  a  point  beyond  the  plane  through  P  at  right 
angles  to  OA.  If,  for  example,  the  axis  OA  coincide  with  OX  so  that 
/=•.  1,  m=n=Q,  while  y  is  also  zero,  so  that  the  motion  is  parallel  to  the 
plane  ZOX,  we  get  fuzy  for  the  a.m.  about  OA,  that  is  the  counter-clock 
turning  is  taken  as  positive.  The  direction  cosines  of  the  normal  to  the 
plane  AOP  have  been  taken  above  so  as  to  fulfil  this  condition. 
Denoting  the  A.M.  of  the  whole  system  about  OA  by  H0A,  we  get 

Hoa  =  /Z{m(:,V- .')-)}+  m^{fx(xz-zx)}  +  ,^{^(i/x-xy)} ;  (2) 

or,  if  we  write 

Hx  =  2{/*(  ://-.'/:>},     Hy  =  Z{»{xz-zx)},     Rz=2{fi(yx-xy)},  ...(3) 

Ho^lH.+  mHy  +  iiE (4) 

Hz,  Hy,  H,  are  the  components  of  a.m.  about  the  axes  OX,  OY,  OZ. 

Thus  H0A,  regarded  as  a  vector  associated  with  the  axis  OA,  is  compounded 
of  the  three  vectors  Hx,  H„.  B.z  associated  with  the  axes  of  coordinates. 
When  it  is  desired  to  insist  on  the  vector  quality  of  a  quantity,  it  is  usual 
to  employ  a  special  symbol  for  the  quantity.  We  shall  use  the  same  letter 
as  that  ordinarily  employed,  but  taken  from  the  Clarendon  fount.  Thus, 
what  we  have  referred  to  as  the  vector  H0A  would  be  denoted  by  H0A. 
Thus  H  means  the  scalar,  or  numerical,  value  of  the  vector.  The  component 
vectors  are  B.x.  H„.  H-. 

These  components  give  a  vector  of  which  the  scalar  value  is 

H  =  (H/+1I/  +  HM (5) 

the  direction  cosines  of  which  are  (Hz,  H,,,  Hz)  H.  Thus  H  is  not  to  be 
confounded  with  H,,A.  Denoting  the  angle  between  the  two  vectors  by 
(  H,  H(,\  i.  we  have 

cos(H,  H()A)=}11(/Hj.+  7hHv+/^H-)=  ^ »...(6) 

3.   Relations  of  components  of  a.m.  to  momental  ellipsoid.     Now  let 

the  system  revolve  as  a  rigid  body  about  an  axis  01.  01  is  called  the 
instantaneous  axis,  or  axis  of  resultant  angular  velocity,  and  every  particle 
of  the  sy8tem  ha-  at  the  same  instant  the  same  angular  speed,  »'  say,  about 
that  axis.  In  some  of  the  eases  of  motion  which  are  considered  below,  the 
Bystem  is  a  rigid  body,  and  turns  about  a  point    fixed   both   in  space  and  in 
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the  body,  and  this  point  may  then  be  conveniently  taken  as  the  origin  of 
coordinates.  In  the  more  general  case,  however,  of  the  motion  of  a  rigid 
body,  the  instantaneous  axis  changes  in  position  both  in  space  and  in  the 
body,  and  is  not  subject  to  the  condition  of  always  passing  through  a 
definite  point  either  in  the  body  or  in  space. 

We  shall  denote  the  direction  cosines  of  the  instantaneous  axis  by  a,  8,  y, 
reserving  /,  m,  n  for  any  axis  OA.  The  angular  speeds  wx,  &■>,,,  ioz  are  the 
components  of  angular  velocity  about  the  axes  of  coordinates.  It  is  easy 
to  see  that  they  gi\  «■ 

z  =  tayz  —  a>zy,     y  =  a>zai  —  a>xz,     z  =  ioxy  —  u>yX (1) 

By  (3),  2,  we  obtain 

H*  =  I  [ft  { (wxy  -  a>yX )  y  -  ( <o-x  -  mx : ) :  |  ] 

=  coxL{fi(yi+zz)}-<ayl(Mxy)-(az2(fizx) (2) 

In  the  same  way  similar  expressions  are  obtained  for  H„,  Hz. 
But  for  a  rigid  body  we  have  the  three  moments  of  inertia, 

A  =  2M(a/2+32),    B  =  2M(z2+z2),     C  =  ZMz<  +  r) (3) 

and  the  three  products  of  inertia, 

D  =  2(ftyz),    E  =  2fazx),    F^juxy) (4) 

Hence  for  the  components  of  A.M.  we  have 

Hx=      Aa>x  —  Fa}y  —  Ea>z,  j 

llv= -F^  +  B^-l)^..      (5) 

H-   =     —  Eft'j;  —  D('\,  +  C(l'r.     J 

It  may  be  noticed  that  these  component  angular  momenta  give,  since 
now  u)x  =  aw,  etc.,  for  the  A.M.  about  01  the  value 

a(  Awx  -  Ywy  -  Ewz)  +  ft(-  Fwx  +  Bcoy  -  Dcoz )  +  y (  -  Eu>x  -  1  )a>y  +  Cw2 ) 

=  w(Aa2  +  B/3-  +< V  -  2D£y  -  2Eya  -  2Fa£) (6) 

The  moment  of  inertia  I  about  01  is  therefore  given  by 

I  =  Aa2+B/32+Cy2-2D/3y-2Eya-2Fa#  (7) 

the  well-known  expression  on  which  Poinsot's  theory  of  the  momenta] 
ellipsoid  is  founded.  For  by  the  definition  of  A.M.  stated  in  2  the  a.m.  of  the 
system  about  ()1  is  t^1[u/>')  where  />  is  the  length  of  the  perpendicular  on 
01  from  the  particle  considered. 

The  direction  cosines  of  ()I  are  (wx,  «\,-  c\-Wr\  those  of  the  axis  of 
resultant  a.m.  (OH  say  i  are  (H^,  H„.  H-)  H.  Hence  we  get  for  the  angle 
(11,1)  betw.cn  ( IB  and  01, 

cos(H,  I)=^B(a>xKx+covHy+wzEz) (8) 

(ti  1 1 

The  \.m..  HuA,  about  an  axis  ().\.  of  which  the  direction  cosines  are 
/,  m,  n,  is  given  by 

H()A  =  /(.Wr—  V  (>■>,,  —  E(o-)  +  7/M  —  l'V,  +  Ba>y—  Da>z)+n(  —  Eft)*  —  Do>„+Ca>z) 
=  (ax(Al-Frn  -  Kn)  +  (o„(-V/  +  l]n,  -Dn  >+o>*(  -  El-Dm+Cri).  ...(9) 
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4.  Equations  (I),  3,  give  Eor  the  kinetic  energy  of  a  rigid  body  burning 
about  a  fixed  point,  tin-  expression 

thai  is.  with  the  values  of  A,  15,  C,  I>.  E,  F  inserted, 

T  - 1  ( Aw*2  +  B«y  +  ( W  -  - 1  >«v»*  ~  -  E°w«  ~  -  Fo>*»¥  > ( -  > 

We  can  write  this  in  the  form 
T  =  I «\r I A f<v  —  F«\,  —  Eo)z )  +  \ toy (  —  Fwr  +  Ba>„  —  ]  )&>z ) 

+  K(-Ea)!e-Da)y+C^)>  (3) 

thai  is.  T=|(a)xHa.+wj,Hj/+«zH2) (4) 

Tims  the  kinetic  energy  is  half  the  sum  of  the  products  obtained  by  multi- 
plying each  component  of  a.m.  by  the  corresponding  component  of  angular 
velocity. 

It  is  to  be  observed  that  it"  the  motion  be  impulsively  generated  from  rest  1  ly 
impulsive  couples  about  the  axes,  Hx,  H(/,  Hz  are  the  time-integrals  of  these 
couples  for  the  infinitely  short  interval  in  which  the  motion  is  generated. 

Equation  (4)  expresses  in  ordinary  notation  the  theorem  that 

T=-^S.OH, (5) 

in  quaternion  notation,  or,  in  words,  that  the  kinetic  energy  is  minus  half 
the  scalar  product  of  the  two  vectors,  Q  representing  the  angular  velocity, 
and  H  representing  the  vector  of  angular  momentum. 

In  (3)  T  is  expressed  as  a  homogeneous  quadratic  function  of  wx,  cey,  wz, 
and  we  see  that  we  have  then 


.(6) 


—  =H       —  =  H       —  =  H 

We  infer  from  the  form  of  (4)  that  if  by  solution  of  the  equations  (5),  3, 
for  Hj.,  H„,  H-  in  terms  of  cox,  tay,  toz  we  found  cox,  coy,  a>z  in  terms  of  H^., 
H(/,  H^,  and  substituted  in  (4),  we  should  obtain  T  expressed  as  a  homo- 
geneous quadratic  function  of  the  latter  variables,  and  should  then  have 

9T  3T  3T 


H, 


da,'"1"     9H,~W2 


This  transformation  is  easily  carried  out.     Writing  A  for  the  determinant 
A,  -F,  -E 

-F,      B,  -D  =  ABC-AD2-BE2-CF2-2DEF, (8) 

-E,  -D,      C 


We   g..-t 


o,x=^{Ha;(BC-D2)-|-Hy(DE4-CF)+Ha(BE+FD)}J 
%=i{H!r(DE+CF)+Hl,(CA-E2)+H2(AD4-EF)}1 

«a=  1 '  ;HZ(BK  +  FI))+H,,<A1)+KF)+1I ,AP,-K  .;. 


.(9) 
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The  kinetic  energy  is  now  given  by 

T  =  -^{H*2(BC -  D'2)  +  H„S(CA - E2)  +H22|  AB  - F-) 

"  +  -JH//H,(AD  +  EF)  +  2H,HJ(BE  +  FD)  +  2HXH,(DE  +  CF)}.  ...(10) 
It  will  be  observed  that  if  the  axes  of  reference  be  the  principal  axes  of 
moment  of  inertia,  this  reduces  to 

T=^AH/+n,i;+rH^): (I1) 

and  it  may  be  noticed  that 

3T_      lHr-      3T_       IHg2      3T_      1H:- 
\~     2A2'     3B~      2B2'     dC~     2  C- 

By  (2)  above  we  have,  for  the  same  choice  of  the  axes  of  reference, 

T  =  KAa>*2+Ba>/+CV!)J (13) 

and  this  of  course  is  the  same  as  (1 1).     But  we  have  now 

3T,     ,     2wliy       TJH,;      BTlrjV. 
9Al~*%j"2A2'     <)B~2B2'     3C~2  C2  ' 

si  >  that  here  the  partial  differential  coefficients  of  T  with  reference  to  A,B,C 
have  the  same  absolute  values,  but  positive  or  negative  signs  according  as 
T  is  expressed  in  terms  of  the  component  angular  velocities,  or  in  terms  of 
the  components  of  angular  momentum. 

5.    a.m.  <nnl  kinetic  energy.     As  we  have  seen,  if  the  body  turns  about 
an  axis  01.  drawn  in  the  direction  a,  /3,  y,  with  angular  speed  w,  («v,  u>y,  wz), 

2T  =  Aw/  +  Bft>y  4"  Co>z  —  2Da)yft>2  —  2Jyto&u>x  —  2Fa\,(.>,;. 
Consider  now  the  expression 

A^  +  B,r,  +  (^-21)^-2E^_2F^. 

where  f,  >/,  £  are  the  coordinates  of  a  point  on  the  line  01.  If  p  be  the 
distance  of  the  point  from  O,  we  have 


p        W  p        (i>  p        10 


so  that  if  we  take  p  =  co,  we  have  (£,  >/,  f)  =  («s;,  wy,  wz).  If  now  we  suppose 
the  value  of  T  to  be  the  same  for  different  directions  of  the  axis  of  resultant 
angular  velocity,  the  surface  given  by  (£,  >;,  p  =  ("V-  «v  «z)  '-s  ;U1  ellipsoid 
(centre  ())  and  <o-  is  numerically  equal  to  f-  +  //"'  +  </■'.  the  square  of  the 
Length  of  the  radius  vector  in  the  direction  chosen.  Thus  we  have  the 
theorem  that  if  the  body  rotate  about  any  axis  through  the  fixed  point 
with  an  angular  speed  proportional  to  the  length  of  the  radius  vector  of 
this  ellipsoid  which  coincides  with  the  axis,  the  kinetic  energy  of  rotation 
is  the  same  for  every  axis.  The  ellipsoid  is  similar  and  similarly  situated 
to  any  Poinsot's  momenta!  ellipsoid  for  the  given  body  and  the  fixed  point 
as  centre.     This  result  is  of  course  obvious  from  the  fact   that  the  moment. 
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of  inertia  about  any  radius  vector  of  the  momenta]  ellipsoid  is  inversely 
proportional  to  the  square  of  the  Length  of  that  radius  vector. 

The  direction  cosines  of  the  perpendicular  to  the  plane  which  touches 
this  ellipsoid  at  the  outer  extremity  of  the  radius  vector  in  the  direction 
<«,  ,8,  y  are  proportional  to  dT/d<Dx,  dT/dwy,  dT/dw:,  that  is  to  Hx,  H„,  Hz. 
Hence  these  direction  cosines  are  ( H,,  1I„,  II-)  II.  Si nee  (£  >/,  £)  =(a>x>  <*>yt<*>z) 
the  length  ~  of  the  perpendicular  is  given  by 

2T 

73  =  l^xHj.  +  WyHy  +  WZU  -  )    H  =  -jj  • 

The  direction  of  the  resultant  am.  is  therefore  perpendicular  to  the 
diametral  plane  which  is  conjugate  to  the  axis  of  rotation.  This  result 
is  useful  as  telling  at  once  how  the  axis  of  rotation  (the  radius  vector)  and 
the  axis  of  A.M.  (the  perpendicular  to  the  tangent  plane),  which  are  lines 
passing  through  the  origin,  are  relatively  situated. 


¥i<..  2. 


Fir..  3. 


For  example,  consider  a  body  of  which  two  principal  moments  of  inertia, 
A  and  B,  are  equal.  According  as  A>  or  -<  C  the  momental  ellipsoid 
is  prolate  or  oblate,  and  in  each  case  the  moment  of  inertia  about  the  axis 
of  figure  is  C.  In  the  case  of  the  oblate  ellipsoid  the  axis  OH  of  a.m.  is 
nearer  to  the  axis  of  figure  OC  than  is  the  axis  of  rotation  OI :  the  reverse 
is  true  in  the  other  case  (see  Figs.  2  and  3). 

6.    Motion    of   rotation    combined   with    motion    of    translation.     If 

the  body  is  not  in  motion  about  a  fixed  point,  we  consider  separately  the 
motion  of  the  centroid  of  the  body,  and  the  turning  about  an  axis,  or  about 
coordinate  axes,  passing  through  the  centroid.  Thus,  if  u,  v,  w  be  the  com- 
ponent velocities  of  the  centroid,  and  H^,  H„,  H-  the  angular  momenta  and 
av,  a>„,  &z  the  angular  speeds  about  axes  drawn  from  the  centroid  as  origin, 
and  M  denote  the  whole  mass  of  the  body,  the  kinetic  energy  is  given  by 
the  equation 

T = |{  M  (u2+ \  •-  +  w- )  +  WsH,  +  ^H  y  +  w,H,) . 

Examples  will  be  found  below  in  connection  with  the  motion  of  a  top  on 
a  horizontal  plane. 
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7.  Time-rate  of  change  of  a.m.  Equations  of  motion.  The  time-rate 
of  (-hain't'  of  a.m.  about  OX  is 

H  x  =  Act'x  —  Ftby  —  Eci»z  +  Aft>a  —  Fa),,  —  Eo>z , (1) 

for  as  the  body  is  in  motion  relatively  to  the  axes,  the  quantities  A,  B,  C, 
D,  E,  F  arc  subject  to  variation. 

If  at  the  instant  considered  the  principal  axes  of  the  body  coincide  with 
the  axes  of  coordinates,  A,  B,  C  are  the  principal  moments  of  inertia,  and 
D  =  E  =  F  =  (),     Equation  (1)  becomes  then 

\\x =  A&v+  Ar,v -  Ftoy - Eo»z (2) 

Similar  equations  hold  for  H„,  Hz. 

If  the  material  system  be  a  rigid  body  turning  about  0  as  a  fixed  point, 
the  values  of  A,  E,  F  are  to  be  calculated  subject  to  the  conditions  ex- 
pressed in  (1),  3.     Since 

A  =  2M(2/2+s2),     E  =  2fizx,     F  =  Zfixy, (3) 

we  have      A  =  22/*(i/^  +  zz),     E=2/* (zx  +xz),     ^  =  ^ix{xy-\-yx)\ (4) 

and  (1),  3,  give 

yy  +  zz  —  wzri/  —  ajyXZ,     Ay  +  yx  =  wz(z2  +  a;2)  —  <az(y2  +  -".)  +  <oyyz  —  wxxz. 

Multiplying  the  last-found  expressions  by  /j.  and  summing  for  all  the 
particles,  we  find  (since  at  the  instant  D  =  E  =  F  =  0,  A  =  0)  F  =  wz(B  — A). 
Similarly  we  obtain  E  =  <»>,,(  A  —  C).  The  equation  of  motion,  obtained  by 
equating  Hx  to  the  moment  L  of  the  applied  forces  about  OX,  is  therefore 

Awx  —  (B  —  C)ft)(/Wr  =  L (5) 

Similar  equations  of  motion  hold  for  the  other  two  axes. 

8.  Equations  of  motion  for  moving   axes.     Euler's  equations.     In 

these  equations  of  motion  the  angular  speeds  wx,  w„,  (dz  are  those  about  the 
tixed  axes  of  coordinates  with  which  the  principal  axes  of  moment  of 
inertia  of  the  body  coincide  at  the  instant  considered,  that  is  at  time  t. 
But  since,  obviously,  there  is  no  difference  between  the  angular  speed  about 
a  fixed  axis  and  that  about  a  moving  axis  coincident  with  it,  we  identity 
tax,  <0y,  to*  with  the  angular  speeds  w1;  w.2)  a>;!,  say,  about  the  principal  axes  of 
the  momenta]  ellipsoid,  which,  of  course,  moves  with  the  body.  It  requires 
examination,  however,  to  decide  whether  wx,  say,  the  time-rate  of  variation 
of  the  angular  speed  „>,.  about  the  tixed  axis  OX,  may  be  identitied  with  tin- 
time- rate  of  variation  6^  of  the  angular  speed  about  the  moving  axis:  for 
after  the  lapse  of  an  interval  (ft  the  moving  axis  has  separated  from  the 
tixetl  axis. 

To  decide  this  point,  and  at  the  same  time  obtain  some  useful  results,  we 
consider  the  general  case  in  which  the  trihedral  system  of  axes  OA.OB.OC 
(not  necessarily  principal  axes  of  the  body)  turns  about  the  axes  OA,  OB, 
()('  themselves  with  the  angular  speeds  6lt  6»,  6[V     Let  these  axes  coincide 
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at  time  /  with  the  fixed  axes  OX,  OY,  OZ:  then  co1=o)a,  <«>._,  =  <»>„,  ws=coZ) 
that  is  the  angular  speeds  of  the  body  about  <  >A,  <)li,  ()('  and  about  OX, 
<>Y,  ( >Z  are  the  same  at  the  instant.  At  time  t+dt,  however,  a>Xl  a>y,  wz 
have  become  (t\r  +  ti\,dl,  wy-\-(bydt,  wz-\-wjLt,  while  wl,  a>.,,  <>■>..  have  become 
tOi+tojdt,  o\,  +  d\,< / f ,  (o3+(bzdt  But,  in  the  interval  <//.  OA,  OB,  00  have 
moved  away  from  coincidence  with  the  fixed  axes.  OA  lias  moved  through 
the  alible  rl.oV  about  <  )P>  (or  OY  ),  and  through  the  angle  tf..///  about  OC  (or 
OZ).  This,  of  course,  is  qoI  exactly  true;  but  it  can  easily  be  shown  thai 
the  amount  of  inexactitude  becomes  vanishingly  small  in  comparison  with 
6.,tlf  and  H..'//,  as  dt  is  diminished  towards  zero.  Thus  in  the  time  interval 
dt,  taken  very  small,  OA  has  turned  round  0  in  such  a  way  that  a  point  a 
on  it.  at  unit  distance  from  0,  has  at  time  t+dt  coordinates  the  values  of 
which,  measured  along  OX,  OY.  ( )Z,  are  1,  0.,/If,  —  6.2dt.  Since  the  length 
Ou  is  unity,  these  coordinates  may  be  taken  as  the  direction  cosines  of  the 
new  position  of  Oa. 

The  instantaneous  axis  01  still  passes  at  time  t+dt  through  O,  but  it 
may  have  changed  its  direction  in  space.  Let  its  direction  cosines  with 
respect  to  OX,  OY,  OZ  be  d-\-da,  fi  +  dfi,  y  +  '/y  at  time  t  +  dt,  and  the 
angular  speed  about  it  be  oo  +  dw.  The  angle  between  the  new  positions  of 
0]  and  OA  is 

COS-1{a  +  da  +  [l8  +  dfS)0.,dt-(y  +  dy)6j/t}, 

or,  to  small  quantities  of  the  first  order, 

coa-1{a+da+(fids-y02)dt}. 

The   angular  speed  toj  +  cr'y//'   about   OA  in  the  new   position  is  therefore 
give11  ^  (cl  +  dhdt  =  (w  +  dw){u  +  da  +  (i363-yd,)df\, 

which,  since  wx  =  (aa,  w.2  =  a'/3,  o)3  =  toy,  can  be  written 

dicoa  i 


w 


dt        -   -2-3 


+  a>203-a>o02 (1) 


Thus,  although  wa  =  uil,  d(coa)  dt  is  not  dcojdt,  but  doox!dt,  for  it  is  the  time- 
rate  of  change  of  the  component  of  w  with  reference  to  the  fixed  axis  OX, 
while  dcoj  dt  (or  o>j)  is  the  time-rate  of  change  of  the  component  of  w  with 
reference  to  the  moving  axis  ( )A.  and  following  that  axis.  Similar  results 
can  be  obtained  in  the  same  way  for  the  other  axes.  Thus  we  have  the 
important  equations  *i-*b+«A-«*01,,| 

o\,  =  (by  +  co.,0]  —  Wjflg,    ,    (2) 

C,\.  =  (i)2  +  f»>j  S.2  —  OI.Sy  .  } 

It  is  convenient  to  write  equations  (2)  in  the  form 

u>x  =  a>l  —  a>i03+co8d2,  etc.,  etc (2  I 

Then  u>x  can  be  built  tip.  in  the  manner  indicated  in  1  '2  and  13  below,  of  t»j 
arising  from  the  time-rate  of  Variation,  of  u)l,  co30  arising  from  the  turning 
about  OB,  and  —  ojgflj  arising  from  the  turning  about  ( ><  '. 
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If  the  axes  OA,  OB,  OC  are  fixed  in  the  body,  we  have 

(6l,  6.,,  0s)  =  (w1)  ooit  (t>3), 

and  therefore  w1  =  d>a;,     w^iby,     w3  =  cbz (3) 

Thus,  whether  OA,  OB,  OC  are  principal  axes  or  not,  provided  only  they 
are  fixed  in  the  body,  the  two  angular  accelerations  are  the  same. 

Returning  now  to  (5),  7,  we  see  thai  we  can  write  that  equation,  and 
the  two  similar  equations  which  hold  for  the  other  axes, 

Aci>1  — (B  — C)a).2to3  =  L,  \ 

Ba>,-(C-A)a)3(oI  =  M,   -  (4) 

Cd>3  —  (A  —  B)^.,  =  X,  J 

for  OA,  OB,  OC  arc  here  principal  axes  of  moment  of  inertia,  and  therefore 
fulfil  the  condition  of  being  fixed  in  the  body  if  that  be  rigid.  L,  M.  N  are 
the  moments  of  the  applied  forces  about  the  instantaneous  positions  of  OA, 
OB,  OC.  These  are  Euler's  equations  for  a  rigid  body  turning  about  a 
fixed  point. 

9.   Example.     A    symmetrical   top   turning   about   a  fixed  paint   0. 
To  make  the  discussion  of  moving  axes  clear,  we  take  a  case  in  which  three  axes  OC, 

OD,  OE,  fixed  neither  in  the  bod;  nor  in 
space,  are  chosen  instead  of  OA,  OB,  OC, 
which  we  reserve  for  the  representation  of 
tlie  principal  axes.  The  body  (Fig.  4)  is 
supposed  to  be  symmetrical  about  the  axis 
OC.  Let  OC  at  the  instant  considered  be 
inclined  at  an  angle  6  to  the  vertical  OZ, 
and  further  let  the  plane  ZOC  be  turning 
about  the  vertical  with  angular  speed  \p, 
while  a  plane  fixed  in  the  body,  and  con- 
taining the  axis  of  figure,  is  turning  rela- 
tively to  the  plane  ZOC  with  angular  speed 
m,  in  the  directions  shown  by  the  circular 
arrows  in  the  figure.  We  refer  the  motion 
to  OC,  and  to  other  axes  OD,  OE  at  right 
angles  to  one  another  and  to  OC.  *>D  is 
i.-1(.   4  at   right   angles    to   the    plane    ZOC,   OE   lies 

in  that  plane,  so  that,  while  OC  is  fixed  in 
the  body,  <>!>,  OE  are  not,  but  move  with  the  plane  ZOC.  The  angular  speeds 
of  the  body  about  OC,  OD,  OE  at  time  /  arc  respectively  w'+*f'  cos  6,  d,  \j>  sin  $. 
According  to  the  notation  used  above,  these  represent  w,,  w.,,  <o3.  The  angular 
speeds  of  tliis  frame  of  moving  axes  about  OC,  OD,  OE  respectively  are  then  \p  cos  #,  0, 
i/  sin  0,  and  these  represent  the  6X,  $■>,  03  of  8.  By  (2),  8,  we  get  for  the  angular 
accelerations  with  respect  to  fixed  axes  OX,  OY,  OZ,  with  which  <»<'.  OD,  OE  coincide 
at  the  instant  t, 

ibx  =  Wj  -  w2#3  +  <o3#o  =  u>i  -  Q\f/  sin  6+\f  sin  0.  0                            =  i»\i                      | 
fay=u)2-  w3$l  +  u)ld3  =  il)o-  i/-sin  0cos  0  +  (w'  +  ^cos  0)\f/  sin  0=u)2+a>'^sin#,  .- (1) 

to,  =  tb3  -  W,  6->  +  I0.i$1  =  <b3  -  («)'  +  \p  COS  $)6+0\}/  COS  $  =  (i>3  -  10  d. 


r\ 


*■- 


ii  DYNAMICAL   PRINCIPLES  49 

10.  Body  turning  about  a  fixed  'point  0,  More  general  equations  of 
motion  for  moving  axes.  Exactly  the  same  process  can  be  applied  to  the 
comparison  of  the  rates  of  change  of  the  components  of  any  vector 
whatever,  with  reference  to  fixed  axes,  with  the  rates  of  change  of  the 
same  vector  with  reference  to  a  system  of  axes  turning  with  angular 
speeds  6lt  0.-,,  0:i  about  the  individual  axes  of  the  same  system,  and  coin- 
ciding with  the  fixed  axes  at  time  t.  Denoting  the  components  in  the 
two  cases  by  HT,  H„,  H-,  H1;  H2,  II.,,  we  have  only  to  use  H  instead 
of  w  in  (2),  8,  to  obtain 

&y=&2-Hid1+n1e3,   (i) 

H^H.-H^  +  H./),.  I 

Since  the  axes  coincide  at  time  t,  we  have  of  course 

(Hx,  H,,,  H,)  =  (H^H2,  H3). 

If  Hj.,  Hy,  H2  be  the  components  of  angular  momentum  about  the  fixed 
axes  with  which  the  moving  axes  coincide  at  the  instant,  we  obtain  the 
equations  of  motion 

H2-H301  +  H103  =  M,[ (2) 

Hg-H^  +  H^N.  J 

These  are  more  general  than  (4),  8,  inasmuch  as  they  hold  for  any  system 
of  moving  axes  about  which  the  moments  of  applied  forces  are  L,  M,  N  at 
the  instant  considered. 

As  has  been  noticed,,  the  values  of  H1;  H2,  H3  are  identical  with  Hx,  H„, 
H-,  and  this  being  the  case,  the  non-identity  of  the  two  sets  of  time-rates  of 
variation  is  sometimes  regarded  as  mysterious.  But  while  H1;  H2,  H3,  like 
Hj,  H„,  Hz,  refer  to  a  set  of  axes  in  a  definite  position,  Hlt  H.,,  H3  refer  to 
the  change  from  the  values  for  one  definite  position  of  the  axes  to  those  for 
another  (but  near)  definite  position,  while  Hx,  H„,  Hz  refer  always  to  the 
same  position  of  the  axes  as  that  with  which  Hx,  H^,  HZ(  =  H1,  H2,  H3)  are 
associated. 

11.  Body  turning  about  a  fixed  point  O.  Relations  between  moving 
and  fixed  axes.  If  the  moving  axes  OA,  OB,  OC  are  not  coincident  with 
the  fixed  axes  at  the  moment  under  consideration,  we  may  define  their 
positions  by  the  three  sets  of  direction  cosines  which  specify  their  directions 
with  respect  to  OX,  OY,  OZ.  We  denote  these  by  /p  z/^,%,  /.,.//'._.. /'._,. 
I ,,  in...  a...     Thus  we  have 

\\x—  H/,  +  H.y2  +  H3/3, 

By=H1m1+H27n2+H8m8J  j- 1 1 ) 

\\:  =  H1H,  +  H.J//2+  U.n  .. 
...I..  I> 
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These  give      Hx  =  H/,+  H/.+  H,/::+IVi  +  H./,+  H.{/:{I  \ 

&y=H1m1+fl2m2+fism3+H1m1+H2m2+Hsm8]      i2> 

II  .  =  H1//l  +  H2/'.J+H.,''::  +  H1Vi1  +  H:,?/,,+  H:{/>3.  J 
Equations  (2)  are  quite  general,  and  may  be  specialised  in  various  ways 
For  example,  we  may  obtain  from  them  the  results  already  established,  but 
before  making  any  applications  it  is  convenient  to  notice  the  vector  signifi- 
cance of  the  expressions.  This  may  be  exhibited  as  follows.  We  are  con- 
sidering a  vector  H  which  is  changing  both  in  direction  and  in  magnitude, 
and  the  components  of  which,  with  reference  to  OA,  OB,  OC,  are  Hj,  H2, 
II...  The  component  H,,  say,  of  the  vector  in  a  direction  0/  making  with 
these  axes  angles  «,  ft,  y  at  time  t  (and  moving  in  any  way  that  may  be 
specified)  is  given  by 

H,  =  Hx  cos  «  +  H2  cos  ft  +  H3  cos  y (3) 

The  time-rate  of  variation  of  this  for  the  fixed  direction  with  which  01 

i-i,i in-'nh s  ni  the  instant,  is 

il\  I 
,  '=  EjCOSa+H^coSjS+HgCOSy— Hasina— H2/3sinj@— H3ysin  y.  ...(4) 

Here  H,,  H2,  H3  are  the  rates  of  variation  of  H1;  H.,,  H3  on  the  supposition 
that  a,  ft,  y  are  constant,  and  are  therefore  rates  of  variation  following  a 
system  of  axes  OA,  OB,  OC,  moving  with  01.  But  for  the  moving  01  we 
denote  the  rate  of  growth  of  the  vector  (a,  ft,  y  constant  >by  II  /.  and  have 
II 
— r  =  }\ ,  c<  is  a  +  H2  cos  ft+  H3  cos  y. 

7TT  -piTT 

Thus  -j--  =  or  —  Hjd  sin  a  —  H2  ft  sin  ft— H3y  sin  y (5) 

Now  it  is  easy  to  prove  that 
A/cosuY-'     /dcos6\2  ,  /V/cosyY2  ,  .   a         .     .  „„ 

is  the  square  of  the  angular  speed  with  which  the  direction  0/  is  turning 
round.  If  we  take  a  vector  0,  of  length  equal  to  this  angular  speed,  in 
the  direction  Ok,  say,  about  which  this  turning  takes  place,  this  vector 
will  represent  the  angular  velocity  with  which  the  axes  OA,  OB,  OC  are 
tinning.  If  then,  dropping  the  surlix  /,  we  take  H  as  the  vector  considered, 
we  see  that  </H  <lt  exceeds  dK/dt  by  the  vector  product  V(HO\  that  is.  the 
equation  ,/H     9H 

,/,  =  ^,HU) W 

holds.  This  merely  states  the  obvious  fact  that  the  rate  of  growth  of  any 
vector  drawn  from  a  fixed  'point  is  represented  !)i  magnitude  and  direc- 
tion by  the  velocity  of  the  outer  extremity  of  the  vector. 

If  i,  j,  k  denote  unit  vectors  along  the  instantaneous  positions  of  the  axes 
OA,  OB,  OC,  with   respect    to  which    II,.  II,.  II..  are  taken,  ami  dlt  02,  08  be 
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the  numerical  values  of  tin-  components  of  <»  with  reference  to  the  same 
axes,  we  can  write  the  last  equation  in  the  form 

''*-  '^==(iH1+jH,  +  kll::)(i^+jrt,  +  krtt)+H1rt1+ll,H,+  ll  'V 

=  i(H20s-H8e2)+j(Hsei--H108)+k(H102-H201) (7) 

Thus  we  infer  thai  the  components  of  dB  i  It  —  ^Hjdt  are 
B20s-H802J  H^-H^a,  H^-H^,. 
The  vector  product  on  the  right  of  (G)  is  a  vector  at  right  angles  to  the 
plane  of  the  two  vectors  H,  G.  The  equation  is  indeed  obvious,  when  it  is 
considered  that  the  turning  about  Ok  moves  the  outer  extremity  of  the 
vector  H  .it  right  .ingles  to  this  plane,  so  that  the  total  time-rate  of  change 
of  H.  </H  '//.  exceeds  3H/3£  by  the  vector  representing  the  rate  of  growth 
thus  produced.  Thus,  from  the  vector  equation,  which  really  requires  no 
demonstration,  equations  (1)  and  (2),  10,  might  be  inferred.  As  a  matter 
of  fact,  the  simple  theorem  stated  at  the  beginning  of  next  article,  and  then 
proved  and  illustrated  in  various  ways,  is  clearly  true  from  the  most  simple 
commonsense  considerations,  and  is  a  practical  application  of  the  vector 
theorem  (6),  in  the  simple  but  exceedingly  important  case  in  which  the 
vectors  G,  H  are  represented  by  their  components  wv  H2  along  the  axes  with 
which  OA  and  OB  coincide  at  the  instant.  The  turning  about  OA  with 
angular  speed  w1  gives  a  rate  of  production  of  the  vector  along  OC  equal 
to  ci'jH.,.  and  similarly  for  other  components  of  the  two  vectors. 

The  equations  of  motion,  (2)  of  §  12,  are  now  summed  up  by  the  single 

vector-equation  ,/H       H     „  „_       T 

^  =  _+V(H0)  =  L,  (8) 

where  H  is  the  resultant  angular  momentum  and  L  the  resultant  moment 
of  applied  forces,  both  taken  as  vectors. 

We  may  also  in  this  equation  interpret  H  as  the  vector  a.m.  about  any 
specified  axis.  <)  as  the  vector  angular  velocity  with  which  that  axis  is 
changing  in  direction,  and  L  as  the  vector  applied  couple,  which  of  course 
has  the  direction  of  </H  <//. 

In  the  case  in  which  H,  the  value  of  the  a.m.  for  the  moving  axis,  is 
constant  in  numerical  amount,  the  variation  '/H  <//  is  wholly  due  to  the 
tinning:  and  we  have  then  the  direction  of  H  constantly  changing  so  as  to 
produce  exactly  the  time-rate  of  change  of  the  vector  due  to  the  action 
applied  to  the  body.  Thus,  as  we  shall  see,  in  the  case  of  a  gyrostat  in 
Steady  motion,  tie-  axis  of  A.M.  always  "  follows."  that  is,  turns  towards,  the 

position  of  the  90   distant  axis  of  the  resultant  couple. 

12.  SimpU  rules  for  forming  equations  of  motion.  The  following 
simple  theorem,  which  admits  of  direct  and  elementary  proof ,  gives  a  con- 
venient working  rule  for  the  use  of  the  foregoing  analysis  in  practical 
cases.     Though  formally  derived  Eor  a  particular  case,  it  gives  an  intuitive, 
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and  therefore  easily  remembered,  method  of  dealing  with  even  the  most 
complicated  problems  of  the  motion  of  tops  and  gyrostats. 

Consider  (Fig.  5)  two  axes,  Op,  Oq,  at  right  angles  to  one  another,  which 
are  turning  in  their  own  plane  with  angular  speed  to  about  the  point  O,  and 
let  Op',  Oq'  be  two  fixed  axes  with  which  at  the  instant  Op,  Oq  coincide. 
Let  P,  Q  associated  with  Op,  Oq  be  components  of  a  given  vector  A  in  that 
plane.  Along  the  direction  of  A  measure  a  length  to  represent  the  magni- 
tude of  the  vector,  and  on  the  same  scale  measure  distances  along  Op,  Oq 
respectively  to  represent  P,  Q.  We  shall  suppose  Op,  Oq  themselves  to  be 
these  lengths.  The  motion  of  the  extremity  of  the  line  representing  the 
vector  A  will  have  components  along  Op',  Oq'  representing  the  component 
rates  of  change  of  the  vector  in  these  directions.  But  since  P,  Q,  taken 
along  the  moving  axes,  continue  to  represent  the  vector,  the  sum  of  the 
displacements  of  the  two  points  p,  q  (in  any  interval  of  time),  parallel  to 
Op'  and  Oq  respectively,  must  represent  the  components  of  the  total  changes 
which  the  vector  has  undergone  in  those  directions  in  the  interval. 
In  an  interval  of  time  dt  we  have  the  displacements 

P  dt .  cos  (w  dt)  —  Q  sin  (co  dt),  parallel  to  Op', 
Q  dt .  cos  (w  dt)  +  P  sin  (w  dt),  parallel  to  Oq'. 
Since  dt  is  supposed  to  be  very  small,  these  become 

(P-coQ)dt,     (Q  +  ft,P)^, 
and  the  component  rates  of  change  along  Op',  Oq  are 

P-«.Q,    Q  +  *>P. 

I 

9 


O  p  />• 

Pig.  5. 


Fig.  0. 


These  results  may  also  be  obtained  in  the  following  manner.  Let  P',  Q'  be  components 
<>f  a  vector  with  reference  to  the  fixed  rectangular  axes  Op',  O/,  and  !',  Q  those  of  the 
same  vector  with  reference  to  axes  <  \p,  Oq  turning  in  the  plane  /<<></.  Let,  however, 
at  the   instant  the  axis  Op  make  with  Op'  the  angle  \fs  as  in  the  diagram  (Fie.  6). 

Then  we  have  F  =  Pcos^-Qsin  f ,    Q'=  Psini/r+QCosV<- (1) 

These  equations  can  be  united  in  one  as 

P'  +  /Q'  =  (P  +  /Q)^ (2) 

Eence  we  obtain  by  differentiation 

P'+iQ'={P-Q^+i(Q+P^K* (3) 

Equating  real  and   imaginary   parts  <m   the  two  sides  of  the  last   equation,   we   find 

P'  =  (P-g^)cos^-(Q  +  P^)sin  f.  "J 

Q'=(P"-Q^)sin^+(Q+P^)cos^.  /  


(4) 


q'\ 
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Thus,  if  at  the  instant  considered  *]/  =0,  and  we  write  cu  for  ip,  we  gel 

P      V     ,„(»,     Q'=Q+o)P (5) 

Equations  (!)  [as  well  aa  equations  (•">)]  show  thai  I'  o>Q,  Q  +  wP  ;u-e  the  component 
rates  of  change  of  the  vector  for  fixed  axes  with  which  the  revolving  axes  at  the  instant 
coincide.    The  reader  may  give  a  vectorial  interpretation  to  the  steps  of  this  process. 

The  theorem  stated  in  the  earlier  part  of  this  article  is  extended  for 
practical  working  as  follows:  Let  there  be  three  moving  axes,  Of),  Oq,  Or 
(Fig.  7),  which  remain  at  right  angles  to  one  another  as  they  move,  and  at 
time  I  are  coincident  with  three  fixed  axes, 
Op\  Oq,  Or.  The  motion  of  the  axes  may 
be  specified  in  the  following  manner :  Oq, 
()/•  turn  together  with  angular  speed  a\ 
about  Op ;  Or,  Op  turn  with  angular  speed 
o\,  about  Oq ;  Op,  Oq  turn  with  angular 
speed  w3  about  Or.  These  rates  of  turning, 
existing  simultaneously,  maintain  the  axes 
at  right  angles  to  one  another,  whatever 
their  (finite)  time-rates  of  change  may  be. 
For,  by  considering  angular  displacements 
about  the  axes,  effected  separately  in  successive  intervals  of  time,  we 
could  show  that,  to  small  quantities  of  the  first  order  of  magnitude 
inclusive,  the  same  result  is  obtained  when  the  displacements  take  place 
in  any  order  or  combination  of  orders. 

That  the  axes  remain  at  right  angles  in  the  simultaneous  turnings  may 
be  seen  by  noticing,  for  example,  that  while,  by  the  turning  about  Op,  Oq 
and  Or  are  moving  in  their  own  plane,  the  turning  about  Oq  is  moving  Or, 
and  the  turning  about  O/'  is  moving  O^,  in  each  case  at  right  angles  to  that 
plane,  and  that  each  of  these  motions  is  followed  by  Op.  These  displace- 
ments of  Op  no  doubt  change  in  dt  in  a  slight  degree  the  plane  of  motion 
of  Oq,  Or,  but  the  effects  of  this  are  infinitesimals  of  a  higher  order  than 
t  he  first. 

Let  now  the  components  P,  Q,  R  of  a  vector  A  for  the  axes  Op,  Oq,  Or- 
be  represented  by  the  segments  Op,  Oq,  Or  themselves,  which  are  therefore  of 
lengths  numerically  equal  to  P,  Q,  R.  Then  the  sum  of  the  displacements 
of  the  extremities  p,  >/,  r  of  these  lines,  taken  parallel  to  any  direction  that 
may  be  specified,  gives  the  magnitude  of  the  vectorial  change  in  that 
direction,  and  corresponding  to  these  displacements. 

In  a  short  interval  of  time  dt  we  have  the  displacements: 

P  eft.  cos  a  —  Qsin  (av.'  ft) +  11  sin  (  «\,<lt),  parallel  to  Oj> . 
Q dt. cos )8— R sin (ooydt)-^  P sin (a>sdt),  parallel  to  O7', 
ft  eft.  cosy— P  sin  (w.,dt)  +  Qsin  (ay/O,  parallel  to  Or'. 
where  a,  (3,  y  are  the  angles  which  the  vector  A  in  its  new  position  mal, 
with  the  fixed  axes  0(p',  q,  r). 
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These  angles  arc  evanescent  in  the  limit  when  dt  is  taken  indefinitely 
small.  These  displacements  therefore  give,  for  the  time-rates  of  change  of 
the  components  along  Op',  Oq' ',  Or', 

P  -  ( }u>8  +  Ro2 ,     (\)  -  Raj  +  Pw3 ,     K  -  Pw2  +  QH , 

which,  when  Ha,  H2,  H:i  are  used  instead  of  P,  Q,  R,  and  0X,  0.z,  63  for  u>v 
to.,,  (d3,  are  the  values  of  the  component  time-rates  of  change  exhibited 
in  (1)',  10. 

13.  Illustration.  We  may  illustrate  the  foregoing  article  by  using  its  method 
to  establish  Killer's  equations,  which  have  been  obtained  otherwise  in  7  and  8. 
As  we  have  seen  in  7,  the  moving  axes  chosen  arc  the  axes  of  principal  moments 
of  inertia  of  the  rigid  body.  These  move  with  the  body:  the  moments  of  inertia 
are  denoted  by  A.  B,  ( ',  and  the  angular  speeds  at  the  instant  are  o)]5  o>2,  w3,  so  that 
the  angular  momenta  about  the  axes  are  Au>1,  Bco2,  Co>3.  These  latter  quantities  we 
identify  with  P,  Q,  R.  Hence  the  three  component  rates  of  change  exhibited  at  the 
end  of  12  are 

Acoj-  (B  —  C)omo3,     Bib2-(C- A)a)3W],     Ca>3  —  (A  —  ~B)w1<j)2, 

which,  equated  to  the  moments  of  the  applied  forces  about  the  axes  in  the  positions 
Op',  Oq',  Or',  give  the  equations 

Aw1-(B  -  C)w2oj3  =  L,   "J 

l'..a,-(C-A)(o3w1  =  M,     (1) 

Cd»3  — (A— B)o)1(o2=N.  .! 

The  leader  will  find  the  following  way  of  building  up  such  expressions  easy  to 
remember  and  apply.  Take  the  rate  of  change  of  a.m.  about  Op'.  We  have  first  the 
time-rate  of  change  of  Aw,,  the  component  of  a.m.  about  Op.  That  gives  Ajo").  Then 
we  notice  that  the  turning  with  angular  speed  o>2  about  Oq  is  causing  the  axis  ( >/  to 
approach  Op',  and  as  the  a.m.  about  Or  is  Cu>3,  this  gives  for  Op'  a  rate  of  change  of 
a.m.  CWo.j.  Again,  the  turning  of  the  axes  with  angular  speed  w3  is  causing  the  axis 
<  >y  to  recede  from  Op',  and  as  the  a.m.  about  Oq  is  Bco2,  this  brings  about  a  rate  of 
change  of  a.m.  of  amount  - Bw2w3  for  the  axis  Op'.  Hence  the  total  rate  of  change  is 
Aw,     (I!  -C)(o2o)3.     The  same  process  may  of  course  be  followed  for  the  axes  Oq',  O/. 

14.  Simple   rules  for  passage  from  one  set  of  axes  to  another  set. 

The  method  of  12  enables  the  equations  for  passage  from  the  principal  axes 
of  moment  of  inertia  OA,  OB,  OC  to  any  other  system  of  axes  Ox,  Oy,  Oz, 
to  be  written  down  at  once.  The  body  turns  about  an  instantaneous  axis 
01  with  angular  speed  «  =  (a>,2 +  <»>.,- +  e>..'JF,  where  the  positive  value  of  the 
square  root  is  taken.  The  direction  cosines  of  01  are  (a>1}  w.,,  oo3)/w.  Take 
now.  for  example,  the  axis  Ox,  which  has  direction  cosines  X1,X2>X8  with 
reference  to  the  axes  OA,  OB,  OC,  and  let  ^  denote  the  angle  jcOI.  The 
angular  momenta  give  a  component  K  about  O.v,  a  component  F  about  an 
axis  0/ at  right  angles  to  Ox  and  in  the  plane  #01,  and  a  component  G 
about  an  axis  ()</  .-it  right  jingles  to  the  plane  ,<OI.  The  angular  speed  go 
resolves  into  two  components,  u>C0S&  about  Ox,  and  go  sin  &  about  Of. 
Hence,  if  Ox,  Og  be  of  lengths  numerically  equal  to  E  and  G,  the  total  rate 


(3) 
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of  change  of  a.m.  for  the  axis  Ox  is  E— wGsinS-,  where  in  E  the  cosines 
are  supposed  to  be  constant.     Now  we  have 

,.(X1A(»'] +  \.I5((\J  +  \..C((\t)  =  XjA^'i, +  X1.lv>-';,  + A..<  V,'v. ,  ( |  > 

and      G=      .       [Ao>1(Xsft)2--A2ft)8)+Bft)2(X1<«)8— A8a>1)  +  Co>8(A2<»1— Xia>2)}.    (2) 

(O    SHI    ^. 

Similarly  we  can  deal  with  the  axes  Oy,  Oz,  the  cosines  of  which  are 
/Xj,  jul.,,  /u.v  j,.  ).,.  I..,.  Taking  the  total  rate  of  change  for  each  axis,  and 
equating  to  the  moment  of  forces  about  that  axis,  we  get  the  equations 

AA1a>1  +  BX2a>2  +  CX8w8  +  Acoj  (X2o>8  —  X8oj2) 

+  B«i;,(X.,fii1  —  X1co3)  +  Cd)3(X1aio  — XofOj)  =  L', 

A/XjC'j  -f-  B/i2C«>2  +  C^l8(»8  +  At01(/it2ft'8--/X8C02) 

+  Ba)2(/i8a>1  —  fJ.ia>3)  +  Cu}3(fj.1ai.2  —  /u.,d}1 )  =  M', 

Aj'^iij  +  Bl/2b>2  ~*~  ^''3^3  4"  ■^-0)l(l'-2u>3  ~  va,wi) 

+  Br»).,(  |/8ft)j  —  1^(1)3)  +  0003(^(0.,  —  Kjtoj)       =  N'. 

Here  L',  M',  N'  are  the  moments  of  forces  about  Ox,  Oy,  Oz.  They  may  be 
derived  from  the  moments  L,  M,  N  about  OA,  OB,  OC  by  the  equations 

L^XiL+XgM+XjjN,   M^^L  +  ^JVI  +  ^N,    N'^L+^M+^N,  ...(4) 

but  it  is  usually  more  convenient  to  calculate  them  directly. 

Equations  (3)  may  be  derived  from  Euler's  equations  by  multiplying  the 
first  by  Xl3  the  second  by  X.2,  the  third  by  X3,  and  adding.  The  result  is  the 
first  of  (3).  The  others  are  derived  by  means  of  /uv  jul.,,  //3,  vlt  k>,  v.a  in 
the  same  way. 

The  axes  Ox,  Oy,  O:  may  be  the  instantaneous  positions  of  a  set  of 
moving  axes,  but  it  is  to  be  remembered  that  equations  (3)  apply  to  a  set 
of  tixed  axes  in  these  positions. 

15.    Example:    A    top  spinning   under  gravity  forces.     As  another 

example  of  12  we  take  the  top  spinning  about  a  fixed  point  on  its  axis 
ninler  gravity  forces,  and  choose  the  system  of  axes  01),  OE,  OC  specified 
in  !».  and  shown  in  Fig.  4.  These  have  directions  exactly  corresponding 
to  those  of  an  ordinary  system  of  axes  ()./•,()?/,  ():.  The  angular  speeds 
about  these  axes  are,  according  to  the  notation  explained  {lor.  <■!/.  sirpra), 
d,  \j/  sin  6,  w'4-v'^cos  6.  If  A  be  the  moment  of  inertia  of  the  top  about  the 
axis  OD,  A  is  also  the  moment  of  inertia  about  OE.  We  denote  the 
11 101 1  lent  of  inertia  about  OC  by  C. 

The  components  of  a.m.  associated  with  the  three  axes  are  therefore  A'1 

A>'/sin0,   C(a>/+VrCO8  0),  or  Cn.     Taking  distances  along  the  chosen  axes 

from  0  equal  numerically  to  these  quantities,  and  considering  the  motions 

-of    the    extremities   due    to    time-rates    of    change    of    the   lengths   of   the 
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axes,  and  to  the  turnings,  we  get  for  the  rates  of  growth  of  a.m.  about  the 

fixed  axes  0\)l,  OEj,  OC,,  with  which  OD,  OE,  OC  coincide, 

A0  +  (Cn-Ax/>cos0)x/rsin  6,      for  OD^ 

A$-sin0+2Ai/r0co8  0-Oi0,     for  OE^ 

Oh  +  Ai/r  .sin  0.0-  A0t/r  sin  0,     for  OC! . 

The  only  moment  of  forces  of  gravity  is  that  about  ODp  which  amounts  t<> 
M.ghsm6.  In  strictness  there  is  a  couple  about  OCj  due  partly  to  the 
action  of  the  air,  and  parti)'  in  some  tops,  to  friction  at  the  pivots  of  a 
rotating  flywheel,  the  axis  of  which  is  coincident  with  the  axis  of  symmetry. 
We  denote  the  moment  of  this  couple  by  .A'.  There  may  also,  in  some 
arrangements,  bo  a  couple  about  OEj  and  an  additional  couple  about  ODj  : 
if  these  couples  exist  wo  denote  their  moments  by  L  and  J/.  In  most  cases 
JL,  Jll,  JV  are  taken  as  zero.     Hence  we  have 

Afl  +  (On  -  Ayjr  cos  6)\js  sin  d  =  Mgh  sin  04- Z,  ] 

A$  sin  d+(2A.\j,  cos  0-0^)0=^,  - (1) 

Oh  =  JV.  J 

If  JV"  may  be  taken  as  zero,  we  see  that  n,  and  also  On,  remain  unaltered 
as  the  top  moves.  In  some  gyrostatic  tops,  made  recently  by  Dr.  J.  G. 
Gray,  the  spin  has  been  found  to  be  still  rapid  after  the  top  has  been  left 
to  itself  for  nearly  an  hour,  showing  that  the  retarding  couple  in  these 
instruments,  which  have  a  carefully  designed  form  of  ball  bearings,  has 
been  brought  down  to  a  very  small  value. 

The  a.m.  about  the  vertical  OZ  is  On.COS0+A\/rsin20l  and  this,  if  Jll  is 
zero,  is  constant,  that  is,  we  ha\  e 

O&cos04-A^sin20=G, (2) 

where  G  is  a  constant.  The  reader  may  verify  by  differentiation  that  (2)  is 
equivalent  to  the  second  of  (1 )  with  Jll  put  equal  to  zero. 

16.  Euler's  equations  for  rigid  body  under  gravity  forces.  Returning 
to  Euler's  equations,  take  the  case  of  any  rigid  body  whatever,  under  the 
action  of  gravity.  Let  the  mass  of  the  body  be  M,  the  coordinates  of  the 
centroid  G  be  £,  >/,  £  and  the  direction  cosines  of  the  upward  vertical  be 
a,  /3,  y,  in  both  oases  with  reference  to  the  principal  axes  of  moment  of 
inertia  OA,  OB,  00,  drawn  through  the  fixed  point  ().  The  components  of 
gravity  forces  parallel  to  OA,  OB,  OC,  respectively,  are  —  ~M.g(a,  (3,  y). 
The  second  and  third  of  these  have  moments  about  OA,  the  third  and  first 
about  OB,  and  the  Hrsl  and  second  about  OC.  The  total  moments  are 
easily  found  to  be  My(fi£—  y»/),  Mg(y£—ag),  M//(«»/  —  fig ).  Hence  Euler's 
equations  (1),  14,  become 

A^  -  ( B  -  O^s  =  Mg(fit  ~  Vl), ) 

Bw2-(C-A)ft)8o,1  =  Mgr(y|-af))      <  ]  ' 

Cc,\.-(A-B)ftV„,  =  M//(,»,-/5f).  J 
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But  since  tin'  vertical  is  fixed,  a,  ,o-  y  fulfil  a  certain  set  of  relations. 
For  a,  .•{,  y  ;uv  the  coordinates  of  a  point  on  <  )Z  at  unit  distance  from  (), 
and  the  component  velocities  of  that  point  referred  to  fixed  axes,  with  which 
OA,  OB,  ( )C  coincide  at  the  instant,  are  therefore  zero.  But  by  (I),  10, 
identifying  the  H,,  1L.  II..  of  these  equations  with  a,  /3,  y,  and  0P  02,  6.,  with 
°V  "V  (";e  Wl>  obtain 

(<■  —  /3(o;!  +  ya>.2  =  0,     /^  — y(o1  +  u(e';}  =  (),     y  —  aa\2  + /Scoj  =  0 (2) 

It  will  be  observed  that  this  set  of  relations  gives,  as  it  ought, 

<u\  +  /3$  +  yy  =  0. 

The  kinetic  energy  of  the  motion  of  the  rigid  body  is  A(Aci>1'2  +  Ba)22  +  C(o32), 
and  the  potential  energy  is  M'/(af +/3>7  +  y£).     Hence  we  have  the  energy 

equation  l(Aa>*+Ba>2i+Ca>s*)+Mg(ag+P*i+y£)  =  E,  (3) 

where  E  is  the  total  energy. 

Again,  the  angular  momentum  about  the  vertical  OZ  does  not  vary,  and 

therefore  Aaw1+ B/3w2+Cyft>3  =  G,  (4) 

where  G  is  a  constant. 

These  equations  are  easily  obtained  from  (1)  and  (2).  If  we  multiply 
equations  (1)  respectively  by  w1,  co.z,  w2,  add  and  integrate,  taking  account 
of  (2),  we  obtain  (3):  if  we  multiply  (1)  by  a,  fS,  y,  respectively,  add  and 
integrate,  we  obtain  (4). 

17.  Steady  motion  of  symmetrical  top  under  gravity.  It  is  possible 
to  have  a  motion  of  unvarying  value  of  6,  and  unvarying  precession.  It 
will  be  seen  that  if  J\£  is  zero  in  (1),  15,  and  6  be  zero,  then  \fr  is  zero,  at 
least  if  6  is  not  equal  to  0.  If  then  6  =  0,  and  also  (9  =  0,  wre  get  from  the 
first  of  these  equations,  if  6  is  not  zero, 

(Ch  -  A.\js  cos  6)\js  =  Ugh (1) 

The  value  of  \js  is  now  constant,  and  the  motion  is  said  to  be  steady. 
Denoting  for  distinction  the  steady  value  of  \js  by  /u,  we  have  the  quadratic 

equation  Acos0.  fr-Cn/uL  +  U;jh  =0, (2) 

which  gives  tw^o  values  of  /u,  which  are  possible  when  the  inequality 

C-n-  >  4,AMgh  cos  0 
is  fulfilled.  Thus,  provided  Cn  exceeds  a  limit  here  indicated,  there  are, 
for  any  given  inclination  6  of  the  axis  to  the  vertical,  twro  values  of  jul,  and 
if  On  is  very  great,  that  is  if  the  angular  speed  of  spin  is  high  enough,  one 
of  these  values  of  /j.  is  very  great  in  comparison  with  the  other.  A  first 
approximation  to  the  small  root  is  given  by  the  equation 

-Cnfi+Mgh=0,  (3) 

which  is  obtained  by  neglecting  the  term  in  /ur  in  (2).     Thus 

»  =  J5n~ ^ 
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A  first  approximation  to  the  large  root  is  obtained  by  neglecting  the 
constant  term  in  (2).     Thus  we  find 

"  =  Acostf (o) 

It  is  remarkable  that,  if  these  first  approximations  are  taken,  the  large 
root  does  not  depend  on  the  applied  forces  at  all,  while  the  small  root  is 
directly  proportional  to  the  product  of  Ng  by  h,  that  is  to  what  has  been 
called  the  "preponderance"  of  the  top.  Thus  Lord  Kelvin  proposal 
(Thomson  and  Tait's  Natural  Philosnph //,  i  345xviv)  that  the  azimuthal 
motion  specified  by  (5)  should  be  called  "adynamic."  The  precessional 
motion  of  the  earth  is  that  given  by  the  small  root  of  the  corresponding 
equation  to  (2),  and  therefore  he  proposed  also  that  the  azimuthal  motion 
specified  by  (4)  should  be  called  precessional. 

But  either  azimuthal  motion  can  be  realised,  except  in  some  particular 
cases,  by  starting  the  top  properly.  When,  however,  the  top  is  spun  by  the 
rapid  unwinding  of  a  string,  while  the  axis  is  held  at  rest  at  some  inclina- 
tion 6  to  the  vertical,  the  subsequent  motion,  when  the  top  is  left  to  itself 
spinning  rapidly,  will  be  one  of  alternate  falling  slightly  below,  and  return- 
ing to,  the  initial  value  of  6,  accompanied  by  a  varying  value  of  \/r, 
oscillatory  like  that  of  6,  and  in  the  same  period,  but  of  mean  value  given 
by  (4),  to  a  first  approximation. 

The  roots  can  be  calculated  to  atiy  degree  of  approximation   by  writing  the  quad- 
ratic equation  in  the  form 

/A2-fyx  +  «  =  0, (6) 

that  is  by  putting  (  V  A  cos  6=h,  and  ^bj/</Acos  0=a.     Then  if  we  write  the  quadratic  as 

i     a 

I1 

we  get  for  /x  the  continued  fraction 

"     "     "  /-\ 

l>-  =  h-h      A-/,--'  (/) 

whi<h  gives  the  large  rout.     On   the  other  hand,  if  we  write  the  quadratic  as 

a 

P  =  T , 

0  —  fl 

we  obtain  the  continued  fraction        ll~i     )     T     ■■•>  (^) 

which  gives  the  small  mot. 

A  closer  approximation  to  the  large  root  than  that  expressed  by  (">)  is  given  by  (7), 
namely,  <  ■„        Mr////       Mll/t  \ 

while  the  corresponding  approximation  to  the  small  root  is 

"-^'■^«- .) <•<» 

Thus  both  roots  involve  M(//i,  and  neither  is,  strictly  speaking,  adynamia  They 
are  conjugate  mots  of  the  quadratic  equation,  and  it  seems  desirable  to  designate  them 
in  some  way  that  takes  account  of  their  common  origin.  One  may  be  called  the  fast 
precession,  the  other  the  slow  precession. 
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It  will  be  observed  that  the  East  precession  becomes  Infinite  when  Q—\-rr, 
ili.it  is  when  the  axis  of  the  top  is  horizontal.  Adopting  an  understood 
notation,  we  see  that  when  B=\ir  —  Q,  /u=+oo,  and  when  0=^  +  0, 
/u=— x.  The  value  of  ,u  changes  sign  in  passing  through  \ir,  hut  it  docs 
so  in  passing  from  positive  infinity  to  negative  infinity. 

It  is  important  to  notice  that  a  steady  motion  is  possihle  when  7t  =  0,  and 
therefore  no  couple  arts.  The  roots  of  (2)  are  then  /*  =  (),  /u.  =  Cn/Acos6. 
Thus,  if  the  top  is  supported  at  its  centroid,  the  axis  may  either  preserve  a 
constant  direction  in  space,  or,  if  the  top  is  properly  started,  revolve  about 
the  vertical  with  angular  speed  C?i/Acos#.  Here  the  motion  is  truly 
adynamic. 

18.  Different  cases  of  steady  motion.  Direct  <u«l  retrograde  pre- 
cession. Stability  of  steady  motion.  From  the  discussion  given  above  it 
will  be  seen  that  if  6=  \tt,  the  larger  root  of  the  steady  motion  equation  (2) 
is  infinite,  so  that  there  is  only  one  realisable  value  of 
jh,  that  is  fji  =  Mgk  Cn.  If  6  be  greater  than  h-rr,  the 
value  of  the  larger  root  C?i/Acos0  is  negative.  Thus 
take  the  three  positions  shown  in  the  diagram  (Fig.  8), 
and  suppose  that  the  couple  about  an  axis  through 
O  is  due  to  the  gravity  of  the  gyrostat  situated  as 
shown,  and  that  we  are  not  concerned  with  resultant 
couples  in  the  contrary  direction  clue  to  the  presence 
of  non-rotating  back-weights.  If  the  direction  of 
rotation  of  the  flywheel  be  the  same  in  all  three 
(that  is  counter-clockwise  as  viewed  by  an  eye  looking 
towards  O  along  the  axis  of  rotation  from  the  side 
of  the  gyrostat  remote  from  O),  the  direction  of  the 
precession  measured  by  the  root  which  is  approxi- 
mately M//A  Cn  is  counter-clockwise,  to  an  eye  looking 

towards  O  from  Z,  for  all  three  cases.  The  precession  is  said  to  be  direct. 
The  turning  motion  given  by  the  other  approximate  root  is,  when  looked 
at  in  the  same  way,  in  the  counter-clock  direction  in  case  (a),  and  is 
reckoned  positive:  in  case  (6)  it  is  +  x  when  the  angle  ZOC  is  infinitely 
little  less  than  J,—,  and  is  —  x  when  that  angle  is  infinitely  little  greater 
than  J,-,  and  in  case  (c),  for  which  the  angle  Z(  >C  is  between  ',-  and  ir,  it 
is  negative,  that  is  clockwise,  and  of  numerical  value  Cti/A  cos  0._, .  The 
precession  is  said  to  be  retrograde.  A  more  detailed  discussion  of  direct 
and  retrograde  precession  is  given  in  1G  and  17,  V,  below. 

It  is  the  smaller  root  of  an  equation  corresponding  to  (2)  that  gives  the 
precession  of  the  equinoxes  in  thecaseof  the  terrestrial  top.  But  both  roots 
are  derived  from  the  quadratic  equation  in  the  same  way:  they  are  eon- 
jugate  values  of  the  conical  motion  of  the  axis.      When  expressed  exactly 
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both  involve  the  applied  forces,  though  one  depends  on  these  much  more 
than  does  the  other.  Also  both  are  possible  motions,  ,if  the  top  is  properly 
started.  If  the  top  is  simply  spun  rapidly,  and  left  with  the  axis  at  rest  in- 
clined at  an  angle  6  to  the  vertical,  the  axis  will  oscillate  between  the  value 
of  0  and  a  slightly  larger  value  (for  which  of  course  the  axis  is  lower). 
The  mean  precessional  angular  speed  will  be  approximately  that  given  by 
the  smaller  root  of  the  steady  motion  equation  (Mgh/Cn).  The  actual  pre- 
cessional speed  will  vary  from  zero  at  the  smaller  value  of  6  to  2Mgh/Cn  at 
the  larger  value,  where  6  is  again  zero.  If  a  sphere  of  unit  radius  be 
described  about  the  point  of  support  as  centre,  the  axis  will  move  between 
two  close  horizontal  circles  corresponding  to  the  turning  values  of  0.  The 
path  of  the  intersection  of  the  axis  with  this  sphere  will  be  a  succession  of 
curves,  each  terminating  in  two  cusps  at  the  upper  circle,  and  at  its  middle 
point  tangential  to  the  lower  circle.  That  there  are  cusps  at  the  upper 
circle  follows  from  the  fact  that  the  axis  is  instantaneously  at  rest  at  the 
upper  circle,  with  0  a  maximum,  and  \[r  zero,  while  only  9  is  zero  at  the 
lower,  so  that  the  excess  of  kinetic  energy  at  the  lower  circle  above  that  at 
the  upper  is  represented  by  the  kinetic  energy  of  the  azimuthal  motion. 

When  the  spin  is  very  fast,  the  oscillations  from  limiting  circle  to 
limiting  circle  are  very  small,  and  the  mean  angular  speed  is  as  stated 
above.  When  the  speed  of  spin  is  not  very  great  the  limiting  circles 
are  wider  apart,  and  then  the  motion  can  be  worked  out  completely  by  the 
theory  of  elliptic  functions.  The  results  here  indicated  for  a  fast  spinning 
top  will  be  found  worked  out  in  14,  V,  below. 

The  general  theory  shows,  as  we  shall  see  later,  that  an  even  number  2m 
of  freedoms  of  a  gyrostatic  system,  can,  if  unstable  before  spin,  be  com- 
pletely stabilised  by  gyrostatic  domination,  and  if  stable  before  spin  remain 
so  after  spin.  If  the  total  number  of  freedoms  of  the  system  be  In,  there  are 
n  small  roots  approximately  given  by  an  equation  of  the  nth.  degree,  and 
n  large  roots  approximately  given  by  another  equation  of  the  nth  degree. 
The  latter,  if  the  spins  are  great  enough,  are  practically  "  adynamic." 

A  so-called  proof  is  sometimes  given,  by  what  appears  to  be  a  simple  process  of 
composition  of  vectors,  that  the  angular  speed  of  the  azimuthal  motion  is  Mg/i/Cn 
for  any  finite  value  of  6.  The  other  value  of  /x  is  ignored,  and  the  process  is  quite 
fallacious.  When  6  is  constant,  equation  (2)  is  obtained  as  follows  by  the  process  set 
forth  in  §  15.  The  rate  of  production  of  a.m.  about  OD  is  then  (Cm  —  A/xcos  9)[xam  0. 
The  term  Cttttsinfl  is  due  to  the  motion  of  the  extremity  of  the  vector  Cn  produced 
by  the  tinning  with  angular  speed  /usind  about  OK.  This  tinning  is  towards  OJ),. 
the  instantaneous  position  of  OD.  The  other  term,  of  amount  A //,'-' cos  6 sin  $,  is  due 
to  the  motion  which  the  extremity  of  the  vector  of  length  Att  sin  $  has  parallel  to  1  >,<  >,  in 
consequence  of  the  turning  at  rate  /xcosO  about  OC  caused  by  the  turning  of  the  plane 
zOC  about  Oz  with  angular  speed  /*.  OE  is  being  made  to  recede  from  ODj  to  a  greater 
angle  than  Itt,  anil  hence  the  term  is  subtract ive. 

When  the  azimuthal    motion    is   so    fast   that  the  rate  of   increase  of   A.M.  Cn/i  sin  6 
is  nearly  balanced  by  the  rate  of  diminution  A/x'2cos  #sin  6,  we  have  the  larger  root. 
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We  shall  return  to  the  steady  motion  of  a  top  or  gyrostat  in  9,  V, 
and  shall  there  show  thai  the  steady  motion  is  stable,  thai  is,  thai  a  slight 
disturbance  of  the  motion  will  result  in  a  periodic  rising  and  falling  of  the 
axis  aboul  a  steady  motion  inclination  to  the  vertical,  with  a  corresponding 
variation  of  the  azimuthal  turning;  hut  without  continually  increasing 
departure  from  the  steady  motion.  There  is  thus  variation  of  0,  with,  in 
a  different  phase,  an  accompanying  variation  of  precession.  This  periodic 
change  of  0  is  called  nutation. 

Like  precession,  the  term  nutation  is  derived  from  the  motion  of  the 
earth,  which  is  exactly  that  of  a  spinning  top.  [See  Chap.  X,  in  which 
the  earth's  precession  and  nutation  are  discussed.] 
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1.    Elementary  explanation  of  motion  of  a  top.     Although  the  behaviour 

of  a  top  can  be  deduced  from  the  equations  of  motion  of  a  rigid  body,  which 
themselves  are  but  the  expression  of  fundamental  dynamical  principles,  it 
is  paradoxical  and  perplexing  to  many  people.  The  stability  of  the  upright 
position  when  the  speed  of  rotation  is  considerable,  and  still  more  the  pre- 
ss :ial  tor  sideways)  motion  of  the  axis  of  the  top.  produced  by  the 
action  of  gravity  when  the  axis  is  inclined  to  the  vertical,  appears  to  be 
inexplicable.     Hence,   before    carrying   the    _       ral    theoretical    discussion 

further,  we  shall  endeavour  to  give  in  the  present 
chapter     an     elementary     explanation     of    tl.  - 
phenomena. 

Let    the    top     (supposed     of    the    construction 
shown    in    Fi^r.    -  set    in    rotation    about    its 

axis,  by  the  rapid  withdrawal  of  a  staring  nd 

on  the  top.  or  in  any  other  way.  and  be  then  left 
to  itself  supported  on  a  rixed  point  0  of  the  axis 
OG    If  ti  -         ' 

f,  the  course  of  events  will  be 
follows :  but  if  the  initial  condition  be  not  as  here 
-     red.  the  present       -      prion  will  require  moditi- 
on.     It  will  be  n  that  the  axi^  at  tir-         -  an  accelerated  motion 

•award,  that   the  top  begins  to  fall.     This  is  a  beginning  of  the  effect 
that  the  gravil  n  the  top.  together  with  the  reaction  of  the  supi 

point,  is   ■' natv.  "  luce.     But  -  ^ner    I    s 

gun  than  th-  -         gins  to  1  si  it- way-     - 

s       vn  in  the         _  "  _  "he  curve  AP.     This  civn 

of  the  inu    -  -  with  a  spherical  so  -cribed  round  the 

the  top  as  centre.     The  difficulty         a  person  un- 
trained in  hi_  -         to   understand   this   sideways    motion,  or 

It   will  be  seen.  n.  r,  that  tl.  -   g    .dually        ses  1      till   mrther 
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downward,  so  that  at  a  certain  instant,  when  it  has  the  position  Q,  it  : 
a  sideways  motion  only,  and  thereafter  begins  to  have  an  upward  tilting 
motion,  and  continues  to  ascend,  still  with  the  same  direction  of  aidi 
progressive  displacement,  until  it  has  attained  the  same  inclination  to  the 
vertical  as  it  had  at  starting,  when  it  will  be  observed  that  pi 
for  the  moment  ceased.     The  axis  then  begins  again  a  tilting  motion  down- 
ward,  ami  tli<-   former  behaviour  i-  repeated,  and   so  on,  until   tin-  ex 
repetition  has  been  seriously  interfered  with  by  diminution  of  the  spin  by 
the  action  of   friction.     But   until   the  spin  has  fallen  off  perceptibly  the 
axis   moves   backward  and    forward  between   two   limiting  circles  on  the 
sphere,    and    each    to    and     fro    parage    carries    it    a    certain    way   round 
the  vertical  OZ.     Thus  the  curve  showing  the  path  of  intersection  of  the 
axis  with  the  sphere  is  a  series  of  repeated  parts,  each  concave  upward. 
touching  the   lower  circle  tangentially,  and   meeting  the  upper  circle  at 
right  ang] 

We  -hall  explain  this  motion  at  first  by  reference  to  a  special  arrang 
ment,  and  then  go  on  to  a  quantitative  discussion  of  an  elementary  kind. 

[The  difference  of  behaviour  owing  to  difference  in  starting  conditions  is 
explained  in  17,  V,  below.] 

2.    T<>i>  imi<l>    with  hollow  rim  containing  balls.     Analysis  of  action 

of  balls.  Let  the  top  be  made  in  the  form  shown  in  Fig.  10,  that  is.  con- 
sist of  a  -pindle  OC.  carrying  rigidly  fixed  to  it  a 
disk  provided  with  a  massive  rim.  Let  the  rim  be.  as 
Figure  11  indicates,  a  hollow  tube  containing  a  number 
of  equal  balls  in  contact,  fitting  the  tube  and  arranged 
so  as  to  form  a  ring  of  particles,  which  is  carried  round 
with  the  disk  when  that  rotates  about  its  axis  of  figure 
I  M  '.  Suppose  the  top.  after  being  set  in  rotation  with 
the  axis  OC  inclined  to  the  vertical  OZ,  to  be  left  to 
itself  under  the  action  of  gravity.  As  we  have  seen, 
it  begins  to  turn  about  a  horizontal  axis  <>!>  at  right 
angles  to  the  plane  < '<  »Z.  This  turning  may  he  regarded  as  consisting  of 
a  motion  of  the  centre  of  the  disk  at  right  angle-  to  (  ti  '  and  in  the  plane 
1  I  >Z.  and  a  turning  of  the  whole  about  an  axis  AB  through  the  centre  of 
the  disk  and  parallel  to  OD.  it  is  this  latter  motion  that  can--  precession, 
a-  we  -hall  now  show. 

<  'onsider  then  a  disk  or  flywheel  (Fig.  11).  loaded  with  balls  in  the 
manner  just  described,  to  have  it-  centre  at  rest,  and  to  he  rotating,  or 
"-pinning."  in  the  plane  of  the  paper  about  an  axle  through  it-  centr<  I  I 
while  it  is  turning  about  a  horizontal  axis  AOTB  at  a  definite  speed.  In 
[uence  of  the  spin  the  ball  "  in  the  quadrant  UK  of  the  ring  i-.  at  any 
instant  while  it  i-   there,  being  carried    further  away  from  the  axis  AB. 
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In  virtue  of  its  inertia  the  ball  tends  to  go  on  without  alteration  of  its 
speed  and  direction  of  motion  at  the  instant.     But  as  it  increases  its  distance " 

from   AB   in  the  tube,  the   ball   is  caused  by   the 

^^-^.^^  action  of  the   tube  to  move  faster  in  the  turning 

/0>*^7^yi|^\        motion  about  AB.     The  turning  about  AB  has  the 

/  /  \Ok        direction,  say,  which  brings  E'  nearer  the  reader, 

Q/  jQl      and  therefore  the  ball  presses  against  the  back  of 

AH  !0'~~"iQ|B    the  tube. 

NpL  y^7  Now  consider  a  ball  b  in  the  quadrant  F'B ;   it 

Ny^r-'kf<^Q^         *s  aPProacrimg  the  axis  AB,  and  therefore  its  speed 

^^Mj^J^  a^    ricrht   angles   to    the    plane    of    the    ring    must 

diminish  towards  zero.     This  diminution  is  brought 

Fio.  11.  ill-/. 

about  by  the  action  of  the  tube  on  the  ball,  and 
the  ball  therefore  reacts  on  the  tube.  It  will  be  seen  that  this  reaction 
is  in  the  same  direction  as  that  exerted  by  the  ball  a  at  the  same  instant, 
and  that  these  two  reactions  conspire  in  tending  to  turn  the  ring  about 
the  axis  E'F',  in  the  plane  of  the  instantaneous  position  of  the  ring  and 
at  right  angles  to  AB. 

Consideration  of  the  balls,  as  c,  d,  which  are  at  the  same  moment  in  the 
quadrants  E'A  and  AF',  shows  that,  while  the  actions  of  c  and  d  on  the 
tube  are  in  the  same  direction,  that  direction  is  opposite  to  the  direction 
of  the  actions  of  a  and  b.  Hence  the  assemblages  of  balls  occupying  at  a 
given  instant  the  halves  of  the  ring  separated  by  the  diameter  E'F',  exert 
then  equal  and  opposite  actions  on  the  tube,  forming  a  couple  tending  to 
produce  turning  of  the  ring  about  E'F';  and  unless  a  couple  about  this  axis 
is  applied  from  without  to  balance  that  which  we  have  seen  to  be  due  to 
the  inertia  of  the  balls,  the  horizontal  axis  AB  will  turn  round  in  azimuth  : 
in  other  words,  the  vertical  plane  COZ  (Fig.  10)  will  turn  round  0Z3  and 
we  have  the  sideways  motion  of  the  top.  If  at  any  instant  the  angular 
speed  of  turning  about  OZ  be  \jr,  and  6  be  the  angle  COZ,  the  turning 
about  OZ  is  equivalent  to  two  turnings  with  angular  speed,  \fs  cos  0,  \j/  sin  0, 
respectively,  about  OC  and  OE,  where  OE  is  at  right  angles  to  OC  in  the 
plane  COE. 

3.  Mode  of  production  of  precessional  motion.  Calculation  of  forces. 
Gyrostatic  couple  and  "gyrostatic  resistance."  It  will  now  be  seen  how 
the  precessional  motion  of  the  top  about  OZ,  or  the  component  of  that 
turning  about  OE,  to  which  we  have  been  giving  more  special  attention  in 
what  precedes,  arises.  The  loaded  disk  which  forms  the  main  part  of  the 
mass  is  made  up  of  particles  having  OC  (Fig.  10)  as  common  axis,  and  each 
ring  of  particles  plays  the  part  of  the  balls  in  the  ring-groove.  The  turning 
about  AB,  required  in  the  turning  of  the  system  about  OD  (see  Fig.  4), 
involves  a  turning  motion  of  the  whole  about  E'F'  (Fig.  1  1  ),  which  is  parallel 


in     ELEMENTARY   DISCUSSION   OF   GYROSTATIC   ACTION     65 

to  thi'  axis  ()E;  and  tin-  amount  of  this  at  any  instant  depends  on  the 
angle  through  which  the  axis  (H1  has  deseendrd  from  its  elevation  at  the 
beginning  of  the  motion. 

Following  out  these  ideas,  we  can  find  the  force-systems  concerned.  For 
this  purpose  we  consider,  in  the  first  place,  a  flywheel  symmetrical  about 
an  axis  of  figure  OC,  and  revolving  about  that  axis  with  angular  speed  n. 
Let  AB  be  horizontal  and  pass  through  a  point  O'  (e.g.  O  of  Fig.  10,  so  that 
All  is  in  that  case  coincident  with  01)  in  the  plane  BO'E')  anywhere  on 
the  axis  of  the  flywheel.  Consider  a  particle  P  of  mass  m  in  the  plane 
BO'E',  let  OT  =  r.  and  _PO'B  =  </>.  If  the  turning  about  AB  have 
angular  speed  to,  the  particle  P  has  a  speed  cor  sin  0  at  right  angles  to  the 
plane  in  which  it  is  at  the  instant  being  carried  round  by  the  spin  at  speed  n, 
and  it  has  also  the  speed  r  cos  <p.<j>  in  the  direction  OE.  A  section  of  the 
wheel  through  P  at  right  angles  to  OC  is  in  general  a  ring  bounded  by  circles 
which  have  OC  as  common  axis,  and  the  speeds  which  have  just  been 
specified  are  in  addition  to  the  motion  which  P  has  in  virtue  of  that  of  the 
common  centre  of  these  circles.  They  are  components  of  the  motion  of  P ; 
the  latter  is  due  to  the  turning  about  the  instantaneous  position  of  OC,  the 
former  to  the  turning  of  the  circle  about  its  horizontal  diameter. 

Now,  after  time  dt  the  plane  of  the  section  in  which  P  is  situated  has 
turned  through  the  angle  a>dt  about  the  horizontal  diameter,  and  the  two 
speeds  specified  above  have  become  for  the  new  orientation  of  the  plane, 

orrsin  c/>  -\-d(urr  sin  cf>),     rcos  </> .  0  +  cZ(r  cos  <p.  </>), 

respectively.  These  give  components  perpendicular  to  the  former  position 
of  the  plane,  which  are,  respectively, 

{ifjr  sin  <p  +  d(cor  sin  c/>)}  cos  (co  dt), 

or  in  the  limit.  cor  sin  cj>  +  d  (cor  sin  <f>), 

and  {rcosc/).  <p  +  d(r  cos  <•/> .  (p)}sin(codt ), 

or  in  the  limit.  corcos  c/> .  <-/>  dt  =  conr  cos  0  .  dt, 

since  the  angular  speed  <p  =  n.  The  total  growth  in  dt  of  speed  of  P 
perpendicular  to  the  position  of  the  plane  at  the  initial  instant  of  dt  is 
therefore  d(corsin  <•/>)  +  tor  cos  c/> .  i>  dt,  or 

2conr  cos  (j).dt  +  cor  sin  e/>  dt 
To  produce  this  acceleration  a  force 

m(2conr  cos  (p  +  wrsin  <p) 

is  required,  and  is  applied  to  the  particle  through  its  connections  with  the 
other  particles  of  the  flywheel.  An  equal  and  opposite  force  is  applied  to 
the  wheel  by  the  particle  as  reaction.  If  there  is  no  system  of  forces 
applied  from  outside  the  wheel  to  balance  these  reactions,  the  motion  about 
E'F'  will  take  place,  so  as  on  the  whole  to  render  the  effect  of  these 
accelerations  zero. 

Q.G.  E 
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If  the  wheel  be  supposed  placed  so  that  its  mean  plane  coincides  with 
the  paper,  and  its  top  move  towards  the  reader,  then  while  P  is  on  the 
right  of  tin'  diameter  ET' (Fig.  11),  the  part  of  the  force  represented  by 
the  first  term,  2moonr cos <j>,  is  towards  an  observer  looking  at  the  paper, 
and  the  corresponding  reaction  is  in  the  opposite  direction.  For  a  particle 
on  the  left  of  £'F'  these  directions  are  reversed.  The  second  part  of  the 
force  has  one  sign  for  matter  on  one  side  of  tin-  horizontal  diameter,  and 
the  opposite  sign  for  matter  on  the  other  side.  In  taking  moments,  there- 
fore, about  E'F'  of  the  forces  on  the  particles  of  a  thin  uniform  slice  of  the 
flywheel,  taken  at  right  angles  to  OC.  we  may  disregard  the  force  mwrsin<f> 
on  each  particle,  as  these  forces  contribute  nothing  to  the  result. 

Summing  the  moments  for  a  ring  of  matter  of  linear  density  <r,  every 
particle  of  which  is  at  a  distance  r  from  the  centre  of  the  disk,  we  get, 
taking  m  =  (tv  <  1(f), 

Sum  of  moments)      _  ,f*  7        ,        ., 

,      f  F'F'       I  =-k'^°"rl   cos- (f> a (f>  =  '2Tr(rriwn  •  =  fjuan, 

if  fi  denote  the  moment  of  inertia  about  OC  of  a  complete  ring  of  particles. 
This  is  also  the  moment  of  the  forces  about  any  line  parallel  to  E'F'  through 
a  point  of  the  axis. 

The  same  thing  holds  for  every  ring  of  which  the  disk  is  composed,  and 
for  every  disk  comprised  in  the  flywheel ;  and  therefore  if  C  be  the  moment 
of  inertia  of  the  flywheel  about  OC,  we  have  the  following  result : 

The  couple  about  the  axis  E'F'  (Fig.  11)  [or  about  amj  axis  {e.g.  OE) 
intersect* ing  OC  a  ml  parallel  to  E'F'],  which  must  l„-  applied  to  balance 
the  reactions  which  arise  when  the  body  rotating  about  OC  with  angular 
speed  n,  is  made  to  turn  about  a  fixed  axis  ()]>  (parallel  t<>  AH)  with 
angular  spaed  w,  is  Cnoo.  The  reaction  couple  thus  balanced  is  often  called 
the  gyrostatic  couple.  Also  it  is  sometimes  called  the  gyrostatic  resistance, 
since  to  change  the  direction  of  the  axis  of  the  rotation  n  at  rate  w  requires 
the  application  of  a  couple  of  moment  Cno. 

In  other  words,  there  is  a  rate  of  production  Cnw  of  a.m.  about  the  axis 
<)K  in  the  direction  opposite  to  that  of  the  gyrostatic  reaction  couple. 
This,  in  the  absence  of  an  applied  couple,  is  nullified  by  acceleration  of  the 
whole  body  about  OE  in  the  direction  of  action  of  that  couple.  The  direc- 
tions are  as  follows:  The  reacting  couple  is  in  the  counter-clock  direction 
as  seen  by  an  observer  looking  from  beyond  E  (or  E')  towards  O  (or  O'). 
The  direction  of  the  rate  of  production  of  a.m.  about  OK  (or  the  parallel 
axis  E'F'),  which  gives  rise  to  the  reacting  couple — to  be  balanced  by  one 
externally  applied  if  OD  is  to  remain  fixed,  that  is,  if  the  rati-  of  growth 
of  a.m.  about  OE  is  not  to  be  counteracted — is  clockwise. 

We  may  put  the  matter  in  symbolical  form  as  follows:  Let  A  and  w  be 
the  moment  of  inertia  and  angular  acceleration  about  OE.     The  total  rate 
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of  production  of  a.m.  about  ( >E  ia  A.<b'+Cn<o.     But  if  there  be  no  applied 
couple  about  ( >K,  we  ha\  «• 

Ac  +  C//rn  =  0,     or     Am/=  —  Cnoa. 

Thus  —  Onta  may  be  regarded  as  a  couple  producing  a.m.  K.u>  about  the 
moving  axis  OE,  in  the  oppoaite  direction  to  Cine. 

We  obtain,  of  courae,  a  similar  result  for  the  case  of  turning  about  the 
axis  OE  with  angular  speed  a>',  say,  in  the  counter-clockwise  direction.  If 
there  is  to  be  no  turning  about  Oh,  the  reacting  couple  of  amount  Cn<a  musi 
be  balanced  by  a  couple  applied  from  without  about  the  axis  OD,  and  is 
clockwise  as  aeen  by  an  obaerver  looking  from  beyond  D  towards  O. 

It  follows  from  this  that  a  couple  of  magnitude  Cnoo'  applied  about  OD 

from  without  in  the  counter-clock  direction,  will  be  consistent  with  turning 

at  angular  speed  w'  in  the  counter-clock  direction  about  OE,  without  any 

'turning  about  OD.     The  axis  OD  will,  however,  move  with  angular  speed 

w  in  a  plane  perpendicular  to  OE,  while  OE  remains  fixed. 

4.  Deduction  of  principal  equation  of  motion.  We  now  obtain  an 
important  result,  already  established  in  another  way.  Consider  a  top 
spinning  about  its  axis  of  figure  with  angular  speed  n,  while  that  axis 
(OC)  turns  round  the  vertical  OZ  (or  line  answering  to  the  vertical 
if  the  top  is  not  in  a  gravitational  field)  in  consequence  of  the  angular 
speed  \jr  of  the  plane  ZOC  about  OZ.  The  inclination  of  OC  to  OZ 
is  6,  and  the  axes  OD,  OE  (specified  in  9,  II)  turn  with  the  plane  ZOC. 

Apply,  as  explained  in  3,  a  couple  C?i&/  about  OD  in  the  counter- 
clock  direction.  This,  as  we  have  seen,  is  consistent  with  a  turning  at 
apeed  a/,  counter-clockwise  about  the  axis  OE,  while  that  axis  remains 
at  nst.     Thus  the  axis  OD  turns  about  OE,  counter-clockwise. 

Again,  let  the  axis  O'E'  be  identified  with  OE,  and  the  angular  speed 
there  denoted  by  a>'  with  \jrsind,  and  imagine  turning  at  speed  Y^cos^ 
about  OC  in  the  counter-clock  direction.  The  turning  with  this  speed 
about  OC  as  a  fixed  axis  involves  a  reacting  couple  which  must  be  balanced 
by  the  application  of  a  couple  of  moment  AyV-sin  OcosO,  clockwise  about 
OD.*  Thus  we  see  that  the  total  couple  Cm//- sin  6  —  Ax/Xsin  #cos  0,  in  the 
counter-clock  direction  about  OD,  is  consistent  with  a  motion  of  the  top 
compounded  of  a  turning  (counter-clockwise)  about  OE  with  angular  speed 
yV  sin  #,  and  a  turning  (counter-clockwise)  about  OC  with  angular  speed 
>V  cosO.  But  these  turnings  about  OC  and  OE  are  clearly  together  equiva- 
lent to  turning  with  angular  speed  \jr  about  OZ.  Thus  the  combination  of 
couples  just  found,  equated  to  the  total  applied  couple  about  OD,  gives  an 
equation  of  motion  which  holds  either  for  steady  motion  about  the  line  OZ. 

*  We  here  take  (>K,  ami  presently  <>!>,  as  an  axis  (if  spin.  This  may  1»'  justified  by  an 
extension  of  the  reasoning  in  ■'{. 
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or  for  an  instant  at  which  the  acceleration  0  of  turning  about  the  axis  OD 
is  zero.     This  equation  is 

(Oi-A-^cos0)i/r8in0=L,  (1) 

if  L  be  the  moment  of  the  couple.  If  there  is  angular  acceleration  0,  the 
couple  L  must  furnish  the  rate  of  production  of  a.m.,  A0,  in  addition  to  the 
combination  of  couples  specified.  Thus,  if  the  field  of  force  is  gravitational, 
we  have  1L  =  Mgh  sin  6,  and  the  complete  equation  of  motion  is 

A0 + (Cn  -Ai/r  cos  0)\jr  sin  0=%ft  sinfl el) 

This  is  the  equation  found  in  15,  II,  in  an  entirely  different  manner. 

In  the  same  way  we  can  find  the  equation  of  motion  for  the  axis  OE. 
Referring  back  to  the  general  result  of  3,  consider  the  couple  Cnw  about 
OE  there  referred  to,  and  identify  w,  about  OD,  with  6.  The  turning  about 
OD  is  counter-clockwise,  the  couple  of  moment  Cn6  about  OE  which 
would  balance  the  reacting  couple  is  clockwise. 

Now  take  for  w  the  angular  speed  \js  cos  6  about  OC,  referred  to  above, 
and  consider  a  couple  about  OE  (instead  of  about  OD)  which  would 
balance  the  reaction  couple  due  to  the  turning  0  about  AB  (or  OD).  This 
is  a  couple  At//- cos 0.0  in  the  counter-clock  direction  about  OE.  Thus  we 
get  a  total  couple  (Ai/r  cos  6  —  Cn)  6.  But  if  there  is  no  time-rate  of  variation 
of  the  angular  speed  \js  sin  6  about  OE,  and  there  be  no  applied  couple  about 
OE,  this  total  couple  is  zero.  The  complete  equation  in  the  absence  of 
externally  applied  couple  about  OE  is  therefore 

A  j (yj, sin  6)  +  (Af  cos  6 -Cn)0  =  0,  (3) 

or  A<[>sme  +  {2Ax!,  cos6-C»)6  =  0 (3') 

To  put  the  matter  most  simply,  the  total  reaction  couple  is  —  ( AxfscosO  —  Cu  )6, 
and  this  must  be  equal  to  Ad(\js  sin  0)  <!t. 

These  results  have  been  obtained  in  the  most  elementary  manner  from 
first  principles.  Any  question  that  may  arise  as  to  the  legitimacy  of 
supposing  that  the  motions  giving  the  different  reacting  couples,  taking 
place  as  they  do  simultaneously,  can  be  taken  account  of  by  adding  the 
separate  couples  of  reaction  together,  may  be  answered  in  a  general  manner 
as  follows :  If  we  were  to  suppose  the  different  changes  to  be  effected  in 
successive  intervals  of  time  dt,  the  effect  of  the  existence  of  the  first  change 
on  the  amount  of  the  second  would,  as  regards  direction,  be  accounted  for 
by  multiplication  by  the  cosine  of  an  indefinitely  small  angle :  and  as 
regards  magnitude,  introduce  quantities  involving  dt  as  a  factor  in  addition 
to  the  finite  quantities  specified  above. 

5.    "Elementary  quantitative    analysis    of  motion    of  top.    We  now 

endeavour  to  predict,  from  the  elementary  considerations  adduced  above, 
the  behaviour  of  a  top  which  is  set  into  rapid  rotation  about  the  axis  OC, 
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when  in  the  position  OA.say,  shown  in  Fig.  9,  and  is  then  left  to  itself.  The 
axis  begins  at  once  to  acquire  a  descending  motion  of  turning  about  0,  and 
each  of  the  disks  at  right  angles  to  OC,  of  which  the  top  is  composed,  begins 
to  turn  about  a  horizontal  diameter,  while  the  whole  top  turns  about  the 
parallel  horizontal  axis  OD.  If  the  turnings  about  OC  and  01)  have 
the  directions  in  Fig.  4,  the  top  is,  as  we  have  seen,  acted  on  by  a  couple 
(Cw—A^rcos  6)6  about  OE  in  the  direction  of  the  circular  arrow.  Thus 
the  axis  of  the  top  begins  to  have  a  component  of  turning  in  the  direction 
at  right  angles  to  the  first  motion,  and  towards  the  instantaneous  position 
of  OD. 

The  intersection  of  the  axis  with  a  sphere  described  round  O  as  a  centre 
is  therefore  a  curve  like  AP  (Fig.  9).  Here  OD  is  to  be  drawn  horizon- 
tally back  from  O,  and  OE  in  the  angle  ZOP,  both  at  right  angles  to  OP 
When  the  axis  is  at  P  the  top  is  turning  about  OD,  now  of  course  in  a  new 
position,  counter-clockwise,  and  in  consequence  is  still  gaining  counter-clock 
rotation  about  OE,  which  is  also  in  a  new  position,  corresponding  to  that  of 
OD.  This  will  be  clear  from  consideration  of  (3),  4,  which  shows  that  the 
rate  of  increase  of  A\jssin6  is  (Cn  —  A\fs  cos  6)6,  which  (if  Cn  >  A\js  cos  6) 
is  positive,  since  of  course  we  suppose  that  6  is  still  positive.  The  accelera- 
tion about  OE  is  increasing  in  amount  because  the  couple  about  OD  applied 
by  gravity  is  increasing  6.  By  the  formula  just  quoted,  this  acceleration 
about  OE  is  proportional  to  the  accumulated  rate  of  turning  about  OD, 
except  for  the  factor  Cn  —  A\jscos0,  and  so  OC  turns  faster  and  faster 
towards  the  instantaneous  position  of  OD. 

But  the  counter-clock  turning  about  OE  produces  A.M.  about  the 
instantaneous  position  of  OD,  represented  by  the  term  Cn\js  sin  6  of  (2),  4, 
giving  clockwise  acceleration  about  that  axis,  though  at  the  same  time,  in 
consequence  of  the  turning  with  angular  speed  \js  cos  6,  this  (if  6  <  i7r)  is 
counteracted  to  some  extent  by  the  term  Ai//-2cos  6  sin  6.  For  we  can  write 
(2),  4,  in  the  form 

A6  =  Mgh  sin  6  -(Cn-Ayj,  cos  d)\j,  sin  6 (1) 

An  instant  arrives  at  which  the  right-hand  side  of  this  equation  is  zero,  and 
so  0  becomes  for  the  instant  unvarying.  Thereafter  counter-clock  turning 
about  OD  diminishes,  while,  the  spin  being  great  and  (Cn  —  A\jsCOs6)6 
being  positive,  the  turning  about  OE  continues  to  increase,  until  the  turning 
speed  6  about  OD  is  reduced  to  zero.  The  axis  OC  has  now  ceased  to 
descend.  At  that  instant  the  counter-clock  turning  about  OE  is  at  its 
greatest,  and  the  clockwise  acceleration  about  OD  a  maximum,  so  that 
angular  speed  in  that  direction  begins  to  grow  up ;  the  axis  begins  to  rise. 
It  continues  to  rise  with  increasing  speed,  for  so  long  time  as  the  counter- 
clock  rotation  about  OE  (which  is  now  diminishing  on  account  of  the 
reversal  of  the  turning  about  OD)  is  sufficient  to  produce  (see  the  equa- 
tion (1)  last  written)  a  couple,  (On  —  A\js  cos  6)\fs  sin  6,  greater  than  that  due  to 
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gravity.  After  a  certain  elevation  lias  been  attained,  equal  to  that  at  which 
the  acceleration  about  OD  ceased  in  the  downward  progress,  the  increase  of 
the  speed  of  rise  ceases,  and  the  upward  motion  slows  oft'  to  zero  at  an 
elevation  equal  to  that  of  the  starting  position. 

It  is  easy  to  see  (since,  if  at  any  point  all  the  "motions  were  exactly 
reversed,  the  path  would  be  traversed  in  the  reverse  direction)  that  as  the 
axis  mounts  higher  it  continues  to  swing  round  the  vertical,  and  dors  so  in 
such  a  manner  that  the  path  from  the  turning  point  to  the  highest  eleva- 
tion is  exactly  the  image  of  the  descending  path  in  a  mirror  coinciding 
with  the  meridian  of  the  sphere  which  passes  through  the  lowest  point 
reached  by  the  axis.  Once  the  original  elevation  has  been  regained  the 
axis  begins  once  more  to  descend,  and  a  path  on  the  sphere  is  described, 
which  is  exactly  that  described  before,  onl}-  shifted  round  the  vertical 
through  an  angle  equal  to  that  swung  round  through  by  the  axis  in 
descending  and  ascending. 

It  will  be  observed  that,  since 

-^(A^  sin  6)  =  (Cn-Ayi,  cos  6)6  (2) 

is  zero  at  the  upper  circle  limiting  the  motion  on  the  sphere,  the  value 
of  t//-  is  zero  as  well  as  that  of  \js,  while  A0  has  the  value  given  by  the 
gravitation  couple  without  any  diminution.  There  is  thus  neither  azimuthal 
turning  nor  azimuthal  acceleration  at  that  circle,  while  the  inclinational 
acceleration  has  its  maximum  value.  The  curve  of  intersection  of  the  axis 
with  the  spherical  surface  therefore  meets  the  upper  circle  at  right  angles, 
that  is  the  points  of  contact  are  a  series  of  cusps  on  the  path,  when  the 
mode  of  starting  is  as  specified  above. 

At  the  lower  turning  points  \Jr  is  zero,  while  \js  has  its  maximum  value, 
and  as  6  is  zero  the  path  of  the  axis  on  the  sphere  is  tangential  to  the 
lower  circle  at  each  turning  point. 


CHAPTEE   IV 

SYSTKMS   OF   COORDINATES   AND  THEIE    RELATIONS. 
SPACE-CONE   AXD    BODY-CONE 


1.  Relation*  of  systems  of  coordinates.  It  is  convenient  to  give  here 
Eor  reference  most  of  the  relations  between  different  sets  of  coordinates 
that  are  likely  to  be  required.  In  Fig.  12  are  shown  three  sets  of  axes 
drawn  from  a  common  origin  O,  namely,  0(x,y,z),  0(A,B,  C),  0(1),  E,  C). 
Of  these  Or  may  be  identified,  when  con- 
venient, with  the  upward  vertical,  and  OC 
with  the  axis  of  a  top:  0(A,  B,  C)  may  be 
a  set  moving  in  any  manner  about  them- 
selves, for  example,  they  may  move  with 
the  body,  while  ()D  and  OE  are  respectively 
perpendicular  and  parallel  to  the  plane  rOC. 
It  will  be  convenient  also  to  refer  to  OE' 
drawn  from  0  in  the  opposite  direction 
to  OE. 

The  point  O  may  be  taken  as  the  centre 
of  a  sphere  of  unit  radius,  on  the  surface 
of  which  quadrantal  arcs  xy,  yz,  zx,  AB,  EC,  CA,  DE,  EC,  CD,  and  DC, 
<  !E  .  K'D  may  be  drawn.  The  are  :C  produced  gives  the  quadrant  CE', and 
intersects  the  quadrant  xy  in  F,  so  that  rF  is  also  a  quadrant.  The 
angle  ^OC  is  denoted  by  0.  that  between  the  planes  OCA  and  OCE' by  <£, 
and  that  between  the  planes  OCE' and  Ozx  by  \//.  (Thus,  for  a  top,  \lr  is 
the  angle  through  which  the  plane  :( >C  has  turned  about  the  vertical  from 
its  position  at  a  chosen  instant,  that  is,  the  integral  precessional  displace- 
ment.) Since  OD  is  at  right  angles  to  Oz  and  to  OC,  and  all  the  lines  are. 
as  we  suppose,  of  unit  length,  the  point  D  lies  at  the  intersection  of  the 
quadrant  AB  with  the  quadrant  xy  produced,  and  the  angle  D  of  the 
spherical  triangle  FDE'  is  6.  Clearly  also  arc  DB  =  0,  are  //D=  \'r.  The 
angles  o.  </,.  ■>'/  are  called  the  Euleriam  angles. 

The  direction   cosines  of  <n.\.  B,  C)   with    reference  to  the  fixed   axes 
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0(x,  y,  z),  or  rice  versa,  can  be  expressed  in  terms  of  the  three  angles 
0,  <p,  \Js  by  the  formulae  of  spherical  trigonometry  or  otherwise.  For 
example,  the  cosine  of  the  angle  AOx  is  the  cosine  of  the  side  Ax  of  the 
spherical  triangle  AC./; ;  the  side  Cx  and  the  angle  FCx  can  be  found 
from  the  spherical  triangle  Csx,  and  hence  the  angle  ACx,  so  that  Ax  can  be 
found. 

But  the  simplest  method  is  that  of  projection.  We  shall  find  the  direction 
cosines  of  OA,  OB,  OC  with  reference  to  Ox  by  this  process,  and  leave  the 
reader  to  verify  the  values  of  the  others  as  given  in  the  scheme  which 
follows.  We  resolve  OA  into  two  components,  one,  OG,  along  OE',  and  the 
other  at  right  angles  to  OE'.  These  are  (since  OA  =  1)  cos  <p,  sin  </>.  The 
former  projected  on  OF  is  cos  6  cos  <p,  and  this  projected  on  Ox  gives 
cos  6  cos  0  cos  \Js.  The  other  component  (sin  0)  is  perpendicular  to  the  plane 
OCE',  and  therefore  to  OF.  Its  projection  on  Ox  is  therefore  —sin  (p  sin  \Js. 
Hence  the  total  projection  of  OA  on  Ox  is  cos  6  cos  tp  cos  \fs  —  sin  <p  sin  \j/~ 
The  direction  cosine  of  OA  with  respect  to  Ox  is  therefore 

cos  0  cos  (p  cos  \js  —  sin  <p  sin  \js. 

Again,  resolving  OB  into  two  components,  along  and  at  right  angles  to 
OD,  we  see  that  these  components  are  cos  <p,  sin  <p.  Along  Ox  the  former 
has  the  component  —  coscpsuwp-,  and  the  latter  —  cos  6  sin  (p  cos  \fs.  Thus 
the  direction  cosine  of  OB  with  respect  to  Ox  is 

—  cos  6  sin  (j>  cos  \fs  —  cos  <p  sin  \js. 

Finally,  OC  resolves  into  two  components,  sin  0  along  OF,  and  cos  B  at 
right  angles  to  OF  and  to  the  plane  xOy.  The  latter  has  no  component 
along  Ox,  the  former  has  the  component  sin  6  cos  \Js. 

The  following  scheme  gives  in  a  convenient  manner  the  direction  cosines 
of  the  axes  of  either  system  with  reference  to  the  axes  of  the  other  system, 
and  also  the  coordinates  of  any  point  taken  with  reference  to  one  set  of 
axes,  in  terms  of  the  coordinates  of  the  same  point  with  reference  to  the 
other  set.  Thus,  for  example,  the  Ox  direction  cosine  of  OB,  or  the  OB 
direction  cosine  of  Ox,  is  —cos  6  sin  r/>  cos  yp-  —  cos  <£  sin  \fs  ;  and  if  xp  ;/1,  zx  be 
the  coordinates  of  a  point  with  respect  to  the  axes  0(A,  B,  C),  and  x,  //,  : 
those  of  the  same  point  with  respect  to  0(x,  y,  z),  we  have 

xx  =  (cos  6  cos  (j>  cos  y$r  —  sin  <p  sin  \fs)x  +  (cos  6  cos  <p  sin  y\r  +  sin  <p  cos  \fs ) y 

—  sin  6  cos  0  .  : . 

x  =  (cos  6  cos  </>  cos  i/y  —  sin  0  sin  \^)xx  —  (cos  6  sin  </>  cos  \js  +  cos  cf>  sin  \js)yx 

+  sin  Bcosxfs .  zr 

The  lines  in  the  following  scheme  give  the  direction  cosines  and  co- 
ordinates  for  the  axes  0(A,  B,  C)  in  terms  of  those  for  the  axes  0(x.  //.  z) ; 
the  columns  give  the  cosines  and  coordinates  for  the  axes  0(x,  y,  z)  in  terms 
of  those  for  the  axes  0(A,  B,  C). 
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( i/,  .-• 

(  >//,   V 

0  . 

OA,  .T|        cos  $  cos  <f>  cos  yj/  -sin  </>siui//- 

cos  (icos  </>sin  \f/  +  sin  </>i-os\/r 

sili  0COS<f) 

OB,y, 

—  COS  #  si  11  </>cos  ^r       cos  (/)sill  \//- 

coa  6  sili  </)siiM//  +  ci»s  </>  cos  \js        sin  t/ sin  </> 

,,,,.--I 

sill  tfcos  \{r 

sin  #sin  \lr 

cos  0 

The  angles  0,  0,  x//-  were  first  used  by  Euler  fur  tin-  specification  of  the 
positions  of  the  axes  of  one  set  with  reference  to  the  other  set,  and  arc 
usually  referred  to  as  the  Eulerian  angles. 

A  similar  scheme  for  the  axes  0(E',  D,  C),  0(x,  y,  z)  can  be  deduced  from 
the  above  scheme  by  simply  putting  0  =  0.  If  we  denote  coordinates  of  a 
point  with  reference  to  the  first  set  of  axes  by  £  rj,  £,  and  with  respect  to 
<  )(.<■.  y,  : |  by  .'•,  //,  z  as  before,  we  get 


<  ».'•,  j- 

®y,y 

yJZ,  Z 

OE',£ 

cos  6  COS  \ff 

cos'0sim/r 

-sin6> 

OD,t, 

-  sin  \/f 

COS\/r 

0 

OC,  £ 

sin  $  cos  \js 

sin  #sin  \js 

cos  6 

It  will  be  observed  that  if  we  take  any  two  columns  in  either  one  of  these 
schemes,  and  multiply  the  direction  cosines  in  the  same  line  together  and 
add,  we  obtain  a  zero  sum,  and  that  the  same  result  is  obtained  if  we  take 
any  two  lines  and  multiply  the  direction  cosines  in  the  same  column 
together  and  add.  This  is  a  condition  imposed  by  the  fact  that  any  pair  of 
axes  belonging  to  either  system  are  at  right  angles  to  one  another. 

2.  The  Eulerian  angles  and  tlicir  rates  of  variation.  Certain  special 
systems  of  coordinates  are  useful  in  the  detailed  treatment  of  the  motion  of 
the  axes  of  a  top  by  the  methods  of  elliptic  functions,  and  these  will  be  set 
forth  where  this  subject  is  dealt  with.  The  following  illustration  of  the 
Eulerian  angles  bears  directly  on  the  elliptic  function  theory. 

The  axes  0(A,  B,  C)  in  their  positions  at  time  t  may  be  regarded  as 
turned  from  coincidence  with  0(.r,  y,  z)  through  an  angle  ^,  say,  about 
a  determinate  axis  OK,  where  K  is  a  point  on  the  sphere  of  unit 
radius  whose  centre  is  O.  Beginning  with  the  axes  coincident  as  stated, 
let  the  system  0(A,  B,  C)  be  first  turned  through  the  angle  \js  about  O:  : 
the  plane  sOK  [supposing  OK  rigidly  connected  with  0(A,  B,  C)]  is  turned 
through  the  same  angle.  Hence,  if  before  the  turning  the  angle  Kzx 
was  ~,  it  is  changed  by  the  turning  to  Zo  +  \fs.  The  angle  KcA  is  now  err, 
and  C  is  still  coincident  with  :.     The  arc  sF  is  a  quadrant. 

Now  let  the  axes  ()(A,  B,  C)  be  turned  through  an  angle  $  about  an  axis 
through   O  perpendicular   to   COF ;    the  angle    FOK    becomes  ~.      Finally, 
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when  the  axes  arc  turned  about  OC  through  the  angle  0,  the  angle  FCK 
becomes  cr  +  0-     The  angle  KCs  is  therefore  ~  — (~+0). 

But  the  result  of  all  the  turnings  is  to  leave  OK  in  its  original  position, 
since  OK  is  the  fixed  axis  about  which  the  change  of  position  is  produced, 
and  so  we  have,  as  at  first,  the  angle  Kzr  =  ~.  Hence,  angle  KsC  =  ~  —  \fr, 
and  since  the  spherical  triangle  CK:  is  isosceles,  this  is  also  the  value  of  the 
anjde  KCz.     Thus  we  have 

it  —  (  —  +  </))  =  ~  —  \fs,  or  —=  Utt  —  </>  +  >//■). 
We  now  tabulate,  by  means  of  the  schemes  in  1,  the  angular  speeds 
and  angular  momenta  for  the  different  axes,  in  terms  of  0,  0,  \}s.  As  before, 
we  denote  by  a*,,  co.2,  w.{  quantities  taken  with  reference  to  the  moving  axes 
0(A,  B,  C),  and  by  wx,  wi)y  wz,  the  same  quantities  taken  with  reference  to 
the  fixed  axes  0(x,  y,  z):  Thus,  since  the  angular  speeds  about  0(E',  D,  C) 
are  —  \/rsin$,  0,  </>  +  \/rcos#,  and  the  angular  momenta  about  the  same  axes 
are  —  A\/rsinO,  A0,  C(<j>+\jrCOS0)(  =  Cn),  we  get 

<oj-  =  —  \js  sin  0  cos  0  cos  \fr  —  6  sin  \\/  +  n  sin  0  cos  \fs  ' 

=  —  0  sin  \fr  +  (p  sin  0  cos  \'r, 
tay  =  —  \js  sin  0  cos  0  sin  \fs  +  0  cos  \Js  +  r?  sin  0  sin  \fs  , , , 

=  0  cos  \fs  +  <f>  sin  0  sin  ^, 
(t,z  =  yV  sin2#  +  ( 0  +  V' cos  $) cos  ^ 
=  >//  +  0  cos  0. 

From  Fig.  12,  or  otherwise,  we  get  for  the  angular  speeds  about  tie- 
axes  0(A,  B,  C), 

Wj  =  —  \jf  sin  0  cos  0  +  0  sin  0,  I 

wo  =  \//-  sin  0  sin  0  +  0  cos  0,  (2) 

w3  =  0  +  V*"  C0S  ^  : 

and  so  0  =  a>,  sin  0  +  &>._,  cos  0, 

^  =  sin  0v*>2sin  f/'  ~  ("i cos  '/' K 

1     ,       . 
<!>  =  w3  -  t^fl^810  0  -  <"i cos  0  )• 

The  angular  momenta  about  the  axes  0(C,  D,  E)  are  C(0  +  \//-cos  0),  At). 
AxjsKmO;  and  therefore,  denoting  those  about  0(x,  y,  :  I  by  Hj-.  H„,  H-.  we 
obta  i  1 1 

Hz  =  —  A(-0-  sin  0  cos  0  cos  \js  +  0  sin  \/^)  +  C(0  +  \jr  cos  0)sin  0  cos  \/r, ' 
H,,=  —  A(\/>sinOcos  0sin\/r  — 0cos\/r)  +  C(0  +  \//'COs0)sin^sin\//,      ...{^ 
\\:  =  AV> sin-O  +  C(0  +  \j,  cos  0)cos 0. 
Again,  for  the  axes  0(A,  B,  C),  we  have 


Hj  =  A(  —  \js  sin  6 cos  0  +  0  sin  0).  1 

H2  =  A(  \'r  sili  0  sin  <j>  +  f)  cos  0 ), 


H3  =  C(0  +  y>cos0). 


I 


.(5) 
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For  the  three  axes  0(D,  :,  F)  (Fig.  L2),  which  arc  at  right  angles  to  one 
another  (O;  vertical  and  OD,  OF  horizontal),  we  have 

Hod  =  M     H,  =  Av//sin'-0  +  C»cos0,  | 

I  [0F  =  C^  sili  6  +  (V  -  A  )\j,  sin  0  cos6  =  Cn  sin  0-A^  sin  0  cos  0.  j 

3.  Instantaneous  axis,  axis  of  figure  and  axis  of  resultant  a.m.  The 
reader  may  verify  that  any  of  the  sets  of  equations  (2),  (3)  gives  for  the 
resultant  angular  speed,  «\  the  equation 

W2=02  +  \/r2+02  +  2^/rCOS0 (1) 

The  instantaneous  axis  01  makes  with  0(D,  K,  C)  angles  of  which  the 
cosines  are  ( £  ,/,  sin  Q}  (j,  +  xj,  cos  0)/(e). 

The  component  angular  speeds  about  0(D,  z,  F)  are  0,  \js  +  <j> cos 0,  <j>sir\0. 
Hence  01  makes  with  the  axis  of  figure,  OC,  the  angle  cos'1  \(<j)  +  \jscos6)/a)} , 
and  with  Oz  the  angle  cos_1{(\/r  +  0cos  6) /&>}.  To  the  fixed  axes,  0(x,  i/,  s), 
( >I  is  inclined  at  the  angles  of  which  the  respective  cosines  are 

(  —  0  sin  \J/  +  </>  sin  6  cos  i/r,  0  cos  \fs  +  </>  sin  0  sin  \^,  \}s  +  </j  cos  #)/<«). 

The  resultant  a.m.,  H  say,  is  given  by 

H2  =  A2(0'-  +  y>sin20)  +  CV-, (2) 

where  >?  =  0  +  i/r  cos  #,  and  its  axis  (the  vectorial  direction)  is  inclined  to 
0(D,  E,  C),  at  the  angles  of  which  the  cosines  are 

{A0,  Ai/rsinG,  C(0  +  y>cos0)}/H, 
and  to  0(x,y,  z),  at  the  angles  of  which  the  cosines  multiplied  by  H  are 
On  sin  6  cos  \p-  —  A  (yjs  sin  0  cos  6  cos  \fs  +  6  sin  \fs), 
Cn  sin  0  sin  \Js  —  A(\js  sin  0  cos  0  sin  \/r  —  6  cos  x//-), 
A\//-  sin20  +  Cn  cos  0. 
We  may  compare  here  the  inclinations  of  01  and  OH  to  the  axis  of 
figure.     The  cosines  of  the  two  angles  are 

n  .     n 

(n2  +  O2  +  Vr2Sm20)i'  {n2  +  A?(02  +  ^2sin20)}$ 

It  follows  that,  according  as  C  >  or  <  A,  the  former  cosine  is  less  or  greater 
than  the  latter,  that  is  the  former  angle  is  greater  or  less  than  the  latter 
[sir  Figs.  2  and  3].  This  is  the  result  already  deduced  from  the  considera- 
tion of  the  momenta!  ellipsoid  in  5,  II.  The  two  axes  coincide  when  A  =  C, 
that  is  when  the  top  is  "spherical."  When  Q  is  zero,  that  is.  as  we  shall 
aee  when  the  body  is  in  steady  motion,  or  when  the  axis  is  at  either  of  the 
circles  between  which  it  moves  on  the  unit  sphere  (centre  0),  the  two  axes 
lie  in  the  plane  ;( )(J. 

For  the  most  pari  in  what  follows,  we  shall  consider  tops  which  are 
symmetrical  about  an  axis  OC,  so  that  the  momenta!  ellipsoid  is  of  revolu- 
tion about  OC.      When   the  ellipsoid   is  a  sphere  the  top  is  usually  called 
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"  spherical  "  :  we  shall  call  it  oblate  or  prolate,  according  as  the  momental 
ellipsoid  is  oblate  or  prolate,  that  is  according  as  C  >  or  <  A. 

The  inclinations  of  OC  and  01  to  the  vertical  [see  Fig.  4]  are  of  great 
importance  in  the  theoiy  of  the  motion  of  a  top  under  gravity.  In  other 
cases  of  the  motion  of  what  may  be  regarded  as  a  top  ( for  example,  that  of 
the  earth  under  the  moments,  about  the  principal  axes  of  the  terrestrial 
momenta]  ellipsoid,  of  the  differential  forces  due  to  the  action  of  the  sun 
and  moon  on  the  matter  of  the  earth)  another  line  takes  the  place  of  the 
vertical,  and  it  is  easy  to  translate  the  terms  and  results  used  and  obtained 
for  a  gravity  top  into  corresponding  expressions  for  the  other.  In  the  case 
of  the  earth  the  moments  acting  tend  to  bring  the  earth's  axis  of  figure, 
OC,  into  perpendicularity  to  the  plane  of  the  ecliptic,  and  OZ,  a  line  at 
right  angles  to  this  plane,  drawn  towards  its  northern  side  from  the  earth's 
centre,  is  the  "  vertical."  But  in  consequence  of  the  spinning  motion  of  the 
earth  a  precessional  motion  results  from  the  moments  of  the  forces,  and 
the  axis  OC  moves  round  OZ,  at  what,  apart  from  periodic  disturbances,  is 
approximately  a  constant  angle  COZ  ( =  6),  and  a  constant  angular  speed  \jr. 

4.  Kinematics  of  precession.  Space-cone  and  body-cone.  As  has  been 
already  stated,  it  is  from  the  analogy  of  the  terrestrial  top  that  the  angular 
speed  -v//-  is  called  the  "  precession  "  of  the  gravity  top.  It  has  been  shown 
that  in  the  absence  of  friction  the  angular  speed  n  of  the  gravity  top  about 
the  axis  of  figure  is  constant,  and  that  \js  is  also  without  variation  when 
0=0. 

The  inclinations  of  OC,  01  to  the  vertical  are  6,  cos-1{(\js  +  <f>cos6)/co}> 
while  that  of  01  to  OC  is  cos-1{(0  +  \/^cos0)/a)},where 

w  =  (02  +  (^  +  \^  +  20Y>cos0)^. 

In  the  important  case  of  "steady  motion,"  in  which  0  is  continually  zero 
and  \[s  is  constant,  we  get,  putting  a  for  _COI  and  (3  for  _IOZ, 

a  =  COS-1{(f/>  +  \;VcOS0)/o)},      /3  =  COS-1{O/>  +  0CosO)  ft)} (1) 

wit  1 1  w  =  (f2  +  \^'2  +  2<j>\p-  cos  0)h  =  ( n-  +  >//-'sin20)*. 

We  easily  obtain         sin  a  =  \js  sin  0/w,    sin  /3  =  <•/>  sin  0/w, 

so  that  <j>  sin  a  =  \js  sin  ft (2) 

and  tana= -.  ,     tan/3  = j- (3) 

cos0  +  ^  cos#  +  w 

V'  </> 

We  see  then  that  when  6  is  constant,  and  therefore  \jr  is  also  without 
variation,  the  successive  positions  of  the  rotation  axis  01  form  the  generators 
of  a  right  circular  cone,  the  axis  of  which  is  OZ  [Fig.  4]  and  the  semi- 
vertical  angle  |8,  This  cone  is  fixed  in  space,  and  is  called  the  spuo'-cone. 
But  the  three  axes  OZ,  OC,  01  remain  in  one  plane  (since  0  =  0),  and  so,  as 
the  body  turns  about  successive  positions  of  01  in  space,  successive  lines  in 
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the  body,  each  inclined  at  the  angle  <(  to  ()(■,  become  (In-  instantaneous  axis 
01.  Tims  the  locus  of  <>l  in  the  body  is  a  cone  of  which  OC  is  the  axis 
and  <<  is  the  semi-vertical  angle     This  is  called  the  body-cone. 

That  the  motion  of  the  body-cone  is  one  of  pure  rolling  <>n  the  space-cone 
is  verified  by  the  I'act  thai  </>sin  «  =  \//-sin/3;  for  the  angular  speed  of  the 
plane  COI  in  the  body-cone  relative  to  the  plane  ZOC,  which  is  turning 
with  angular  speed  \U  about  OZ,  is  </>,  and  the  radii  of  the  touching  circles 
are.  !'<  ir  ()('  =  (  )Z  =  1 ,  respectively  sin  a,  sin  /3. 

We  shall  now  indicate  the  positions  of  the  cones  in  the  ditl'erent  possible 
cases,  taking  £or  all  <j>  as  positive.  But  we  have  here  to  remember  the 
result  of  18,  II,  that  the  precession  may  be  either  direct  or  vetro;/rade.  It  is 
direct  when  the  component  \js cos  0  of  \js  about  the  axis  of  figure  is  in  the 
same  direction  as  the  angular  velocity  </>  about  that  axis,  and  retrograde 
when  \L-COb6  is  in  the  opposite  direction  to  c/i.  In  the  case  of  an  ordinary 
top  spinning  about  the  lowest  point  of  the  axis,  so  that  6  is  an  acute  angle, 
both  precessions  are  direct:  if  the  top  be  suspended  from  the  extremity  of 
its  axis,  so  that  the  angle  which  the  axis  makes  with  the  upward  vertical 
is  obtuse,  the  fast  precession  is  retrograde. 

If  the  top  be  supported  at  a  point  O  in  its  axis,  in  such  a  way  that  the 
precession  is  produced  by  the  action  of  gravity  on  a  non-spinning  back- 
weight,  carried  on  the  opposite  side  of  the  vertical  from  the  part  spinning 
with  angular  speed  <-/>  (which  we  call  the  top  proper),  the  slow7  precession 
is  retrograde  when  6  is  acute,  and  both  precessions  are  retrograde  when  0 
is  obtuse. 

The  precessional  motion,  the  turning  of  the  line  of  nodes  of  the  earth's 
orbit  in  the  ecliptic,  in  the  direction  of  the  sun's  apparent  motion,  is 
retrograde  [see  X  below]. 

5.  Space-cone  mid  body-cone  in  (liferent  cases.  Equations  (2)  enable 
the  positions  of  the  space-cone  and  body-cone  to  be  traced.  The  path 
described  on  a  sphere  of  unit  radius  with  O  as  centre,  7 

by  a  point  on  the  axis  of  the  top,  will  be  discussed  later.      £~" 

( 1 )  O<0<  \tt  ;  r//7(/i  positive.     Precession  direct.     It  is      \ 
clear  that  in  this  case  both  a  and  j3  are  less  than  6.     For        \ 
by  (1),  4,  the  cosines  of  these  angles  are  both  greater  than  \ 

cosO.  The  cones  are  therefore  situated  as  in  Fig.  13: 
the  body-cone  is  external  to  the  space-cone  and  rolls 
round  the  convex  surface  of  the  latter.  ° 

When    \jr    is   great    in    comparison    with    </>,    sin  fj    is 
approximately    zero    while    sin  a    is    approximately    equal    to    sin  0.      The 
space-cone   is   then   very   slender   in   comparison   with    the    body-cone,  and 
the   rotation-axis  nearly   coincides  with  the   vertical.      The   reverse  is  the 
case  when  </,  is  great  in  comparison  with  \jr.     Then  the  body-cone  is  very 
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slender,  and  the  rotation-axis  nearly  coincides  with  OC.     For  the  ordinary 

top  the  case  of  \js  =  Q  arises  when  the  couple  about  OD  is  zero;   but  the 

ratio  (j>  \fs  may  be  very  great,  so  that  the  top  spins  rapidly,  while  the  axis 

turns  very  slowly  round  in  azimuth. 

(2)  0<$<<  \—  ;  v'r  <j>  negative.    Precession  retrograde.    In  the  former  case, 

when  \js  is  made  smaller  and  smaller  in  comparison  with  <p,  we  have  seen 
that  the  body-cone  becomes  more  and  more  slender,  so 
that  the  rotation-axis  approaches  without  limit  of  closeness 
to  OC  as  yjs/<j>  approaches  zero.  When,  however,  \js/<j>  has 
a  small  negative  value  the  body-cone  is  still  very  slender, 
but  is  now  inside  the  space-cone  [(2),  4],  and  rolls  on  the 
concave  surface  of  the  latter  [Fig.  14].  The  figure  in  12,  I, 
in  which  the  space  and  body-cones  are  indicated  by  a  rincr 
and  a  slender  cone  rolling  on  it,  illustrates  this  case  for 
terrestrial  precession. 
As  |  \js/<p  |  increases  towards  the  value  cos  6,  the  body-cone  widens  out,  so 

that  its  semi-vertical  angle  approaches   —  (Ax  —  6),  which  is  only  reached 

when  /3  acquires  the  value  ix.     The  space-cone  has  then  opened  out  to  a 

plane,  on  which  the  body-cone  rolls  round  O  in  the  direction  of  retrograde 

precession. 

As  \\js/<j>\  increases  beyond   the   value   cos  d,   the   space-cone   acquires  a 

semi-vertical  angle  f3  greater  than  hir,  while  a  takes  the  value  —  (/3  — 0). 

As  |  \js/<j>  |  approaches  the  value  1/cos  6,  /3  approaches  the  value  W  +  O.     The 

value  of  a  then  approaches   —  \ir  [see  (3),  4].     The  interpretation  of  the 

sign  of  a  will  be  clear  from  Fig.  13,  where  a  and  /3  are  both  positive. 

In  this  case,  as  indeed  in  any  other,  we  can  replace  the  cones  referred  to 

(which  are  only  composed  of  single  sheets  of  the  complete  cones)  by  the 

opposite    sheets    of  the   complete   cones  as 

geometrically  defined  by  their  generators. 

The  complete  cone  fixed  in  the  body  may 

be    regarded    as    rolling    on    the    complete 

space-cone ;   and   therefore    we    may   take, 

instead  of  the  space-cone  of  angle  hir+Q, 

the    sheet   of   semi-angle    \ir  —  0,   with   in- 

ternal   axis  directed  upward,  and  as  the 

body-cone   the   sheet    of    semi-angle    (3  —  6, 

witli  axis  directed  oppositely  to  OC.     The 

latter   rolls    round    the    upward    directed 

sheet     of     the    other    cone,    with    convex 

surface   bearing   on    the   latter.      [Fig.    15 

taken  as  drawn,  and   again,  when    turned 

right  hand  for  left  hand,  and  at  the  same  time  upside  down,  represents  this 

equivalence.] 


Fig.  15. 
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As  \\js/</>\  increases  beyond  the  value  l/cos#  the  value  of  [i  increases 
from  },~  +  6  towards  tt,  the  value  for  \fr/<j>=—co.  At  the  Bame  time  a 
increases  from  \~  towards  the  Limiting  value  6. 

When  0^>  \~  the  fixed  and  tlic  moving  cone  can  be  determined  by 
proceeding  as  before,  except  that  the  inclination  of  the  axis  to  the  down- 
ward vertical  is  taken  as  0.  When  that  direction  and  leftdianded  rotation 
d>  round  it  are  taken  as  positive,  and  direct  precession  is  as  before  that  for 
which  yjsCOsO  is  in  the  same  direction  as  </>,  exactly  the  same  results,  in  the 
same  sequence  as  above,  will  be  obtained  for  the  different  cases. 


CHAPTER   V 

THE  SIMPLER  THEORY  OF  THE  MOTION  OF  TOPS  AND  GYROSTATS 

1.  Gyrostats.  Equations  of  motion.  We  now  proceed  to  the  con- 
sideration of  the  motion  of  a  top  in  more  detail  and  with  application 
to  a  number  of  particular  cases,  such  for  example  as  gyrostats  and 
combinations  of  gyrostats.  A  gyrostat  is  a  flywheel  enclosed  in  a 
case   which   is  usually  made  symmetrical,  or  nearly  so,  about  an  axis  of 

figure  coincident  with  that  of  rotation  of  the  flywheel. 

C  i  Hence  the  inertia  of  the  case  apart  from  that  of  the 

*  flywheel    must    be    taken    account    of.     We    therefore 

specify  quantities  and  establish  equations  of  motion 
as  follows.  It  will  be  observed  that  we  do  not  specify 
the  mode  of  support  of  the  gyrostat,  but  begin  by 
taking  axes  G(D,  E,  C)  through  the  centroid  G  of  the 
whole  system  of  wheel  and  case. 

Let  n  be  the  angular  speed  of  the  flywheel,  Wj  that 
of  the  case  (represented  in  Fig.  16  by  a  ring),  in  each 
i  instance  about  the  axis   of   figure :    O   is  a  point,  not 

„     ,„  necessarily    fixed,   on    the    axis    of    figure,   and    GZ    a 

Fig.  16.  ^  " 

vertical  drawn  upward.  If  the  plane  ZOC  turn,  as  we 
here  suppose,  about  the  vertical,  with  angular  speed  yp-,  and  6  denote  the 
angle  CGZ,  Fig.  16,  the  axes  GD,  GE  are  turning  about  the  axis  of  figure 
with  angular  speed  \jr  cos  6,  while  the  whole  is  turning  about  GE  with 
angular  speed  \js  sin  6,  and  about  GD  with  angular  speed  6.  The  angular 
speed  n  is  made  up  of  \js  cos  6,  due  to  the  motion  of  the  plane  GOZ,  and 
the  angular  speed  n'  with  which  the  flywheel  turns  relatively  to  that  plan.'. 
In  the  same  way  a)l  may  be  put  equal  to  \js  cos  0  +  w/,  where  «/  is  the 
angular  speed  of  the  case  relative  to  the  same  plane.  We  put  w2  for  the 
angular  speed  of  the  case  about  GE.  Hence,  if  the  case  simply  turn  with 
the  plane  GOZ,  Wj'  is  zero,  and  w2  =  \js  sin  0. 

The  components  of  angular  momentum  of  the  gyrostat  are  C  >?  +  C'&jj 
about  GC,  AG  about  GD,  and  Aw2  about  GE,  where  C,  C  are  the  moments 
of  inertia  of  the  flywheel  and  case  respectively  about  the  axis  of  figure,  and 
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A  is  taken  Eor  wheel  and  case  together.  The  axes  turn  with  angular  speeds 
\K  COS  6  aboui  (  !<  J,  0  about  (  !D,  and  \K  sin  0  about  ( i  E. 

Now  Eor  the  ratr  of  growth  of  angular  momentum  about  the  fixed  axis 
GDj,  with  which,  at  time  /,  (II  >  coincides,  we  have  first  the  term  Afi.  Next, 
as  explained  in  5,  III,  there  are  two  contributions  arising  from  the  motions 
of  the  axes  GC,  <  IE.  These  are  respectively  (Cn  +( !'o>]  )\fr  sin  0,  —  A<,\,\jsco$6. 
Eence  the  whole  rate  of  growth  is 

A0  +  {Cn  +  C'u>,  )\jr  sin  0  -  Aro.a//  cos  0. 
This  is  equal  to  the  moment  of  the  couple,  K  say,  applied  ahout  GD1;  and 

we  gei  A0+(Cn  +  C'(»1)>/rsin0-Aa)2>/rcos0  =  K (1) 

It",  as  is  sometimes  the  case,  to,2  =  yjs sin  0,  this  equation  becomes 

AH+;C/?+C«1-Ai/,cos0;>sintf  =  K (2) 

We  have  additional  equations  arising  from  the  motion  of  G,  which  we 
shall  write  down  in  each  case  as  it  arises.  In  the  important  case  in  which 
the  point  ()  on  the  axis  is  fixed,  these  reduce  to 

^(Mi/rfc2sin20)  =  XAsin0, 

MA  ( 0  cos  0  -  0- sin  0  -  \jr2  sin  0)  =  -  Y, 

MA  ( 0  sin  0  +  02cos  0)  =  Ug  -  Z, 

where  //  is  the  distance  OG,  M  is  the  whole  mass  of  the  gyrostat,  and  the 
axes  to  which  X  and  Y  are  referred  are  parallel  respectively  to  01 )  and  the 
projection  of  OE  on  the  horizontal.  X  is  the  force  along  OD,  Y  the  force 
along  the  projection  of  OE,  and  Z  the  force  in  the  direction  <  >Z,  applied  by 
the  constraints  at  0.  The  reaction  of  the  table  against  side  slip  is  —  Y.  [In 
this  case  of  the  gyrostat  under  gravity  or  the  top  we  can  avoid  the  intro- 
duction of  Y  and  Z  by  taking  moments  round  the  point  of  support  O. 
Equation  (2)  requires  no  change,  if  it  is  understood  that  A  now  means 
the  moment  of  inertia  about  an  axis  transverse  to  GC  through  the  point 
of  support,  supposed  now  to  lie  on  the  axis,  and  the  moment  K  is  that  of 
the  forces  ahout  OD  (Fig.  -h.  | 

In  the  same  way  we  obtain  the  equation  of  motion  for  the  fixed  axis  GEp 
with  which  GE  coincides  at  the  instant,  and  about  which  we  suppose  the 
moment  of  the  applied  couple  to  be  L.     The  equation  is,  as  the  reader  may 

verify,  Aa>2-(OM+C'a)1-Ax/rcos0)^  =  L (4) 

If  ct).,=  \Vsiii  0.  this  becomes 

A^sin  0  -(('//  -r-C'a)!-  2  AvV  cos  0)0  =  L (5) 

For  the  top  C/==0;  if  then  the  top  spin  about  a  fixed  point,  and  A  now 
denote  the  total  moment  of  inertia  about  the  transverse  axis  through  0, 
parallel  to  GE,  (5)  becomes 

A#  sin  0-<Cn-2AV>  cos  0)0  =  0 (6) 

G.G.  K 
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Finally,  for  the  axis  of  figure  we  have  two  equations :  first, 

C  n  =  constant ,    (7) 

since  we  suppose  the  friction  couple  on  the  bearings  of  the  flywheel  to  be 
negligible,  and  second,  Cw1  =  R1 (8) 

if  R  be  the  moment  of  the  couple  acting  on  the  case  about  the  axis  of  the 
figure.  It  is  supposed  that  the  forces  concerned  in  this  couple  do  not  affect 
the  motion  of  G,  which  is  given  by  (3)  above. 

It  may  be  remarked  here  that  the  energy  equation  is 

},  (  M  ,•-  +  <  V-  +  C  V  +  X6-  +  Acv.r)  +  V  =  constant,  (9) 

where  M  is  the  total  mass,  v  the  resultant  speed  of  G,  and  A  the  moment  of 
inertia  of  flywheel  and  case  about  any  axis  through  G  transverse  to  OC. 

For  the  top  spinning  about  a  fixed  point  on  the  axis  of  figure  there  is  an 
equation  of  constanc}7  of  angular  momentum,  namely 

A^sin2r3  +  C?icos0  =  G,  (10) 

where  G  is  the  angular  momentum  about  the  vertical,  and  A  is  now  taken 
as  the  moment  of  inertia  about  an  axis  transverse  to  OC,  through  O,  the 
fixed  point. 

For  this  case  C  is  zero  and  K  =  Mgh  sin  0,  where  M  is  the  whole  mass, 
and  h  is  the  distance  of  the  centre  of  gravity  from  the  point  of  support. 
Hence  (2)  becomes 

A 6 + ( Cn  -  Ai/r  cos  6)  is  sin  6  =  Mg h  sin  0 (11) 

The  steady  motion  obtained  when  6  is  and  continues  zero  [for  by  (6)  \fr  is 
then  zero,  and  therefore  \jr  is  constant]  has  been  dealt  with  already  to  some 
extent  in  (17)  and  (18),  II.     We  shall  return  to  it  again  immediately. 

Instead  of  0(I>,  E,  C)  axes  0(K,  L,  C)  are  taken,  such  that  OK,  OL  are  in  the  plane 
DOE,  and  OL  is  the  axis  of  the  resultant,  w,  of  6  and  i/'sin  6  about  OD  and  OE  respec- 
tively. The  reader  may  prove  at  once  by  inspection  that  if  P,  Q  be  the  moments  of 
applied  forces  about  OK,  OL,  the  equations  of  motion  are 

( 'mo  —  A()i-  </>)w  =  P,     Aw  =  0, 

where  n  is  constant  and  has  the  meaning  already  assigned  to  it.  These  equations  have 
been  called  the  intrinsic  equations  of  the  motion  of  a  top.*  Fur  general  use  they  are  less 
convenient  than  those  for  the  axes  ()( I),  E,  ('). 

We  now  take  one  or  two  illustrations  of  the  theory  given  above. 

2.  Example  1.  Gyrostat  supported  at  a  point  0  in  the  axis  of  spin, 
ami  acted  on  only  bi/  a  couple  of  constant  moment  K  about  the  a. els  OD. 

Let  the  gyrostat  spin  rapidly  so  that  the  a.m.  Cm  about  the  axis  of  the  flywheel  is  very 
great,  and  suppose  that  the  moments  of  inertia  and  angular  speeds  are  A,  B,  and  6,  w, 
respectively,  for  the  axes  n|>,  OE,  which  may  be  regarded  as  principal  axes  and  moving 
with  the  top.  Also  we  suppose  that  the  a.m.  Bg>  is  small  in  comparison  with  Cn.  The 
angle  $  is  that  which  an  axis  <  >/,  in  the  plane  C()|>  makes  with  OC.  As  we  need  not 
here  measure  8  from  the  vertical,  sine  we  suppose  gravity  zero,  we  may  take  OZj  where 

*Lamb,  Proc.  R.S.E.  35,  l't.  II,  1915. 
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we  please  in  the  plane  specified.      We  shall  take  it  as  inclined  at  an  angle  a  to  the 

\  .1  tical  through  ( >.     1 1  v  (l')  ainl  (  1),  1,  we  have,  neglecting  the  motion  of  the  case  about  <  >( '. 

A.0+Cn<i)     K.     B(.'j     I'lifi    (i (1) 

Eliminating  0,  we  gel  Alim  +  cV-1,,1      ^  j=0 (2) 

The  complete  solution  of  this  equation  is,  if  <»    it  when  t  =  0, 

K      ,,  On,    . 

(0=         -f  h  cos r'! 

«"  (AB)* 

where  B  is  a  constant=  -  K  IV.     Hence 

(  "V  (AB)^  / 

The  angle  </>=  \utdt  turned  through  in  time  t  is  given  by 

,      K|-      (AB)*  .      On,    t-\  ,.. 

(  "{        (  "         (AB)*  J 
Initially  also  we  suppose  0  =  0,  and  so  get 

,i     f/5  7      BE    ,             Ck     A       ,-,     /By-  K    .       On.    .  ,_, 

0=    #cft  =     -(l-cos-     -<),      d=(T)  p-siu        -j< (o) 

J  C  »  V  (AB)£  /  W  (  "       (AB)* 

Thus  if  the  motion  start  from  rest  the  first  effect,  of  the  couple  is  to  produce  a  rate  of 
growth  of  angular  velocity  0  ;  but  the  sidelong  motion  <o  begins,  though  by  the  second 
equation  of  motion  there  is  no  cu  until  an  angular  velocity  6  exists.  It  will  he  observed 
that  (/>  is  made  up  of  two  parts,  a  part  that  grows  uniformly  at  time-rate  K/C«,  and  an 
oscillatory  part  of  period  -2-(AB)-'  CV,  and  amplitude  K(AB)- ;C-n*.  The  rate  K/Ck  is 
the  value  of  the  steady  slow  precession  obtained  for  the  value  of  the  couple  in  (1)  above. 

The  value  of  0  —  a  returns  periodically  to  the  value  zero.  The  expression  for  6  and  the 
oscillatory  part  of  o>  give  to  a  point  P  on  the  axis  of  spin  (say  at  unit  distance  from  O), 
motion  in  an  ellipse  in  the  moving  plane  normal  to  the  plane  of  the  couple  K.  The  axis 
of  spin  however  swings  round,  carrying  the  axes  Ol),  (_)E  with  it,  and  a  succession  of  open 
loops  is  described  by  P  on  the  unit  sphere  of  centre  O.  This  result  may  be  compared 
with  that  of  13  below. 

The  angular  range  of  one  of  these  loops  is  2KB/C'-«2,  and  the  work  done  by  the  couple 
Kin  this  range  is  2KaB/C2»2.  The  kinetic  energy  is  then  J,  ((.'//-'  + Bar),  and  there  is  no 
potential  energy.  But  at  the  middle  of  the  loop  <,>-  is,  by  (3),  2K/Cft  and  6  =  0.  Hence 
at  that  point  the  value  \\h<>-  of  the  kinetic  energy  is  2K-B  C'-'/r.  Thus  the  work  done  by 
the  couple  accounts  for  the  term  depending  on  w. 

Example  2.     Gyrostatic  action  of  a  body  of  any  form  :  e.g.  gyrostatic 

action  of  <in  aeroplane  propeller.  Consider  first  a  thin  disk  rotating  with 
angular  speed  /'  about  an  axis  <  >( '  at  right  angles  to  its  plane,  and  passing  through  the 
centroid  <  >.  Refer  to  two  other  axes,  <  >.\.  OB,  the  other  principal  axes,  m  the  plane  of 
tin- disk,  bet  (',  A,  11  lie  the  moments  of  inertia  for  these  axes  respectively.  Further, 
let  the  disk  he  t in ui ti lt  with  angular  Bpeeds  <»,,  <•>..  about  space  axes,  coinciding  at  the 

instant    with   axes  Ol),  OK    in    tin'   plane  of  the   disk,   and    fixed,   we   may   suppose,    with 

reference  to  some  framework,  Buch  as  thai  of  an  aeroplane,  itself  in  motion,  on  which  the 

disk  is  carried.  For  example,  <  >I )  may  he  t  ransverse  to  the  aeroplane  so  as  to  he  hori- 
zontal when  the  aeroplane  is  anbanked,  and  op,  will  then  be  vertical  if  the  aeroplane  is 
horizontal  fore  and  aft. 

If  at  the  instant  considered  OA  have  tinned  through  the  angle  </>  from  coincidence 
witli  <>!>.  tin-  angular  sj ds  about  OA  and  OB  are  resj tively  a^cos^+wjsin  <j>  and 
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—  (.),  sin  cf)  +  w2con<f>.     Denoting  these  by  wA,  «,,  we  have,  by  Euler's  equations  or  directly 
by  first  principles,  for  the  equations  of  motion  with  respeet  to  0(A,  B,  C), 

Aa>A-(B-C)w„«  =  L,     BwB-(<'  -A)nwA=M,     C/i-(A-B)a)AcoB=N (a) 

where  L,  M,  N  are  applied  couples. 

Multiplying  the  first  by  cos<f>,  the  second  by  -sint/j,  and  adding,  we  get  the  equation 
of  motion  for  OD,  and  similarly  multiplying  the  first  by  sin  (f>,  the  second  by  cos  <f>,  and 
adding,  we  get  the  equation  for  OE.     These  are 

A<bk cos  (j>  —  Bo>B sin  c/>-(B-C)coI!?icos<£  +  (C  —  A)?io)Asin  <£  =  Lcos<£-  Msin  </>,  )     ,»v 
AwAsin  </>  +  Bu)Bcos  </>  —  (B-  C)o)B«  sin  <£  — (C  —  A)/fu>Acos</>  =  Lsin  <£  +  Mcos  <f>.  .1 

We  may  take  different  cases.  An  important  one  for  the  present  illustration  is  that  in 
winch  wi  =  0,  w2  =  0,  w2  =  0,  and  the  axis  OJ)  is  fixed  at  right  angles  to  OC,  so  that  <£=/'. 
We  have  now  «A  =  Wj  cos  </>,  a)B=  —  o>j  sin  <£,  so  that  the  equations  of  motion  just  written 
become 

-(A-  B)wjwsin  2(/>  =  Lcos<£-M  sin  c/>,  (A-  B)oj1ncos2<£-C«w1  =  Lsin  ^>  +  Mcos(/>.  ...(c) 

On  the  left  in  (c)  we  have  the  gyrostat ic  couples  called  into  play,  which,  if  the  motion 
is  to  be  steady,  as  supposed,  must  he  balanced  by  applied  couples.  In  the  first  the 
gyrostatic  couple  is  wholly  periodic  and  passes  through  all  its  phases  twice  as  <f>  varies 
from  0  to  27r  ;  in  the  second  the  gyrostatic  couple  consists  of  a  similarly  periodic  part, 
(A  -  ]))/t(J)1coscf),  and  the  constant  term  —  Cwwi.     The  periodic  parts  vanish  if  A  =  B. 

If  there  are  not  applied  couples  L,  M  of  proper  amount,  there  will  be  acceleration  about 
01),  OE.     If  L  =  M  =  0,  the  equations  are 

(Acos2<£  +  Bsin'-'</j)w,  -(A-B)ho>1  sin  -2<f>  =  Q,  ^  ,  ^ 

|(A-B)w1sin  2c£  +  (A-B)nw1cos2<£-C?*w1  =  0.  J 

An  aeroplane  propeller  usually  consists  of  two  blades,  and  though  these  blades  are  not 
plane,  but  have  a  peculiar  helical  shape,  the  propeller  may  be  treated  as  a  disk  so  as  to 
give,  in  the  manner  indicated  above,  an  idea  of  the  varying  gyrostatic  action  set  up  by  its 
rotation. 

The  body  may  not  be  a  disk,  but  be  of  any  form.  O  will  then  be  the  centroid  of  the 
body,  and  0(A,  B,  C)  the  principal  axes  of  moment  of  inertia.  The  couples  applied  by 
gyrostatic  action  are  as  found  above,  and,  as  in  all  cases,  are  unaffected  by  translational 
motion  of  the  body  as  a  whole. 

Some  analogies  of  gyrostatic  action  to  phenomena  of  electricity  have 
been  discussed  by  Bogaert  in  his  treatise  Veffet  gyrostatique  et  ses  applica- 
tions, pp.  55  et  seq.  For  example,  an  angular  speed  to  about  an  axis 
OE  produces  an  a.m.  at  rate  C»co  about  OD,  and  this  corresponds  to  an 
external  couple  of  moment  dus*  applied  about  OD.  If  no  couple  about 
<)J>  is  applied  from  without,  the  body  turns  about  that  axis  in  the  direction 
to  keep  the  A  M.  about  OD  unchanged.  The  reaction  of  the  body  is  thus 
opposed  to  the  eli'ect  for  the  axis  ()|)  produced  by  the  turning  about 
OE.  This  may  be  compared  with  the  law  of  Lenz,  that  the  displacement 
of  a  circuit  in  a  magnetic  Held  produces  in  the  circuit  an  induced  current, 
the  electromagnetic  action  between  which  and  the  field  opposes  the 
displacement. 

The  reader  should  consult  the  work  referred  to,  for  various  illustrations 
set  forth  in  a  clear  and  attractive  manner.     [See  also  18,  Chap.  XVIII.] 
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3.  Symmetrical  equations  of  motion.  The  following  form  of  the 
equations  of  motion  is  sometimes  convenient,  (The  reader  may  however 
pass  on  to  5.]     For  a  top  spinning  about  ;i  fixed  point,  equations  (2)  and  (4) 

of  the  preceding  section  hecome,  if  we  write  «\r  lor  the  angular  speed  ()  aboul 
<  >l>.  and  (By  for  that,  \j/  sin  Q}  [if  we  take  the  old  axes  0(D,  E,  C)]  about    <  >K 

A«'v  +  (C//  —  Awyco<  Q)a>y=  K.  ] 
Ad>y— (On  —A(t)!lcot6)u)x  =  'L.  J 

Let  US  SUppOSe  that  these  component  couples  .ire  produced  by  the  appli- 
cation of  a  force  F  at  right  angles  to  OC,  at  a  point  P  on  OC  distant  //  from 
0.  Let  the  components  of  this  force  along  OD  and  OE  be  X'and  Y.  We 
have  K  =  —  AY,  L  —  /t\ 

The  ,i\rs  ol>  and  OE  are  moving  axes,  turning  about  OC  with  angular 
speed  \jsC0a6  (  =  <"-.  say).  If  /;,  v  he  tlie  linear  speeds  of  P  (the  coordinates 
of  which  it  is  to  he  noticed  are  ami  remain  x  =  0,  y  =  0)  with  reference  to 
fixed  axes  with  which  OD  and  OE  coincide  at  the  instant  under  considera- 
tion, we  have 

U=ho)y>  C  =    —  It  (0r,  U  =  h(by,  V=—lld\,. 

Substituting  in  ( 1  ).  and  changing  the  order  of  the  equations,  we  get 

(2) 


v+cdzu—    .    //  =-r-Y. 

• 

The  first  pair  of  terms  on  the  left  in  each  of  these  equations  give  the 
./■  and  y  accelerations  of  a  particle  of  unit  mass  at  the  point  P  on  the  axis 
of  the  top:  for.  since  .'•  and  y  are  zero,  no  terms  wz2as,  ooz2y,  &zX,  <bzy  exist  I'm 
the  component  accelerations  of  P.    If  C  =  0,  or  ?i  =  0,  these  equations  reduce  t < » 

It-            .                //2,r 
u  —  wzv=       \„,       v  +  wzu=       v0,  (.'.) 

and  X0,  Y0  are  the  components  of  force  required  to  produce  the  accelera- 
tions on  the  ],ft  when  the  a.m.  about  the  axis  OC  is  zero.  If  the  accelera- 
tions are  specified,  equations  (3)  solve,  for  the  case  of  zero  a.m.  about  OC, 
tic  problem  of  determining  the  component  forces  required  to  give  the' 
specified  accelerations  to  the  system,  for  the  given  (Unite)  values  of  u ,  v. 
As  pointed  out  in  4 below,  the  quasi-particle considered  has  different  virtual 
inertias  along  OD  and  (>E,  the  axes  transverse  to  the  spin  axis. 

The  more  general  problem  of  finding  the  force  F,(X,Y),  when  ('  is  not, 
zero  and  the  values  of  u,  v,  u,  r  arc  specified,  is  solved  by  (2).  If  we 
suppose  that  ii,  r,  n.  r  do  not  exceed  finite  limits,  and  that  Cn  is  compara- 
tively very  ^rcat,  these  equations  are  approximately  represented  by 

Cn       v      v        Cn            ,  v     v  .  - 

p-v  =  X-X0J     p-u= -(Y-Y0) (4) 
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Tims  the  direction  of  the  resultant  force  F  is  approximately  at  right  angles 
to  that  of  the  motion  represented  by  the  component  velocities  u,  v.  To 
specify  F  exactly,  suppose  drawn  from  P  the  vector  V,  the  components  of 
which  are  u,  v;  then  think  of  the  outer  extremity  J  of  that  vector  as  being 

carried  round  by  the  angular  speed  n, 
at  right  angles  to  PJ,  at  speed  n\  in 
the  direction  shown  in  Fig.  17.  Draw 
a  vector  in  this  direction,  and  make  it 
of  length  CnY/h2.  The  force-vector  F 
is  equal  and  opposite  to  this  latter 
vector. 

From  the  above  investigation  it  is  clear  that  if  the  forces  X,  Y  are  given, 
and  are  of  the  order  of  magnitude  of  Cn,  then  the  motion  consistent  with 
these  forces,  if  comparatively  very  small,  will  be  directed  nearly  at  right 
angles  to  the  line  of  action  of  F. 

4.  Motion  of  a  top  reduced  to  motion  of  a  particle.  We  have  just 
seen  what  the  equations  of  motion  are  if  the  spinning  body  may  lie  regarded  as  a  mass 
concentrated  at  the  point  P,  while  retaining  a  Unite  angular  momentum  ( '/i  about  the  axis 
of  symmetry.     For  this  purpose  we  have  to  write  a  third  equation,  of  which  the  full  form  is 


Km.    IT 


k2h 

It}  —  0)yU  +(t}xV=  /. 


•(1) 


.(2) 


If.  as  has  been  suggested,  the  body  can  be  regarded,  so  far  as  A  is  concerned,  as  a 
particle  at  P,  rigidly  connected  of  course  with  the  fixed  point  O  and  turning,  with  its 
connection,  as  a  rigid  body  aliout  that  point,  we  have  A2/A=l  //>,  where  m  is  the  mass. 
Thus  we  get  for  the  three  equations  of  motion,  since  "'  =  0, 

m(u  —  tazv)+  ,.,  *'  =  X, 

///  (  V  +  (DZU)—     r.T  U  =  Y, 

in{  -  <o„u  +  <»xr)  =  Z. 

The  spin  aliout   the  axis  OC  gives  rates  of  generation  of  momentum  Onv/A2,  -C»w/A2in 
the  directions  of  ./■  and  //  respectively,  a  remarkable  result.      If  we  write 

a  =  X/(X  -  Cn r  /r),     f3  =  Y  ( Y  +  Cn  «  /<-'), 
we  can  write  the  first  two  equations  of  (2)  in  the  form 

am(u—  nv)  =  X,     f3m(v+(i>xu)=  V,  (-') 

so    that    the    virtual    inertia   of    the  quasi-particle   is  different    in    the   two  directions,  ami 
depends  on  the  forces  in  these  directions  and  on  the  A.M.  ( '//  abouj   the  spin  axis. 

If  the  motion  is  one  of  steady  turning  about  the  lived  axis  ( >/.  the  vertical,  or  what 
corresponds  to  the  vertical,  we  have  »=0  and  it  w=0.  Resoh  ing  the  directed  quantities 
radially  inward  toward  the  vertical,  that  is  multiplying  the  second  of  (2)  by  cos #,  and 
the  third  by  sin  9,  and  subtracting  the  latter  product  from  the  former,  we  obtain 

(  mil),  -    ','  )  >'  cos  6+miagUsin  6—Y  cos  6  —  Zsin  6 (3) 

I  ".lit  <o2  =  ^cos  6,  U  =  k<i)g  =  h\f,  sin  I),  and  therefore  the  last  equation  becomes 


/in 


(V 


c"-7<sin  tf-  /  4  -in  0cos0=Ycos0-Zsin  e. 
It 


•(4) 
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Since  0  is  constant,  we  may  pul  R  for  Y cosfl  -  Z  sin  0,  and  write  the  equation  in  the  form 

^coad.4        ,K    a (5) 

//(A-  ■      ma  sin  # 

Thus  there  are  two  values  of  J  consistent  with  the  steady  motion. 

5.  Effect  of  increasing  or  diminishing  the  ((/>/>//'<</  couple.  Hurrying 
<>r  retarding  precession.  We  now  inquire  as  to  the  effeel  of  increasing  or 
diminishing  the  applied  couple  M.ghsm6  ou  the  inclination  of  the  axis  in 

steady  motion.  Going  back  to  (II),  2,  lei  M.gh  be  increased  to  M////  +  X 
(X  positive),  so  thai  an  additional  couple  XTsinr)  about  the  axis  OD  is 
applied,  and  lei.  as  is  possible,  steady  motion  exist  under  this  couple  with 
the  same  value  of  6.     Then,  if  ^4,  jul.,  be  the  roots  of  the  equation, 

A  cos  6 .  yu2-  On/x+  Mgh  =  0, 

the  value  a  of  the  precession  under  the  enhanced  couple  is  given  by 

A  cos  0.  (,04  —  fx.)(fjL  —  m2)  =  N  ;  (1) 

so  that  (since  cos  6  is  supposed  to  be  positive)  ll  must  lie  between  the  two 
values,  the  large  value  ^  and  the  small  value  fj.2,  which  correspond  to  the 
couple  M.gh  sin  0. 

The  increase  of  couple  thus  diminishes  the  large  root  and  increases  the 
small  root.  Either  of  the  new  values  requires  for  its  production  the  couple 
X  sin  6  tending  to  depress  the  axis.  Thus,  if  the  angular  speed  of  precession 
be  increased  from  the  small  value  or  diminished  from  the  large  value,  and 
the  corresponding  increase  of  couple  be  removed,  the  axis  will  begin  to  rise. 

Similarly,  if  X'  be  negative  the  new  values  of  /u  lie  one  above  /ul1,  the 
other  below  /u2,  and  the  removal  of  N  would  result  in  depression  of  the 
axis. 

If  6^>\—,  cos  0  is  negative,  but  now  {fJLX  — /*)(/*  —  ^t2)  is  negative  or 
positive  according  as  N  is  positive  or  negative.  But  p.1  is  negative;  and 
the  values  of  jx  lie,  in  the  first  case,  one  on  the  negative  side  of  /j.l  and  the 
other  on  the  positive  side  of  /u2,  and.  in  the  second  case,  one  on  the  positive 
side  of  /Xj,  the  other  on  the  negative  side  of  /u2.  The  effect  of  the  removal 
of  X  is  to  be  described  as  before. 

Thus  we  have  the  rule  stated  above  as  to  the  effect  of  hurrying  and 
delaying  precession,  namely,  that  if  an  increase  of  \js  from  /u  is  impressed 
without  additional  couple  about  OD,  the  axis  will  rise  if  ^  is  the  smaller, 
and  sink  if  /j.  is  the  larger,  of  the  two  roots  of  the  steady  motion  equation, 
and  the  reverse  is  the  case  if  \fs  is  diminished. 

It  will  be  clear  from  (11),  1,  that  if  an  additional  couple  X"  is  applied  to  the 
top  in  steady  motion,  the  axis  will  begin  to  sink  if  X  be  positive,  and  rise 
if  X  be  negative.     For  (11),  1.  gives  A.i=X. 

We  may  consider  this  subject  otherwise  as  follows.  Let  a  couple  be 
applied  in  the  plane  of  motion  of  the  axis  of  spin,  as  it  is  in  almost  all  cases 
in  which  the  precession  is  to  be  accelerated  or  retarded.     Since  we  suppose 
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that  6  is  zero,  the  couple  applied  is   about  the   axis   OE.     If  J\£  be   the 
moment  of  the  couple  we  have  by  (5),  1,  since  6  —  0, 

A$sinO=M (2) 

But  after  a  short  interval  of  time  dt  has  elapsed  we  have  [see  the  process 
in  9  below],  instead  of  (6)  and  (11),  1,  the  two  equations 

A  d\jr  sin  0  =  M  dt,     A  JO  +  (Cn-  2  A,u  cos  6)dxU  sin  0  =  0; (3) 

for  in  the  limit  9  and  \js  change  by  dd  and  dxjy  while  dd  is  zero. 

First  let  us  suppose  that  0<#<  h~.  The  precession  is  direct  (see  18,  II), 
and  so  /j.  has  the  same  sign  as  n,  which  we  always  take  as  positive.  Hence 
by  (3)  we  see  that  according  as  Cn  —  2Afxcos9  is  negative  or  positive,  d$ 
and  d\js  have  the  same  or  opposite  signs.  Thus  the  top  begins  to  rise  or  to 
tall  according  as  the  couple,  J\f,  about  OE  increases  \js  or  diminishes  it. 

But  if  2A;acosO>C??,  so  that  Crt  —  2 A/a  cos  9  is  negative  the  value  of  ^ 
is  the  larger  root  of  the  quadratic  in  ju,  which  (11)  becomes  when  6  is 
constant,  and  ,u  is  put  for  \js  (see  also  17,  II,  above).  If  2Ajixcos9  <C  Cn  the 
value  of  /x  is  the  smaller  root  of  the  quadratic.  Thus,  if  the  steady 
precession  have  the  larger  possible  value,  the  couple  here  considered  causes 
the  axis  of  the  top  to  rise  or  fall  according  as  the  couple  gives  a  negative 
or  a  positive  d\jr. 

Next  let  7r>#>i7r,  then  as  we  have  seen  (18,  II)  the  high  value  of  the 
precession  has  the  retrograde  direction,  the  low  value  is  direct.  In  the 
former  case  fx  is  negative,  in  the  latter  positive.  Hence  2A,u  cos  6  is  positive 
for  the  fast  precession,  negative  for  the  slow.  Thus,  if  On  —  2A//  cos  6  is 
negative,  a  positive  value  of  (A/X-that  is  a  retardation  of  the  fast  precession, 
means  a  negative  value  of  dd,  or  the  top  begins  to  rise,  while  a  negative 
value  of  d\'r,  that  is  a  hurrying  of  the  fast  precession,  causes  the  axis  of 
the  top  to  descend. 

When  the  precession  is  direct,  Cn  —  2A/u  cos  9  is  always  positive  (since  hen 
7r>0>  W),  and  so  d.9  is  negative  or  positive  according  as  d\js  is  positive  or 
negative.     Thus,  when  7r>0>  \tt  we  have  exactly  the  same  result  as  before. 

The  effect  of  resisting  or  aiding  precession  by  a  couple  is  beautifully 
illustrated  by  a  piece  of  apparatus  devised  long  ago  by  M.  Sire  of  Paris,  and 
given  to  the  author  of  this  book  by  M.  Flntendanl  Sire,  of  Sidi-bel-Abbes, 
Algiers,  the  son  of  the  inventor.  The  axis  of  a  gyrostat  wheel  coincides 
with  a  diameter  of  a  ring,  which  is  grooved  round  the  edge,  so  that  the 
gyrostat  can  be  hung  like  a  loose  pulley  by  the  free  end  of  a  cord  wound 
round  the  groove,  as  shown  in  Fig.  18.  When  the  wheel  is  spinning,  and 
the  gyrostat  supported  by  the  cord  is  left  to  itself,  precession  in  azimuth 
takes  place  in  the  direction  to  balance  the  constant  couple  Mgh  applied  by 
gravity.  But  as  precession  proceeds,  the  string,  which  is  held  fast  at  the 
upper  end,  is  twisted  and  applies  a  couple  resisting  the  precession,  which 
becomes  slower  and  slower  with  turning  of  the  pulley  and  sinking  of  the 
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gyrostat  as  a  whole,  and  turning  of  the  axis  of  the  wheel  towards  the 
vertical. 

Cessation  of  precession  is  accompanied  by  a 
sudden  fall  of  the  gyrostat,  which  makes  half  a 
turn  and  so  reverses  its  axis.  The  couple  in 
(he  twisted  string  now  aids  the  precession  (in 
the  opposite  direction)  proper  to  the  new  position 
of  the  wheel,  and  the  further  turning  of  the  axis 
is  checked,  fall  ceases,  and  this  opposite  precession 
begins  and  (piiekly  increases.  The  string,  how 
ever,  untwists  and  then  twists  up  the  other  way, 
opposing  the  new  precession.  The  result  is  that 
the  gyrostat  again  falls,  precession  in  the  original 
direction  begins  as  before,  and  so  on,  until  the 
successive  falls  possible  with  the  length  of  string 
chosen  have  all  taken  place.  Another  illustration 
is  found  in  the  solution  of  the  music-hall  problem 
of  how  to  throw  down  a  cheese-shaped  body  set 
up  on  edge.  The  body  contains  a  rapidly  rotating 
gyroscope  of  considerable  a.m.,  and  resists  the 
attempts  of  those  who  attempt  the  feat,  and  who 
of  course  try  to  overturn  it  directly.  It  can  be  laid  down  flat  by  merely 
applying  a  couple  about  a  vertical  axis  by  pressing  on  one  side  gently  with 
the  little  finger. 


Pig.  is. 


Elevation 


GreenhilVs  graphical  construction.     The  steady  motion  of  a  top  and 

the  results  of  hurrying  or  retarding 
precession  are  well  illustrated  by  an 
elegant  graphical  construction  due  to 
Sir  George  Greenhill.  In  Fig.  lit  OV 
is  the  vertical,  OC  the  axis  of  the  top 
OV  and  OC  are  taken  of  lengths  to 
represent  respectively  the  a.m. 

G(=C>icos0+A^sin20) 

about  the  vertical,  and  the  a.m.  <  'n  about 
the  axis  of  the  top.  Lines  CK  and  VK 
are  drawn  at  right  angles  to  OC  and  OV, 

and  meet  in  K.     Ne,\v 

OV  =  OCcos0  +  ('Ksin0 
=  Cm  cos  6  +  CK  sin  6, 
so  that 

<K=A^sin6'. 
Hence  we  obtain 

VK  =  OCsin0-CKeos# 

=  (Cn-Ai/cos6')sin0 (1) 
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Also  if  KM  be  drawn  parallel  to  VO  to  meet  OC  in  M,  and  KN  be  drawn  parallel 

to  CO,  MK=ON  =  CK/sin/9  =  A^,  (2) 

and  NV=Oieos  0  +  Ai/<sin20-A^  =  (<J/(-A^cos0)cos0 (3) 

Thus,  if  9  1"'  zero,  <  K  and  OC  are  rectangular  components  of  the  a.m.,  and  OK  repre- 
sents t lie  resultant  a.m. 

In  the  genera]  case  we  draw,  as  shown  in  the  plan  (supposed  laid  in  a  horizontal  plane 
through  V),  a  hori/.onal  line  Kll  to  represent  A0.  The  resultant  a.m.  is  now  completely 
represented  by  <  HI. 

If  the  motion  is  steady  0  =  0,  and  II  coincides  with  K.  We  take  /x  as  the  steady  value 
of  \L.  The  point  K  moves  in  a  horizontal  circle  about  OV  as  axis,  with  angular  speed  /x, 
and  a.m.  in  the  direction  of  the  motion  of  K  grows  up  at  rate  VK  .  /i,  that  is  at  rate 
(Cn  —  Ajtxcos  0)jtisin  0.  Thus,  since  MhjAsin0  is  the  moment  of  the  gravity  forces  about 
a  horizontal  axis  through  0  parallel  to  KH,  we  have 

(<  'a- A  n  cos  8) /i  =  Ugh, 

which  is  the  quadratic  equation  for  /v.  already  found. 
By  the  diagram  of  Fig.  19, 

Ugh   .    n    Ugh           ,           ON     MK 
!>=  vK  *m#=NK,     and     ,*=_=_ (4) 

Thus  we  get  MK.NK  =  A.M///(,  (5) 

and  so  for  the  given  length  of  OC  and  inclination  of  OC  to  the  vertical,  K  lies  on  a 
hyperbola  of  which  OV  and  OC  are  the  asymptotes.  The  directions  of  these  lines  and 
the  value  of  M^  determine  the  hyperbola,  so  that  it  is  given  when  0  and  A  .Ugh  are 
given. 

If  CK  be  produced  to  meet  OV  in  F,  and  E  he  the  middle  point  of  C'F,  we  get 

CE2-KE2=CK.KF=KM.NKsin  0tan0=A  .  Ugh  sin  0  tan  0 (6) 

Two  mots  of  the  quadratic  thus  exist,  one  for  each   of   the  points    KK',   in   which    CF 
intersects  the  hyperbola.     The  smaller  root  is  CK  Asm  8,  the  larger  is  CK'  A  sin  0. 
When  the  roots  are  equal  CK  touches  the  hyperbola.     Then   KM  =  |OF,  KN  =  iOC, 

and  therefore  a  .  Ugh  =  KM .  NK  =  |OF .  OC  =  |C-Vsec  8 (7) 

Hence,  for  equality  of  roots,  we  get,  remembering  that  MK=  A//. 

Cn=2(A.M^cos0)i,     ,-^  =  2(¥ (8) 

If  ()('  he  too  short  CK  will  fall  below  the  vertex  of  the  branch  of  the  hyperbola  shown 
dotted  in  the  diagram,  and  the  roots  of  the  quadratic  are  then  imaginary,  and  steady 
mot  ion  is  impossible. 

We  <an  trace  what  happens  when  the  top  is  started  with  the  given  a.m.  Cn  at  a  given 
inclination,  with  8  and  \p  zero.  First,  since  the  term  ),( '//-'  of  the  kinetic  energy  remains 
unchanged,  and  terms  lAtr-  and  \ Ai/'-'sin'-'tf  are  called  into  existence  at  the  expense  of  the 
potential  energy,  a  sinking  of  the  axis  below  the  initial  inclination  0  takes  place.  This 
sinking  continues  while  H  increases,  and  0,  at  first  a  maximum,  diminishes  until,  when  8 
is  zero,  H  is  a  maximum.  At  that  instant  u'  has  the  steady  motion  value /;,  corresponding 
to  the  point  K  on  the  hyperbola.  At  the  starting  of  the  top  K  lies  within  the  hyperbola, 
and  when  I)  =0  the  value  of  \f,  is  the  smaller  root  of  the  steady  motion  equation.  [If, 
however,  an  initial   value  of  i/   sufficient    to  make  (( _'n  -  A\f  cos  8)^  >  Ugh  is  given   to  the 

top,  A0  will  lie  negative,  and  the  top  when  started  and  left  to  itself  will  begin  to  rise 

towards  the  point    K'.] 

After  II  has  thus  become  a  maximum,  and  K  has  reached  the  hyperbola,  the  axis 
continues  to  sink,  and  8  becomes  negative.     We  have  then  (Cn  -  A\p  cos  8)ip  >  Ugh,  and 
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•J  increases  until  it  attains  a  maximum  value  just  when  the  absolute  value  of  6  is  greatest, 
as  we  see  from  (6)  and  (11)  of  1,  for  then  p    0,  and  therefore  1^=0.    Then  the  absolute 

value  of  $  diminishes,  a  negat  i\  e  val f  6  grows  up  and  the  axis  rises. 

Unless  the  initial  position  is  such  thai  the  line  CK  intersects  the  hyperbola,  there  does 
nol  exisl  ;i  value  of  c\  with  which  if  the  top  were  started  it   would  continue  in  steadj 

Hint  ioll. 

The  diagram  shows  at  once  the  eU'ect  of  applying  an  additional  couple  N  about  OD. 
When  this  is  done  we  obtain  a  new  hyperbola,  for  which  the  equation 


\     J         sin  dl 


holds.  (01  course  on  the  left  the  letter  N  refers  to  the  diagram.)  If  N  be  positive  the 
new  hyperbola  lies  within  the  old,  and  so  the  two  new  intersect  ions  of  CF  with  the  curve 
are  obviously  one  above  K  and  the  other  below  K'.  If  N  be  uegative  the  new  hyperbola 
lies  outside  the  old.  The  new  position  of  K  is  below  the  new  position  of  BL'abo\  e  the  old. 
If  then  the  steady  precession  be  that  due  to  the  couple  M.^/tsin  0  +  N  we  see  at  once 
that  the  effect  of  the  withdrawal  of  N  in  setting  the  axis  in  motion  is  as  stated  in  5 
above.     Initially,  we  have  then  A0=  -N. 

7.  Reaction  of  ring-guide  or  space-cone  on  top.  If,  as  in  the  model 
illustrating  the  precession  of  the  equinoxes  pictured  on  p.  12,  I,  and  in 
the  well-known  toy  shown  in  Fig.  20, 
the  top  be  furnished  with  a  material 
cone  or  axle,  fixed  round  the  axis  of 
figure,  which  rolls  on  a  cone  fixed  in 
space,  represented  by  the  ring  or 
curved  wire  of  the  diagrams,  and  the 
point  of  support  be  at  the  centroid, 
the  couple  on  the  top  must  be 
applied  by  the  pressure  of  the  fixed 
against  the  moving  cone.  The  circle 
of  the  points  of  contact  on  the 
moving  cone  is  the  polhode  on  the 
top,  and  the  fixed  ring  or  curved  wire  is  the  herpolhode.  [See  Chapter 
XXI  below.] 

The  thrust  of  the  axle  against  the  ring-guide,  that  is  the  force  exerted 
by  one  polhode  on  the  other,  is  to  be  found  from  the  calculation  of  the  rate 
of  growth  of  a.m.  given  in  5,  III,  above.  This  is  the  rate  of  displacement  of 
the  extremity  II  of  the  vector  OH,  representing  the  a.m.;  and  clearly,  when 
the  motion  is  steady,  II  moves  about  an  axis  at  right  angles  at  once  to 
the  axis  of  figure  and  to  the  vertical,  an  axis  therefore  which  may  be 
represented  1  ,y  OD  of  Fig.  4.  For  OH  is  always  iii  the  plane  ZOC  of 
Fig.  4,  which  is  perpendicular  to  the  path  of  the  point  I  of  the  instan- 
taneous axis  alone;  the  "nide. 

But  the  a.m.  -rows  for  the  direction  OD  at  rate 

A0  +  (Cw  -  kyjf  cos  0)yjr  sin  6, 


Fia.  20. 
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and  therefore,  if  N  be  the  couple, 

A0  +  (Cw-A\/rcos0)^sin0  =  N:  ( 1  ) 

or,  if  the  motion  is  steady, 

(O&-A/Acos0)Aisin0=N (2) 

In  this  connection  this  equation  is  sometimes  written  as 

{Cw-(A-C)Atcos0}Msin0=NJ (3) 

\\  here  u>  is  the  rate  of  turning  of  the  top  with  respect  to  the  plane  ZOC. 

If  A  =  C  we  have  the  steady  precessional  motion,  under  couple  N,  of  a 
spherical  top  [3,  IV,  above] ;  that  is,  the  equation  is 

C(n  —  fx  cos  6)ju  sin  0  =  N (4) 

We  shall  see  below  that  the  term  introduced  by  the  inertia  of  the  case 
of  a  gyrostat  enables  a  similar  equation  to  be  obtained  for  that  form 
of  top. 

The  pressure  on  the  ring  is  N/Z,  if  I  denote  the  distance  of  the  point  of 
contact  of  the  axle  with  the  ring  from  the  point  of  support. 

If  a  slight  push  or  blow  be  given  to  the  axis  of  the  top,  an  impulsive 
couple  is  applied  which  produces  an  increase  of  the  component  A^sin0  of 
a.m.  about  the  axis  OE,  that  is  changes  \fs  to  \js-\-d\js,  if  6  is  kept 
unchanged  by  the  guide.  This  increase  in  \js  makes  the  rate  of  growth  of 
a.m.  about  OD  more  rapid  than  is  accounted  for  by  the  couple  N,  and  so 
the  top  endeavours  to  turn  about  OD  in  the  direction  to  keejD  the  rate  of 
change  of  a.m.  the  same  as  before,  that  is  so  as  to  press  with  so  much 
greater  force  against  the  guide,  that  the  value  of  N  is  enhanced  to  the 
<  ■  \  t  ent  required  for  the  greater  precession. 

8.  Explanation  of clinging  of  axle  of  top  to  curved  guide.  The  action 
of  the  top  shown  in  Fig.  20  is  very  curious,  but  its  explanation  may  be 
made  out  easily  from  the  discussion  above,  which  is  to  be  read  along  with 
what  follows.  The  axle  rolls  round  the  curved  guide,  following  all  the 
convolutions,  however  sharply  curved,  and  on  coming  to  the  end  of  the 
guide  in  one  direction  turns  rapidly  round  the  end  of  the  wire  and  rolls 
back  on  the  other  side.  The  axle  has  been  described  as  clinging  to  the 
wire  like  a  piece  of  iron  to  a  magnet. 

For  simplicity  we  have  supposed  that  there  is  no  gravitation  couple  on 
the  top.  The  action  of  the  guide  may  be  analysed  as  follows:  Consider  a 
rio'ht  circular  cone,  with  the  vertical  through  O  as  axis,  and  the  line  01  as  a 
generator:  a  short  element  of  the  guide  at  the  point  of  contact  is  at  the 
intersection  of  the  guide  and  a  circular  section  of  the  cone.  Such  a 
cone  may  be  made  to  pass  through  any  element  of  the  guide,  and  0  is 
now  the  semi- vertical  angle  of  that  cone.  The  element  will  in  general 
give  a  component  of  action  on  the  axis  of  the  top  in  the  plane  through  the 
axis  of  the  cone. 
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We  have  for  the  couple  applied  to  the  axle,  in  the  vertical  plane  through 
01,  the  equation  AO  +  (Cn  -  Ay>cos0)V>sin  0  =  N. 

Besides  this  couple  N,  a  couple  in  the  tangent  plane  to  the  cone  through  01 
is  applied  bo  the  top.  For  clearly  a  component  F  of  reaction  of  the  guide 
acts  on  it  at  I  with  or  against  the  direction  of  motion  along  the  circular 
section, according  to  the  angle  between  the  edge  of  the  section  and  the  guide, 
and  F  and  —  F  inserted  at  the  point  of  support  give  a  couple  of  moment  N  , 
the  axis  of  which  is  at  right  angles  to  01,  in  the  plane  COI.  This  can  be 
resolved  into  two  components  N'sinct,  N'cosa  (a  =  _IOC)  ahout  ( )C  and  OE 
(at  right  angles  to  OC)  in  the  plane  COI.  The  former  couple  of  compara- 
tively small  moment  alters  the  speed  of  rotation,  the  latter  gives  change  of 
xjr  at  numerical  rate  A^  sin  6  =  N'cos  a, 

since  0  is  negligible.  The  axle  therefore  presses  more  or  less  on  the  guide 
from  this  cause. 

There  is  also  a  frictional  couple  which  in  general  splits  into  two  com- 
ponents, one  with  or  against  N,  and  the  other  helping  or  retarding  \jr, 
according  to  the  direction  of  the  guide. 

Now,  let  the  axle  come  to  a  discontinuity  in  the  guide,  for  example  one 
of  the  ends.  The  couple  N  may  be  regarded  as  there  suddenly  annulled, 
and  therefore  (since  anything  like  steady  motion  ceases)  AO  as  taking  at 
the  same  time  a  value 

—  (Cn  —  A\js  cos  6)\jr  sin  6, 

the  value  of  AO  —  N  just  before  the  discontinuity  is  arrived  at.  In  other 
words,  the  motion  may  be  regarded  as  disturbed  by  a  force  N/7  applied  at 
I  to  the  axle  annulling  the  moment  N.  Thus  6  grows  up  very  rapidly, 
and  the  axle  moves  across  the  end  of  the  guide. 

But  as  the  axle  moves  thus  owing  to  6,  a  rate  R  of  growth  of  A.M. 
about  OE  would  be  produced  were  it  not  for  another  motion  of  the  top. 
There  is  now  no  couple  about  OE,  and  therefore,  in  order  to  keep  R  zero, 
the  top  must  turn  about  OE,  and  in  the  direction,  as  will  be  seen  from 
the  figure,  to  bring  the  axle  against  the  end  of  the  wire,  across  which  the 
axle  will  roll,  until  the  next  sharp  corner  is  reached.  In  this  way  the  axle 
rolls  round  the  end  of  the  guide,  while  the  space-cone  of  angle  0  changes 
position  rapidly. 

When  the  end  has  been  rounded  the  precession  becomes  again  nearly 
steady,  but  the  axle  now  presses  against  the  other  side  of  the  wire.  Tie' 
precession  is  now  in  the  opposite  direction,  and  the  axle  therefore  again 
presses  against  the  wire,  but  in  the  opposite  direction  to  that  in  which  it 
formerly  pressed  at  the  same  place. 

A  similar  explanation  accounts  for  the  hard  pressing  of  the  axle 
against  the  guide  where  6  increases  rapidly,  as  it  does  in  a  guide  like  that 
of  Fig.  20. 
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9.  Stability  of  mot  ion  of  a  gyrostat  or  top.  The  word  "stability" 
has  no  quite  exactly  defined  sense  in  dynamics.  For  example,  it  is  not 
sufficient  to  say  that  the  steady  motion  of  a  gyrostat  is  stable  if,  when  it  is 
deviated  from,  the  motion  oscillates  about  the  steady  motion.  Even  with 
friction  present  the  oscillation  may  continually  increase  in  amplitude  until 
the  range  of  departure  from  the  steady  motion  is  enormous.  In  such  cases 
there  is  not  true  stability.  On  the  other  hand,  the  existence  of  friction 
may  cause  vibrations  about  the  steady  motion  to  subside  continuously,  until 
the  deviations  from  a  state  of  steady  motion  are  imperceptible.  Friction 
cannot  be  neglected  in  any  really  practical  discussion  of  stability. 

We  now  inquire  whether  the  steady  motion  of  a  gyrostat  or  top,  which 
is  obviously  a  possible  motion,  is  stable,  and  answer  this  question  for  tin 
present  in  the  following  manner :  We  first  suppose  that  if  the  steady  motion 
is  slightly  deviated  from,  the  motion  of  the  gyrostat  or  top  oscillates  about 
the  steady  motion,  and  that  the  vibratory  deviation  from  steady  motion 
approaches  the  steady  motion  as  a  limiting  state,  when  the  initial  dis- 
turbance approaches  zero.  The  logic  of  this  process,  and  the  conditions 
of  what  may  be  described  as  true  stability,  will  be  examined  in  a  later 
chapter. 

We  write  then,  for  the  disturbed  motion,  6  =  60  +  u,  where  60  is  the  steady 
motion  value  and  a  is  small,  and  yp-  =  fx  +  >],  where  fx  is  the  stead}'  motion 
value  of  the  angular  speed  of  precession,  and  /*  +  >/  the  disturbed  value 
corresponding  to  60-\-a.     Since  in  the  steady  motion  00  =  0,  equation  (11) 

of  1  becomes  Aa+U  =  0,  (1) 

where  U  is  what  the  expression 

(Cn  —  A\js  cos  6)\js  sin  0  —  Nglt  sin  6 

becomes  wThen  60  +  a  is  put  for  6,  and  jm  +  tj  for  \js.  This  expression  vanishes 
for  6  =  60  and  \js  =  /*,  and  therefore,  since  the  changes  are  small,  ( 1 )  becomes 

M+^{(Cn-A\jrcosO)yjrsme-MghsmQ}a==0,  (2) 

where,  after  the  differentiation  has  been  carried  out,  6  is  to  be  pat  equal  to 
60  and  \jr  to  [A.  This  assumes  that  the  changes  are  so  small  that  the  value 
of  the  rate  of  variation  with  0  of  the  expression  in  brackets,  calculated 
for  6  =  60  and  multiplied  by  a,  will  give  the  value  of  U.  Performing  the 
differentiation,  remembering    of    course    that   \fs    varies    with  6,  and    that 

(6)  of  1  gives  y 

Asin0oy'  =  CH-2A/*cos0o,  (3) 

we  obtain  easily 

AV2a+(AV-2AM^Vcos0o+My/t2)a=O (4) 

The  quantity  within  the  brackets  can  be  written  as  the  sum  of  two  squares, 
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and    is   therefore   positive.     Hence    the    deviation    from    steady   motion    is 
oscillatory  in  the  real  period, 

T= 2irAfX (5) 

( A  V  -  2  AMr//i,«2cos  60  +  Wg*h*f 

The  disturbance  has  been  supposed  such  as  to  leave  the  A.M.  about  the 
vertical  unchanged:  for  example,  a  vertical  impulse  would  fulfil  the  con- 
dition.    But  a  similar  result  would  be  obtained  for  any  small  disturbance, 

as  can  easily  be  verified  [see  below]. 

It  may  be  noticed  that  if  the  top  is  spun  very  fast,  so  that  the  smaller 
value  of  the  angular  speed  (approximately  'Mgh/Cn)  is  very  small,  the 
period  of  oscillation  about  the  steady  motion,  with  this  value  of  fx,  is  approxi- 
mately 'IirA/Cn.  This  may  be  verified  from  (5),  or  by  neglecting  all  the 
terms  in  the  brackets  in  (2)  except  Cu,  and  using  A  sin  Q0d\js/d6  =  Cn  instead 
of  (3),  when  the  result  follows  at  once.  This  approximation  to  the  period 
is  independent  of  6. 

Again,  if  the  top  is  spun  very  fast,  the  period  of  oscillation  about  the 
steady  motion  is,  for  the  large  value  of  /m,  27r//x,that  is  the  period  of  revolu- 
tion of  the  axis  in  the  precessional  cone.  This  follows  from  (5),  because 
then  the  denominator  on  the  right  becomes  A/ur  very  nearly,  so  that 
T  =  2—  fx.  Thus,  in  one  half  of  the  revolution  the  axis  is  above  the  steady 
motion  position,  in  the  other  half  below  it.  This  period  is  27rAcos0/Ott. 
For  0  =  0,  the  upright  position,  it  agrees  with  the  other  period,  and  varies 
from  that  to  zero  for  different  values  of  6  from  0  to  §7r. 

If  we  suppose  that  the  small  disturbance  given  to  the  top  is  quite  general, 
then  after  the  disturbance  we  have  the  equations 

A.\irsm16  +  Cncos6  =  G',             )  ,-g\ 

A0  +  (C?i  -  Ay>  cos  Q)yjr  sin  0  =  Mgh  sin  0.  J 

The  disturbance  has  changed  the  value  of  G  to  G',  and  also  changed  the 
value  of  the  energy.  Instead  of  the  first  of  these  equations  we  may  write 
of  course,  for  any  instant  before  or  after  the  disturbance, 

A-£sin0-(Cra-2A</rcos0)0  =  O (7) 

If  we  now   suppose,  as  before,  that   this  motion  deviates  slightly  from  a 
steady  motion  according  k)  the  equations 

O=0Q  +  a,     \jr  =  /ji  +  rj, 
we  may  proceed  by  the  process  already  employed,  and  arrive  at  the  same 
equation,  (5)  above,  for  the  period. 

This  is  not  now,  however,  quite  exactly  the  steady  motion  from  which 
the  top  has  been  disturbed,  but  a  steady  motion  differing  slightly  from  the 
farmer  so  as  to  be  consistent  with  the  values  of  the  energy  and  the  A.M. 
about  the  vertical  as  mollified  by  the  disturbance.  For  example,  if  the 
disturbance  be  purely  one  of  \jr  the  steady  motion  circle  will  become  a 
limiting  circle  of  the  disturbed  motion  [see  below,  14]. 
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10.  Rise  and  fall  of  top.  It  is  very  instructive  to  consider  the  rise 
and  fall  of  a  top  from  the  point  of  view  of  the  constancy  of  A.M.  about  the 
vertical,  and  the  constancy  of  the  total  energy,  combined  with  the  in- 
variability of  the  angular  speed  of  rotation  about  the  axis  of  figure- 
Putting,  for  brevity, 

a  =  (2E-Cn2)/A,     /3  =  G/A,     z  =  cos0,    a  =  2Mgh/A,    6=C/A, 

where   E   is   the    total    energy,   we    obtain    the    equations   of   energy    and 

momentum  in  the  forms, 

e*+yj,*(l-z*)  =  a-az,     1 

\j,(l-z2)=p-bnz.)   

Eliminating  \js  between  these  equations,  we  get 

z*=(a-az)(l-z*)-(/3-bnzf=f(z) (2) 

The  cubic  expression  f(z)  is  negative  when  c—  —  x,  c=+ 1,  and  positive 
when  s=-f-oo.  It  is  also  positive  when  z  has  its  initial  value  z0,  say, 
which  must  be  between  —1  and  +1.  Two  roots  of  the  equation  f(z)  =  0 
lie  therefore,  one,  zlt  between  —1  and  z0,  another,  z2,  between  z0  and  +1, 
and  the  third,  zz,  between  +1  and  oc .  The  last  is  not  relevant  to  the 
question,  since  —  1  <  z  <  +  l-     We  have  therefore 

z2  =  a(z-z1)(z2-z)(z3-z) (3) 

The  product  of  the  three  factors  is  positive,  since  i2  is  positive ;  the  third 
factor  is  obviously  positive,  and  therefore  z  must  lie  between  zl  and  z2. 
We  have  taken  z.2  as  the  greater  of  the  two  roots  zx,  z.2.  Hence,  as  i  alters 
the  angle  6  varies  also,  but  is  always  such  that  cos  6  lies  between  the 
limits  zv  z.2. 

From  (3)  z  can  be  found  as  an  elliptic  function  of  the  time  t,  and  thus 
the  top  rises  and  falls  periodically. 

11.  Path  of  point  on  axis  of  top.  Cusps  on  path.  By  elimination 
between  z  =  {f(z)}%  and  \js  =  ((3—bnz)/(l  —  z2),  we  get 

thf,  fi  —  hn; 

^"(l-^M/O*)}*' 

from  which  \js  can  be  obtained  in  terms  of  z  by  quadrature.  In  15,  below, 
the  path  of  a  point  on  the  axis  of  figure  under  different  possible  conditions 
is  considered,  and  illustrated  by  diagrams  showing  the  path,  as  seen  by  an 
eye  situated  above  the  top.  We  discuss  here  the  occurrence  of  cusps  or 
loops  on  the  path. 

Let  a  sphere  of  radius  1  be  drawn  round  O  as  centre,  and  denote  by  Zx 
the  point  in  which  the  vertical  through  O  intersects  the  sphere  [see 
Fig.  21  (a),  (b),  (c)].  The  radius  through  the  point  Zx  is  vertical,  and  if  P  be 
a  point  in  which  the  axis  of  the  top  meets  the  surface,  the  projection  of  OP 
on  the  radius  OZx  is  the  value  of  zXi  and  the  distance  of  P  from  the  latter 
radius  is  (1  —  z2)-. 
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The   tangent    of    the    inclination    i  of   the   line    traced    by    |'   mi   the   unit 
sphere  to  the  meridian  ZXP  at  any  position  is  —  ($— bnz)  [f(z)}*,  in  which 

tin'   value   of    \l\:)\-   is   taken    -f    or    —    according  to  the  sign   of    :'.     Tins 


expression  shows  that  the  path  of  P  is  at  right  angles  to  the  meridian 
whenever  z  has  one  or  other  of  the  values  z1,  z.,,  unless  it  should  happen 
that  at  either  limit  z  —  fijbn.  Thus  the  path  lies  between  the  two  parallel 
circles  on  the  unit  sphere  corresponding  to  z1,  z2.  When  z  =  (3/bn  at  one  of 
these  circles  the  path  of  P  has  cusps,  as  shown  in  Fig.  21  (b)  [see  also  13 
below].  As  we  shall  show  presently,  this  can  only  be  the  case  at  the  upper 
circle.  The  form  of  the  projection  on  a  hori- 
zontal plane  is  shown  on  a  larger  scale  in 
Fig".  22  for  the  second  case. 

If  the  value  of  filbn  lie  outside  the  limits 
zv  z.,,  ft  —  bnz  must  always  preserve  the  same 
sign  as  P  moves,  as  in  Pig.  21  (a).  But  if 
/3  bn  lie  between  zx  and  z2  the  path  will  have 
the  form  shown  in  Fig.  21  (c),  from  which  the 
chancres  of  sicm  and  value  in  tan  i  can  be  traced.  To  settle  whether 
when  z(  =  /3bn)  lies  between  —1  and  +1,  it  also  lies  between  zx  and 
c,  we  have  only  to  consider  the  value  which  this  gives  to  f(z),  that  is  i2, 
which  of  course  must  be  positive.     By  (2),  10,  we  have,  if  z  =  /3/bn, 

/W-(«-£)(l-j&) (2) 

in  which  the  second  factor  is  positive.     Hence,  if  the  first  factor  is  positive, 
ft  bn  lies  between  :x  and  ;.,.     The  condition  therefore  is  fijbn  <  a/a. 

There  is  however  the  case  in  which  this  factor  vanishes:  fi/bn  is  then 
equal  to  one  of  the  limits  zv  z.2.  To  find  which,  we  substitute  in  /(  :  | 
a=afi  bn,  and  get 

f(z)  =  ^(p-bnz){a(l-z*)-bn(p-bnz)) (3) 

If  we  equate   the   right-hand   side  to  zero,  we  see  that  one  root  of  the 
equation  is  given  by  the  first  factor.     The  second  factor  is  zero  if 

P-bnz=a(l-z*)(bn. 

O.O.  i; 
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But  a(l—z2)jbn  is  positive,  and  therefore  fi  —  bnz  must  also  be  positive  if 
this  equality  holds,  that  is  z<C/3/bn,  with  a  positive.  We  see  then  that  if 
one  of  the  roots  zv  z2  of  f(z)  =  Q  be  ;i  bn,  it  must  be  the  greater  root.  Thus 
the  cusps  are  at  the  upper  circle,  as  stated  above. 

The  conclusion  thus  analytically  obtained  for  the  position  of  the  cusps  is 
obvious  from  considerations  of  energy.  For  at  either  limiting  circle  the 
term  in  the  kinetic  energy  depending  on  6  is  zero.  The  potential  energy, 
however,  has  its  maximum  value  at  the  upper  limiting  circle,  and  its 
minimum  value  at  the  lower.  At  the  lower  circle  therefore  it  is  im- 
possible for  \jr  to  be  zero,  otherwise  the  kinetic  energy  would,  for  the 
minimum  of  potential  energy,  be  reduced  to  the  constant  part  \Gn2, 
depending  on  the  spin  about  the  axis  of  figure.  But,  since  the  total  energy 
does  not  vary,  the  kinetic  energy  must  have  its  greatest  value  at  the  lower 
limiting  circle.  Hence  the  cusps,  if  they  occur,  are  connected  with  the 
reduction  of  the  kinetic  energy  to  the  constant  part  in  consequence  of  the 
adjustment  of  the  maximum  of  potential  energy  to  the  value  E—  },Cu-. 

12.  Occurrence  of  loops  on  path.  The  dynamical  reason  for  the  form 
of  the  path  in  Fig.  21  (c)  is  clear  from  (1)  above,  or  from  the  second  of 
(1),  10.  If  the  two  roots  of /(s)  =  0  be  such  that  before  reaching  the  upper 
limit  of  value,  cos  6  becomes  so  great  that  Oncost  exceeds  I  or  bnz>  /3, 
then  \jr(l  —  z2)  must  become  negative.  In  other  words,  the  turning  about 
the  vertical  must  be  reversed  from  the  direction  which  it  had  at  the  lower 
limit  of  cos  0,  where  Cn  cos  6  <  I. 

It  can  be  proved,  but  not  so  easily  as  might  be  expected,  that  the  positive  advance  in 
the   value   of   i//-   in   each   oscillation   is,  as   shown   in   the   diagram,  greater   than   the 

regression.  The  fact  will  be  made  manifest  when 
an  exact  discussion  of  the  path  is  given.  But  it 
may  be  demonstrated  by  the  theory  of  complex 
integration  as  follows.  Let  a  horizontal  line 
(Fig.  23)  be  the  axis  of  real  quantity  and  <>  the 
origin.  Let  the  dotted  line  through  0  be  the 
axis  of  imaginary  quantity.  Let  the  positions  of 
the  louts  ;,,  ;.,,  ;.,  of/(s)=0,  and  the  points  z=  —  1, 
z=  +  \  be  as  indicated.  Draw  a  closed  contour  as 
shown,  consisting  of  straight  lines  above  and  below 
the  axis  of  real  quantity  and  loops  surrounding  the 
critical  points  of  d$  dz,  situated  on  that  axis  (the 
branch  points  :,,  :._,  and  the  poles  —  1,  +  1),  and  a  second 
closed  contour  consisting  of  a  loop  round  the  point 
2=23,  a  straight  line  above  the  axis  to  +oo,  a  circle 
of  infinite  radius  from  0  as  centre,  and  finally  a  straight  line  below  the  axis  of  real 
quantity    from    +  x    to    the    point    ::!.       The    integrand    in    J(/i -/>/<:)  (1  ~  :-)i/(  :>;•-•. -/:    is 

holomorphic  throughout  the  space  between  the  two  contours,  and  hence  the  integrals 

taken    round   these,  in    the   left  hand  direction,   say,    for  the  outer,  and   the  right-hand 
direction  for  the  inner  are  equal.     Now  we  have  at  :  =  1  and  -  =  -1,  f{z)=  -(fi-bn)-, 


Fig.  28. 
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and  /■>  l'n:  changes  Bign  between  :,  and  :._,.  But  the  sign  of  the  radical  changes  also  as 
the  integration  in  the  inner  contour  passes  from  the  poinl  d  to  the  point  /,  and  as  it 
passes  from  the  poinl  /•  to  the  point  c,  and  also  in  the  outer  contour,  as  the  integration 
passes  from  r  to  q.  The  residues  for  I  he  points  z=  —  1  mid  z=  + 1  are  equal  in  value  and 
opposite  in  sign.  The  integral  from  0  to  d  is  equal  to  the  integral  from/  to  k,  and  all 
other  parts  of  the  integral  along  the  axis  of  real  quantity  (Im,  ab,  and  ef,  gh)  for  the 
inner  contour,  taken  in  pairs,  above  and  below  the  axis,  cut  one  another  out.  The 
integral  along  the  larvv  circle  is  zero,  and  so  the  integral  from  /■  to  8  is  equal  to  the 
integral  from  p  to  q.     Thus  we  obtain 


p  {(i-bnz)dz        C"    ((3-bm)dz 

J,.  /I        -2\(  ^v.\li       .L 


(l-*2){/(*)}*  -J*  (1 -*){/(*)}* 

Everv  element  of  tlie  integral  <»n  the  right  is  positive,  and  therefore  the  integral  on  the 
left  is  also  positive.  The  proposition  assumed  above  is  therefore  established.  [This  mode 
of  proof  is  due  to  M.  Eadamard  (Bull.  d.  Sci.  Moth,  t,  XIX,  1895,  l'c  Partie).] 

As  the  analysis  here  following  will  show,  the  repeated  curves  on  the  unit 
sphere  in  Fig.  21,  may,  when  the  limiting  circles  are  close,  and  6  is  not  zero 
at  either,  be  regarded  as  cycloidal. 

13.   Motion  of  the  axis  of  a  top  between  two  close  horizontal  limiting 

cirri,*.  A. cis  initially  at  rest.  Let  it  be  supposed  that  initially  6  =  0, 
9  =  60  (and  therefore  cos$0  =  z0),  \js  =  0,  and  n  very  great.     Then 

E  =  |C%2+M^cos0o (1) 

Thus,  initially,  a  =  az0,  (3  =  bnz0.     After  the  top  is  started  it  is  left  to  itself, 

and  the  inclination  of  the  axis  to  the  vertical  alters.     Since  E  and  ICn2 

remain  constant  the  axis  must  sink,  so  that  the  terms  of  the  kinetic  energy 

depending  on    6  and   \js  may  come  into  existence  at  the  expense  of  the 

potential   energy.     Thus,  when  the  inclination  of  the  axis  to  the  vertical 

is  6,  we  have 

!A(02+^2sm2e)=M0ft(cos0o-cos0),  I 

V  +  yjS(l-z-)  =  a(zQ-z).  J  ("} 

Also  we  have  \js(l  —z-)  =  fi  —  bnz  =  bn(z0  —  z) (3) 

We  have  seen  that 

b*  =  (a-az)(l-z")-(l3-bnz?,  (4) 

and  this  equation,  since  a  =  az0,  fi  =  bvz0,  can  be  written 

z*=a(z0-z){l-z*-h^f(z0-z)} (5) 

lb  in-. ■  ;  =  z0  is  one  root  of  the  equation  t\z)  =  0\  it  is  the  root  :.,.  The 
second  relevant  root  :,  will  cause  the  factor  1—  z2  —  b2n2(z0  —  z)/a  to  vanish. 
I  [ence  we  must  have 

a(l-<-)-6W(0o-01)=O (6) 

Solving  this  equation,  we  get 


: 


_//V~|        /       ^a       ,  4a2  \i] 
~  2^ri1±\1""627i20°4"6W  /' 
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that  is,  with  p  =  62ro2/2a,      z=p±(pi-2pz0+l)l (7) 

The  smaller  of  these  roots  defines  the  second  limiting  circle. 

The  value  of  zx  lies  between  —  1  and  +1,  and  it  is  clear  therefore  that,  if 
n  be  great,  z0  —  zx  must  be  small.  Hence  the  axis  of  the  top,  if  the  spin  be 
rapid,  moves  between  two  close  right  circular  cones  with  common  axis  OZr 

Now  consider  the  value  of  \js.     We  have  by  (3)  and  (G), 

+      *    --'■-:  1^ (8) 

'       on  z0—zl  1—2- 

The  quantities  z0  —  z,  z0  —  z1  are  both  small:  their  ratio  depends  on  the 
value  of  z.  The  ratio  (1  —  z^)j{\  —  z2)  is  positive,  and  very  nearly  equal  to 
unity,  and  we  know  from  (2)  that  z0~>  z,  that  is  z0  is  the  value  of  z  for  the 
upper  limiting  circle  on  the  unit  sphere,  and  zx  is  that  for  the  lower. 

We  notice  that  when  z  =  z0,  that  is  at  the  upper  circle,  \js  =  0,  or  the 
curve  of  intersection  of  the  axis  with  the  spherical  surface  is  that  shown  in 
Fig.  21  (b),  for  it  is  clear  from  (2),  (3)  and  (8)  that  x//2(l-c-)  is  small  in 
comparison  with  02  [for  l  +  e2lyj,%l-z-)  =  (a/bhi2)(l-z2)i(z0-z)]  when  z 
approximates  to  z0,  though  both  6  and  \jr  approach  zero.  The  path  there- 
fore meets  the  upper  circle  in  a  series  of  cusps.  We  have  already  seen  [11] 
why  these  cusps  may  exist  at  the  upper  circle  but  not  at  the  lower. 

Again,  when  :  =  :p  we  have  \jr  =  a  bn  =  2Mgh  i'n.  We  shall  see  that  the 
average  value  of  \fs  is  Ngh/Cn  in  this  case. 

14.  Top  rising  and  falling  through  small  range.  "Strong"  awl 
"  weak  top*.  We  can  now  complete  the  solution  for  a  rapidly  rotating 
top.  Here  61  —  60  is  small,  and  0  lies  between  0oand  6V  Let  6  =  60  +  >],  where 
>]  is  a  small  quantity.  We  get  cos0  =  cos#o  —  >>sin  0„,  that  is  :  =  c0  —  i/sin  60. 
This  substituted  in  the  value  of  z-  gives  the  approximate  expression 

if  =  at]  sin  Q0  —  U-n-,{- |  1  i 

Differentiating  this  wre  obtain 

ij  +  b- n-,, -!, a  ^neo  =  0 el) 

This  gives  the  complete  solution 

>)  =  .wj    asm  #o(l  —  COS  but ) (3) 

in  which    the  constants   have   been  so  chosen   as   to   make   17  =  0  when  /  =  0, 
and  >)  =  0  when  /  =  ic/on. 

Bence  6  =  6*+*!..  » sin  6J1  —  cos bnt) (4) 

and  61  =  60+j£  .sin^ (5) 

Finally,  we  have  xjr^bnicosdn— cos0)  .  .,,.,• <•;> 

7  u  suara 

or  approximately,  from  (4),  V'  =  o/     ^  —  cos  Imf) (7) 
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This  gives  \p  ■■{)  for  /  0,  ;m<l  \fr  =  'i  I'ii  when  £  =  7r/&tt(  =  7rA/Cn).  The 
average  value  is  thus  a/'lhti  —  M//A\(J/>. 

The  motion  is  compounded  of  a  steady  motion  with  constant  values 
0o+asin  00/262n2  and  a/2bn  of  0  and  \//.  and  oscillatory  variations 
— (a sin 0O cos 6n<)/26an.2J  —  (a  cosft-ratf)  2bn  of  the  same  two  quantities.  It 
is  to  be  noted  that  the  period  of  oscillation  about  the  steady  motion  is 
"J-  /in  =27rA  Cw,  and  is  therefore  shorter  the  faster  the  rotation  of  the  top. 
It  is  twice  the  time  of  passage  of  the  axis  from  one  circle  to  the  other. 
The  circle  for  which  6  =  60+ a  sin  60/2b2n2  is  midway  between  the  two 
limiting  circles. 

From  the  example  just  considered  it  follows  that,  if  the  top  be  started 
spinning  at  high  speed,  with  the  axis  exactly  vertical  and  0  =  0,  the  axis 
must  remain  vertical.  For,  as  wTe  have  seen,  z2  is  negative  except  for 
values  of  :  which  lie  between  the  roots  zlt  z.,.  But  if  the  top  be  started  as 
stated  above,  equation  (5),  13,  becomes 

z*  =  a(l-z?,(l+z-h^f),  (8) 

and  two  roots  of  the  equation  s  =  0  are  equal  to  1.  The  third  root  is 
Ira-  <(  —  l,  and  is  greater  than  1  if  n  be  sufficiently  great.  Hence  the  two 
roots  zx,  z.,  coincide  in  value,  and  the  two  limiting  circles  have  shrunk  into 
the  point  Zr 

Equation  (8)  shows  that  for  any  value  of  z  less  than  1  the  value  of  zr  is- 
negative,  provided  b2n'2^>  2a.  [Here  and  in  what  follows  a  is  supposed  to> 
be  positive.]  Hence,  if  this  condition  is  fulfilled,  the  top  cannot  leave  the 
vertical  in  the  course  of  its  own  undisturbed  motion,  as  otherwise  z1  would 
become  negative.  The  stability  of  the  upright  top  will  be  further  considered 
in  15,  below,  and  in  4  . . .  19,  VI. 

If  the  top  fulfils  the  condition  of  "sleeping"  upright,  namely  bhi*  >  2a, 
that  is  C-/>-  >  4  AM;///,  it  is  called  a  "  strong  top."  If  b2n2  <  2a,  it  is  called 
a  "weak  top"  (Klein  u.  Sommerfeld,  Theorie  des  Kreisels,  p.  249).  It  will 
1 bserved  that  the  condition  ("-/>'->  4> AM gh  can  be  written 


$Cn*>2plgh. 


But  -M-/A  is  the  potential  energy  which  would  be  exhausted  if  the  top 
were  to  fall  so  that  the  axis  turned  from  the  upward  to  the  downward 
vertical.  Thus  the  kinetic  energy  of  rotation  about  the  axis  of  figure  must 
exceed  A  <  '  times  this  amount  of  potential  energy,  otherwise  the  top  cannot 
sleep  upright.  The  top  sleeps  more  easily  the  greater  C  and  the  smaller  A. 
Thus  a  top,  tapering  to  the  peg,  will  spin  upright  at  a  lower  angular  speed 
on  its  head  than  upon  its  peg:  a  holt,  with  rounded  end  and  massive  head, 
will  spin  upright  head  down  at  a  lower  speed  than  when  supported  on 
the  end. 
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As  we  have  seen  already,  17,  II,  the  roots  of  the  steady  motion  equation 
(On  —  k/j.Q,oHd)ix=  My//  are  imaginary  if  CPn2— 4AMgr/tcos6  is  negative. 
Hence  a  weak  top  cannot  spin  with  its  axis  inclined  to  the  upward  vertical 
at  a  smaller  angle  than  cos_1(C'-//- /4AM;/// ).  [Of  course  if  the  couple  is 
not  supplied  by  gravity  the  equivalent  for  M;///  must  be  used  on  these 
conditions.  | 

15.  Routh's  graphical  representation  of  rise  and  fall  of  top. 
The  rise  and  fall  of  a  top  may  1"-  illustrated  graphically  as  follows  (Routh,  Adv. 
Dynamics,  §  202).  Recalling  that  we  have  o=(2E-0»2)/A,  (3  =  G,!A,  a=2Mgh/A, 
b=C/A,  we  consider  the  two  quantities  A/i  A//M//,  Aa/aMh.     First  we  notice  that  if  the 
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Fio.  24.— It  is  to  be  observed  that  tbe  horizontal  speed  of  P  is  zero  when  P  is  on  the  level  of  l', 
and  changes  sign  when  I'  passes  above  that  level.  When  I3  is  undo-  that  level  the  azimuths! 
motion,  viewed  from  above,  is  in  the  same  direction  as  that  of  the  spin  as  viewed  from 
beyond  P. 

V  may  be  called  the  level  of  no  motion,  and  it  may  be  either  above  or  below  V ,  or  on  the 
same  level.  Those  three  cases,  o  0,  c<0,  c  =  0,  are  shown  in  the  diagrams  (a),  (/<),  (r).  A  hori- 
zontal projection  of  the  path  of  P  is  shown  for  three  different  subcases  of  each  of  these  in 
Blge.  -v.  (I),  (2),  (3). 

top  be  regarded  as  a  compound  pendulum,  supported  at  O,  A  M/i  is  i  lie  Length,  I  say,  of  the 
equivalent  simple  pendulum.  Hence  the  quantities  just  specified  may  1"'  written  /31/bn 
a  ml  a!  a.  Now  (Fig.  24),  lit  distances  <  >l\  OV,  equal  to  these  quantities  respectively  .  be 
laid  off  along  the  upward  vertical,  and  through  the  points  U,  V  lay  two  horizontal  planes. 

Along  the  axis  of  the  top  la\   off  a  distance  OP   -/,  and   through    P  draw  a  vertical    line. 

intersecting  in  K  and  L  the  horizontal  planes  through  I'  and  V.     We  have  seen  that 

t(l-z*)=/3-bnz. (1) 

Heme  the  speed  of  I'  perpendicular  to  the  plane  ZOP  is 

ti(l-z*)l     &     —A         '"'    l  (OU-I:)  =  h,./uiu  PUK (2) 

fl-8»)i       (l-O* 
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Thus  we  get  tlic  horizontal  speed  of  1'.    The  resultant  speed  is  /{i/'2(l  -:2)-i  <t'i'\  and  we 
have  u'-\l  -;-)  +  d-    o-ou    2g  OV     ?*)/^,  by  the  value  assigned  to  OV.    Thus  we  get 

/-(v'-sin-^+(y-)  =  2,v(OV-/e.,s^) (3) 

The  resultant  speed  of  1*  is  therefore  that  which  would  be  acquired  by  a  body  falling 
freely  under  gravity  through  a  height   equal  to  the  distance  <>f  P  below  the  plane 
through  V. 
The  equations  here  given  may  be  regarded  as  determining  the  whole  motion.     It  is 

obvious  that  P  cannot  rise  above  the  horizontal  plane  through  V  ;  for  if  this  were  to 
happen  the  right-hand  side  of  (15)  would  become  negative. 

By  (3)  we  can  write  P#=2^(OV-Jco8  ^-l-^sinW, 

that  is  Pfr=Sg(?L-Pftmk*6ftg), 

-■  ^  '-'•  l^MV'-^  UK») <-» 

Now  let  a  parabola  be  described  through  U  as  vertex,  with  C2n2/2M2gh2  as  latus  rectum. 
Then,  it  R  be  the  point  on  the  curve  in  which  it  is  met  by  KP,  we  have 

UK!  =  2^>R <S> 

Thus  we  obtain,  if  R  is  above  P, 

«*-*-m-*(DjK)T-*S=T£ (6> 

-2g         _   1       J_ 
l2ff2-2g.KL~Pti     KP 

win-re  all  the  distances,  each  indicated  here  by  two  capital  letters,  e.g.  PR,  are  taken 
positive. 

Thus,  when  0  is  zero,  we  have 

-L.       l     4-     ]  (H\ 

PR     KP^KL' v  ' 

or  PR  is  half  the  harmonic  mean  of  KP  and  KL.  There  are  two  positions  of  P 
consistent  with  tin's  relation,  one  above  the  parabola,  the  other  below  it.  Between  these 
two  positions  the  axis  of  the  top  oscillates. 

Let  KP  =  .r  and  UK=y,  UV  =  c,  and  C2n2/2M.2gh2  =  2p!  ;    then  (8)  becomes,  by  (5), 

;r{.r  +  c)  =  2plx2 (9) 

The  inclinations  of  the  axis  to  the  vertical  are  therefore  given  by  two  positions  of  P  on 
the  cubic  curve  (9).     [<  lase  (a)  of  Fig.  2  t.] 

It  is  easy  to  see  that  if  c  be  positive,  that  is  if  V  be  above  U,  the  curve  has,  as  shown 
by  the  dotted  lines,  ,1  double  point  at  U,  and  that  there  are  at  U  two  tangents  equally 
inclined  to  the  vertical,  which  include  the  vertical  angle  2tan_1(2/V  e)*. 

If  '•  is  negative  the  origin  is  an  isolated  point  on  the  curve,  and  there  are  two  branches 
one  on  each  side  of  the  vertical.  [Case  (Ij)  of  Fig.  24.]  If  we  find  two  points  1'  on  either 
of  these,  for  which  PR  is  half  of  the  harmonic  mean  of  KP,  Kb,  the  two  lines  OP  give 
the  limiting  inclinations  <<f  the  axis  to  the  vertical. 

If  <■--<),  that  is  if  D  and  V  coincide,  (9)  represents  the  straight  line  ,r  =  0,  and  the 
parabola  //'-'■  2plx.  [Case  (c)  of  Fig.  24.]  The  limiting  inclinations  of  the  axis  to  the 
vertical  are  then  determined  by  a  point  on  the  straight  line  and  a  corresponding  point 
on  the  parabola,  and  between  the  two  horizontal  circles  denned  by  these  inclinations 
the  axis  moves. 


-.1    (7) 
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We  give  in  Chapter  VI  a  full  discussion  of  the  upright  top,  including  Klein  and 
Sommerfeld's  method,  in  which  a  cubic  curve  is  also  used.  We  give  here  Etouth's  diagrams 
for  the  cases  c>  0,  c  <  0,  c  =  0.  The  full  theory  is  contained  in  the  pres.-nt  chapter  and 
in  ."> ...  10,  VI,  below. 


[o'  =  OU] 


■0. 


l  =  a' 


Fir,.  •J.'i(l). — This  diagram  shows  three  cases  in  which  c[  =  (a.,!a  -  p,bn)l]  is  positive.  The  path  of 
P  on  the  sphere  described  from  O  with  radius  I  is  shown,  as  seen  by  an  eye  placed  above  the  top. 
The  small  circle  is  the  upper  boundary  of  the  motion  of  P  ;  in  the  third  case,  in  which  l  =  n,  it  has 
shrunk  to  a  point.  The  axis  is  vertical  at  U,  and  so  the  path  passes  continually  from  the  lower 
circle  through  U  to  the  lower  boundary  again.  If  the  maximum  deviation  from  the  vertical  is 
itself  small  in  this  last  case,  the  equation  of  the  spiral  path  is  0  =  0„sin  *,!</,,  where  m-  =  {p-  l)/p. 
This  is  the  equation  obtained  from  (S)  and  (7),  16,  VI,  by  substituting  in  (5),  (  =  2i£/cm,  from  (7). 


/  I  H  I 


J<OQ 


[See  Fig.  24(6).] 
c<0. 


FlO.  2j  (•>).—  In  Fig.  24  (6)  the  coordinates  of  Q  at  which  the  tangent  to  the  curve  is  vertical  are 
given  by  j:=  -2c,  y-=  -Splc.  U  is  an  isolated  point  on  the  curve.  The  path  of  P  cm  tin  Bame 
sphere  as  before  is  shown.  Both  limiting  circles  are  below  the  level  of  U,  and  the  axis^of  the 
top  cannot  reach  the  vertical. 


K  =  OU] 


l>a' 


I  ■     ,r 
c  =  0. 


l  =  a' 


Kit;.  25  (8).— In  the  first  of  these  cases  [I  > a']  one  of  the  limiting  circles  lies  in  the  plane  of 
UV,  and  tin-  other  on  the  paraboloid  formed  by  the  revolution  of  the  parabola  about  its  axis. 
The  path  meets  the  plane  of  l"Y  in  a  series  of  cusps. 

In  the  second  case  [I  <«']  both  the  limiting  circles  are  on  the  paraboloid,  and  the  path 
both  Circles.     For  either  limiting  circle  we  have,  as  t  be  I  eader  may  prove,  C08*fl  -  2/>cos0  =  1  -  2j 
The  greatest  ami  least  values  of  f)  |0,  and  $.,]  fulfil  tie-  relation  cos  6\  -fcos  0.,  =  2p,  and  />  -      1. 

In  the  third  case  [t  =  a]  the  axis  can  approach  the  vertical  from  a  lower  position,  arriving  there 
after  an  infinite  time  by  describing  a  spiral  gradually  closing  on  U.     The  value  of  <jr  approaches 

the  constant  value  (gp/l) ".     The  position  of  the  limiting  circle  for  which  0  is  a  maximum  is  given 

by  cosfl1=2p-l.    At  that  circle  iti  =  (<j/lp)^,  and  6  =  0.    But  e  is  not  zero,  as  P,  if  it  descends,  comes 
down  tangentially  to  the  circle,  leaves  it  tangentially,  and  begins  to  ascend. 
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16.    Hist    and  fall  of  top  started  with  initial  precession.    So  far  we 

have   considered   t lie  top  as  started  with  \/^  =  0;   we  now  suppose  that   it   is 
started  at  inclination  0{)  of  the  axis  to  the  vertical,  0  =  0,  and  V'  =  Vv 
\W  (-S)of  10  we  have 

(a--:„)(l-v)-(/5-^r0)2  =  0, (1) 

and  by  (  I  )  of  the  same  section, 

^o(l-0oa)=/3-6^ (2> 

But  we  have  likewise 

j2  =  (a-a0)(l-s2)-O3-6™s)2 (3) 

From  these,  eliminating  a  and  /3,  we  get 

i^{:t-:)[(la-t')-ir^{z0-z)  +  yi,0{l-z^){^{)(z0  +  z)-2bn}].  ...(4) 
Tims  one  root  of  :-  =  ()  is  z  =  z0.  The  second  relevant  root,  z'  say,  since  it 
makes  the  quantity  in  square  brackets  in  (4)  vanish,  gives 

:0-:^^2[a(l-^)  +  f0(l-s02){te+5')-2/m}];  (5) 

and  so  z0  —  z'  can  be  made  as  small  as  may  be  desired  by  making  n 
sufficiently  great.  The  root  z  will  be  the  smaller  or  the  greater  root,, 
that  is  z0  will  define  the  upper  or  the  lower  circle,  according  to  the  initial 
value  of  \js0  chosen. 

To  find  the  conditions  that  determine  whether  z0  defines  the  upper  or  the  lower  circle,, 
we  differentiate  (4)  with  respect  to  z,  and  put  z  =  z0  in  the  result.     We  obtain 

If  :'  is  the  smaller  root,  that  is  if  z0  defines  the  upper  limiting  circle,  we  obtain,  since 
,/i-  ./:  must  be  negative,  a+2ip0\>2\p0bn) 

if  i/0  be  positive.     [Of  course  bn  is  taken  positive  here,  as  always,  unless  otherwise  stated.} 
If  ;'  is  the  larger  root,  that  is  if  z0  defines  the  lower  circle,  we  get,  since  c?i2/cfeTmust^be 

positive,     _  a+2f0\<2f<ibn, 

again  for  \p0  positive. 

We  obtain  the  following  results  in  different  cases  : 

(1)  i/„  positive  :  0<#„<A-. 

defines  upper  or  lower  circle  according  as 

2bn  <  or  >         .      °> 

i-                                  , ,                     M^/i  +  Ai/,,-:,, 
that  is  Hivonhiii:  as  C/i  <  or  > -. — '- 

(2)  ■«.'.,  positive  :  ->#„>  A~. 

defines  upper  or  lower  circle  according  as 

~f                    a  -  2iA„2 1  £o  I 
2bn  <  or  > .         i 

2^o 

,       •  ■,•  , .  Mo/i  -  Ail,?  |  za  | 

that  is  according  as  Cn  <  or  >  ■  r 
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(3)  \p„  negative  :  0<  6()<hir. 

;n  defines  upper  or  lower  circle  according  as 

a+2ip0\  >  or  <  2\p0bn. 
But  since  z0  is  positive  and  \J/0  negative  the  second  relation  is  not  fulfilled,  and  the 
motion  must  be  started  at  the  upper  circle. 

(4)  ^negative:  7r>  80>^tt. 

z0  defines  upper  or  lower  circle  according  as 

a  +  -2.\p{f  \zQ\  >  or  <  2bn  \\fu    : 
that  is  according  as  Mgh  >  or  <  —  A^02|20|  +  C»]  ^0|, 

for  n  is  here  positive. 

These  results  are  very  easily  obtainable  from  (11),  2,  V,  the  equation  of  motion 
for  the  axis  OD.  At  the  upper  circle  8  is  positive,  at  the  lower  circle  negative.  It 
is  instructive  to  work  out  the  different  cases  from  this  equation  ;  but  this  is  left  to  the 
reader. 

17.  Motion  under  various  conditions  of  starting.  Some  further  points 
regarding  these  different  cases  are  worthy  of  notice  : 

(a)  Take  Case  (1) :  Let  the  top  be  started  at  the  upper  circle,  and  zlf  \p1  be  the  values 
of  cos  8  and  \p  for  the  lower  circle.     We  have 

a  +  2ipi2zl<2ipihn. 

Now  \ipi\>*f'o  since  the  potential  energy  has  been  diminished  in  the  passage  to  the 
lower  circle,  and  therefore  the  kinetic  energy  must  have  been  augmented  by  an  increase 
in  the  numerical  value  of  \f/l  since  8  =  0.  If  ^<i7r,  the  quantity  on  the  left  is  positive, 
and  therefore  so  also  is  the  quantity  on  the  right.     Thus  xf/x  is  positive. 

If  however,  with  the  same  conditions  of  starting,  the  lower  circle  is  in  the  lower 
hemisphere,  so  that  8X  >  \rr,  we  have  z  =  —  \z ,  and  therefore,  from  the  equation  of  a.m. 
about  the  vertical,  ^(]  -  zx-)  =  fi-bnz^  fi  +  bn   s,|. 

The  right-hand  side  is  positive,  since  [3  and  bn  are  both  positive  by  the  supposition  as  to 
starting  at  the  upper  circle  (in  the  upper  hemisphere  of  the  unit  sphere),  and  therefore 
also  the  left-hand  side  is  positive,  that  is  \p1  is  positive.  Thus  \j/  is  increased  in  absolute 
value  by  the  passage  from  one  circle  to  the  other,  and,  if  positive  at  the  upper  circle,  is 
also  positive  at  the  lower  circle  when  that  is  in  the  lower  hemisphere. 

It  can  be  seen  in  the  same  way  that  if  the  top  be  started  at  the  lower  circle  with 
positive  \p,  the  value  of  \p,  (^,),  that  is,  is  also  positive  at  the  upper  circle,  but  is 
diminished  in  value. 

{}>)  Now  in  Case  (2),  when  the  start  is  made  with  positive  i/(1  at  the  upper  circle,  it  is 
immediately  clear  from  similar  considerations  to  those  advanced  above  that  xp  is  positive 
and  of  greater  numerical  value  at  the  lower. 

If  the  start  is  made  at  the  lower  circle,  we  have  at  the  upper 

a  +  2^>2^«, 
and  also  \p(l-z2)  =  fi-b/i:. 

At  the  start,  since  z0  is  negative  and  i/(l  positive,  we  have 

and  /)'  is  constant.  At  the  upper  circle  \p  is  of  smaller  numerical  value,  and  it  is  clear 
that  if  at  the  upper  circle  i  is  still  negative,  we  have  then  at  that  circle 

^(l-^2)-^  s|=/3. 
Thus,  if  (i  lie  positive,  \p(\  - z-)  must  be  positive  at  both  circles,  and  exceed  bn\z\  by  the 
same  amount  at  both.     If  (3  be  negative  it  is  not  impossible,  according  to  these  equations, 
tor  \p  to  be  negative  at  the  upper  circle.     It  must    however   be  of   smaller  numerical 
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value,   since   the  energy   term    depending  on    y'    must    be   smaller  there  than  at    tlie 
Low  er  circle. 

It"  however  '-till  for  the  same  ease  of  start  at  the  lower  circle  with  6>W)  6  at  the 
upper  circle  l>e  less  than  \-,  then  .  lias  become  positive,  and  we  have 

with  ij>(l-z*)=/3-bnz. 

It  is  possible  for  y  to  be  negative  at  the  upper  circle  in  this  ease.    Taking  this  ease 

with  the  former,  we  see  that  at   least  the  lower  circle  must  lie  In  the  lower  hemisphere  of 
the  unit  sphere  it'  the  value  of  ip,  positive  at  the  lower  circle,  is  negative  at  the  upper. 

(c)  In  Case  (3)  the  top  is  started  with  </„=  -  ^„L  Let  the  start  be  made  at  the 
upper  circle  :   the  condition  is 

a+2^0%>2^06?j 

(which  of  course  is  fulfilled,  since  i/„  is  negative  and  z0  is  positive).     Also  we  have 

ij>0(l-z*)  =  P-bnz. 
Now  at  the  lower  circle  we  are  to  have 

a  +  2\p2z<2\pl»i. 
If  :  is  still  positive,  that  is  if  the  lower  circle  is  in  the  upper  hemisphere,  the  left-hand 
side  is  positive,  and  therefore  so  is  the  right,  and  so  \p  is  positive. 
If  however  z  has  become  negative,  we  have 

iP(l-z°-)  =  (3  +  b7i\z\, 
and  \l  is  positive  if  [3  is  positive.     If  ft  be  negative  we  get  no  decision. 

Thus,  absolutely  in  the  former  case  and  for  positive  /3  in  the  latter,  the  negative 
precession  of  the  top  is  changed  in  the  passage  from  the  upper  to  the  lower  circle  of 
positive  precession. 

(</)  As  regards  starting  at  the  lower  circle  [in  Case  (3)],  the  condition  is 

a+2if0\<2ipobn. 
Since  z0  is  positive,  the  left-hand  side  of  tins  inequality  is  positive,  and  so  therefore  must 
also  be  the  right-hand  side.     Thus  n  must  be  negative,  that  is,  if  </>  be  positive,  |  \plf\  >  <£. 
The  condition  at  the  upper  circle  is 

a  +  2f2z>2\fbn. 

We  have  seen  that  n  is  negative,  and  it  is  clear  that  so  far  \p  may  be  either  positive  or 
negative. 

We  have  also  if(l—z2)  =  /3  —  bnz, 

where  a  and  f3  are  both  negative.     Thus  the  equation  can  be  written 

+(l-z*)=-\l3\+b\n\z, 
so  that  again  no  decision  is  given  as  to  the  sign  of  \p. 

(e)  Finally,  we  consider  Case  (4).  Here  n=<j>0+ 1  \p0\  |z0|,  so  that  n  is  positive. 
Hence,  for  starting  at  the  upper  circle,  we  have 

a  +  2i/v  |--„  >2/m|i/'„  . 
At  the  lower  circle  (t  +  2\p2\z\<2b?np, 

and  s.p  [f,  must  be  positive  since  n  is  positive. 

If  the  start  is  made  ;tt  the  lower  circle  we  have  there 

<i  +  2ii,;-\z\<2l>/<    y'„  . 
ami  at  the  upper  ii  +  2^-  :    >2bn   \fi\, 

a  condition  which  may  be  fulfilled  whether  \p  be  positive  or  negative. 

The  above  are  various  simple  observations  suggested  by  the  different  cases.  The 
associated  modes  of  motion  may  be  worked  out  hy  the  reader  in  a  more  complete  and 
81  stemat  ic  maimer. 


CHAPTER   VI 

FURTHER   DISCUSSION   OF   RISE  AND   FALL   OF  A   TOP  WHEN 
INITIAL   PRECESSION   IS   NOT   ZERO 

1.   More  exact  discussion  of  rise  and/all  of  top  through  small  rot/nge. 

In  this  chapter  we  consider  the  rise  and  fall  of  a  top  through  a  limited 
range  of  values  of  6  in  the  more  general  case  in  which  the  initial 
precessional  moment  \js0  is  not  zero.  Putting,  as  before,  6—60  +  tj  so  that 
z  =  z0  — r]  sin  60,  we  obtain  from  (4),  13,  V,  neglecting  the  term  in  vf, 

ff  =  n  sin  60(a  +  2yjrQ\  -  Zbnfo)  -  ,  W  (l  +  ^^^^  2aZ°) < ! > 

If  we  neglect  {\jr(f(l—z01)  —  2az()}/bhi2  in  comparison  with  1,  and  write  a 
for  «  +  2\//-02c0  —  2bn\js0,  we  can  write  this  equation  in  the  form 

if  =  a' \  sin  00-b-n->f (2) 

Proceeding  precisely  as  before,  we  obtain 


a  sin  0n  , 

,]=   2bhi?   ^         °* 


■(3) 


and  6  =  60+     .,.,   .,°(1  —  cos  but). 

This  value  of  0  satisfies  the  conditions  that  when  t  =  0,  6  =  00  and  6  =  0. 
The  other  limiting  value  of  0,  dx  say,  is  given  by 

«,-«.+^ (4) 

It  remains  to  determine  \js  at  any  time  t.     We  have 

bnz0+yj,0Q.-z0*)  =  /3,  (5) 

and  therefore  bnz+\jr(l  —  z2)  =  fi  =  \js0(l  —  z02)+bnz0, 

so  that  v;  =  6»(,0-Z)+V>0(1-^> (6) 

But  ~  =  r0  — >/sin  0O,  and  therefore 

^=^^"o+^o(1^2i7coteo) (7) 
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approximately.     By  the  firs!  of  (3)  this  becomes 

\/r=(6n  -  2v/,0eos  0O  >  0/'.'^.,  (1  -cos  6ti*)4  ^0 {S) 

This  -ivcsV,  =  v',0  when  /  =  ().  and  \//  =  ^lt  where 

^*+^(i_!*«»&) (o) 

when  £  =  -  hi,  and  tf  =  #r 

It  will  be  observed  that,  when  6  =  b(d1+Q0)i  0  has  its  maximum  value 
a  sin  H,  2bn,  and  that  then  </r=l('^o+1A,i)- 

2.  Determination  of  period  of  rise  and  fall.  The  method  used 
above  is  instructive.  But  we  can  also  proceed  as  follows,  and  arrive  more 
quickly  [at  some  of  the  results  alread}'  obtained,  and  at  the  same  time 
estimate  the  error  involved  in  the  approximation.  As  in  (3),  10,  V,  we 
*»*•  ?  =  a{z-zl)(zi-z){z,-z)- 

and  now  :{,  z.,  are  the  nearly  equal  roots  of  this  equation  which  detine  the 
limiting  circles  of  nutation  of  the  top,  and  z1  is  the  smaller,  that  defining 
the  lower  circle.     The  root  c3  is  greater  than  1.     Differentiating  we  obtain 

■i  =  ,i{:in-z){z.i-z)-la{z-zl){z.,-z), (1) 

where  zm=  |<  zx+z2).     From  this,  putting  £=z—zm,  we  get 

l+<z3-zm)^%a^-^a{z2-zxf (2) 

With  /■=  :._,  —  zr  and  mi  =  a(zs—zm),  (2)  becomes 

f+™2(£-s^)=M2 (2'> 

Neglecting  the  term  on  the  right,  which  is  small,  we  get  the  solution 

C  —  o    .,  r2  =  A  sin  mi  +  B  cos  mt. 

-      Siit- 

If  A,  B  are  determined  so  that  z  =  z2  when  i=0,  and  i  =  0  when  z  =  z2  and 
when  z  =  z1:  this  solution  becomes 


*      8 


.,  /•'-'=  .',/■(  1  —  -. — -0r  )cos  )h/ (3 1 

\m?        -   \       4m2   / 


The  period  is  _-  m=  '2-  [a(zs— zm)y. 

By  substituting  the  value  of  £  from  (3)  in  the  term  on  the  right  of  (2)  we 
might  proceed  to  a  second  approximation,  but  for  our  present  purpose  this 
is  not'worthjwhile.  The  motion  of  the  axis  can  be  worked  out  by  means 
oi  elliptic  functions,  or  by  various  practical  processes  of  quadrature,  as 
exactly  as  may  be  required  in  any  particular  case. 

To  compare  this   result   with  those;  already  obtained,  we   have  to  find   a 
value  for   :..—  :„,.     Now  from  the  value  of  z-  in  (4).  hi,  V.  we  obtain,  by 
putting  :.,  for  :,,  and  \fr2  for  yV„, 
•'«  :-:,)( z:,-z  )  =  ,Ml_c->_//V^c,-c)  +  ^.(1-c,/'  I  \^,<  z„  +  z)-'2f>„\.  ...(4) 
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On  the  left  the  coefficient  of  z  is  a(z.i-\-zl),  and  on  the  right  it  is 

&2W2  +  Vr22(l-322). 

Hence  we  get  <n  :;!  +  c1)  =  //-'//-  +  \/a,'2(1  —  z.r), 

or  a{zz-zm)  =  b-n-  +  i/r22(  1  -  z.r)  -  a(zM  +  zx) (5) 

This  can  be  written  in  the  alternative  form 

a(z3-z)n)  =  -         '     ^f      ~-a{zm+z1) (6) 

Thus,  since  m?  =  a(zs  —  zm),  we  get  for  the   period  T  of  oscillation  the 

equation  9_/ 1      ,~  2\h 

T  = Z7r^~"2  ) (7) 

{Pn"+./8*-2/8&»i^-a(*1+0(l-*»i)}* 

If    we    suppose    that   z1  =  z2  =  zm,   and    take    the    value    of    x/r    proper   to 
:„,,  we  can  put  this  equation  in  the  form 

T  = — (8) 

(CW  +  A2V>'2sin20w  -  2aA2cos  6mf 
Here  we  suppose  the  motion  to  deviate  infinitely  little  from  being  steady, 
that  is  from  fulfilment  of  the  conditions  6  —  0  and  yp-  =  /A,  a  constant.     We 
have  by  the  equation  of  steady  motion  Cn  =  (M.gh+A/ji2cosd)liuL.     Substi- 
tuting this  value  of  Cn  in  the  expression  for  the  period,  we  obtain  finally 

rp_ 2ttA^ ^    ^Qy 

( Wcfh*  +  AV  -  2Mi//iAyu2cos  0)4 ' 
which  is  the  result  arrived  at  in  9,  V,  above. 

Thus,  if  we  lay  off  two  vectors,  one  of  length  Mgh  along  the  vertical 
downwards  from  the  fixed  point  O,  the  other  of  length  Apr  from  0  along 
the  axis  of  the  top,  the  period  is  the  product  of  2?r  into  the  ratio  of  the 
length  of  the  latter  vector  to  that  of  the  resultant  of  the  two.  The  length 
of  the  equivalent  simple  pendulum  is  g/a(zs—zm)  for  the  first  approximation 
made,  and  A2/jL2g/(Wg%z  +  A*ij.i-2MghA/ji?coBd)  for  the  last. 

3.    Error    involved    in    approximations    to    mo/ion.     By   the  following 

process,  which  was  used  by  Puiseux  in  his  discussion  of  the  similar  problem  of  the  motion 
of  a  spherical  pendulum  (see  Chap.  XV),  we  can  find  limits  for  the  error  of  the  result 

obtained  in  (3).     We  have        »=,»*{(« -«,)&-«)(* -*)}*, (1) 

and  as  in  what  follows  motion  from  the  lower  to  the  upper  circle  is  alone  considered, 

the  radical  must  be  supposed  taken  with  the  positive  sign.  Thus,  if  t  be  the  time  from 
the  lower  circle  to  any  position  z  between  the  two  limiting  circles,  we  have 

<A-r ^ v (2) 

where  i  lies  between  the  roots  :,  and  z2-  Now,  clearly,  according  as  we  substitute  :,  or  :., 
fur  ;  in  the  third  factor  z3  —  z  of  the  quantity  under  the  square  root  sign  in  the  denominator 
of  the  integrand,  the  integral  is  diminished  or  increased  ;  and  so  we  get 


l       r  dz  i        _i_    r  </.-   


.(3) 


VI 


RISE    AND    KALI,    OK    A    TOP 


1  II 


The  integral  can  be  evaluated.     Putting  z— z^n'+u,  zi  —  z=u'— u,  that   is  take  a  new 

variable  u  reckoned  from  the  mean  circle  .,„,  we  obtain 


We  have  therefore 


fx  d:  r  du  „ 

,(.'-  + sin    l".\<t<-  .(iir  +  sin    '  ",  '). 


Writing  :.„  for  :,  and  :..  we  get  approximately 


:"(:3--%„)}-<  =  i7r  +  8in-»  ". 

it 


Writing  now  /*,,  for  !_■-  ',''{::t-:,„)r  and  putting  t  for  £—  £0,  we  obtain 


u=u'sin[{a(z3~zm)}h] 


1 


.(5) 
.(6) 

•(V) 


or  8-  zm  =  £(22  -  -,)  sin  [{a(23  -  «»)}**]■  ) 

But  :---,„  is  what  we  have  called  £  in  2,  VI,  above;  and  thus  we  have  found  in  an 
entirely  different  way  an  equation  practically  equivalent  to  (3)  of  that  section.  All  the 
necessary  conclusions  as  to  period  have  already  been  drawn. 

If  now  |t|  be  the  numerical  value  of  the  error  involved  in  the  approximation,  made 
above,  to  the  time  of  passage  from  the  lower  circle  to  any  value  of  z  arrived  at  before  the 
upper  circle  is  leached,  the  ratio  of  the  error  to  the  whole  time  is  t  ?  ,  and  we  obviously 
have  1  i 


A*3-^)h    (*,---,)* 


that   is 


< 


\z->  —  z9J 


.(8) 


Thus,  if/ denote  a  proper  fraction,  so  far  undetermined,  we  have 


-  ±/{(t 


'-ik 


.(9) 


and  therefore  in  the  equations  above  we  must  replace  t  by 

<M(*3)*-i}]. 

In  the  discussion  which  will  be  given  in  a  later  chapter,  of  the  motion  of  the  axis  of  a 
top,  the  quantity  {{h~  z\)i(zz~  z->)\~  wi'l  again  appear,  and  we  shall"  then,  by  means  of 
elliptic  functions,  give  equations  for  the  determination  of  the  motion  to  any  required 
degree  of  exactness.  Disregard  of  the  error  here  exhibited  enables  the  inversion  of  the 
function  !<<(.-3— -m)['-7,  in  order  to  give  z,  to  be  carried  out  as  an  affair  of  circular  functions. 

We  can  now  find  </■.     Let,  as  before,  \pm  be  the  value  of  \p  for  z=zm.     Then 

ln,:m  +  ljym(\-zJ)  =  b>tZ  +  rP(\  -.--')  =  fi, (10) 


and  we  get  by  subtraction 

Now,  -ince  2=2m  +  «,  we  obtain 
1  1 


;  =ipm(l  - zm2)  -  hint 

T  1  ,•£ 


1-2* 


.(11) 


1-:-     \-zJ     1-2 


1       4-     T 


1-2-       1-2, 


1        {  -:„"  +  "-       I 


1-zJ    l-z* 


1  2fmW  +  U-  (        1  ± mU  +  U3        1       \ 

l-zj       1-zJ    \l"-„.-       \-zm-    l-z*J 

\--kT  {\-tff*  o -<-„,-?  i-z* l  ~} 
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The  process  of  expansion  still  further  is  obvious  and  easy.  For  the  present  we  neglect 
terms  in  \l  which  involve  the  second  and  higher  powers  of  u.  Thus  we  get  approxi- 
mately, by  substituting  from  (7)  above  for  u, 

i^  +  ^f       /"Vsin[{«(;3-zm)}^] (13) 

This  equation  may  also  be  written  in  the  form,  easily  derived  from  (10), 

;     (3 -bnzm     -2fizm-lm(\+zm2)    ,    .    r                     i, 
*P=  !_.  2   +         /!      -  2V8         u*in[{a(z3-zm))-t) (14) 

Both  (13)  and  (14)  may  be  corrected  by  inserting  the  corrected  value  of  u,  both  in  the 
terms  here  included  and  in  any  further  terms  which  have  to  be  added  from  (12)  to  give  a 
more  exact  value  of  \p. 

Integrating  (13)  and  (14)  we  get  an  approximation  to  the  value  of  the  angle  turned 
through  by  the  top  about  the  vertical  in  time  t,  measured  from  the  instant  at  which  the 
axis  is  in  the  mean  circle.     Thus 

l  *-^'-'vy>*~*J 

where  p={a(z3-zm)ft. 

For  the  passage  from  the  lower  to  the  upper  circle  the  angle  ~4/  is  given  by 


,,,  _  1  J£  "  bnzm        2{3z„,  -  bn  ( 1  + :J)      I 


6) 


4.  Theory  of  the  upright  or  "sleeping"  top.  When  the  axis  of  the  top 
is  at  rest  in  coincidence  with  the  upward  vertical  there  is  no  distinction 
hi -tween  the  angular  speed  of  rotation  n  and  the  angular  speed  \js  about 
the  vertical.  The  kinetic  energy  is  then  hCn~,  and  the  potential  energy 
Mgh.  The  total  energy  E  is  thus  hCn2  +  Mgh.  This  is  the  case  in  which 
the  upper  and  lower  limiting  circles  for  a  point  P  on  the  axis  of  the  top 
have  shrunk  to  a  single  point,  the  zenith  of  the  sphere  on  which  P  is 
always  situated,  the  case  in  fact  of  steady  motion  in  the  circle  z  —  \  of 
zero  radius. 

Let  now,  when  the  axis  is  thus  at  rest  in  the  vertical  position,  a 
horizontal  impulse  be  given  to  the  top  so  that  the  axis  is  set  suddenly  in 
motion  with  angular  speed  60:  the  kinetic  energy  is  increased  by  the  term 
hA0o2.     Then  the  energy  equation  becomes 

E  =  i(Ad02+Cn*)+Mgh (1) 

Also  the  A.M.  about  the  vertical  is  Cn,  so  that  when  the  axis  ceases  to  be 
<•<  (incident  with  the  vertical  we  have  (3  =  Gn/A  =  bn. 

When  the  axis  of  the   top  has  moved  away  from  the  vertical,  the  term 
'.V/-(l— :-)  appears  in  the  kinetic  energy,  and  as  the  kinetic  energy  of 
spin  remains  unaltered  we  must  have 

&A>/r2(l-32)+£A02  =  £A0o2  +  M^(l-s)  (2) 

But  in  the  present  case  j3  =  bn,  and  so 

x/>(l-c-)  =  /3-/mc  =  bn{l-z). 
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Thus  (2)  becomes  &8n8  ]     *+0*  =  0o2+a(l-0) (3) 

siiici'  a  -2M////  A.      Hence,  it'  :  define  the  limiting  circle  to  which  the  axis 
of   the  top  passes  when  disturbed   from   the  vertical,  we  have  02  =  O,  and 

so  from  (3)  [do*+a(l-«)}(l+0)-Pn*(l-0)aO (4) 

or,  writing  y  for  #0, 

y2(l+0)+{a(l+0)-oW}(l-s)=O (4') 

5.   Stability  of  upright  top.    Graphical  representation.     We  can  lax- 
down  a  graph  of  this  equation  with  coordinates  y,  z.     The  graph  (Fig.  26) 


0 


a  >  o 
Pio:  '26(1). 


(7  >  0 

Fio.  2(5(2). 


is  a  cubic  curve,  of  which  we  can  trace  the  chief  properties  as  follows. 
Puttings=l  weget  y2(l  +  z)  =  0, 

so  that  for  this  value  of  z  there  is  a  vertical  tangent  which  touches  the 
curve  at  the  point  0  =  1,  >/  =  0.  If  in  (4')  we  put  y  =  0  and  reject  the  factor 
1-:  we  get  a\  1  +z)-b2nz  =  0, 

so  that  there  is  a  vertical  tangent  which  crosses  the  line  y  =  0  at  the  point 
2=  -1  +b-n-  a. 

llcsides   these   there   is  a   vertical  asymptote,  the  equation  of    which    is 

We  can  now  draw  the  graphs  for  different  cases.  First  for  a  negative, 
that  is  the  case  in  which  the  action  of  the  gravity  couple  is  to  bring  the 
axis  of  the  top  back  towards  the  vertical,  when  caused  to  deviate  from  it, 
the  right-hand  or  determining  branch  of  the  curve  extends  from  the 
tangent  z—\  to  z— —  1  [Fig.  26(1)].  If  we  draw  a  line  parallel  to  the 
axis  of  z,  at  distance  u0  from  that  axis.it  meets  the  curve  in  a  point,  the 
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z  of  which  is  very  Dearly  unity,  unless  00  is  great.  Thus,  if  QQ  is  small,  the 
limiting  circle  is  very  near  the  zenith  of  the  unit  sphere,  and  we  see  that 
the  axis  of  figure  does  not  deviate  far  from  the  vertical.  The  dependence 
of  the  deviation  on  the  value  of  00  or  y  is  very  clearly  shown  by  the  graph. 
Next  we  take  the  case  of  a  positive.  Here  the  result  will  depend  on  whether 
the  spin  is  so  great  or  so  small  as  to  make  —  I  +lrn-  a  >  1  or  <  1.  In  the 
first  case  the  vertical  tangent  corresponding  to  the  value  —  1  -\-b2n2  a  of  :  lies 
beyond  the  line  5  =  1,  and  as  shown  in  Fig.  26(2)  the  determining  branch 
(>!'  the  curve  extends  from  the  line  z—\  to  the  line  2=  — 1.     The  line  ?/  =  60, 

for  90  small,  therefore  cuts  the  branch  at  a 
point  the  z  of  which  is  very  nearly  unity. 
This  is  the  case  of  what  has  been  called  in 
14,  V,  above  a  "strong  top." 

In  the  other  case  [of  —1  +  h-n-  a<  1,  with 
">0]  the  determining  branch  of  the  graph 
lies  between  z  =  —  1  and  z  =  lrn-  a—  1,  and  so 
the  line  y  =  d0  cuts  the  determining  branch 
at  a  point  the  z  of  which,  for  a  small  value 
of  60,  is  only  very  slightly  different  from 
Irn-'ii  —  1;  and  there  is  no  possibility  of 
intersection  between  this  value  of  z  and  :  —  l. 
Thus,  on  the  slightest  disturbance,  the  axis 
of  figure  passes  from  the  position  z  —  1  to  a 
limiting  circle  at  the  finite  distance  2  —  b-n-  a  from  the  point  2=1.  This 
is  the  case  of  the  so-called  "  weak  top."     [The  relative  diagram  is  Fig.  26  ( '^  >.] 


—  \ 


o 
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6.  Analytical  discussion  of  stability  of  upright  top.  The  results  stated 
above  as  to  the  stability  of  the  upright  top  may  be  established  very 
easily  in  the  following  way.  Let  \  —  z  =  x\  then  z  —  l—x  and  1  +  :  =  2  —  x. 
Hence  (4'),  4,  becomes 

ax2+(b2n*-2a+y2)x-2y2  =  0, (1) 

a  quadratic  in  x.  The  roots  are  real  if  (62n2  —  2a  +  #2)2>  —  Say*.  This 
condition  is  manifestly  fulfilled  if  a>0,  and  also  when  it  <  0  if  lru-  —  '2d 
be  not  zero,  for  we  can  make  //-  as  small  as  we  please.  Solving  the 
equation  (1)  we  get 


x=--\ 


i/w  _2,y 


L'\    <( 


2+-    ± 


<' 


I,//,/ 


-2+*tfl  + 


L2\  -i        "  '  aJ\ 


s,r 


v- 


fb-n 

"1 


2  + 


Now,  since  ;  cannot  exceed  \,x  is  essentially  positive,  and  so  (when  the 
roots  have  opposite  signs)  we  have  only  to  consider  the  positive  root.  It 
will  be  shown  later  that,  in  all  the  cases  considered  here,  the  axis  comes 
back  periodically  to  the  vertical,  in  each   case  in  a  finite  time,  even  in  the 
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case  described  below  as  unstable,  provided  that  in  thai  case  the  disturbance 
dfl  is  not  zero.     We  now  take  the  different  cases  seriatim. 

(1)  a  is  negative.  Here  both  routs  of  the  quadratic  are  positive, 
since   the   sum   and    product    of   the   roots   are   both   positive.     Denoting 

//-',,'-'  ,i  —  '}  hy  —  in'  we  get 

1/    ..    v-\     1/    .,    'Ah  ,        8y*       ld 

Eor  we  must  take  the  smaller  root,  inasmuch  as  the  larger  far  exceeds  the 
diameter  of  the  unit  sphere.  It  is  clear  from  this  that  x  can  be  made  as 
small  as  we  please  by  taking  y  sufficiently  small.  The  motion  is  therefore 
Btable  for  the  upright  position  of  the  top. 

(2)  a  is  positive.  We  have  here  two  sub-cases:  (a)  &2,w.2/a—  1  >1 ,  or 
'.•,/-'  a-2>  0.  and  (/3)  //-'//-  a-1  <  1,  or  b2n*  a-2<0.  In  the  former  we 
put  l>-i':  <i  —  2=  in-.  Then  the  equation  has  a  positive  and  a  negative 
root.     The  former  is 

i(m,+y^+l(m,+t)!1+_w__\i 


iv"  tj;ti\™  T«aT  /  , .  »*\«i 


r,+«) 


and  so,  by  taking  //  sufficiently  small,  we  can  make  x  as  small  as  we  please. 
The  stability  however  is  not  so  decided  as  in  the  former  case,  for  in  that 
in-—  if-  n.  which  enters  into  the  denominator  of  the  term  8y2;a(in2  —  y2/a)2, 
is  greater  in  value,  since  \m2\  =  \b2n2/a\  +  2  as  against  | m2 |  =  |  b2n2ja  —  2  ,  for 
"  positive. 

In   the   sub-case   (/3)   we   make   b2ri2;a  —  2=—m2.     Here  the   roots  have 
opp"-it'   signs  (since  a  is  positive).     Hence  we  have 

r-l(n*     y2)\  l(m*     ?/Vl  I  ^         ^ 

a  _2^n      -  )  +  J  in  -_jji+___j  . 


a  (  m-  —  — 


For  y2  however  sum//  this  gives  x  =  ni\  Thus  the  smallest  disturbance  of 
the  top  from  the  vertical  gives  a  limiting  circle  at  the  approximate  distance 
2-h-u-  n  from  the  upper  pole  (2=1)  of  the  unit  sphere. 

This  hist  case  is  of  great  importance  as  affording  a  criterion  of  distinction, 

for  the  motion  of  a  top  at  least,  between  stability  and  instability.     The 

value  of  X  may  be  small  in  the  unstable  case,  but  its  smallness  does  not 

depend  on  the  Bmallness  of  the  disturbance,  Luton  the  excess  of  zero  over 

-2a. 

In  the  transition  case,  of  b2n2  =  2a1  we  have 

x=-2^±C{S,,+!'^' 
and.  clearly,  in  this  case  we  must  regard  the  motion  as  stable,  since  x  can  be 
made  as  small  as  we  please  hy  making  the  disturbance  sufficiently  small. 
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The  transition  from  stability  is  gradual,  since,  as  b2n2/a  is  diminished  from 
equality  with  2,  the  distance  2  —  b%n?fa  of  the  limiting  circle  gradually 
increases. 

7.  Time  of  passage  of  weak  top  from  limiting  circle  to  any  value  of  z. 

In  the  case  of  b'-n^/a  —  1  <  1  [a  positive],  the  weak  top,  we  can  calculate  the  time  of  passage 
of  the  axis  of  the  top  from  the  Limiting  circle  for  the  value  zero  of  #0.  This  will  be 
sufficient,  as  the  top  being  unstable  in  the  upright  position  the  slightest  disturbance  will 
be  enough  to  set  it  in  motion  towards  a  lower  position  of  the  axis.  We  get  easily  from 
(3)  (4)  for  the  value  of  z-  the  equation 

zi  =  \a{\+z)-li2u2\(\~zf (1) 

Now  one  root  of  the  equation        {a(\+z)  —  b-n-)(\  —z)2  =  0 

l>-n2     . 

IS  z  = 1, 

a 

and  the  other  two  roots  are  both  equal  to  1.     We  call  these  roots  Zi,  z.,,  z3.     The  large 

root  of  the  cubic  coalesces  with  z2,  which  is  1.     Thus  we  can  write  the  equation  for  z-  as 

?  =  a{z-zj(\-z)-- 

and  therefore  cfidt  — r (2) 

To  integrate  this  we  put  (z  -z1)*=u,  and  obtain,  after  reduction, 

ahdt=^u_ (3) 

1  -Zx  -  H- 

Thus  we  find  by  performance  of  the  integration 

A— '        hgP-fr*-* (4) 

No  constant  of  integration  is  required  if  t  be  reckoned  from  the  instant  at  which  the  axis 
is  at  the  limiting  circle  zx  =  L-n-a  —  1. 

Thus  we  have  the  result  that  the  time  taken  by  the  top  to  pass  from  the  position  given 
liy  the  limiting  circle  to  the  upright  position  is  infinite.  Similarly,  if  the  top  start  from 
the  upright  position  on  account  of  a  vanishingly  small  disturbance  tf„,  the  time  of  passage 
to  the  limiting  circle  is  exceedingly  great. 

8.  Calculation  of  azimuthal  motion  for  weak  top.  We  can  also  calculate 
the  angle  yjr  turned  through  in  the  present  case  in  any  time  t  reckoned  from  the  same 
zero  of  time.     We  have  xj-     bn  (1  +z).    Hence,  by  the  value  of  i  obtained  aboi  e, 

j  i      bn              di  ,,, 

df  =  —-  (1) 

a*(2-2l)*(l-*2) 

J'>y  the  same  transformation  as  before  we  get 

. ,     bn         -'In 

■<'  1  -(«-  +  :,  )- 
.,     bn/       tin  'in      \  /-,<. 

Integral  ing,  we  find 

+ .'-j-   bgc-'.>;+('-'.);+„..-./---.\> „ 

As  time  passes  and  the  axis  approaches  the  upright  position  (without  ever  reaching  it) 
the  value  of  \1/  increases  indefinitely,  that  is  the  axis  describes  on  the  unit  sphere  an  ever 
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narrowing  spiral,  in  consequence  of  the  first  term  on  the  right  in  the  value  of  yjr.  The 
term  tan  '{(j  -:,)  (1  +:,);•'  remains  finite  If  the  motion  st.uts  from  the  limiting  circle 
in  the  opposite  direction,  an  exactly  similar  spiral  (turned  however  the  opposite  waj  I  is 
described.  The  two  branches  form  a  curve  symmetrical  about  the  meridian  through  the 
start  ing  point. 

9.  Periodic  motion  of  weak  /<>/>■  If  0O  is  not  zero,  there  is  in  this  (unstable) 
case  of  a  positive  and  bW  a—  1  <  1,  periodic  return  of  the  axis  of  the  top  to  the  vert  teal 
position.     In  fact  the  path  described  by  the  axis  on  the  unit  sphere  does  not  differ  very 

much  from  that  described  in  the  case  of  stability.  We  can  find  the  motion  to  a  high 
degree  of  approximation  by  the  process  already  employed.     We  have  now 

P(l-z*)=z*=[d0*(l+z)+{a(l+z)-b*n?}Q.-zy](l-z) (1) 

One  root  of  the  equation  :-  =  0  is  22  =  1,  and  another  is  zl  =  b2ri-!a  —  l+€,  and  a  third  is  ;:i. 
Hence,  of  course,  i*=a(z-z1)(l-z)(z3-z), 

a„d  dt=-i T (2) 

a^{(z-z1)(l-z)(za-z)}i 

i  llearly,  if  we  integrate  from  z=zx  to  any  value  of  z  between  1  and  zli  we  obtain 

1  p  dz  1         r  dz  ,3, 

Ah-h)hh{('-*i)£-*)$        <aHz3-m*t{(z-zl)(l-z)}± 

We  'ake  a  new  variable  u,  such  that  z  —  zl  =  u'  +  u,  l—z  =  u'  —  u,  that  is  take  a  new 
variable  u  reckoned  from  the  circle  midway  between  the  pole  z  —  \  and  the  circle  z—zl. 
Now  we  have,  as  in  .3, 

f1  dz  f"  du  ,  .      ,  ii  ,1N 

i  =  t7r  +  sin-1-, (4> 

.M(*-«i)(i-*)**   J -„■(«'--«¥  u 

Thus  the  inequality  written  above  becomes 

— rUTT  +  sin-1^)  <t  <-  -rfiTT  +  sin-1^) (5) 

The  approximate  value  of  t  reckoned  from  the  instant  at  which  the  axis  intersects  the 
mean  circle  [where  z  =  h{\  +  z1)  =  z,n,  say,] 

t=-  — r  sin      — , (b) 

The  time  from  u=  -  u!  to  u  =  u'  (the  half  period)  is  thus  Tr/{a(z3— zm)}*. 

If  we  write  now  m  =  \" {■:;- -m)r  we  get  u  =  u' sin  mt,  or 

z  =  zm+>t'*\u  'nt,  (7) 

BO  that  ;  differs  from  the  mean  value  zm  by  a  time-periodic  term  which  passes  through  all 
n-  values  in  the  period  :_'-  [>/  (-.,  -  z,n)\ •',  the  time  of  passage  from  the  pole  to  the  limiting 
cinle  and  back. 

10.  Determination  of  azimuthal  displacement  for  periodic  motion  of 

"'.  nl:  /n/).     To  find  J  we  have,  since  />' -    A//, 

'-*r3-ra (l) 

Bui  -!— L-+   ]    __L  =  _1 «.    +     "J        !    (s> 

1+.-     l+z^Jl+z     \+zm     \+zm     (l+g-  +  (l+g-l+:  KJ 
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This  expression  may  be  carried  as  far  as  may  be  desired  by  substitution  for  1/(1 +2)  on 
the  right  of  the  expression  on  the  right,  and  so  on.  It  is  sufficient  at  present  to  use  the 
first  two  terms  mi  tlir  right  of  (2).     Thus  we  yet 

$Tr-     '",  ;      )  =  v,  -(1_n  -sinmn;  (.J) 

r        l+2m\  l+2m/        l+2m\  \+Zm  J 

and  therefore  ^=-   '"     [*+--»' cos  ?«*} +f0 (4) 

Tlie    time   £   is   here    reckoned  from   the   instant  at    which   the   axis   is  at    the   mean 
circle  :m.     Hence,  at  t  =  0,  we  have 

*%.<.+-^  +  * <5> 

After  half  a  period,  that  is  irjm,  the  axis  is  again  at  the  mean  circle,  and 

In  this  interval  the  axis  has  risen  to  the  vertical  and  fallen  again  to  the  circle  :m. 

After  another  half  period,  during  which  the  axis  falls  to  the  limiting  circle  and  rises 
again  to  the  circle  zm,  the  value  of  i/r  is  given  by 

The  orthographic  projection  of  the  path  on  a  horizontal  plane  is  therefore  a  "rosette," 
like  that  indicated  in  Fig.  27. 


Fig 


11.  I*d//i  of  weak  f<>/>  with  reference  to  horizontal  axes  of  X  <nt<l  //. 
The  equation  of  the  path  with  reference  to  horizontal  axes  of  x and  y  through  the  pole  as 
origin  can  be  found  as  follows.     Equation  (7),  '.»,  can  be  written 

cos  (I      cos  0m  =  \  (1  -  ens  0X)  sin  )ilt. 
OJ  1'sin  },(d+0„,)s\nh(d,»-  6)=s\n-  U^sui  mt. 

Since  the  angles  6,  0,„,  0{  are  all  small,  we  write  angles  for  sines,  and  obtain 

or,  since  9^=26,**,  9*  =  0m\l- sin mt) (1) 

From  this  we  deduce  6  =0ra(cos  \mt  —  sin  hut), (2) 
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\>\  cl sing  the  Bign  of  the  Bquare  pool  bo  aa  t"  make  H  diminish  at  the  instant  t    0,  as  it 

does  in  (7),  9.     Writing  now  x-   0cos^r,  y=0sin^r,  we  obtain 

.t'  = »'0m(cO8  Aw/  -sill  A>»()cOS  \//,    I 

y=    0m(cos  A//*/  -sin  'wi,)sin  \[/.  ) 
At  '    0,  we  have,  it'  we  Buppose  that  then  ^  =  0, 

x=6m,    ±=-imOmt    y    0,     9=6.*^ (4) 

12.  Equations  of  motion  of  upright  top  derived  from  first  principles. 
The  general  equations  for  the  turning  of  the  top  about  the  axes  I  )./•,  <  )y  may  be  established 
is  follows  from  tirst  principles.  The  angular  momenta  about  the  vertical  OZ,  and  the 
two  horizontal  axes,  given  by  the  horizontal  projection  of  OE  and  OD,  are  respectively, 

<Vcos0+A^sin2#,     -Osin  0+A^sin0cos0,    A0. 

These  become,  with  sin 0=0,  cos  0  =  1, 

Cm,      -Cn0+A^0,     AS. 

Thus,  since  I  >l  >  is  to  be  regarded  as  having  turned  forward  from  <).<■  through  the  angle  \jr, 
the  angular  momenta  about  <  >.'•,  <  >v  are, 

(Cn 6 - Aipd) sin yjr+ A6 cob \lr,      -(CnO-  A^0)cos^  +  Aft  sin  f , 

which  can  l>e  written  A .!•  +  ( '/<//,  A//-(Vr,  of  which  the  time  rates  of  change  are 
Ar  +  i'n)'/,  Ay'—Cnx.  The  moments  of  the  forces  are  M.ghx,  Mghy  about  (  >.'■  and  ( >v,  and 
so  the  equations  of  motion  are 

Ax+Ony-Mghx=0,    Ay-Cni-Mghy=Oi (1) 

as  already  obtained. 

Clearly  these  equations  can  be  united  in  one  if  we  put  z=x+iy.     We  get 

Az-iCnz-Mghz=0 (2) 

[f  we  write  z  =  ke'kt,  this  gives 

AA2-CnA+M^=0 (3) 

Tie-  roots  of  this  equation  are  real  if  (.."-'/< -  >  iMghA.  Putting  Aj,  A._,  for  the  two  roots 
(real  if  this  condition  is  fulfilled)  we  have 

z=k1ei^t+k2ei^t. 

The  constants  ki,  /._.  in  their  more  general  form  are  complex,  and  may  be  written 
fcj  =  o,  -  //i, ,  /•._,  =  a._,  -  i/S2 .     Thus 

z  =  (al-l^i)e^t  +  (a,~ftJ)e^t (4) 

Supposing  A,,  Aj  to  be  real,  we  get  by  equating  real  and  imaginary  parts  on  the  two 
ndesof(4),  ,.     ttiCOS  A^  +  /i,  sin  A,c  +  </.,cos  A^  +  ^sin  \j,  \  . 

y  =  a1  sin  Aj^-/i:  cos  Aj£  +  a2ain  A2£  — /?2C0S  A./.   I 
For  the  values  of  A  we  have 

&=g{-('-^-)4} 

from  which  it  will  be  clear,  from  the  condition  of  reality  of  the  roots,  that  both  roots 
the  same  Bien. 

13.  Discussion   of  the  motion.      It  may  appear  from  (4)  and  (5)  that  we  have 
four  arbitrary  constants  for  the  complete  integral  of  a  linear  differential  equation  of 

the  Becond  order,  but  it  is  to  be  observed  that  the  elimination  of  x  or  y  from  1 1 )  would 
give  a  linear  differential  equation  of  the  fourth  order,  the  complete  integral  of  which 
would  involve  four  constants.     Equations  (5)  are  those  which  we  should  obtain  by  li  tiding 
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this  integral  :  we  should  obtain  no  new  roots,  as  the  four  roots  of  the  deterniinantal 
equation  would  be  simply  A],  —  A,,  A2,  —  A2. 

As  the  terms  are  arranged  in  (5),  those  in  aj  give  a  circular  motion  of  period  1-  Aj  and 
radius  a1}  those  in  ftx  a  circular  motion  of  the  same  period  and  in  the  same  direction,  but 
of  radius  ftx  and  of  phase  ivr  behind  the  former,  if  04,  ftx  be  positive.  Similarly  the  terms 
in  a.,,  ft.,  give  circular  motions  of  periods  2-  A2  in  the  same  direction  and  differing  in 
phase  as  before,  but  of  radii  a2,  ft.,  respectively.  The  values  of  the  radii  and  the  relations 
of  phase  depend  on  the  initial  conditions. 

If  the  condition  for  the  reality  of  A,,  A2  is  not  fulfilled,  that  is  if  4AM.gh  >  C'-/<-,  we  have 

K\_Cn(        fiAMgh       \i\ 
^)-2A.V±lVOW~-1)   J' 

m.    „  /A,)      .On     CnUAMgh       \* 

We  thus  get  an  oscillation  in  the  period  47tA/Ct?,  affected  by  an  exponential  factor. 
Hence  in  the  case  of  instability  the  axis  of  the  top  does  not  necessarily  deviate  far  from 
the  vertical.  This  deviation  will  be  slight  for  a  moderate  time  if  (4AIVLjA-C2«'-;  (''/'- 
is  very  small.  Obviously  however  the  disturbed  motion  does  not,  for  an  indefinitely 
small  disturbance,  coincide  with  the  undisturbed  motion,  which  is  the  condition  fulfilled 
by  the  so-called  stable  motion. 

When  the  axis  is  nearly  coincident  with  the  downward  vertical  the  equations  of 
motion  (1)  apply  with  change  of  the  —  sign  before  Mrjh  in  each  to  +.  We  have  then 
the  gyrostatic  pendulum,  in  which  both  motions  are  stable  without  rotation.  Thus  the 
roots  in  (6)  are  now  real  in  all  cases.    This  case  of  motion  is  discussed  in  20,  21 ,  VII,  below. 

It  will  be  observed  that  in  the  discussion  of  the  upright  top  given  above  the  two 
unstable  freedoms  which  we  have  without  rotation  are  stabilised  by  the  rotation. 

14.  Estimate  of  error  in  approocimation.  As  before,  we  can  form  an 
estimate  of  the  amount  of  error  involved  in  the  approximate  equations  found  above. 
If  t  be  the  difference  between  the  approximate  value  of  t  found  in  9  and  the  true  value, 


1 


_L 

{Z3~Z\)~ 

Hence,  if /denote  a  proper  fraction, 

'■^/(Cr-i)4-1]'' (1) 

where  1  is  the  true  value  of  the  time. 

It  will  lir  observed  that  this  result  shows  that  the  equations  are  entirely  inapplicable 
when  60  =  0,  for  then  :.  =  1. 

If  we  go  back  to  (1),  9,  we  see  that  the  coefficient  of  z,  when  that  of  z3  is  a,  is 
■2h-n--a.  Now,  since  Zo  =  l,  the  sum  of  the  products  of  the  roots  taken  two  and  two  is 
:.,(!+.-,)  +  .-,.     Thus  we  obtain 

;3  =  2^L_1 (2) 

3       a(l+z,) 


or 
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Now  :,  =  1  —  '-'"',  anil  so  \vc  have 


/<-//'-'     u(\  -  u') 

h  =  «(!-«')         ' 


I 


(3) 

Tims  T  =   I        /  (    ..,   .,       :    ,.         ')    -1 (I 

15.  Explanation  of  an  <t}>/><ir<iit  anomaly.  En  the  determination  of  ip  and 
v>  given  in  10  above  there  is,  apart  from  the  fact  that  the  value  of  u  employed  is  not 
■  \  ict,  neglect  of  the  term  u-  (1  +:„,)-(l  +  --)  in  1/(1  +z).  If  \bn  had  been  taken  instead  of 
/<//  (1  -r :)  for  u',  we  should  have  neglected  \bn(l—  z)/(l+z) ;  that  is  the  error  would  have 
been  greater  than  zero  and  less  than  \bnu'j{\  —  u').  As  it  is,  a  closer  approximation  has 
been  employed. 

It  will  have  been  noticed  that  the  difference  between  the  stable  and  unstable  cases 
consists  in  the  fact  that  the  difference  1—  zu  for  the  former,  diminishes  to  zero  with 
()0,  while  for  the  latter,  however  small  61,,  may  be,  1— Zj  never  falls  below  a  lower  limit 
greater  than  zero.  Thus  the  rosette  which  pictures  the  motion  of  the  axis  has  non- 
evanescent  loops  in  the  case  of  b-n-;a  —  2  <  0,  however  slight  the  disturbance  60  may  be. 

The  rosette  does  however  depend  on  the  value  of  bhi-/a-2,  and  if  this  is  numerically 
very  small,  the  rosette  will  be  very  small,  and  so  the  rosette  (arising  in  a  somewhat 
different  way),  which  we  shall  find  characterises  the  stable  case,  may  be  actually  larger 
than  that  for  the  unstable  case. 

Now,  as  has  been  pointed  out  by  Klein  [Bull.  Amer.  Math.  Society,  3,  1897],  the  method 
of  small  oscillations,  illustrated  in  12,  does  not  give  this  apparent  contradiction  of 
instability  attended  by  the  small  rosette.  He  shows  however  that  the  complete  integral 
for  t  includes  terms  which  it  is  legitimate  to  neglect  when  bhi2-2a  is  great,  but  which 
are  comparable  with  b-a--'la  when  this  is  small. 

16.  Stable  cases  of  motion  of  upright  top. — We  now  consider  the 
"stable"  cases  of  the  upright  top  under  the  condition  that  the  disturbance 
From  the  vertical  is  negligibly  small.  As  already  remarked,  these  differ 
from  the  unstable  case,  notably  in  this,  that  the  deviation  of  the  axis  from 
the  vertical  is  always  exceedingly  small  when  the  disturbing  angular  speed 
is  so:  while  in  the  unstable  case  the  deviation  has  the  value  2  —  //-'//'-'  a  for- 
th/ least  disttvrbance,  and  a  still  greater  value  when  60  is  sensibly  greater 
than  zero.  The  magnitude  of  2  —  ii-n-  a  depends  only  on  the  ratio  of 
l>'ii-  to  a. 

Taking  then  (90  as  small,  we  obtain  from  (3),  4, 

e\\+z)+bhi*(l-z)-a{l--z*)=e*(l+z),  (1> 

or,  as  we  may  write  it, 

#+&2n2tan2!0-2asin540=eo2 (2) 

Since  tf  is  very  small  we  can  deduce  from  the  last  equation  the  relation 

0+4(B*fr*-2a)0«O;  (3) 

and     we    have    seen    in    ti    that     in    the    stable    eases    &2712  =  2<Z.       Thus,    if 

'.-/'-'  —  -la  >  0,  we  have 

0=L,sin  }(Pns-2a)*t  +  l4C08}(Pns-2a)*f (4). 
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If  we  suppose  that  0  =  0  when  ^  =  0,  this  becomes 

Q  =  LlH\nh(b2n2-2a)h-t (5) 

The  period  of  variation  of  0  is  thus  real,  and  of  value  4?Trl(b2n2  +  |  2a  |  )~,  or 
4nr/(bzn2  —  2a)  ,  according  as  a  is  negative  or  positive.  The  value  of  Lx  is 
given  by  L,  =  20o/(62n2  -  2a)*. 

In  the  present  case  we  have  also  (since  the  axis  passes  through  the  vertical) 

*-h,*3_*rj__i4.(1+i=f) (6) 

Thus,  subject  to  an  error  of  amount 

i  _* 
dt 


M\ 


+  z     ■ 
the  angle  \fs,  turned  through  in  time  t  from  the  instant  t  =  0,  is  given  by 

\f,=  lbn1 (7) 

The  orthogonal   projection  of  the  path  on   a   horizontal  plane  has  the 

equations  .r  =  0cos^,     y  =  Bsm^, (8) 

or  .r  =  L1sin  \(bhi2  —  2a)-£cos  \bnt,  \  ,„, 

y  ^sin  h(b2n- -2af-t  sin  VjntJ 

where  the  origin  of  coordinates  is  the  projection  of  the  upper  pole  of  the 
sphere. 

17.    Azimuthal  turning.     The  angle  \f/  turned  through  in  half  a  period  is 

bn 

(6V2+|2a|)*' 
where  the  upper  or  the  lower  sign  is  to  be  taken  according  as  a  is  negative 
or  positive.  It  is  thus  less  than  ir  in  the  former  case,  and  greater  than 
■k  in  the  latter.  But  it  will  be  seen  [from  (5)  or  (9)]  that  the  half-period  is 
the  interval  of  time  between  two  successive  passages  of  the  axis  through 
the  vertical  position.  At  an  instant  of  vertical  passage  the  axis  is  moving 
along  an  arc  of  a  meridian,  and  the  angle  between  the  meridian  of  one 
passage  and  that  of  the  next  (the  difference  of  "  longitude  ")  is 

-In,  (lrn-±  'la  )h  (that  is  <  tt  or  >  tt) 
according  as  n  is  negative  or  positive.  It  is  most  carefully  to  be  observed 
that  this  is  the  angle  at  the  pole  between  the  line  along  which  the  axis 
leaves  the  pole  and  the  line  along  which  it  returns;  in  other  words,  this 
angle  is  the  supplement  of  that  between  the  directions  in  which  the  axis 
Leaves  the  pole  at  the  beginning  and  end  of  the  interval  <>f  time  specified. 
It  is  the  angle  through  which  the  plane  through  the  vertical  and  the  axis 
of  the  top  swings  round  in  the  interval.  This  plane  is  to  be  regarded  also 
as  swinging  round  through  the  angle  tv  at  the  instant  of  the  passage  of  the 
axis  through  the  vertical  [see  19  below]. 
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The  intermediate  case  is  that  in  which  2a  is  zero,  that  is  when  the  top  is 
acted  on  by  no  Eorccs.  or  has  a  value  of  b-u'1  infinitely  great  in  comparison 
with  '2<i.  The  axis  in  that  case  describes  and  redescribes  a  cone  about  a 
mean  position. 

An  extreme  case  of  stability  which  may  be  noticed  is  that  in  which  a  is 
negative  and  lot  zero,  and  the  axis  of  the  top  is  in  the  downward  vertical 
direction.  We  have  then  yV  =  (),  and  - 2a  =  4M/////M (//-  +  /,■- )  =  4>gjl,  where 
/  is  the  length  of  the  equivalent  simple  pendulum.  If  the  axis  is  slightly 
disturbed  from  the  vertical  the  equation  of  motion  is 

0+fe=o, 

the  equation  of  the  ordinary  pendulum  vibrating  in  period  2Tr(l/g) * 

18.  Stable  motion  between  two  close  limiting  circles  near  pole.  Finally 
we  consider  the  case  of  motion  between  two  close  limiting  circles  very  near  the  vertical. 
Wt  shall  suppose  the  top  to  have  been  started  with  a.m.  about  an  axis  nearly  coinci- 
dent with  the  axis  of  figure,  so  that  the  precessional  motion  is  slow.  In  this  case, 
as  we  have  seen,  l>-n-  must  be  very  great  in  comparison  with  2n.  Let  u  be  the  distance  of 
the  circle  in  which  the  axis  is  at  any  instant  from  the  circle  midway  between  the 
two  limiting  circles.  For  the  mean  circle  we  shall  suppose  the  value  of  z  to  be  z,»,  and 
take  the  distance  between  the  two  limiting  circles  as  2v! .  The  root  z3  is  here  very  great, 
and  as  the  limiting  circles  are  near  the  pole  z3  —  zm,  H~z\i  z3~zi  are  aH  very  nearly  equal 
to  :,-!.     We  have,  by  (2),  10,  V, 

z*=(a-az)(l-z*)-(l3-bnz)*,  (1) 

and  the  limiting  circles  are  determined  by  the  equation 

(a-az)(l-z*)-(l3-bnz)2=0 (2) 

The  coefficient  of  -  in  this  equation  is  2f3fm-a.     Hence,  if  z3,  z2,  zx  be  the  roots,  we  have 

.               2  film  —  a 
h\z2+zv+ziz2= —  ' 

or  approximately  °(*3  —  i)=(Sbn  -  2a  =  b-n--  2a (3) 

The  period  of  oscillation  between  the  circles  is  therefore  [see  2  above] 

2irj{a (z3 -\)}h~  =  2ir/(02»2 -  2a)*, 

"'■;illv'  and  we  have  z=zm+u'sm(bW-2a)k,  (4) 

or,  to  a  less  close  approximation,       z=zm+ vl sin  hut (5) 

It  will  be  observed  that  the  period  here  obtained  is  half  of  the  period  for  the  case  of 
Stable  motion  through  the  pole.  This  is  as  it  should  be,  for  in  the  present  case  the 
period  i-  the  interval  between  the  two  successive  intersect  ions  of  either  circle  by  the  axis, 
while  in  the  case  of  motion  through  the  pole  the  half-period  is  the  time  of  passage  from 
the  limiting  circle,  through  the  pole,  to  the  circle  again.  The  second  circle  has  coalesced 
with  the  pole,  and  this  half-period  therefore  corresponds  to  the  whole  period  in  the 
other  case. 

We  have  now  to  consider  the  precessional  motion.     We  have 

Y      l-z* 
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As  the  axis,  though  always  near  the  vertical,  does  not  actually  pass  through  it,  we  cannot 
put  fi  =  bn  with  exactness,  and  so  we  wTrite  the  equation  in  the  form 


,-     1  fi-bn    1  P+bn 

Y     2     1-2 " 


Since 
we  get 


I 


1 


2     1+2 

to 


=  fi  +  ^2,  say (6) 


I 


0] 


i+z    \+zm   (\  +  ZmyT(\+Zmy  ]+: 

i  ^1  ;8+&ro    1    p  +  bn 

V-     2   \+zm     2(l  +  zmf    

/       1  3  + 1»>     1    P  +  bn      ,  ■ 


(7) 

1  +  :,,,      2(T+^~  (8) 

nearly,  where  now  m  —  (b2ri2  —  2a)-.    The  angle  i/r  turned  through  in  time  i  by  the  vertical 
plane  through  the  axis  of  the  top  is  made  up  of  two  parts  \//,,  ■&,,,  of  which  the  second  is 

given  by  ,       1  B+bn  .  .    1     B+bn 


I    _1  3  +  bn         1 
Y*     2   1 +2,,/ +  2^(1+^)2 

1  /7i-^^_V 


For  f,  we  have        ^  =  1 J  &  -^  tf*  =  ^(/3  -  6n)  /  ^ 


?t'cosm^. 
dt 


//sin  mi 

Since  the  axis  does  not  pass  through  the  pole  1  -  zm  >  u',  and  so  we  can  write 

dt  1/3-  &«  /'        <ft 


,      l  /3-&» 
^1  =  2  \=i 


1  -2 


-  sin  ?m£ 


"2   1 


-    - 
Jl- 


/■sin  ///< 


where  £  <  1.     By  using  the  substitution  w=t&n^mt,  we  get  easily 

3  -  bn  .     w  -  k 


Vv 


Tli us  we  get  finally 

p-bn 


<A  = 


m{(l-zmf 

w  —  k 


u'^ 


tan 


-i 


(l-k^ 


...(9) 
.(10) 

•  (11) 
.(12) 


m{(I-zmy-u'*}* 


tan-1 


1  p  +  bii     ,    1     /3  +  ?>« 


1_F^  +  2  l+2«^  +  2m(l+2m) 


(1-0) 


it'  cosmt (13) 


19.   Extension  of  case  of  18  to  that  in   which  axis  passes  infinitely 
near  pole.     It  is  interesting  to  consider  how  this  investigation  ran  be  extended  to  the 

case  in  which  the  axis  passes  through  (or, 

as  we  shall  say,  infinitely  near)  the  pole. 
Here  1—  zm  =  u'+e,  where  e  is  small  com- 
pared with  v\  which  in  its  turn  we  shall 
regard  as  small  compared  with  1.  The 
analytical  discussion  requires  very  great 
care  ;  but  what  happens  is  easily  made 
out  by  a  consideration  of  the  geometry  of 
the  motion.  Let  the  large  circle  in  the 
diagram  (drawn  for  the  case  of  it  <  0)  be 
the  lower  limiting  circle  (z  =  zl),  and  let  the 
upper  lie  shrunk  down  to  an  exceedingly 
small  circle  c,  corresponding  to  z=l—  e,  and 
therefore  of  radius  (2e)».  It  will  be  seen 
that  it'  60  be  the  rate  at  which  ^  is  increas- 
ing at  a  point   A  at  a  distance  from  C  large 

compared  with  c,  but  still  comparatively  far 

from  the  lower  circle,  the  value  of  -J  at  the 
small  circle,  where  it  is  touched  by  the  axis  in  passing,  is  approximately  H„  (2e  -.  It  is 
obvious  that  0O  must,  since  t)  changes  very  slowly  near  the  pole,  lie  very  approximately 
the  value  of  ()  when  the  axis  is  passing  the  pole. 


Pio.  28. 
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N..w  when  the  azia  actually  passes  through  the  pole  \j,  loses  its  meaning,  but  wears 
led  by  the  foregoing  to  regard  it  as  becoming  infinite  just  at  the  pole  by  the  vanishing 
of  2«,  By  this  mode  of  considering  the  matter  we  take  $  as  </  (2e) ",  ami  so  regard  the 
pole  as  an  infinitely  small  limiting  circle  at  which  there  is  no  6,  since  that  is  replaced 
by  the  term  in  \j/.  In  the  clement  of  time  bisected  by  the  instant  at  which  the  axis 
passes  the  pole,  the  value  of  \  changes  abruptly  by  -. 

It  will  l'c  observed  that  the  introduction  <>f  this  value  of  i/r  does  not  conflict  with  the 
condition  if(\-z-)  =  f3-l»i:. 

For  J  t\,  (-2c)- =  ti,t  6,  and  therefore  \p(l—z2)=608,  which  is  vanishingly  small  when  t)  is. 
Thus  Ml  >  Still  vanishes  as  the  upper  circle  is  shrunk  infinitely  near  to  zero,  and 
bo  is  consistent  with  the  vanishing  of  B—bnz,  when  i  becomes  1. 

We  have  now  to  inquire  whether  this  discontinuity  in  the  value  of  \p,  as  the  axis 
passes  the  vertical,  is  given  by  the  expression  found  above  for  V'l  +  ^a-  It  is  clear  that 
no  discontinuity  is  given  by  \j/.:.     It  remains  to  examine  y\rx.     We  have 

,       l          B-l")  .    w-k 

Yl  = t  tan    ' 


=  —   r  La  1 1  — j, 

where  k2  =  «"-'  (1  -  :,„)'-'.  Now  k  =  u'j(\  -  zm)  =  u  (u'  +  e),  and  so  as  the  upper  limiting  circle 
is  shrunk  down  more  and  more  to  zero,  radius  1  —  k2  approaches  more  nearly  to  zero,  and 
( /'•  -  /•)  (1  -  k2)  to  x  .  But  t  is  reckoned  from  the  circle  zm,  and  when  the  vertical  is  reached 
we  have  by  (4),  18,  t  =  \ir:im,  and  w=tan  hnt  =  t&n  \ir  =  \.  When  t  increases  beyond 
this  value  w— k  changes  sign  from  negative  to  positive.  Thus  (w  —  k)/(l—  k2)*  springs 
at  once  from  —  x  to  +x.  But  when  w  is  infinitely  near  to  1,  (w  —  k)/(l  —  k2)*  is 
[(]  —k)  (l+£)J-,or  zero.  Hence  the  sudden  change  of  (w  —  k)/(l  —  k2)*  from  -  x  to  +x 
is  through  the  value  zero,  that  is  tan-1{(w  -k)/(l  —k3)*}  changes  suddenly  by  the  angle  tt. 

20.  Interpretation  of  discontinuity  in  &  at  pole.  To  complete  the  identifi- 
cation of  this  sudden  change  of  i^  with  that  reckoned  above  from  elementary  considera- 
tions, we  have  to  show  that  the  coefficient 

B-bn 
m{0-zmy-u'2fi 
has  the  value  1.     First  we  consider  the  numerator.     We  have 

B-bn  =  ip{l-z2)-bn(l-z) 

=  {<P(l+z)-bn\e, 

where  £=1-;,  which    in    the   limit    is   very   small.      Now   we  have  seen   that    if   Wn  lie  the 

rate  of  variation  of  6  near  the  pole  we  have  \p  =  6tl  H.     Thus 

B-bn={^{l+z)-bny 
But  for  the  lower  limiting  circle  defined  by  :,(and  corresponding  to  #,)  we  have  by(l),  16, 

Bincebn  is  great  in  comparison  with  a.     Thus 

bnd,     ^,(1+-,), 

and  t berefore  d0    bnd^      —  • 

Thus  we  find 

\  ei  y  nearly. 
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Next,  consider  the  denominator,  remembering  that  m  =  bn,  approximately.     We  have 

bn{(l-zmyi-urf=bn{l-zm-zm(l-zm)-u'^l  =  bn{u'+e-zm(u'+€)-u'*}l. 

Since  1  —  zm=u'+e,  the  last  expression  can  be  written 

bn{(u'  +  ef  -  u'2fi  =  Im (2tt'c)* 

which  is  the  value  obtained  above  for  the  numerator.  In  the  limit  therefore  the 
coefficient  is  unity. 

The  angle  ^  tinned  through  by  the  vertical  plane  through  the  axis  of  the  top,  in 

;i  passage  from  the  lower  circle  past  the  vertical  to  the  lower  circle,  and  hack  again  past 
the  vertical,  is  from  the  point  of  view  just  presented  (that  of  just  grazing  an  infinitely 
small  circle  surrounding  the  pole)  made  up  of  2tt  given  by  two  discontinuities  in  \lx  and 

the  angle 

1  (3  +  bn  Air 


ft 


2   1  +  z,„    m 


with  approximately  1  +  zm  =  2,  /3  =  lm,  m=(b2n2  —  2a)*.     Thus  we  may  write 

The  whole  angle  turned  through  is  therefore  -iir  +  2~<<  h-ir.  The  change  of  azimuth 
of  the  vertical  plane  through  the  centre  of  the  infinitely  small  circle,  corresponding  to 
the  passage  of  the  axis  from  the  small  circle  to  the  lower  circle,  and  back  again  to  the 
small  circle,  is  therefore  2ir  +  7iu;b'~n2,  which,  whether  a  >  or  <  0,  agrees  with  the  diagram 
for  the  stable  cases  given  in  Fig.  28.  The  angle  between  the  directions  of  two  successive 
lines  of  leaving  the  small  circle  is  ira  b2n2. 

Note.— In  addition  to  the  diagrams  of  path  given  from  time  to  time  in  the  foregoing 
chapters,  other  possible  curves  will  be  included  in  the  chapter  on  Methods  of  Calculation 
and  Quadrature. 


CHAPTER   VII 

GYROSTATS  AND   VARIOUS   PHYSICAL   APPLICATIONS  OF 

GYROSTATS 

1.  (I'l/rosfatM.  Before  proceeding  further  with  the  more  abstract  theory 
of  a  top.  it  will  be  useful  perhaps  to  give  an  account  of  gyrostats  and  of 
-"Hie  of  their  applications.  The  theory  of  a  gyrostat  differs  from  that  of 
an  ordinary  symmetrical  top,  inasmuch  as  the  motion  of  the  case  or  frame 
which  encloses  the  flywheel  of  the  gyrostat  must  be  taken  into  account. 


Fro.  29(o> 


Pro.  '.".>('<)■ 


Some  different  forms  of  gyrostat  are  here  pictured  [Fig.  29].  The  nearly 
enclosing  cast-  of  the  Kelvin  gyrostat  [Fig.  '29(a)]  was  designed  rather  to 
surest  the  idea  of  a  bodv  which,  though  identical  in  outward  form  with 
other  bodies,  has  yet  peculiar  properties  which  are  only  to  be  explained  by 
motions  of  internal  parts,  the  existence  of  which  is  inferred  from  a  study 
of  the  body's  dynamical  behaviour. 

Fig.  29  (b)  shows  one  of  Dr.  J.  <  1.  Gray's  motor  gyrostats,  supported  on  a 
skate.  The  flywheel  is  the  rotor  of  a  continuous  current  electric  motor, 
which  can  be  driven  from  an  ordinary  electric  light  circuit. 
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Fig.  30,  (a  )  and  (6),  shows  an  effective  form  of  gyrostat,  easily  constructed 
by  utilising  a  bicycle  wheel  on  its  ball  bearings,  as  recommended  by 
Sir  George  Greenhill.  In  diagram  (a)  the  wheel  is  shown  supported  at 
one  end  of  the  axle,  which  rests  in  a  cup.  In  experiments  with  such  a 
wheel  it  is  advisable,  for  safety,  always  to  employ  some  form  of  universal 
joint,  e.g.  the  altazimuth  suspension  shown  in  (6). 


Fig.  30  0'). 


FIG.  30(6). 


It  has  been  shown  in  2,  V,  above,  how  the  inertia  of  the  case  is  taken 
account  of  when  the  axis  of  the  flywheel  may  be  taken  as  also  the  axis  of 
symmetry  of  the  whole  instrument.  Thus  equations  (1)  to  (9)  of  1,  V, 
contain  the  elements  of  the  mathematical  theory  of  the  subject. 

We  shall  now  consider  various  examples,  in  the  main  such  as  fulfil,  or 
nearly  fulfil,  the  condition  that  the  instrument  is  supported  at  a  point 
situated  on  the  axis  of  symmetry.  We  repeat  here,  as  the  equation  mainly 
to  be  employed  (when  a  point  O  of  the  axis  is  fixed), 

A6>  +  (C7i  +  C'Wl-A^cos0)V>sin0  =  K,  (1) 

where  C  is  the  moment  of  inertia  and  wx  the  angular  .speed  of  the  case 
about  the  axis  of  symmetry,  while  K  is  the  couple  applied  about  the  axis 
through  the  point  of  support,  round  which  the  rate  of  turning  is  6.  This 
axis  is  at  right  angles  at  once  to  the  axis  of  symmetry  and  to  the  vertical 
(or  what  corresponds  to  the  vertical  if  the  couple  G  is  not  supplied  by 
gravity).  A  is  the  moment  of  inertia  of  the  whole  instrument  about  this 
axis,  or  about  any  other  transverse  axis  through  the  point  of  support. 

Along  with  (1)  goes  the  equation 

Ax/;  sin  6  -  (Cw+  Cwj  -  2  Axis  cos  6)  6  =  L,  (2) 

for  the  axis  (  )K  at  right  angles  to  ()<  '  and  (  )D. 

If  we  do  not  suppose  the  top  or  gyrostat  supported  on  a  fixed  point.  A  is 
the  moment  of  inertia  about  a  transverse  axis  through  the  centroid,  G,  while 
the  turnings  and  couples  in  (1)  and  (2)  now  refer  to  axes  through  (J  parallel 
to  those  already  specified.  But  in  this  case  we  have  to  introduce  equations 
for  the  motion  of  the  centroid.     These  have  the  form, 

M.,=X.     M//  =  Y,     M:  =  Z,  (3) 
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where  x,  y,  :  are  the  ( lartesian  coordinates  of  the  centroid,  and  X,  Y,  Z  are 
the  total  applied  Eorces  (friction  included  if  there  is  any)  along  the  axes. 
[n  the  important  rase  in  which  the  point  0  on  the  axis  is  fixed,  the,  values 
of  X.  Y.  Z  arc  gh vn  in  (3),  I.  V,  for  axes  there  specified.  The  present  Z  is 
however  equal  to  the  former  Z— M.g. 

2.  Reaction  of  a  top  or  gyrostat  on  its  support.  We  now  consider  the 
reaction  of  a  top  or  gyrostal  on  its  support.     First  we  shall  suppose  the  top 

to  be  supported  at  a  fixed  point  on  its  axis  of  figure. 

We  refer  the  motion  to  a  vertical  axis  Oz,  and  two  horizontal  axes,  one, 
(•'.coincident  with  OD,  the  other,  ()//,  coincident  with  the  horizontal  pro- 
jection of  OE.  The  components  of  momentum  in  the  directions  of  the  axes 
of  x  and  y  are  respectively  MAi^sin0  and  — MA0cos0,  while  that  along 
the  upward  vertical  is  —  M//r)sin6). 

The  rate  of  production  of  momentum  in  the  direction  of  the  axis  of  x  is 
M/mV  sin  0  +  MA\//-r)cos  0,  from  differentiation  of  M.h\js&m6,  together  with 
M.h\jrdcos&  arising  from  the  motion  of  the  axes.  The  rates  of  production 
of  momentum  for  the  directions  Oy,  Oz  are 

_  M^e'cose  +  M/i^sin  0+Mfo/r2sin  0,     -MZi0sin0-M/i02cos0 

respectively.  The  latter  comes  entirely  from  differentiation  of  —  M/i,0sin0} 
since  the  axes  ( ).r.  Oy  remain  horizontal;  the  first  two  terms  of  the  former 
axe  derived  from  —  MA.0COS0,  the  third  arises  from  motion  of  the  axis  Ox. 

If  —(X.  Y.  Z)  be  the  components  of  the  reaction  on  the  support  for 
axes  <  >('•.  y,  : ).  as  specified  above,  we  have,  as  in  (3),  1,  V, 

X  =  M  h  I  (j,  sin  6  +  L\V0  cos  0),     Y  =  -  M/i  ( 0  cos  6  -  0-sin  0  -  y/2sin  0), 

Z=M(^-^0sin0-^02cos0). 
We  next  take  a  gyrostat  resting  on  the  rim  which  surrounds  its  case,  as 
in  Fig.  29(a),  while  the  axis  of  figure  is  inclined  at  the  angle  6  to  the 
vertical.  If  a  be  the  distance  of  the  point  of  support  from  the  centroid, 
the  centre  we  suppose  of  the  flywheel,  the  equations  just  found  apply,  pro- 
vided a  and  \ir  —  0  be  substituted  for  h  and  0,  and  the  sign  of  Y  be  reversed. 
M  includes  the  mass  of  the  case  as  well  as  that  of  the  flywheel. 

About  G#,  drawn  from  the  centroid  <1  parallel  to  OD,  the  total  moment  of  forces  for 
Bteadj  motion  (x//  =  /i)  is  —  Ma(</  + //.'-'»/  sin  9)gcoad.  If  A  be  the  total  moment  of  inertia 
about  a  transverse  through  <J  t<>  the  flywheel  axis,  the  a.m.  about  Gx  grows  at  rate 
(I        A./* cos  0)fj. sin  6.     Hence  we  get  the  quadratic  for  /x, 

(  A     M </'-')  sin  #cos  6 .  //.-'  —  Cm  sin  0 .  \>.  -  M.ga  coa  f'- 0. 

3.  TJu  8erson-Fleuriai8  top  for  giving  an  artificial  horizon  at  sea. 

The  following  is  a  quotation  from  an  article  in  the  Gentleman's  Magazim 
Eor  L754:  "Eleven  or  twelve  years  ago  Mr.  Serson.an  ingenious  mechanick, 
took  a  hint  from  the  property  of  ;i  top  set  a  spinning,  that  the  axis  of  its 
rotation  affects  a  vertical  position,  and  got  a  kind  of  top  made,  whose  upper 
BUrface  perpendicular  to  the  axe  was  a  circular  plate  of  polished  metal  :  and 
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found,  as  he  had  expected,  that  when  this  top  was  briskly  set  in  motion,  its 
plain  surface  would  soon  become  horizontal ;  that  all  objects  at  rest,  and 
reflected  by  that  surface  to  an  eye  also  at  rest,  did  appear  entirely  without 
motion  ;  and  that  if  the  whirling  plane  were  disturbed  from  its  horizontal 
position,  it  would  soon  recover  it  again,  and  preserve  it  unless  disturbed 
anew,  or  that  its  velocity  was  too  far  diminished." 

Obviously  this  device  contained  a  solution  of  the  problem  of  finding  a 
satisfactory  horizon  for  use  in  sextant  observations  at  sea,  when  there  was 
fog  round  the  sea  horizon,  and  with  the  aid  of  George  Graham,  F.R.S.,  the 
celebrated  instrument  maker,  it  was  realised  as  a  kind  of  top  spun  in  the 
ordinary  way  by  quickly  unwinding  a  band  from  an  axle  surrounding 
the  axis  of  figure.  At  first  the  Admiralty  declined  to  try  the  instrument, 
but  ultimately  it  was  tried  on  board  an  Admiralty  yacht  at  the  Xore  in 
1743,  and  favourably  reported  upon.  Air.  Serson  was  sent  by  the  Admiralty 
to  sea  in  the  Victory  a  little  later  to  test  a  new  instrument,  but  the  ship 
was  lost  with  all  on  board.  Mr.  Graham  then  had  one  made,  and  "used 
frequently  to  express  great  indignation  at  the  unaccountable  disregard  of 
so  promising  a  discovery,  having  himself  made  many  tryals  of  its  pro- 
perties."    [Loc.  cit.  supra.     See  also  Short,  Phil.  Trans.  47,  1751-2.] 

It  may  be  stated  here  that  a  common  level,  or  a  pendulum,  is  of  no  use 
for  giving  a  horizontal  or  vertical  direction  on  a  body,  like  a  quickly  moving 
boat  or  aeroplane,  which  is  constantly  undergoing  varying  acceleration. 

Serson 's  device  has  been  revived  (or  independently  invented)  in  France 
within  the  last  twenty  or  thirty  years,  and  is  more  or  less  in  use  in  the 

French  navy  in  the  improved 
form  given  to  it  by  Admiral 
Fleuriais  [Fig.  31].  As  will  be 
seen  from  the  figure,  it  is  simply 
a  small  top  with,  as  shown  in 
the  diagram,  a  certain  amount 
of  gravitational  stability.  M  is 
about  175  grammes,  and  Mgh 
is  made  at  Least  1 7"5  grammes. 
[The  value  of  C  for  a  trial 
instrument  tested  in  1887  was 
400  gramme-centimetre  units.] 
The  drive  is  an  air-blast  acting  on  "bucket"  depressions  round  the  edge  of 
the  wheel:  the  speed  is  run  up  to  about  80  turns  per  second  before  an 
observation,  and  the  blast  is  then  shut  off"  and  the  air  pump  reversed  so  as 
to  exhaust  the  chamber  in  which  the  top  spins.  The  speed  falls  to  about 
60  turns  per  second  during  an  observation. 

The  upper  circular  plane  face  forms  a  table  which  carries  at  the  extremities 
of  a  diameter  two  equal  plano-convex  lenses,  L,  L'  as  shown,  with  their 
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plane  faces  turned  towards  one  another,  and  at  right  angles  to  the  diameter. 

The  distance  between  these  faces  is  the  focal  leim-th  of  either  lens,  and  a 
datum-line  is  drawn  on  each  parallel  to  the  table  and  through  the  axis  of 
the  lens  arrangement. 

The  diagram  sufficiently  explains  the  use  of  the  instrument  for  sextant 
observations.  As  will  he  seen  from  the  diagram,  it  is  carried  by  the 
sextant  behind  the  small  mirror  into  which  the  telescope  looks.  Kays  from 
the  mark  on  one  of  the  lenses  are  rendered  parallel  by  the  other  lens,  and 
are  then  received  by  the  telescope  of  the  sextant,  together  with  rays  from 
the  distant  object  brought  into  parallelism  with  the  beam  from  the  lenses 
by  two  reflections  from  the  mirrors  in  the  usual  way.  A  distinct  image 
is  obtained  notwithstanding  the  spin  in  consequence  of  the  persistence 
of  impressions  on  the  retina.  To  get  good  results  requires  considerable 
practice. 

The  spin  and  moment  of  inertia  of  the  top  about  its  axis  are  both  so 
great  that  any  precessional  motion  caused  by  disturbances  is  of  very  long 
period.  The  precession,  in  fact,  is  so  slow  that  successive  disturbances  due 
to  rolling  or  pitching  of  the  ship  have  time  to  annul  one  another  for  all 
practical  purposes. 

In  most  descriptions  of  the  action  of  this  instrument  which  have  been 
given  it  is  said  to  be  subject  to  an  inclinational  error,  T  cos  1/H6 160  (where  T 
is  the  precessional  period  of  the  top  and  I  the  latitude),  due  to  the  earth's 
rotation.  This  holds  for  a  gyrostatic  pendulum  hung  from  a  universal  joint 
« >r  b  >r  (the  impossible)  case  of  a  top  supported  by  a  frictionless  peg.  In  such 
a  case  let  the  ship  be  in  latitude  /,  the  angular  speed  w  of  the  earth  may  be 
resolved  into  two  components,  w  sin  I  about  the  vertical  and  a)Cos£  about 
the  northward  horizontal  at  the  place.  As  the  axis  of  spin  of  the  top  is 
very  nearly  vertical  the  former  component  is  of  little  consequence,  j>r<>- 
vided  M'jh  is  large  in  comparison  with  Cnwsinl.  [See  6  below.]  The 
latter,  however,  if  the  spin  //  of  the  top  is  counter-clockwise,  is  producing 
LM.  about  an  eastward  horizontal  line  at  rate  Ctlcocoal.  As  there  is  no 
externally  applied  couple  about  this  eastward  line,  the  top  turns  in  the 
direction  to  neutralise  this  rate  of  growth  of  a.m.,  that  is  the  upper  end  of 
the  axis  turns  tow  aids  the  north,  and,  after  a  little  oscillation,  relative 
equilibrium  ensues  when  the  gravitational  stability  gives  the  couple 
requisite  for  the  steady  production  of  a.m.  at  rate  Cnoocosl.  The  apparent 
upward  vertical  is  then  north  of  the  true  vertical,  by  an  angle  f)  given  by 

( kruocos  I  =  Mgh  sin  0,   i  l  i 

where  l, .  the  distance  of  the  centroid  hr/mr  the  point  of  support,  is  taken 
positive.      The  true  latitude  is  thus  south  of  the  apparent    latitude  as  given 

by  observations  made  with  this  artificial  horizon.  Since  T  =  2— Cn  WLgh 
approximately  the  inclinational  error  is  as  stated  above. 
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But  in  the  case  of  the  Serson-Fleuriais  level  the  vertical  is  defined  by  the 
interaction  of  the  peg  and  its  supporting  cup.  If  the  top  becomes  slightly 
inclined  to  the  vertical  an  erecting  couple  of  moment  L,  depending  on  the 
design  of  the  peg  and  cup,  the  spin  and  the  weight  of  the  top,  comes  into 
play,  and  the  top  erects  itself  in  accordance  with  the  equation 

L 


-0--= 


Cn 


where  f)  is  the  tilt  from  the  upward  vertical.     If 

L       £  cos  6 

there  is  no  error  due  to  the  earth's  rotation. 

An  exact  theory  of  the  inclinational  effect  of  the  earth's  rotation  is  given 
in  (i)  below  for  a  case  in  which  it  has  full  play,  that  of  Gilbert's  bary- 
gyroscope,  which  is  supported  on  two  knife-edges  in  a  line  through  the 
centre  of  the  flywheel.     The  theory  of  erection  will  be  given  later. 

4.  \Gyrostatie  observation   of  the   rotation   of  the  earth.     Foucault's 

methods.  The  famous  French  experi- 
mentalist, Leon  Foucault,*  suggested  two 
ways  bf  determining  the  rotation  of 
the  earth.  One  was  observation  of  the 
apparent  turning  of  the  plane  of  vibration 
(if  a  long  pendulum,  suspended  so  as  to  be 
as  nearly  as  possible  free  from  any  con- 
straint due  to  the  attachment  of  the  pen- 
dulum  wire  to  its  fixed  support;  This 
classical  experiment  was  carried  out  with 
fair  success  at  the  Pantheon  at  Paris,  and 
was  repeated  under  the  domes  of  the 
cathedrals  of  Amiens  and  Rheims. 

Foucault's  other  method  was  based  on 
the  fact  that  a  gyrostat,  if  mounted 
properly,  retains  unaltered  the  direction 
of  the  spin-axis  when  the  supports  are 
turned  round.  Take.  For  example,  the 
pedestal  gyrostat  of  Fig.  32.  The  flywheel 
is  within  the  frame  there  shown  as  carried 
by  a  vertical  rod,  which  swivels  in  a 
vertical  socket  projecting  upward  from 
the  supporting  stand.  Rods  with  arrow-points  are  attached,  to  be  set  to 
represent  the  spin  axis,  the  couple  axis,  and  the  direction  of  rotation.     If 

*  ( 'oni/i/i  -•  rendua,  •'>.">  ( 1852), 
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tin'  spinning  gyrostat  has  its  siiin  axis  in  any  chosen  direction,  and  tin- 
supporting  stand  is  turned  round,  a  Eriction  couple  of  some  little  magni- 
tude is  applied  to  the  vertical  rod;  nevertheless,  the  direction  of  the 
spin-axis  is  m it  altered  perceptibly.  Yet  the  Eriction  couple  is  sufficient 
to  carry  the  gyrostal  round  with  the  stand  when  there  is  no  spin.  The 
Bpin  results  in  a  great  increase  of  virtual  inertia  Eor  turning  displacements, 
as  we  shall  see  quantitatively  in  one  of  the  arrangements  described  below 
in  the  present  chapter. 

It  is  to  he  understood  that  when  there  is  no  weight  hung  on  the  gyrostat 
case,  the  axes  XX'.  YY',  ZZ'  intersect  at  the  common  centre  of  gravity  of 
the  flywheel  and  case,  and  that  there  is  no  friction  couple  about  any  of 
these  axes. 

When  the  axis  of  spin  of  the  pedestal  gyrostat  is  adjusted  to  be  accurately 
horizontal,  and  to  point  north,  the  horizontal  component  of  the  earth's 
angular  velocity  will  have  no  gyrostatic  effect,  and  the  vertical  component 
will  merely  turn  the  base  piece  round,  and  enable  the  earth's  rotation  to  be 
seen  from  the  changed  azimuth  of  a  mark  on  the  base.  Such  a  mark  will, 
since  the  angular  speed  about  the  vertical  in  latitude  ',  is  tosinZ,  make  a 
complete  revolution  about  the  vertical  in  (1  sidereal  day)/sin£. 

Under  the  conditions  stated  the  axis  of  spin  of  the  gyrostat,  whatever 
its  original  direction,  would  preserve  its  direction  in  space  as  long  as  the 
flywheel  was  kept  in  rotation.  In  5  the  effect  of  non-fulfilment  of  these- 
conditions  in  certain  respects  will  be  considered. 

5.   Gyrostatic  1><iI<ih<-<  and  gyrostatic  dipping  needle.     Lord  Kelvin's 

methods.  At  the  British  Association  meetings  at  Southport  and  Montreal, 
in  1883  and  1884,  Lord  Kelvin  suggested  methods  of  demonstrating  the  earth's 
rotation,  and  of  constructing  a  gyrostatic  compass.  One  of  these  had  refer- 
ence to  the  component  of  rotation  about  the  vertical,  the  component  in  fact 
demonstrated  by  the  Foucault  pendulum  experiment.  If  w  be  the  resultant 
angular  speed,  the  component  about  the  vertical  at  any  place  in  latitude  I  is 
oosinl,  while  the  companion  component  about  the  horizontal  there  is  wcosZ. 
Thus  at  London  the  component  about  the  vertical  is  ()-78  of  w,  and  the 
period  of  rotation  about  the  vertical  is  about  3077  hours  of  sidereal  time. 
(One  sidereal  day  =  si;, 160  seconds,  nearly.) 

Lord  Kelvin's  method  of  measuring  wsinZ  consists  in  supporting  a  gyro- 
stat  on  knife-edges  attached  to  the  projecting  >^\^c  of  the  case,  so  that  the 
gyrostat  without  spin  rests  with  the  axis  horizontal  or  nearly  so.  For  this 
purpose  the  line  of  knife-edge-  is  laid  through  the  centre  of  the  flywheel  at 
right  angles  to  the  axis,  and  the  plane  of  the  knife-edges  is  therefore  the 
plane  of  symmetry  of  the  flywheel  perpendicular  to  the  axis.  The  knife- 
edges  are  a  little  above  the  centre  of  gravity  of  the  instrument,  which  we 
suppose  in   or  nearly  in  that  plane,  so  that  there  is  a  little  gravitational 
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stability.  The  azimuth  of  the  axis  is  a  matter  of  indifference,  as  any  couple 
due  to  the  component  of  rotation  about  the  horizontal  is  balanced  by  an 
equal  couple  furnished  by  the  knife-edge  bearings.  The  apparatus  described 
in  6  would  serve  if  the  axis  of  the  flywheel  were  turned  through  90°  with 
reference  to  the  knife-edges,  and  scale-pans  were  added. 

At  points  in  a  line  at  right  angles  to  the  line  of  knife-edges,  and  passing 
through  it,  two  scale-pans  are  attached  to  the  framework,  and  by  weights 
in  these  the  axis  of  the  gyrostat  (without  spin)  is  adjusted,  as  nearly  as 
may  be,  in  a  horizontal  position  which  is  marked.  The  gyrostat  is  now 
removed  to  have  its  flywheel  spun  rapidly,  and  is  then  replaced.  It  is 
found  that  the  weights  in  the  scale-pans  have  to  be  altered  now  to  bring 
the  gyrostat  back  to  the  marked  position.  From  the  alteration  in  tin- 
weights  the  angular  speed  about  the  vertical  can  be  calculated. 

To  fix  the  ideas  let  the  gyrostat  axis  be  north  and  south,  and  let  the  spin 
to  an  observer,  looking  at  it  from  beyond  the  north  end,  be  in  the  counter- 
clock,  or  positive  direction.  The  rotation  of  the  earth  about  the  vertical 
carries  the  north  end  of  the  axis  round  towards  the  west,  and  therefore 
angular  momentum  is  being  produced  about  a  horizontal  axis  drawn  west- 
ward, at  a  rate  equal  to  Cnco  sin  I,  where  Cn  is  the  angular  momentum  of 
the  flywheel.  If  the  sum  of  the  increase  of  weight  on  one  scale-pan  and 
the  diminution  (if  any)  in  the  other  be  iv,  and  a  be  the  horizontal  distance 
between  the  points  of  attachment  of  the  scale-pans,  we  have 

Cnw  sin  I  =  wga. 

Thus  if  C  and  n  are  known,  w  sin  I,  or  w,  can  be  calculated. 

No  figures  were  given  as  to  the  forces  to  be  measured  in  a  practical 
experiment;  but  these  may  be  supplied  as  follows.  We  may  take  the  mass 
of  a  small  flywheel  as  400  grammes,  its  radius  of  gyration  as  4  cm.,  and  its 
speed  of  revolution  if  high  as  200  revolutions  per  second.  If  we  take  a  as 
10  cm.  we  obtain  for  London  the  equal  ion 

97r  x  078 
400  x  4-  x400ttX  ~      ,     '    =10x981  x  w. 

80 1(>0 

This  gives  iy  =  0*047,  and  therefore  the  weight  is  47  milligrammes.  It 
would  require  careful  arrangements  to  carry  out  the  experiment  accurately, 
but  the  idea  is  clearly  not  unpractical.  With  some  of  the  new  gyrostats 
that  we  now  have,  the  mass  of  the  wheel  is  as  much  as  2,000  grammes,  and 
the  radius  of  gyration  is  about  7*5  cm.  These  numbers  bring  the  weight 
up  to  0-82  gramme,  at  the  same  speed. 

If  the  gravitational  stability  of  this  gyrostatic  balance  be  removed,  that 
is,  if  the  line  i>\'  knife-edges  be  made  to  pass  accurately  through  the  centre 
of  gravity  of  the  system  of  wheel  and  framework,  and  the  axis  of  rotation 
be  placed  in  a  truly  north  and  south  vertical  plane,  so  that  the  knife-edges  are 
horizontally  east  and  west,  the  gyrostat  will  be  in  stable  equilibrium  when 
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(lie  axis  is  parallel  to  the  earth's  axis,  and  is  turned  80  that  the  direction  of 

rotation  agrees  with  the  rotation  of  the  earth.*     For  we  have  then  simply 

tl speriment,  described  in  Chapter  I  and  discussed  in  7  below,  of  the 

gyrostat  resting  by  trunnions  on  bearings  attached  to  a  trav  which  is 
Carried  round  by  the  experimenter.  The  axis  of  the  gyrostat  was  at 
right  angles  to  the  tray,  and  when  the  tray,  held  horizontally,  was  carried 
round  in  azimuth  the  equilibrium  of  the  gyrostat  was  stable  or  unstable, 
according  as  the  two  turnings  agreed  or  disagreed  in  direction.  In  the 
present  case  the  tray  is  the  earth,  the  position  of  the  axis  of  rotation 
parallel  to  the  earth's  axis  replaces  the  vertical  position,  and  the  earth's 
turning  the  azimuthal  motion.  If  displaced  from  the  stable  position  the 
gyrostat  will  oscillate  about  it  in  the  period  2ir(A/Ona>)*,  where  A  is  the 
moment  of  inertia  about  the  knife-edges,  and  the  other  quantities  have 
the  meanings  already  assigned  to  them  [see  (1),  7,  below]. 

If  the  line  of  knife-edges  be  north  and  south,  the  vertical  will  be  the 
stable,  or  unstable,  direction  of  the  axis  of  rotation,  and  there  will  be 
oscillation  about  the  stable  position  in  the  period  2-7r(A/Cna)sin£)^. 

The  gyrostat  thus  imitates  exactly  the  behaviour  of  a  dipping  needle  in 
the  earth's  magnetic  field,  and  thus  we  have  a  gyrostatic  model  of  the 
dipping  needle. 

6.  Gilberts  barogyroscope.  It  is  right  to  point  out  that  these  arrange- 
ments were  anticipated  by  Gilbert's  barogyroscope,  which  rests  on  precisely 
the  same  idea,  and  applies  it  in  a  similar  manner. 


In  this  a  gyrostat  [Fig.  33]  is  supported  on  hearings,  fixed  horizontally 
east  and  west,  and  has  a  certain  adjustable  amount  of  gravitation,!  1 
stability  supplied  by  placing  the  centroid  below  the  line  of  hearings. 

* Tli is  idea  forme  the  basis  of  a  paper  by  Sire,  published  in  1868  i  Arch,  dea  Sci.  Phys.  ti  Nat., 
I    ls.>      Sire  proposed  to  use  this  prinoiple  for  the  determination  of  the  earth's  rotation. 
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Let  I  [Fig.  34]  be  the  (north)  latitude  of  the  place,  and  the  axis  of 
rotation  of  the  flywheel  be  inclined  at  an  angle  6  (lower  end,  say,  towards 
the  south)  to  the  vertical  at  the  place  P.     The  angular  speed,  w  say.  of  the 

earth's  rotation  can  be  resolved  into  two  com- 
ponents: one,  (osm(l  +  Q),  about  the  axis  of  the 
flywheel,  the  other,  a>cos(l+$),  about  a  line  at 
right  angles  to  this  axis,  and  drawn  towards  the 
north.  If  n  and  w  be  similarly  directed,  the 
component  wcos(l-\-6)  gives  a  precessional  motion, 
which  for  a  proper  value  of  8  will  equal  Mgh  sin  6, 
the  couple  about  the  line  of  bearings. 

If  the  line  of  bearings  is  horizontally  east  and  west, 
and  the  flywheel  is  spun  to  an  angular  speed  <p,  rela- 
tive to  the  earth,  the  speed  n  when  the  gyrostat  is 
set  up  in  position  will  be  0±a>sin(£  +  0).  At  this  inclination  there  will  be 
equilibrium,  and  then  Cno)  cos  (I +  6)  =  Mgh  sin  0.  With  the  understanding 
stated  as  to  the  meaning  of  n  this  equation  is  exact.      Hence 

Cnw  cos  I 


Fio.  34. 


tan  0  = 


Cnw  sin  I  +  Myh 


.(1) 


If  the   spin   be   reversed    the    inclination    is    to   the   other   side    of    the 
vertical,  and  of  amount  6',  given  by 


tan0'  = 


Cnw  cos  I 


Cn 


w  sin 


l-Mgh 


.(2) 


This,  in  point  of  fact,  is  an  exact  solution  of  the  problem  of  the  action 
of  the  gyroscopic  horizon  instrument  [o  above],  giving  the  error  6  or  0'  to  be 
taken  account  of  when  a  gyrostat  is  used  as  «a  clinometer  or  to  give  an 
artificial  horizon. 

If  the  line  of  bearings  be  horizontal,  but  inclined  at  an  angle  <•/>  to  the 
east  and  west  horizontal  line,  and  the  inclination  of  the  axis  of  rotation  of 
the  gyrostat  to  the  vertical  be  0,  then,  instead  of  ('2).  we  have 

.,        CW)  cos  /COS  (b  /q\ 

tan  6  =  — : — -. — —* .  (.o) 

L/Hcosin  l  +  M<ih 

The  components  of  w  about  the  vertical  and  the  horizontal  in  the 
meridian  are  wsinZ  and  cocosl.  The  latter  has  a  component  wcos/cos^ 
about  a  horizontal  axis  at  azimuth  </>  to  the  east  of  north,  for  the  angle  ,<, 
is  here  taken  towards  the  north  at  the  west  beariii"-.  This,  in  its 
turn,  gives  an  angular  speed,  about  an  axis  perpendicular  at  once  to  the 
line  of  bearings  and  to  the  axis  of  rotation,  of  amount  <o  cos  I  cos  <p  cos  6. 
The  component  to  sin  I,  about  the  vertical,  gives  a  component.  —  u>  sin  I  sin  G, 
about  the  axis  last  mentioned.     The  precessional  angular  speed  about  that 
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axis  is  therefore  to  (cos  I  cos  <p  cos  0— sin  Jain  9).  Hence,  since  as  before  the 
couple  about  the  line  of  bearings  is  Mgh  sin  fi  we  gel 

( Jno>(cos  I  cos  </,  cos  9— sin  /  sin  9)  =  Mgh  sin  9, 

.    i  ,.      Cw»  cos  £  cos  «6  ,  ,. 

and  therelore  tanrJ=    ,         .     ,      ,-,-'--. ,  +  > 

(    ii(o  sill  /  +  Mi/li 

Here  it  is  supposed  that   n  and  w  are  the  same  way  round.     If  they  are 
not,  the  denominator  (taking  the  numerical  value  of  0)  must  have  the  value 

Cnw  sin  /—  Mgh,  and  the  upper  end  of  the  axis  is  turned  towards  the  south, 
instead  of  to  the  north  as  in  the  former  case. 

Taking  equation  (2),  and  supposing  the   flywheel  to  make  N  turns  per  second,  we- 
get  »a)=27rN  x  i'-  86160=  l-'-'N  86160,  and 

ru  ens/  ,_ 

.     ,     86160M(7/< 
SUU~      4tt2CN 

It  A  be  the  moment  of  inertia  of  the  instrument  about  the  line  of  bearings 
and  T  its  period  as  a  compound  pendulum  oscillating  about  that  line,  we  have 
T=2tt<  A  M.gh  V-.     Hence,  if  C=£A,  (5)  becomes 

taD  &=  .    .  ■  86160 (6> 

sm/-^.,. 

Thus  the   wheel   would    turn   over  in   latitude   /   if   we   could    make   N   as   great   as- 
86160  /T-sin  /.     A.s  Sir  ( ieorge  Greenhill  remarks  (R.G.  T.  p.  259),  if  T  were  15  (as  in  th. 
100-day  cluck),  I  were  30',  and  k  were  2,  we  should  get  N=383.     Indeed,  apart  from  the 
fact  that  the  ring,  in  which  the  top  is  held,  adds  to  A,  the  value  of  /  is  certainly  sensibly 
less   than    2    in    instruments  actually   made  ;    nevertheless   the   speed   of   inversion    is   not 
unattainable.     For  example,  the  bamgyroscope  made  by  M.  Koenigs*  may  (if  there  is 

no  questi f  safety)  be  run  up  to  f),r>,000  revolutions  per  minute,  or  over  900  per  second. 

Such  a  speed  would  however  be  as  much  as,  if  not  more  than,  a  brass  flywheel,  even  of 
small  size,  would  bear.     These  results  are  important  for  various  appliances. 

7.  Gyrostat  with  axis  vertical,  stable  or  unstable  according  to  direc- 
tion of  azimuthal  turning.  We  consider  here  a  gyrostat  supported  (as 
shown  in  Fig.  :\o)  by  two  trunnions  screwed  to  the  projecting  edge,  in  the 
plane  of  the  flywheel,  on  a  wooden  frame  or  tray.  The  axis  of  the  wheel 
is  very  nearly  vertical,  and  the  wheel  is  spinning  rapidly  in  the  direction  of 
an  arrow  (not  shown)  drawn  on  the  upper  side  of  the  case.  The  centre  of 
gravity  of  the  whole  instrument  is  nearly  on  the  level  of  the  trunnions,  so 
that  there  is  little  or  no  gravity  preponderance.  The  following  experimenl 
has  already  been  described  in   I. 

If  the  tray  he  carried  round  horizontally  with  constant  angular  speed 
/j.  in  the  direction  of  spin,  the  gyrostat  remains  quite  stable,  [f  how- 
ever it  be  carried  round  in  the  opposite  direction,  the  gyrostat  imme- 
diately turns  mi  its  trunnions  and  capsizes,  so  that  the  other  end  of  the 

•  Bevm   Oeneralt   de*  Sciences,  Paris,  1891. 
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axis  becomes  uppermost,  and  if  the  azimuthal  motion  is  continued  in  the 
same  direction,  the  gyrostat  is  now.  stable.  It  will  be  observed  that  the 
flywheel  is  now  spinning  in  the  direction  of  the  azimuthal  motion.  Hence 
the  gyrostat  is  in  stable  equilibrium  when  the  azimuthal  motion  is  in 
the  same  direction  as  the  rotational  motion. 


Fro.  3o. 


This  result  follows  from  the  0-equation  of  motion,  which  is  approxi- 
mately, for  the  present  case, 

A0+O^0  =  O il  . 

The  solution  of  this  equation,  if  v  and  /j.  have  the  same  direction  so  that 
//</.  is  positive,  is  oscillatory  motion  of  period  27r(A/C«yu)-  about  the 
vertical  position,  so  that  this  position  is  stable  according  to  the  definition 
of  stability  provisionally  adopted  in  9,  V,  above. 

On  the  other  hand,  if  v  and  p,  have  opposite  signs  the  solution  of  the 
differential  equation  is  of  another  form,  curiously  connected  with  the 
former,  but  representing  a  different  state  of  things.  It  shows  that  it' 
the  gyrostat  is  disturbed  from  the  vertical  position  of  its  axis  it  tends  to 
pass  further  away  from  it:  the  instrument  capsizes.  The  solution  in  this 
case,  to  suit  the  initial  condition  of  6  =  0  when  /  =  0,  is 

B  =  B(ePt-e-Pt), 

where  />  =  (Cn/n  A )-  and  B  are  constants.  This  indicates  a  continuous 
increase  of  6  as  t  increases. 

The  two  results  are  indeed  indicated  by  (1).  The  moment  C>>,u6,  regarded 
as  a  couple  producing  rate  of  change  A0  of  a.m.,  is  in  the  first  ease  in 
the  direction  to  check  motion  away  from  the  vertical  position,  and  to 
bring  the  gyrostat  hack  to  that  position,  while,  in  the  other  case,  Cri/ixd, 
having  the  opposite  sign,  produces  a.m.  in  the  direction  away  from  the 
vertical  | see  also  below]. 

It  will  he  seen  that  in  this  arrangement  of  the  gyrostat  it  has  one 
freedom  of  motion  as  regards  inclination  of  the  axis  to  the  vertical  :  it  can 
turn  about  the  trunnions,  hut  not  about  a  horizontal  axis  at  right   angles  to 
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the  line  of  the  trunnions.     Hence,  as  we  shall   show   later,  the  gyrostat 
cannot  have  complete  dynamical  stability. 

Even  with  gravitational  stability  of  the  spinning  gyrostat .  slow  azimuthal 

turning  will  be  consistent  with  a  position  of  stable  equilibrium  if  in  one 
direction,  but  not  when  in  the  opposite  direction. 

'The  inversion  of  the  flywheel  brings  into  play  a  wrench  on  the  hands  of 
the  experimenter.  A  varying  couple,  lasting  during  the  time  of  the  inver- 
sion, is  required  to  reverse  the  angular  momentum  of  the  wheel  in  space, 
and  this  is  applied  to  the  gyrostat  by  the  frame  at  the  trunnions,  and  to 
the  frame,  because  that  is  kept  steady,  by  the  hands  of  the  operator.  The 
total  change  of  angular  momentum  is  2Cn,  and  this  is  the  time-integral  of 
the  couple. 

'The  couple  arises  thus.  Let  the  gyrostat  axis  have  been  displaced  from 
the  vertical  through  an  angle  0  about  the  trunnion  axis.  Inconsequence 
of  the  azimuthal  motion,  at  rate  /j.,  the  outer  extremity  of  the  axis  of 
angular  momentum  is  being  moved  parallel  to  the  instantaneous  position  of 
the  line  of  trunnions,  and  thus  there  is  rate  of  production  It  of  angular 
momentum  about  that  line;  but,  since  there  is  no  applied  couple  about  the 
trunnions,  the  gyrostat  must  begin  to  turn  about  the  trunnions  to  neutralise 
lb  This  turning  tends  to  erect  or  to  capsize  the  gyrostat  according  as  the 
spin  and  azimuthal  motions  agree  or  are  opposed  in  direction.  In  its  turn 
however  this  involves  production  of  angular  momentum  about  the  vertical 
for  which  a  couple  must  be  applied  by  the  frame,  and  of  course  to  the  frame 
by  the  operator.  This  couple  is  greater  the  greater  On-,  and  therefore  if 
the  operator  cannot  apply  so  great  a  couple  an  azimuthal  turning  at  rate 
ix  cannot  take  place.  With  sufficiently  great  angular  momentum  the 
resistance  to  azimuthal  turning  could  be  made  for  any  stated  values  of 
0  and  fx  greater  than  any  specified  amount. 

The  magnitude  of  this  couple,  which  measures  the  resistance  to  turning 
at  a  given  rate,  is  greatest  when  the  angle  0  is  !>0  ,  that  is  when  the  axis  of 
the  flywheel  is  in  the  plane  of  the  frame. 

It  is  important  to  notice  that  if  the  gyrostat  be  placed  on  the  trunnions, 

that  the  axis  of  the  wheel  is  in  the  plane  of  the  frame,  azimuthal  turning 
in  one  direction  causes  one  end  of  the  axis  to  rise,  and  turning  in  the  other 
direction  causes  the  other  end  to  rise.  As  the  reader  will  see,  this  also 
means  a  reaction  couple  in  the  plane  of  the  Frame  which  must  be  balanced 
by  a  couple  applied  by  the  experimenter. 

8     Top  supported  by  a  string  attached  "f  "  point  12  of  tht  <t.i-i.<.     Tie 
string  is  suppose,!  attached  ,ii  a  tixed  point  I  >  [  Fig.  •*,>ii ).     DO  is  a  downward 
vertical  intersecting  EG,  the  axle,  in  0.     0  is  the  centroid  of  the  top,  and 
is  supposed  to  be  coincident  with  the  centre  of  the  wheel  or  spinning  part. 
We  denote  the  distances  |>K.  EG  respectively  by  I,  h,  and  the  angles  $i  ^ 
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are  indicated  in  the  diagram.     First,  we  suppose  that  G  is  turning  about 
the  vertical  OJ)  with  angular  speed  ju,  and  that  as  the  motion  is  steady  the 

lines  DE,  EG  remain  in  the 
vertical  plain'  through  OD.  Let 
A,  ili'iH  it<'  t  1h;  moment  of  inertia 
about  a  transverse  axis  through 
G,  and  A=A1+M/t2,  that  is  let 
A  be  the  moment  of  inertia 
about  a  transverse  axis  through 
E.  The  equations  of  motion  are, 
(1)  for  the  centroid, 

Al/i'-(/sin0  +  //  sin0)  =  Tsin0,  |  , 
M#  =  Tcos0j 

where  T  is  the  pull  exerted  by 
the    cord,    and    (2)   for    turning 
fig- 36.  round  a  vertical  through  G, 


/  ' 


R 


(<'//  —  A^ cos 6) /m sin  9  =  Th(sm  <j> cos  6  +  cos  </> sin  9) (2) 

Substituting  in  (2)  the  values  of  Tsin  0,  T  cos  0  from  ( 1 ),  we  find 

(Cn-A/uL  cos  9)/n  sin  0  =  M/u.%1  sin  0  cos  9+Mgh  sin  0 (3) 

We  consider  some  particular  eases.  First,  if  the  string  were  attached  at  <;  the 
mom  en  I   of  forces  about  any  axis  through  thai  point  would  be  zero,  and  there  would  be 

no  couple  changing  the  directi f  the  axis  of  the  wheel.     The  identification  of  the 

angular  turning  of  the  axis  about  the  vertical  OD  with  that  of  the  centroid  about  the 
same  line  fails,  and  we  see  that  the  centroid  goes  round  the  vertical  in  steady  motion 
with  angular  speed  //,  while  the  axis  of  rotation  maintains  a  tixed  direction  in  space. 

The  value  of  ju  in  this  case  is  given  by  (1).     Putting  A  =0,  we  get 

11     l  cos 

that  is  the  met  inn  of  the  centroid  is  that  of  a  conical  pendulum  of  height  I  cos 

If  E  is  above  ( 1,  equations  (I )  and  (3)  lie.. .me 

M //'-'( /sin  <j>- h  sin  0)=Tsin  </>,  \  ,  ,<. 

Mg       Tens,/,.  I   " 

(<  \n  -  A/'  ens  0)ji  sin  8=  -  M //.'-'/,/ sin  </>eos  d     Mgh  sin  H (5) 

The  precession  (the  small  root  of  the  quadratic)  is  new  changed  in  sign. 

I  f  E  is  below  < )  the  radial  force  available  for  the  circular  motion  of  the  centroid  aboul 
the  vertical  OD  acts  outwards,  and  so  the  motion  is  not  possible  without  reversal  of  this 
horizontal  force.  The  substitution  for  the  string  support  of  a  strut  acting  between  a 
point  I  >'  <«ii  the  vertical  below  O  and  the  point  E  (now  to  the  right  of  the  vertical)  will 
make  the  motion  possible. 

A  diagram,  Fig.  36,  similar  to  that  of  Fig.  L9,  can  be  constructed  for  a  top  held  up  by  a 
string  as  described  above  (see  also  Greenhill,  R.O. '/'.  p.  1  2).  Alone  the  axle  lay  off  Gd  to 
represent  Cw,  and  along  an  upward  vertical  through  ('<  lay  oft  Of  to  represent 
Ai/Asin80+C«cos0.     Then,  if  c'k,  <■/■  be  at    right   angles  to  Gc',  Gc  respectively,  km 
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represents  A,//  and  c'k  A i/i sin  6,  while ck  represents  <  'n  xi 1 1 1)     A,//  ens  I) sin  f).     Moreover 
the  moment  of  T  round  G  is  Mgr .  G^>  (see  Ki,L,r.  36).     Efenee 

//  .<•/,=  Mg  .('•/',    ji  .kn=  M.g  .<;.» (6) 

if  /'  be  the  point   in  which  a  parallel  drawn  through  k  to  Gc'  intersects  Gc,  and  o  the 
intersect  ion  of  a  \  erl  ical  t  hrough  p  with  < )( J  produced  backward.    <  >f  course  kn     mi  I. 

Lei  A  denote  gf  //'-',  the  length  of  the  equivalent  conical  pendulum,  and  draw  downward 
from  G  a  vertical  line  <!/'  A.  Through  I'  thaw  a  horizontal  line  in  the  plane  of  the 
diagram  to  meet  Gr  drawn  at  right  angles  to  Gk  in  r,  and  draw  rqs  perpendicular  to 
G  .  intersecting  /-(J  produced  in  q.  A.lso  along  <>('  make  (>N  =  (A1  +  M//,-)//.  and 
<d  |  •  A,  MA,,  where  A,  is  the  distance  <><;.  Then  ck/kc'=kn/km=Gl'/Gs=gj(fi2.Gs), 
.and  from  these  relations  we  get  bj  (6) 

Go       '/   kn=J*    ':''  k,n:    A  ,'f   [':'' (") 


M;/      _M<7  G*  '.M//  G« 


From  these  it  follows  that  Go.Gs=Gp.Go/=OG  .GI=A,/M,  so  that 

G*/GI=OG/oG=GA/G^,  (8) 

and  A-  is  parallel  to  I/',  and  (p,  y),  (o,  s),  (O,  I)  arc  pairs  of  convertible  centres  of 
suspension  and  oscillation  for  the  top  regarded  as  a  compound  pendulum  with  centroid 
G,  and  each  centre  of  suspension  and  corresponding  centre  of  oscillation  on  the  axis  of 
symmet  i  y. 

Thus,  if  we  draw  the  axis  OG  at  the  given  angle  6  to  the  vertical,  and  make  the 
constructions  as  described  above,  then  draw  A. s  parallel  to  pi  and  sqr  perpendicular  t<> 
<)(■.  cutting  in  r  the  horizontal  through  l\  we  find  that  Gk  is  perpendicular  to  Gr. 

In  the  figure  OL'  is  also  made  e.pial  to  G/'(  =  A)  and 

OC=Gn,  OC=(A1+MA12)/*sin2e+Ojicos^ 

the  a.m.  about  the  vertical  through  O,  and  perpendiculars  are  drawn  to  OC  from  (''and 
to  OC  from  C,  meeting  in  K.  <>R  is  drawn  perpendicular  to  <>K  to  meet  the  horizontal 
through  L'  in  R,  and  RL  is  drawn  at  right  angles  to  the  axis.     Thus  we  'ret  a  diagram 

f"V  the  point  *  >.  which  is  fixed  in  the  steady  motion.     The  reader  may  prove  that 

((V=KCT       ,-      ix. CK        ,/.K("   OL'     A,  +  MA,2    ..PL' _  A1  +  MAl«  (g) 

-N.0'    ^       M^rsinfl    M$rsin0OL~       tog       ^  OL"    M .  OL    

GE  .  OL= Al  "ty/il2=OG  .01 (10) 

M 

[The   reader  may   refer  to  Greenhill  (R.G.T.  p.   12)  for  constructions  for  particular 

cases,  including  that  for  which  the  thread  must  be  replaced  by  a  strut,  as  explained 
above.] 

[t  may  be  remarked  that  though  the  point  0  is  \\\^i\  the  motion  is  not  simply  that 
which   would  exist    if  <>  were  really  the   point   of  support.     The  moment   causing  the 

civ  turning  would  then  be  M^Ajsin  I),  which  it  is  not  in  the  present  case,  unless  E  is 
at  i ».  when  It     /',.     But  then  we  should  have  in  ( I )  sin  <f>=0,  and  #  =  0. 

9.  Gyrostatic  action  of  tl><  wheels  of  vehicles  >n/(f  of  the  rotating  parts 
oj  machinery.  Monorail  cor*.  The  wheels  of  a  carriage  have  gyrostatic 
action  when  the  vehicle  turns  about  an  axis  perpendicular  to  the  road, 
this  is  when  changing  its  direction  of  motion  l>v  turning  in  azimuth. 
When  the  carriage  passes  over  concavities  or  convexities  in  an  otherwise 
straighl  road,  no  change  of  direction  of  the  axes  of  the  wheels  takes  place 
and  there  is  no  gyrostal  ic  aci  ion. 
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Fig.  37 


Let  the  carriage  have  N  equal  wheels  of  moment  of  inertia  m&2  each, 
about  parallel  axes,  and  let  the  speed  of  the  carriage  be  v.  in  feet  per  second, 
so  that  if  the  radius  of  the  wheels  be  r  feet,  their  angular  speed  is  v  r. 
Finally,  let  the  direction  of  motion  be  changing  at  angular  speed  ii. 

The  a.m.  of  the  wheels,  that  is  Cik  is  Nmkh)  r,  and  to  an  observer,  standing 
behind  the  carriage  and  looking  forward,  this  may  be  represented  by  a 
single  vector  drawn  out  from  a  point  O  in  the  carriage  to  the  left,  as  shown 
in  Fig.  37,  for  a  single  wheel.    There  is  stability  enough  of  course  to  prevent 

turning  of  the  carriage  round  either  rail,  but  a 
capsizing  couple  which  we  can  estimate  is  exerted 
in  consequence  of  the  gyrostatic  action  of  the  wheels. 
\\  According  as  the  turning  with  angular  speed  /x  is 
towards  the  observer's  right  or  his  left  the  out  it 
extremity  of  the  vector  On  turns  towards  the 
forward  part  OA,  or  the  after  part  OB,  of  the 
instantaneous  position  of  a  fore  and  aft  line,  drawn 
parallel  to  the  floor  and  sides  of  the  carriage,  through 
the  point  O.  We  suppose  here  thai  there  are  no 
forces,  due  to  position  of  the  carriage  or  other  cause, 
balancing  the  gyrostatic  action  [3,  III].  Every  thing- 
may  be  supposed  in  equilibrium  with  the  carriage  moving  on  the  curve  with 
the  wheels  locked,  and  then  the  wheels  to  be  set  rotating.  Bence,  as  there 
is  no  applied  couple  about  the  line  OA,  we  have  initially  for  turning  about 
it  the  equation  AO  +  C??,yU  =  0;  so  that  the  carriage  in  the  first  case  tilts  over 
to  the  left  on  its  springs,  and  equilibrium  is  finally  produced,  for  steady 
turning  at  rate  /u,  by  a  reaction  of  moment  M.gh6  =  Cnfx  tending  to  turn 
the  carriage  over  to  the  right,  that  is  towards  the  inside  of  the  curve  in 
which  the  carriage  is  travelling.  The  carriage  is  now  inclined  over  through 
a  small  angle  0  on  its  springs,  and  the  equation  is  Gn/j.  =  Mgh6. 

In  the  other  case  the  reacting  couple  Cn/j.  tends  to  turn  the  carriage  over 
to  the  left,  that  is  again  towards  the  inside  of  the  curve. 

The  moment  is  Cnfi  =  CfAv/r.  If  R  be  the  mean  radius  of  the  curves  in 
which  the  inside  and  outside  wheels  are  moving,  we  have  u  =  v  K.  approxi- 
mately, and  so  the  capsizing  couple  due  to  gyri  istatic  action  is  ( )rifx  =  (  V-  \[r. 
\\  I'  be  the  force  applied  to  the  outside  wheels,  (A)  that  applied  to  the  inside 
wheels,  at  right  angles  to  the  road,  we  get,  in  gravitation  units,  and  taking 
r>  small,  the  wheel-gauge  as  21,  and  h  as  the  height  of  the  centre  of  gravity, 

which    shows   that    the    gyrostatic   moment    is    the    fraction    C  Mr/l    of   the 
centrifugal  couple.     As  a  rule  C,  M/A  is  very  small,  and  then  the  gyrostatic 
couple  due  to  the  rotation  of  the  wheels  of  a  vehicle  is  of  little  importance. 
Super-elevation   of    the    outside    rail   of    a    railway   curve    is    not    here 


r-         .MA<y   ,  C    \ 


(l) 
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considered.     On   high-speed  electric    railways   a    carriage   on   entering  or 

leaving  such   a   curve    experiences   considerable    gyrostatic   action.      [See   a 
later  chapter  on  Gyrostat ics  i)i   Emj\ iifcrl ////.] 

A  monorail  car  going  round  a  curve  of  radius  R  at  speed  v  will,  it  it 
he  heeled  over  through  an  angle  a  towards  the  inside  of  the  curve,  and 
contain  a  gyrostai  of  a.m.  Cn',  with  axis  of  rotation  at  rigid  angles  to  the 
sides  ..f  the  carriage,  have  the  equation  of  equilibrium, 

rv      c  \,cr»'i>  (ox 

In  this  case  the  gyrostatic  action  is  all-important  for  equilibrium.  A 
Bpecial  arrangement  is  necessary  to  enable  the  carriage  to  get  into  this 
equilibrium  position,  and  this  will  be  described  when  we  come  to  deal  witli 
the  more  technical  applications  of  gyrostatics.  If  the  gyrostat  were  fixed 
in  the  carriage  with  its  spin  axis  at  right  angles  to  the  sides,  the  carriage 
when  rounding  a  curve  would  heel  over  to  the  outside  of  the  curve,  as  in 
the  case  of  a  two-rail  carriage,  and  would  be  unstable.  It  would  be  a  system 
with  a  single  unstable  freedom,  which  could  not  be  stabilised  by  rotation. 

In  a  motor-car,  besides  the  action  of  the  wheels,  there  is  that  of  a  flywheel 
placed  across  the  motor.  Both  actions  will  come  into  play  when  the  motor- 
car is  changing  the  direction  of  motion,  as  in  turning  a  corner,  while  only 
that  of  the  flywheel  has  any  influence  when  the  car  is  passing  over  con- 
vexities  or  concavities  of  the  road.  A  fast  motor-car  may  by  passing  over 
a  highly  convex  part  of  the  road — an  old  bridge,  for  example — have  the 
grip  of  the  wheels  on  the  ground  dangerously  reduced,  and  the  steering 
action  impaired  ;  but  this  has  nothing  to  do  with  gyrostatic  action. 

When  the  car  is  rounding  a  corner,  the  difference  of  weights  borne  by  the 
wheels  on  the  two  sides  is  given  as  before  by  equation  (1).  But  now  the 
fore-and-aft  axis  of  the  flywheel  is  turning  towards  a  transverse,  and  there- 
Eore  the  growth  of  a.m.  about  that  axis  causes  the  car  to  tilt  the  other  way. 
until  a  couple  is  developed  to  balance  the  gyrostatic  couple  Cfivjr.  Hence 
more  or  less  weight  is  thrown  on  the  front  wheels  than  on  the  back,  as 
compared  with  the  distribution  of  the  weight  on  these  wheels  when  the  car 
was  running  straight  forward.  If  the  flywheel  as  seen  by  an  observer, 
looking  from  behind,  be  spinning  counter-clockwise,  and  the  car  be'turning 
to  his  1.  ft.  the  gyrostatic  couple  will  bring  more  weight  to  bear  on  the  front 
wheels  than  on  the  back,  by  the  amount  Cn'vjg&b,  where  Cn'  is  the  a.m.  of 
the  flywheel,  and  l>  is  the  length  of  the  wheel-base. 

If  we  take  account  of  the  action  of  the  differential  gear,  we  see  that 
('2/  being  the  gauge)  the  angular  speeds  of  the  wheels  on  the  two  sides  are 

given  by  ,,  , 

r*,i!-ni+/)   (3) 

where  1!  is  the  mean   radius  of  the  curve,  and  «^  the   mean  angular  speed  of 
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the  wheels.  The  gyrostatic  couple  for  the  mean  speed  v  is  Oj  ]{,■,  and  so, 
for  the  weights  borne  on  the  two  sides,  we  get 

JJ»}-lM{l±(l+^r)^|] W 

M.J      -     L       \       Mrh    iff li ) 

10.  Gyrostatic  action  of  paddle-wheels  and  of  screw  in  steamers.  In 
a  paddle-steamer  the  action  of  the  wheels  when  the  course  is  being  changed 
is  just  that  of  the  wheels  of  a  vehicle.  But  the  direction  of  the  axis  of 
rotation  of  the  paddles  is  also  changed  by  the  rolling  of  the  ship,  and  this 
gives  gyrostatic  action  ahout  an  axis  at  right  angles  to  the  deck.  If  the 
angular  speed  of  rolling  at  any  instant  is  ta,  and  the  a.m.  of  the  wheels  be 
<',/.  the  gyrostatic  action  is  Cna\  and  thus,  if  at  the  instant  the  ship  is  on 
an  even  ked.  a  rate  of  growth  Cnoo  of  a.m.  about  a  vertical  axis  is  produced. 
IF  the  ship  is  then  rolling  to  starboard  the  direction  of  this  Cnoo  is  round 
from  starboard  to  port,  that  is  against  the  motion  of  the  hands  of  a  watch 
lying  face  up  on  the  deck.  Hence  i  £  we  denote  by  6  an  angle  of  turning  about 
the  normal  to  the  deck,  by  A  the  proper  value  of  the  moment  of  inertia  of  the 
ship  for  the  turning,  and  by  L  the  couple  on  the  ship  due  to  the  now  oblique 
motion  and  to  the  turning — initially  this  couple  is  zero — we  have,  as  in  9, 

A$+Cnoo  =  L. 
Thus,  initially  at  least.  Q  is  in  the  direction  to  neutralise  Cnta,  and 
tin'  ship's  head  turns  to  starboard.  The  rolling  from  port  to  starboard  and 
again  from  starboard  to  port  makes  the  ship's  head  turn  alternately  to 
starboard  and  to  port — the  ship  '■  yaws  "  in  consequence  of  gyrostatic  action. 
The  greater  immersion  of  the  paddle-wheel,  caused  by  the  rolling,  tends  to 
correct  this. 

In  a  paddle-steamer  pitching  has  no  effect.  Changing  the  course  at 
angular  speed  w  gives  a  rate  of  growth  of  a.m.  C%o>  about  a  Eore-and-aft 
axis,  and  as  a  result,  since  there  is  do  externally  applied  couple,  the  ship 
has  an  angular  acceleration  of  amount  Cnoo  A  in  the  opposite  direction. 
Thus,  if  the  vessel  be  turned  by  the  rudder,  say  to  port,  the  vessel  will  by 
gyrostatic  action  be  slightly  heeled  over  to  starboard,  and  the  starboard 
wheel  being  more  deeply  immersed  will  assist  the  turning  action  of  the 
rudder.  Though  the  gyrostatic  action  of  the  wheels  is.  owing  to  their  com- 
paratively slow  speed  of  revolution,  not  very  great,  calculation  shows  that 
it  produces  an  appreciable  variation  in  the  immersion  of  the  wheels. 

The  resistance  normal  to  the  course  gives  the  radial  acceleration  in  the 
curvilinear  motion. 

In  a  screw-steamer  the  action  of  the  engines  and  propeller  is  to  give  a 
gyrostatic  couple  about    a    horizontal    transverse   axis   when   the  ship  is 

changing  its  course,  and  about  a  vertical  transverse  axis  when  the  ship 
is  pitching.  The  magnitude  is  in  each  case  Cna>,  and  the  direction  is  given 
as  in  the  examples  already  considered. 
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11.  Gyrostatic  action  of  turbines.  The  use  of  turbines  in  screw- 
steamers  has  considerably  augmented  the  gyrostatic  action  of  the  engines* 

This  is  best  illustrated  by  taking  a  numerical  example.  Since  the  axes  of 
the  rotors  are  lore  and  alt,  gyrostatic  action  only  occurs  when  the  ship 
pitches  or  when  she  changes  her  course.  In  the  Ounard  ship  Carmania 
the  total  weight  of  the  rotors  of  the  turbines,  two  on  "  wing-shafts" 
and  one  in  the  middle,  may  lie  taken  as  "200  tons  (i  to  the  wings  and  1 
to  the  centre),  and  the  radius  of  gyration  as  4  feet,  so  that  in  ton-foot 
units  the  moment  of  inertia  of  the  rotor  on  each  wing-shaft  is  1280, 
and  the  moment  of  inertia  of  the  central  rotor  is  640.  The  number 
of  revolutions  is  200  per  minute,  and  consequently  n  is  207r/3  in  radians 
per  second.  The  ship's  head  can  be  turned  about  \  of  a  degree,  or  say  J.  of 
a  radian,  in  a  second.  Hence  the  moment  of  the  couple  which  must  be  applied 
by  the  ship  to  each  wing-rotor  to  give  it  the  precession  which  the  turning  of 
the  ship  involves,  and  therefore  also  the  moment  of  the  equal  and  opposite 
couple  exerted  on  the  ship,  is  1280  x  20-7T  x  I  x  -.\-  x  :i\,  =  11*2,  in  Ton-foot 
units;  that  is  the  moment  is  that  which  would  be  produced  by  a  force  of 
1  12  Tons,  acting  at  an  arm  of  1  foot,  or  a  couple  of  '28  Ton  acting  at  an 
arm  of  40  feet,  the  approximate  distance  between  the  end-bearings  of  the 
turbines.  Such  a  couple  cannot  have  any  perceptible  effect  in  producing 
pitching  or  in  straining  the  ship.  [The  word  "Ton"  is  here  printed  with 
an  initial  capital  to  indicate  its  use  as  a  unit  of  force.] 

If  we  take  12°  as  the  range  of  pitching,  and  the  period  as  6  seconds,  the 
maximum  angular  speed  is  '2-k  x  6/(6  X  57*3)=  1/9,  in  radians  per  second,  and 
this  is  to  be  substituted  for  1/75  in  the  above  calculation.  The  couple  is 
thus  8 •:>  times  the  former  couple,  or  23  Tons  at  an  arm  of  40  feet:  still 
quite  a  small  couple  from  the  point  of  view  of  breaking  the  ship.  The 
torpedo-boat  destroyer  Cobra  was  lost  in  the  North  Sea  in  1901,  and  as  it 
was  one  of  the  first  vessels  to  be  fitted  with  turbine  engines  it  was  thought 
by  several  people  to  have  been  broken  in  two  by  the  gyrostatic  action  of 
tie-  turbines,  a  view  which  the  figures  given  above  for  the  much  larger 
Carmania  show  to  be  quite  untenable.  Pitching,  the  more  serious  of 
the  two  causes  of  gyrostatic  action  with  turbines,  was  supposed  to  have 
caused  the  disaster,  but  pitching  would  produce  with  turbines  a  couple 
about  a  vertical  axis,  and  of  course  it  is  absurd  to  suppose  that  the  vessel 
was  destroyed  in  that  way.  It  was  very  remarkable  that  some  practical 
engineers  seemed  to  imagine  that  pitching  might  give  gyrostatic  action 
about  a  horizontal  axis. 

We  have  referred  above  tp  the  couple  applied  to  the  ship  by  each  of  the 
rotors.  If  there  were  only  two  shafts,  one  right-handed  the  other  left- 
handed,  the  total  moment  applied  to  the  ship  would  be  zero:  but  internal 
stresses  of  a  kind  easily  understood  would  be  set  up  in  the  structure. 
These  would  tend  to  produce  alternate  extension  and  compression  at  the 
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stern,  ami  alternate  compression  and  extension  at  the  bow3  athwart-ship  in 
each  case,  but  these  strains  would  be  quite  negligible. 

12.   Steering  of  <<  />/'<•>/(■/<■,  of  a  child! 8  h<><>i>,  or  of  a  wheel  in  a  wheel- 

nicr.  Another  example  which  deserves  mention  is  that  of  a  bicycle 
(which,  it'  space  can  be  spared,  will  be  more  fully  treated  later  in  this 
work).  If  the  rider  feels  himself  beginning  to  fall  over  to  one  side  or  the 
other  he  instinctively  turns  the  bicycle  towards  that  side,  and  the  inertia 
in  the  forward  movement,  assisted  by  the  gyrostatic  action  of  the  driving 
wheel,  over  which  the  rider  sits,  causes  the  bicycle  frame  to  set  itself  erect 
again.  The  gyrostatic  action  will  be  made  out  very  easily — as  in  Fig.  37, 
the  vector  Cn  is  towards  the  rider's  left,  and  the  frame,  if  turned  to  the 
right  or  left  when  inclined  over  to  that  side,  experiences  a  gyrostatic  couple 
Cv2/rR  (where  v  is  the  forward  speed,  r  the  radius  of  the  wheel,  and  R  that 
of  the  curve  of  turning)  tending  to  turn  the  frame  to  the  upright  position. 

A  child's  hoop,  or  the  wheel  in  the  wheel-race  of  military  sports,  affords 
another  example.  Each  competitor  runs  forward  alongside  his  wheel  and 
guides  it  more  or  less  adroitly.  By  careful  experimenting  or  by  reasoning 
from  gyrostatic  theory  he  can  compile  a  set  of  rules  for  use  in  the  game. 

If  he  runs  with  the  wheel  on  his  right  the  vector  representing 
Cn  ( =  Cv/r)  will  be  drawn  out  towards  him  from  the  centre  of  the  hub 
[Fig.  37].  If  he  exerts  with  his  hand  a  downward  push  on  the  hub  the 
front  of  the  wheel  will  turn  towards  him,  if  he  applies  an  upward  force  to 
the  hub  the  front  of  the  wheel  will  turn  from  him.  In  the  first  case  the 
couple-axis  is  drawn  backwards,  in  the  second  it  is  drawn  forwards,  in  the 
plane  of  the  wheel,  and  in  such  cases  the  rule  that  the  A.M.  vector  turns 
towards  the  couple-vector  is  easily  remembered  and  applied. 

Again,  as  the  man  pushes  from  him  the  front  or  the  back  end  of  a 
horizontal  diameter  of  the  hub,  the  top  of  the  wheel  inclines  towards  or 
from  him.  The  same  effects  are  produced  by  pushing  forward  or  pulling 
back  the  hub  of  the  wheel. 

Let  the  wheel  be  running  steadily  in  a  circle  of  radius  R,  under  the 
influence  of  a  couple,  which  we  may  suppose  applied  by  a  weight  hung  on 
the  inner  end  of  the  hub,  so  that  the  whole  moving  mass  is  M  and  the 
centroid  is  at  a  distance  A  nearer  the  vertical  through  the  centra  of  the 
path  than  is  the  plane  of  the  edge  of  the  wheel,  which  we  suppose  to  be 
vertical.  Let  X  be  the  radially  inward  horizontal  force  applied  to  the 
rim  of  the  wheel  at  its  point  of  contact  with  the  ground,  and  Z  the  upward 
vertical  force  applied  at  the  same  point.     Then  we  have 

X  =  MM-(R-//),     Z=M.g (1) 

where  fx  is  the  angular  speed  with  which  the  plane  of  the  wheel  is  turning 
about  the  vertical,  that  is  also  the  angular  speed  with  which  the  centroid  is 
turning  in  its  circular  path. 
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Taking  moments  about  the  eentroid  we  gel 

Cll/u  =  /J<-\r=M!fh-M/ii-(\i-/nr (2) 

l'.ut  also  we  have  ,u  =  V  K,  n  =  Y  i\  so  that  (2)  becomes 

C£V  =  Mgh-MfxrV+Mju.2rh. 

Rearranged  this  equation  is 

^(k+O-^+S-^^M®*-^ (3) 

Thus  V  has  the  smallest  possible  value  for  Q?//*)*  — (fy*)  ,  that  is  for 
jU-r  =  ;/,  or  when  the  angular  speed  of  the  wheel  round  the  centre  of  the 
curved  path  is  equal  to  that  of  a  conical  pendulum  of  length  (height)  equal 
to  the  radius  of  the  wheel.     Then,  since  /m.  =  (g/r)'2, 

V         2h 


R  = 


M 


C 


(4) 


Ur- 


5+1 


For  a  graphical  representation  of  this  solution  the  reader  may  refer  to 
Greenhill,  loc.  cit. 

13.  One  spinning  top  supported  by  another.  Steady  motion.  The 
axis  or  stalk  of  a  top  which  is  spinning  about  a  fixed  point  is  prolonged  as 
si  i own  in  Fig.  38,  and  carries  at  its 
upper  extremity  a  small  cup,  in  which  a 
second  top  is  supported.  It  is  required 
to  determine  the  conditions  of  steady 
motion,  with  angular  speed  fi,  and  the 
two  axes  in  the  same  vertical  plane. 
Denoting  the  masses  by  M,  Mx,  inclina- 
tions of  the  axes  to  the  vertical  by  0, 
tfp  moments  of  inertia  about  transverse 
axes  by  A,  A1;  and  a.m.  about  the  axes 
of  figure  by  C??,  Clnl,  all  for  the  lower 
and  upper  tops  respectively,  and  putting 
/  for  the  length  of  the  stalk  of  the  lower 
top,  h,  Aj  for  the  distances  of  the  centroids  from  the  points  of  support,  and 
X,  Z  for  the  horizontal  and  vertical  components  of  the  forces  applied  at 
the  cup  to  the  upper  top,  as  shown  in  Fig.  38,  we  get  for  the  equation  of 
motion  of  the  upper  top 

/a-M1(/sin^  +  /',sinr)1)  =  X,      M$  =  Z,   (1) 

(C,/?,  —  A ,  fx  cos  6X) ix  sin  01  =  X/i1cos^1  +  ZA1sin  6X (2) 

Kquation  (2)  is  by  (  1  ), 
;  <  \ n ,  —  ( A,  +  M ,//  ,-)/.i  cos  B^fi  sin  ^  =  fi^i/Ljlh l  sin  6  cos  0l  +  M,,'/// ,  sin  6V  (3) 


///////////////////, 
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Similarly  we  get  for  the  lower  top, 

{Cn-CA  +  M/^  +  Mj/;-)^  cos  0}M  sin  0 

=  M-M1///]sinO1cos0  +  (M1^  +  M/O,7sin0 (4) 

If  flj,  02  be  both  small  these  equations  become 

{C17(l-(A1  +  M1/.12)M}M01-M1r//,1O1-Ml/^ie  =  O)l (5) 

{Cn-(A  +  MA'-  +  M/')At}/ote-(M1Z  +  M/0^-M!,a-7A1^  =  O.J 
Eliminating  0,  0X  between  these  we  get  the  equation  of  condition 

{C1ii1^(A1+MAV-M^} 

x{CV-(A  +  M//HMirV-(i\V  +  ^I/o.7)-/xOI1'-/-//1-  =  0,  (6) 

which  is  a  biquadratic  for  //. 

A  third  top  might  be  placed  on  the  upper  top  of  the  pair  just  considered, 
and  supported  as  before  on  a  small  cup  carried  by  a  prolongation  of  the  stalk 
of  the  top  below.  This  chain  of  three  tops  may  move  in  steady  motion 
with  the  axes  in  the  same  vertical  plane,  under  conditions  expressed  by  a 
sextic  equation  in  /x,  which  the  reader  may  investigate. 

For  a  double  compound  pendulum  composed  of  two  rigid  compound 
pendulums  hinged  together,  and  turning  so  as  to  present  always  the  same 
face  to  the  vertical  through  the  point  of  support,  we  have  only  to  reverse  <j, 
and  write  (since  the  0-angles  are  both  small) 

Cn  =  C/j.  cos  0  =  C/ul,     C^  =  Cj/x  cos  0X  =  Ciyu- 
Equation  (6)  becomes 

{(^-^-M^K  +  M^} 

x{(C-A-M/t2-Min^  +  (M1^  +  M//)ry}-^M1-/-//12  =  0 (7) 

From  (4)  above  we  get  by  putting  M:  =  0,  and  reversing  g,  the  exact 
equation  of  motion  of  a  compound  conical  pendulum. 

Supposing  this  compound  pendulum  to  have  plane  motion,  the  reader  may  prove  that 
if  M,/M  be  small,  and  I  be  not  very  great,  as  in  the  case  of  a  bell  and  its  clapper,  and  the 
centres  of  oscillation  of  the  two  pendulums  be  coincident  when  the  centroids  are  in  line, 
the  two  pendulums,  started  together  with  d  —  Qx  and  6  =  6l,  will  vibrate  together,  so  that 
$  remains  equal  to  0t,     Thus  the  bell  will  not  ring. 

<  >ne  way  of  curing  a  bell  which  behaved  in  this  way  would  be  to  lengthen  the  clapper 
considerably.     This  is  said  t<>  have  been  done  for  a  bell  in  Cologne  Cathedral. 

14.  Drift  of  a  projectile.  The  turbine  of  a  ship  moving  forward  while 
rotating  may  be  compared  to  a  projectile  fired  from  a  rilled  gun.  As  looked 
at  by  an  observer  at  the  firing  point  the  rotation  is  right  handed,  and  the 
shot  drifts  in  its  trajectory,  which  is  convex  upward,  towards  the  right. 
But  the  spin  vector  is  for  the  rotation  specified  to  be  drawn  forward,  and 
thefefote  the  bow  of  the  ship,  in  consequence  of  a  similar  turning  of  the 
axis  due  to  pitching,  would  turn  towards  the  left:  so  that  the  idea  of  the 
projectile  as  a  gyrostat  moving  forward  on  a  convex  track  with  its  axis  in 
the  forward  direction  throws  no  light  on  the  drift  of  the  projectile. 
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The  cause  of  this  drift  is  not  yet  fully  understood,  but  it  is  connected 
with  the  rotation,  as  reversal  of  the  rotation  reverses  its  direction.  It 
an... nuts  to  '25,  LI,  44,  I  L\">  metres  in  ranges  of  500,  1000,  2000,  3000  metres 
respectively.  Since  the  rapidly  rotating  projectile  tends  to  keep  the  direc- 
tion of  its  axis  unchanged,  it  is  presently  moving  forward  on  the  convex 
trajectory  with  its  axis  in  the  plane  of  the  trajectory,  but  pointing  a  little 
upward  relatively  to  the  path.  Thus  it  has  a  motion  in  the  direction  of  the 
axis  together  with  a  lateral  component.  Hence,  as  we  shall  see  presently, 
there  is  applied  by  the  air  a  couple,  which  in  the  absence  of  spin  would  tend 
to  increase  this  obliquity  of  the  axis  of  spin  to  the  direction  of  motion;  but 
as  the  projectile  spins  rapidly  about  its  axis,  it  precesses  about  the  instan- 
taneous position  of  the  axis  of  the  resultant  momentum,  as  explained  in  17 
below,  with  of  course  modification  of  the  resistance  in  consequence.  As  a 
result  the  projectile  moves  forward  in  air,  and,  relatively  to  the  path,  its 
point  is  directed  slightly  upward  and  to  the  right,  and  the  shot  is  con- 
tinually deflected  towards  the  right  by  a  side  thrust  applied  by  the  air. 

15.  Turning  action  on  a  body  moving  in  a  fluid.  Before  proceeding 
further  with  the  discussion  of  the  motion  of  a  projectile  spinning  in  air, 
it  will  be  convenient  to  discuss  some 
fundamental  principles  of  the  dynamics 
of  a  body  moving  in  a  fluid  medium. 
Consider  first  a  rigid  body  of  mass  M 
moving  without  rotation  parallel  to  a 
fixed  plane  (Fig.  39).  Take  axes  Ox, 
Oy  from  any  origin  in  that  plane,  and 
let  x,  y  be  the  speeds  of  the  body  parallel 
to  these   axes.      The  momenta   of  the 

body  in  these  directions  are  Mi1,  My,  and  the  body  has  angular  momentum 
M(y£— serf)  about  an  axis  of  z  through  the  origin,  since  we  may  regard  the 
body  as  replaced  by  a  particle  of  mass  M  situated  at  the  centroid  (co- 
ordinates £  rf)  and  moving  with  the  velocity  (sb,  y).  The  time-rate  of 
change  of  this  A.M.  is  M < //^-.o/),  which  for  the  present  we  shall  suppose 
to  be  zero  through  the  vanishing  of  x,  //'. 

Now  let  there  be  matter  set  in  motion  by  the  body,  so  that  the  total 
momentum  in  the  direction  of  Ox  is  M^,  and  that  in  the  direction  of  Oy  is 
M.,.y.  Then  if  we  associate  these  components  of  momentum  with  the  body, 
we  regard  it  as  having  inertia  M.  in  the  direction  of  Ox,  and  inertia  M2  in  the 
direction  of  Oy.  The  a.m.  about  the  origin  is  now  M^y^  —  M^^  where 
: ,.  >/,  air  the  coordinates  of  a  point,  moving  with  the  body,  the  position  of 
which  it  is  not  necessary  here  to  specify.  The  rate  of  change  of  this  a.m. 
(since  -,y  =  0)  is  M^-M^'^OI.,-  M ,)./•//,  since  t\  =  -'r,'h  =  U>im^  there- 
fore does  not  depend  on  £,  >/. 
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I  >r,  to  put  the  matter  in  another  way,  consider  a  point  A  of  space  with 
which  a  point  B  of  the  body,  or  moving  with  the  body,  coincides  at  time  t. 
By  the  displacement  xdt  of  the  body  in  an  interval  of  time  dt,  B  is  carried 
this  distance  parallel  to  Ox  from  A,  and  a.m.  Myxdt  is  produced.  Similarly 
a.m.  —  Mxydt  about  A  is  produced  by  the  displacement  y  dt  of  the  body. 
Thus  zero  a.m.  is  produced  on  the  whole.  But  if  the  momentum  associated 
with  the  body  be  Mx«  parallel  to  Ox,  and  M.„y  parallel  to  Oy,  the  former 
gain  of  a.m.  is  M2yxdt  and  the  latter  is  —  Mxxydt,  that  is  a.m.  about  A  is 
being  gained  at  rate  (M._,  — M,  )xy.  This  is  independent  of  the  position  of 
A,  that  is  it  is  the  same  for  all  points. 

This  rate  of  gain  of  a.m.  about  every  point  is  wholly  due  to  the  matter  set 
in  motion  by  the  body,  and  is  effected  by  the  action  of  a  couple  exerted  by 

the  body  on  that  matter  (the  action 
of  a  ship,  for  example,  on  the  water), 
which  therefore  exerts  an  equal  and 
opposite  couple  on  the  bod}'. 

The  same  result  may  be  obtained  in 
another  way  which  is  also  instructive. 
Let  (Fig.  40)  the  axis  of  figure  of  the 
body  be  in  the  direction  Ox  at  a 
given  instant  and  remain  parallel  to  this  direction  as  the  body  moves. 
Then  after  an  interval  of  time  t  the  point  O  has  been  moved  to  O',  and  the 
direction  of  the  axis  of  riomre  is  now  O'x.  Let  the  direction  of  the  resultant 
virtual  momentum  of  the  body  be  OG  for  the  first  position,  and  O'G'for  the 
second;  these  resultants  (at  t  and  /')  are  equal  and  parallel.  Now  we  may 
suppose  the  first  resultant  to  have  been  annulled  in  time  t  by  a  force  V 
acting  from  the  point  G  to  O,  and  the  other  resultant  to  have  been  brought 
into  existence  in  the  same  time  by  an  equal  force  F  acting  from  O'  towards 
G'.  Thus  we  have  acting  a  couple  of  moment  F. 00' sin (<p  —  &),  and  the 
whole  generation  of  a.m.  is  Ft .  00' sin  (0  —  6),  where  </>  is  the  angle 
G0#,  and  6  the  angle  O'O.r.  But  F  is  the  resultant  momentum,  which 
may  be  regarded  as  represented  by  OG.  Thus  the  A.M.  generated  is 
OG.  00' sin  (0-0). 

The  ident  iticat  ion  of  this  with  the  result  already  obtained  is  easy.  Taking 
x  and  y  in  the  directions  of  Ox  and  a  perpendicular  to  Ox  in  the  plane 
of  motion,  we  have 

OGcos0  =  Mr#\    OGsin0=M2y,     00'  cos  0=M,     OO'am0=yt 

Thus  we  get 

OG .  OO'sin(0-0)  =  OG  sin  0 .  00'  cos0-OG  cos  0 .  00'  sin  0 

=  ML,//..»7-M ,./-.///  =  (M2-M1)xyt (h 

As  usually  we  put  v  for  the  speed  of  a  body  in  the  direction  of  its  axis, 
we  shall  in  what  follows  put  V  for  x  and  w  for  the  transverse  speed  y.     We 
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see  then  t licit  the  couple  (M2—  M,)'vr  applied  for  the  time  t  will  generate 
the  change  of  a.m.  which  grows  up  in  that  time, 

16.  Turning  action  of  the  water  on  a  */>/'/>.  Why  <<  ship  carries  a 
weather  helm.  This  is  the  couple  that  tends  to  turn  a  ship  at  right  angles 
to  its  course,  and  that  actually  sets  a  ship  or  plank  athwart  a  stream  in 
which  it  is  allowed  to  drift.  It  must  be  counteracted  in  the  case  of  the  ship 
by  the  rudder.  A  ship  set  on  a  course  and  left  with  helm  lashed  would 
It  unstable  :  the  helmsman  has  continually  to  prevent  the  ship  from  falling 
oil'  her  course,  and  good  steering  (steering  that  is  economical  of  coal)  consists 
in  correcting  each  infinitesimal  deviation  as  it  arises.  For,  considering  an 
elongated  symmetrical  body  immersed  in  a  medium  indefinitely  extended 
in  each  of  the  directions  of  motion  (so  that  we  are  not  concerned  with 
reactions  from  the  boundaries),  let  the  speed  x  be  that  of  the  body  in  the 
direction  of  its  length,  and  y  that  in  the  direction  at  right  angles  to  the 
length.  Let  M.,—  M,  be  positive.  If  either  x  or  y  be  zero  the  couple 
(M,— Mj)diy  is  zero.  Let,  for  example,  y  be  zero.  Then  if  the  length  be 
allowed  to  swerve  through  the  angle  (ft  from  the  direction  GB  (Fig.  39)  in 
which  the  body  is  moving,  there  will  now  exist  a  speed  x  in  the  direction  of 
the  length,  and  a  speed  y  in  the  perpendicular  direction,  as  shown  by  the 
arrows,  and  a  couple  (M2  —  'M1)xy  in  the  direction  of  the  curved  arrow  will 
be  exerted  on  the  matter  outside  the  body  but  in  motion  with  it.  An  equal 
and  opposite  couple  acts  on  the  body  and  tends  to  turn  it  so  as  to  increase 
the  angle  (ft,  that  is  so  as  to  set  its  length  perpendicular  to  the  course. 
When  the  length  is  athwart  the  course  the  couple  is  again  zero,  but  that 
called  into  play  by  a  deviation  of  the  body  from  that  position  is  now  such 
as  to  send  the  body  back  to  it.  The  body's  position  relative  to  the  direction 
of  motion  is  therefore  one  of  instability  in  the  first  case,  and  of  stability  in 
the  second. 

A  flat  dish  or  plate,  if  let  fall  in  water,  or  a  card  let  fall  in  still  air,  with 
its  plane  horizontal,  moves  down  in  stable  equilibrium  ;  if  it  is  let  fall  with 
its  plane  vertical,  the  equilibrium  of  position  in  falling  is  unstable.  In  this 
case  we  must  associate  Mj  with  the  axial  direction,  and  M2  with  a  perpen- 
dicular direction,  and  we  see  that  M2  — Mj  is  negative,  and  there  is  stability 
therefore  in  the  first  case. 

The  origin  of  the  couple  may  be  seen  in  a  general  way  as  follows. 
Consider  a  ship  (Fig.  41)  advancing  with  speed  ./•  in  the  direction  of  its 
length,  and  making  leeway  y,  say,  to  starboard.  The  bow  is  continually 
advancing  with  speed  ,/•  into  undisturbed  water,  which,  on  the  starboard 
side  of  the  ship,  is  given  speed  //  to  starboard.  There  is  thus  a  reaction 
thrust  on  the  bow  of  the  vessel  in  the  direction  to  port. 

We  have  here  the  explanation  of  the  fact  that  a  sailing  ship  generally 
carries  a      weather  helm,"  that  is  that   the  rudder  must    he  held  turned  to 
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leeward  to  keep  the  vessel  on  her  course  when  a  wind  blows  across  it.  For, 
as  stated  above,  she  makes  leeway,  that  is  has  a  speed  y  to  leeward,  along 
with  the  speed  ./'•  in  the  direction  of  her  length.     Hence,  by  what  has  been 

stated  above,  the  couple  (M2—M.1)xy,  <>n 
the  water,  is  in  the  direction  of  the  cir- 
cular arrow  A  in  Fie;.  41,  and  therefore 
the  reaction-couple,  which  is  of  equal 
moment,  tends  to  turn  the  ship's  head 
in  the  direction  of  the  arrow  A',  that 
is  to  windward,  and  this  tendency  (to 
"gripe,"  as  it  is  called)  must  be  counter- 
acted by  a  couple  applied  to  the  ship  by 
means  of  the  rudder.  The  tendency  of 
a  ship  to  "fall  off'  her  course  (and  thereby  convert  her  forward  motion 
into  a  component  x  along  her  length,  and  another  y  at  right  angles  to  her 
length),  which,  as  explained  above,  always  exists,  is  therefore  augmented 
by  the  action  of  the  wind,  and  the  difficulty  of  steering  is  increased.  This 
effect  of  the  wind  is  considerable  when  the  ship  is  driven  by  sails,  and  a 
steamer  using  sails  as  an  auxiliary  sometimes  gripes  so  badly,  especially 
with  canvas  on  the  after  masts,  as  to  make  it  almost  impossible  to  steer. 
Thus  sails  on  steamers  used  to  be  almost  entirely  confined  to  the  foremast, 
and  are  now  in  large  vessels  completely  discarded. 

A  ship  sailing  slowly  shorewards  (for  example  a  yacht  leaving  moorings), 
when  a  wind  is  blowing  parallel  to  the  shore,  is  in  danger  of  running  up  on 
the  wind,  and  creeping  ashore.  The  proper  reined}',  if  there  is  room,  is  to 
set  more  sail  so  as  to  give  more  steerage  way,  to  enable  the  ship  to  be 
steered  away  from  the  danger  by  means  of  the  rudder. 

17.  Centre  of  effort  <f  resistance  of  a  fluid.  We  shall  now  consider 
the  turning  action  of  the  fluid  and  the  stability  of  a  projectile  a  little 
in  detail.  The  subject  of  the  drift  of  a  projectile  will  be  resumed  in 
Chapter  XIII. 

It  may  be  noticed  here  that  the  existence  of  this  turning  action  renders 
it  necessary  to  suppose  the  resistance  to  a  body  moving  in  a  fluid  (when 
regarded  as  a  localised  single  force)  to  act  at  a  point  E  on  the  axis  of  figure 
in  front  of  the  centroid  O  of  the  external  figure  of  the  body.  Let  F  now 
denote  the  amount  of  resistance  and  -n  —  </>  the  angle  1  »et  ween  its  direction  and 
the  axis  of  figure.  We  may  apply  through  0  two  equal  and  opposite  forces 
equal  and  parallel  to  F.  The  force-system  reduces  to  a  force  through  O 
and  a  couple,  and  the  moment  of  the  couple  is  (c2—  C3 )''"-.     Thus  we  have 

F.OE sin <f,  =  (ci—c1)vw)  (1) 

which  determines  OE  when  F  and  <p  are  known.     E  is  called  sometimes  the 
"  centre  of  effort." 
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Supposing  I*1  to  act  in  the  direction  opposite  to  the  resultant  momentum 
we  have,  Bince  now  ban  </>  =  <yr  cxvt 

F  .  OE  sin  0  =  (c2--c1)-*v8tan  </>, 

or  F.OE  =  (c2-c1)%2sec0 (2) 

Sometimes,  as  in  the  investigation  of  the  stability  of  a  spinning  projectile 
which  follows,  it  is  convenient  to  write  the  virtual  inertias  along  and  at 
right  angles  to  the  axis  of  figure  as  M  +  M'u,  M  +  JVT/3,  which  take  the  place 
of  &,  and  <:,.  We  then  have  (t\>  —  c1)c1/c2  =  M'(/3  —  «)(1  +ko)/(1  +  k^),  where 
k  =  M'  M.     Thus  (-2)  becomes 

F.OE  =  M'(/3-a)^t^2sec(/> (3) 

A  good  example  is  a  submarine  or  an  air-ship.  If  the  craft  have  no 
buoyancy,  then  M'  =  M,  and  so  k  =  1.  For  a  submarine  moving  at  a  certain 
depth  there  will  be  a  definite  horizontal  direction  of  the  resultant  momentum. 
Let  the  axis  of  the  boat  be  turned  in  a  vertical  plane  from  this  direction 
through  an  angle  <p.  If  I  be  the  height  of  the  longitudinal  metacentre  of 
the  boat,  we  have,  taking  account  of   the  couple  due  to  the  change  of 

direction  of  the  axis, 

1  +  a 
Mgl'tan  <p  =  Mgl  tan  0  -  M'(/3  -  a)     ^-y2tan  </>. 

Hence,  since  M'  =  M,  we  get 

l-r  =  {p-a)]±^t  (4) 

which  gives  the  loss  of  metacentric  height. 

18.  Stability  of  projectile  in  fluid.  We  now  apply  the  ideas  of  the 
foregoing  sections  to  the  discussion  of  the  stability  of  a  symmetrical 
rotating  projectile  in  an  unlimited  frictionless  liquid.  Let  the  projectile 
rotate  about  its  axis  of  figure  with  angular  speed  *??,  so  that  its  A.M.  about 
that  axis  is  On.  But  by  the  preceding  section  the  projectile  will  experience 
a  couple  depending  on  its  motion  with  speed  v  in  the  axial  direction,  and  in 
a  direction  perpendicular  to  the  axis  with  speed  v\  The  moment  of  the 
couple  is  (e2_Ci)r,r. 

where  we  put,  for  compactness,  cv  c2  for  the  effective  inertias  in  the  direc- 
tions of  r  and  iv  respectivel}',  that  is  what  are  denoted  above  by  Mlf  M2. 

Let  dow  th<-  shut  have  precessional  angular  speed  about  an  axis  parallel 
to  th.'  resultant  momentum,  that  is  the  resultant  of  cxv  and  czw.  This  is 
the  direction  of  tin-  impulse  which  would  be  required  to  produce  these 
components  of  momentum.     If  0  be  the  angle  (the  <-/>  of  17)  which  this  makes 

with  the  axis  of  figure  c0w  ,i\ 

tan  ^  =  -2— \l> 

cxv 
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We  suppose  the  motion  to  be  steady.  The  shot  now  "  precesses  "  as  if  it 
were  an  ordinary  top  (Fig.  4)  spinning  about  a  fixed  point  O  with  the  line 
of  resultant  momentum  vertical,  and  endowed  with  A.M.  Cn  about  the 
axis  of  figure,  and  an  effective  A.M.,  X/m  sin  6,  about  an  axis  OE  at  right 
angles  to  the  axis  of  figure  OC,  and  in  the  vertical  plane  containing  OC. 
The  couple  N  acts  about  an  axis  represented  in  the  case  of  the  top  by  OD. 
For  steady  motion  we  have  the  equation 

(Cm  -  X/ul  cos  0)fi  sin  0= N (2) 

Now  N  =(<?.-,  — q )vw,  and  tan  6  =  c2w/c1v,  so  that  we  have 


N  =  ^(c2-c1)v2tan0,  (3) 


and  therefore  (2)  becomes 


(Cn  —  A/uLCosd)iui.  =  -^(c2  —  cl)v2sec6;  ( 4 ) 

2 

for  we  suppose  that  6  is  not  zero.     If  6  were  zero,  it  would  mean  that  w  =  0. 
The  roots  of  (4)  are  real  if 

which  gives  the  least  value  of  n  compatible  with  the  steady  motion,  that  is 

n-Z^A^-cjf (5) 

Now  we  can  put  c1  =  M+M'a,  c2  =  M  +  M'/3,  where  M'  is  the  mass  of  the 
displaced  fluid  and  a,  /3  are  coefficients  depending  on  the  shape  of  the  body. 

Thus  c2-c;  =  M'(/3-a) (G) 

If  y  be  the  angle  of  rifling,  we  have 

tanV  =  ^2^^-^  O) 

where  d  denotes  the  diameter  of  the  gun  at  the  muzzle,  and  the  minimum 
value  of  n/v,  given  by  (5),  is  taken. 

If  /•,,  L\,  be  the  radii  of  gyration  of  the  body  about  the  axis  of  figure,  and 
the  other  axis  about  which  the  body  revolves  with  angular  speed  /usin  0,  we 
have,  since  it  is  supposed  that  the  rotation  about  the  axis  of  figure  does  not 
set  the  medium  in  motion, 

C=M/c12,     A  =  M/,-,-  +  M7/,-, 

where  M7c'22  is  the  increase  of  moment  of  inertia  due  to  the  motion  of  the 
medium  caused  by  the  turning  round  the  axis  referred  to  above  as  corre- 
sponding to  the  axis  ( )E  used  for  the  top.     Thus  we  ol >tain.  putting  M '  M  =  k, 

tanV-W+^nj^S*^-0) <8> 
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Now  we  may  apply  this  theory  to  a  shot  in  air,  and  in  that  case  k /,-"-'  may 
be  neglected,  so  that  we  get  approximately 

fcan2y  =  ^(/3-a)icd23   <«,, 

which,  if  a  and  /3  arc  known,  gives  a  lower  limit  to  the  angle  of  rifling 
required  for  stability. 

So  far  the  quantities  a,  fS  have  only  been  determined  in  the  case  of  an  ellipsoid 
(see  Greenhill,  Encyc.  Brit.,  Art.  Hydromechanics,  §§44,  51).  For  a  prolate  ellipsoid  of 
revolution  (an  egg-shaped  shot)  of  length  of  major  axis  2a,  and  of  each  transverse 
axis  26,  we  have  the  integral  rr  ab2d\ 

J„2(^ 


'  +  A)*(o2+A) 


(10) 


from  which  we  obtain  a,  /S  by  the  equations 


P= 


1-1 


1 


.(11) 


*~l-f     H      1+1      l+2a" 
If  we  write  x  for  the  number  of  calibres  contained  in  the  length  I  of  the  shot,  we  have 


,v  =  2a'2b,  and 


1  = 


./■ 


(**-!)* 


-^cosh-1.*- 


V-l' 


and 


1-1  = 


cosh-1o;  + 


x- 


(12) 

(13) 

(.-•-- l)t  ''--1 

Let  o-  be  the  density  of  the  metal  of  the  shot,  and  in  the  case  of  a  shell  let  the  cavity 
be  homothetic  with  the  external  ellipsoidal  surface,  so  that  each  dimension  is  the  fraction 
/"of  the  corresponding  external  dimensions.     Then 

M  =  $7TO-.^3(l  -f),       M*!2  =  ^TTO-Xd^  1  -P),       M£,2  =  Tl QTT<TXd\l-  +  d2) ( 1  -f%   ...(14) 

and  if  p  denotes  the  density  of  the  air  or  medium, 
W=frrpxd3,     M' 


^M,     V=^^,     V=K^+1)^2,  (15) 


l-/3o-^'       'll         10  l-/3 

tan^y  =  5|(/3-a)l^(.-  +  l) (16) 

The  ratio  <r-p  may  be  replaced  by  ^00  times  the  specific  gravity  of  the  metal,  since 
water  has  about  800  times  the  density  of  air. 

By  means  of  (16)  the  following  results,  which  are  taken  from  a  larger  table  given  by 
Greenhill  (loc.  cit.  supra),  were  calculated  by  A.  G.  Hadcock. 

Table   of   Rifling   fok   Stability   of   an  Elongated   Projectile  ./•  Calibres  long, 
giving  y  the  Angle  of  Rifling,  and  p  the  Pitch  in  Calibres  (tiu\y  =  -. p). 


Palliser  Shell, 

Solid  Steel  Shot, 

.'-' 

f=h  Bp 

Gr.=S. 

/=0,  Sp.  Gr.=8. 

s 

y 

i'  (cals.) 

y 

p  (cals. ) 

1 

0°    <»' 

Infinity 

0°   0' 

Infinity 

•1 

■1    32 

71-08 

l'    29 

72-21 

25 

:>,   23 

5332 

3    19 

54-17 

3 

4   13 

t^  79 

4   09 

13-47 

:?:. 

;>   02 

35  75 

4   58 

3633 

4 

:,   ;,i 

307^ 

5    45 

31-21 

45 

fi    10 

26-93 

6   32 

^7:?<; 

•". 

7    28 

23-98 

7    21 

24-36 

6 

9   04 

1967 

8  ;.<; 

l!)-98 

1-' 

L5    19 

1  1-17 

15    05 

11-65 

X 

90   00 

o-00 

! 0 

o-oo 
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Mr.  Hadcock  also  <_rave  the  following  table 


X 

fi-a 

X 

fi-a 

0  0 

—   X 

4-:. 

0-810 

0-5 

-2-215 

•"' 

-:;:, 

1-0 

0000 

6 

s72 

2-0 

0-494 

i 

897 

2  5 

0606 

8 

915 

30 

0682 

9 

929 

35 

0-737 

10 

939 

[-0 

0-778 

X 

1-000 

[From  Greenhill's  R.G.T.,  1914.] 

In  the  steady  motion  1 1 1  *  -  centre  of  the  Bhot  moves  in  a  helix  with  speed  parallel  to  the 
axis  /'cos  B-\-  "-sin  H,  and  circumferential  speed  v  sin  0  —  v:  cos  6.  Thus,  as  the  period  of 
turning  is  2tt  //,  the  distance  travelled  1>y  the  shot  in  each  turn  can  be  calculated. 

19.  Motion  of  a  rigid  l><><hi  with,  altazimuth  suspension  <in<1  containing 
a  gyrostat — gyrostatic  pendulum.  (1)  With  flywheel  clamped.  We  take 
first  the  case  of  a  symmetrical  gyrostat  suspended  as  a  compound 
pendulum  by  a  combined  vertical  swivel  and  horizontal  axis,  O  say,  as 
shown  in  Fig.  30(6).  The  '-altitude"  (inclination  0  to  the  downward 
vertical)  of  the  axis  of  figure  can  thus  be  changed  without  changing 
the  azimuth,  or  the  azimuth  without  changing  the  altitude,  or  both  may 
be  changed  together. 

First  we  suppose  the  wheel  clamped,  so  that  it  does  not  rotate  on  its 
axle.  Let  the  total  moment  of  inertia  about  any  transverse  axis  through 
O  be  A,  and  that  for  the  wheel  about  its  axis  be  C,  while  that  of  the  case 
and  axle  together  about  the  axis  of  figure  is  C.  Let  the  turninor  about  the 
downward  vertical  be  at  rate  //,  in  the  counter-clock  direction  as  seen  from 
below.  This  gives  angular  speed  ^cosO  about  the  axis  of  figure,  OC  say. 
and  angular  speed  /usinO  about  an  axis  OE  at  right  angles  to  OC  in  the 
same  vertical  plane  Xow  consider  a  horizontal  axis  OD  drawn  outward 
toward  the  observer.  The  rate  of  growth  of  A.M.  about  OD  due  to  the 
motion  is  —  (C  +  C')/ircos0sin  0,  arising  from  the  rotation  /xsinc)  about  OE, 
which  turns  OC  with  its  arm  (C  +  C')/xCOS 0  away  from  the  instantaneous 
position  of  OD,  together  with  A/i2sin 6 COS 6  produced,  in  like  manner,  by 
the  turning  of  OE  towards  the  same  instantaneous  position  in  consequence 
of  the  rotation  about  OC. 

To  these  we  must  add  the  rate  of  growth  —  LB  due  to  acceleration  of  0. 
The  applied  couple  is  M.gh  sin  9.     Thus  we  obtain  the  equation  of  motion 

Ar)  +  (C  +  0'-A)M-\sinrk-osr>+M</Asinr)  =  (> (1) 

The  condition  Eor  steady  motion  is  therefore 

(C  +  C' -  A  Vcos  #  +  :%/<=(),    (2) 

where  now  /j.  and  0  are  constants. 
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To  find  the  equation  of  small  vibrations  about  steady  motion  \w  combine 
with  (1)  the  equation 

M{Asin-tf  +  (C  +  C')c(>s'-tf}=(J,  (3) 

which  expresses  the  constancy  of  a.m.  about  the  vertical  through  0. 
Writing  T  for  tin-  terms  in  (1)  which  are  independent  of  6,  and  putting 
tj  for  the  excess  of  the  current  value  of  0  above  the  steady  motion  value, 
we  obtain  ,/TJ 

a;/  +  ^>,  =  o; (*) 

where  in  dJJ  c/tf  the  values  of  0  and  /j.  for  steady  motion  are  to  be  used 
after  the  differentiation  has  been  performed.  It  is  clearly  only  necessary 
to  differentiate  with  respect  to  0  the  expression  on  the  left  of  (2), substitute 
the  value  of  </«  d6  obtained  by  differentiating  (3),  and  multiply  by  sin  0. 
Thus  we  obtain,  after  a  little  reduction, 

oC  +  C--A3(C  +  C/-A)cos^-A 
"+*         A A  +  (C  +  C'-A)cos^,/Sin  e~° (',} 

The  period  T  of  a  small  oscillation  is  therefore  given  by 

2xf  A{A  +  (C  +  C'-A)cos26>}  )*    (6) 

"  M  i(C  +  C'-A){3(C  +  (J/-A)cos'20-A}sin-0l 

If  C  +  C  =  0,  A  =  M/r,  we  have  the  case  of  a  simple  conical  pendulum 
oscillating  about  steady  motion,  and  get  the  period  27r/yu(3cos20  +  l)~,  which 
may  be  verified  directly.  If  0  is  very  small  this  period  becomes  Tr/fi,  that  is 
half  the  period  of  revolution  of  the  conical  pendulum.  But  then  the  motion 
of  the  bob  is  that  of  a  particle  round  a  centre  towards  which  it  is  attracted 
by  a  force  which  varies  directly  as  the  distance.  The  result  of  a  .small 
disturbance  is  to  cause  the  particle  to  describe  an  ellipse  about  the  centre 
of  force,  that  is  to  extend  one  diameter  equally  at  both  ends,  and  to 
shorten  in  the  same  way  the  diameter  at  right  angles  to  that,  and  the 
period  of  deviation  from  the  circle  is  then  clearly  half  the  time  of  describing 
the  latter. 

If  the  body  be  a  straight  thin  rod,  the  steady  motion  equation  (2)  gives 
fx  =  i}\(jhjk  cos 0)-,  so  that  the  period  of  revolution  is  27r(Acos  d/M.gh)\  In 
this  case  the  period  of  a  small  vibration  about  the  steady  motion  is 


2tt/         1 


as  before. 


\3  cos2  0  +  1/ 


20.  Gyrostatic  pendulum  with  altazimuth  suspension.  (2)  With  fly- 
wheel undamped.  We  now  unclamp  the  wheel  of  the  gyrostat,  and  set  it 
turning  relatively  to  the  vertical  plane  of  the  axis  OC  with  vertical  speed  w. 
The  total  angular  speed  of  the  flywheel  is  ^  +  \/>cosr),  and  this  can  only  be 
changed  by  a  frictional  or  other  couple  about  its  axis.  We  shall  suppose 
that  no  such  couple  exists.     The  only  change  to  be  made  in  the  preceding 
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analysis  is  the  substitution  of  C(oo  + fxeosO),  or.  as  we  write  it,  C/>,  for  the 
a.m.  about  the  axis  of  the  flywheel.  The  rates  of  production  of  a.m.  for  tin- 
axis  0I>  are  now  ( < '//  -f  C'/x  cos  6)/n  cos  0,  arising  from  the  rotation  about  OE, 
and  —  A/*2sin  0 cos 0,  arising  from  tin*  motion  of  OC.  The  equation  of 
motion  for  OD  is  now 

Ad+{Cn+(C-A)fjLCO8d}fjLame+Mghame=0 (1) 

Along  with  this  we  have  for  the  a.m.  about  the  vertical  through  0, 

Cn  cos0  +  (Asm2e  +  C'co.s-O)M  =  G (2) 

The  equation  of  steady  motion  is 

\('n-(A-C')ficosd}iuL  +  N(jh=0 (3) 

This  equation  gives  two  speeds  of  turning.  If  A  >  C,  as  it  will  be,  the 
product  of  the  roots  is  —  M<///  (A  —  C) cos  6,  and  is  negative,  for  we  measure 
0  from  the  downward  vertical,  and  it  is  less  than  x/2.  The  directions  of 
turning  about  the  vertical  are  therefore  opposed.  If  n  be  very  great  the 
roots  differ  greatly  in  numerical  value,  and  the  greater  is  that  which  agrees 
in  direction  with  the  rotation  n  when  both  are  looked  at  from  above  or 
from  below. 

The  approximate  values  of  the  roots  are 

Mgh  On  Mgh 

~  Gn     ana     (A-COcose^Cw' 

We  can  now  find  the  equation  of  small  oscillations  about  steady  motion. 
We  write  as  before 

A'7  +  ^[{Cn-(A-C')/xcos0}yWsin^  +  ]\h///sin0],;  =  O;  (4) 

where   >/   has  the  same  meaning  as  before,  and  6  and  /*  are  to  have  the 
steady  motion  values  in  the  result  of  the  differentiation.     Calculating  </«  d& 
from  (2)  and  substituting  in  (4),  we  get 
...  {Cn-2M(A-C,)cos0}-sin-O  +  (A-C')(Asin-^  +  C'cos20)/u-sin-0        ft   ,_. 

"  + A(A-(A-C')coB*fl} '/  =  °-  (0) 

Thus  the  period  of  vibration  is 

A{A-(A-C')cos-tf;        -i* 


Hm 


merator  of  fraction  in  (5). 


21.  Gyro8tatic  pendulum  hung  by  untwistable  flexible  wire  or 
universal  joint  We  have  supposed  the  pendulum  hung  by  an  altazimuth 
suspension.  Sometimes  however  the  suspension  adopted  is  a  short  piece  of 
nearly  untwistable  steel  wire,  the  upper  end  of  which  is  rigidly  secured  in 
a  vertical  position  to  a  fixed  point,  while  the  lower  end  is  rigidly  fixed  in 
line  with  the  axis  of  the  pendulum  rod,  as  in  Fig.  42.  Such  a  suspension  is 
kinematic-ally  equivalent  to  a  Hooke's  universal  joint. 
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The  wire  is  capable  of  flexure,  bui   resists  torsion  very  much  ;  hence,  on 

tln>  supposition  thai   there  is  only  bending,  we  can  find  in  the  following 

manner  the   motion  to  which  it  subjects  the  pendulum  rod.     On  a  circle 

round  the  case  of  the  gyrostat,  coaxial  with  the  pendulum  rod,  mark  two 

points  A,  B,  and  let  the  arc  AB  subtend  an  angle  <j>  at  the  centre  of  the 

circle.     Now  let  (as  shown  in  Fig.  42)  the  pendulum  rod  move  clockwise 

round    the    vertical    in   a   cone   of   semi-angle   0, 

i 

through    the    point    of    support,    with   angular  i 

.speed  jn.  If  the  point  A  always  lay  in  the 
vertical  plane  defined  by  the  axis  of  the  rod 
at  each  instant,  the  rod  would  turn  at  angular 
speed  fj.  cos  0  round  its  axis,  and  in  the  counter- 
clock  direction  to  an  e}re  looking  towards  () 
from  beyond  the  gyrostat.  But,  clearly,  in  the 
interval  in  which  the  vertical  plane  through 
the  rod  has  turned  through  the  angle  0,  that 
plane,  if  it  contained  A  initially,  contains  B  at 
the  end,  and  so,  to  bring  A  to  the  position 
occupied  by  B,  we  should  have  to  turn  back  the 
pendulum  about  the  axis  of  figure  through  an 
angle  0,  equal  to  that  which  the  vertical  plane 
has  turned  through. 

The  angular  speed  of  the  pendulum  about  the 
axis  of  figure  is  thus  —  0+/*cos0=  —  /*(1  —  cos0), 
in  the  counter-clockwise  direction  as  viewed 
from  below.  We  suppose  the  flywheel  to  turn 
in  that  direction,  relatively  to  the  moving- 
vertical  plane,  at  speed  w.  Hence  the  total 
angular  speed  n  of  the  flywheel  about  its  axis 
is  w—  u(  1  —  cos  6).  (Here  0  is  the  acute  angle 
measured  from  the  vertical  drawn  downward 
from  the  fixed  point  O:  if  we  measure  0  from 
the  upward  vertical  point  we  should  have 
u  =(o— /a(1+COS0).] 

Further,  the  angular  speed  about  OE,  drawn  to  the  left  at  right  angles 
to  OB,  in  the  vertical  plane  containing  the  latter  axis,  is  fx  sin  0,  counter- 
clockwise to  an  eye  looking  along  EO.  We  can  now  rind  the  equation  of 
motion  for  an  axis  OI)  drawn  out  from  the  paper  towards  the  observer. 
Tie-  tinning  about  OE  is  carrying  OB  (here  the  axis  of  spin)  towards 
the    instantaneous    position    of    01),    and    so    the    rate    <>f    production    of 

a.m.   is   C ii as\i\0   from    the    llywl I,   and    —  (  "/n.-{\  —  cos  0)sin  0  from   the 

symmetrical  case.     Again,  as  the  axis  OE  moves  with  the  vertical  plane 
of  OC,  the  coinponenl   turning  of  that  plane  about  OB  gives  a  rate  of 


B 


Flo.  42. 
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production  of  a.m.  —  A/a2 sin  #cos  0.     The  applied  couple  in  the  counter-clock 
direction  about  OD  is  —Mt7A.Edn  6.     The  equation  of  motion  is  therefore 

AO+{Cn-C'/A-(A-C')/xcos0}/AsinO+M.7A  sin  0  =  0 (1) 

Along  with  this  equation  we  have  for  the  flywheel 

//  =  at  —  n(l—  cos  6)  —  const,,  (2) 

and  about  the  vertical  through  O  the  equation  of  A.M.  is 

(Asin2O  +  C'cos2O)/A-C'/ACosO  +  C?>cos0  =  G (3) 

The  condition  of  steady  motion  is 

{Cn-C'/A-(A-C>cos0}M  +  Mr//,=O (4) 

As  before  we  can  obtain  the  equation  of  small  vibrations  about  steady 
motion  by  differentiating  the  expression  on  the  left  of  (4?)  and  inserting  the 
value  of  dfifdO  from  (3);  so  that  we  obtain 

A>7+^[{C??-C'/A-(A-C')/ACos0}/A].sinO.,;-O, 

or  A,7  +  [{Cn-2C>-2(A-CVco.se)!'//^  +  (A-C')M2sinO]sinO.,,  =  0.  ...(5) 

But  from  (3)  we  get 

^/A_-2(A-C,)/AsinecosO  +  C/?sinO-CVsine  (6) 

d0~  Asm20  +  C'cos20-C'costf 

Substituting  in  (5)  we  obtain 

A„  ,  [K2-C,/AK  +  (A-C,)/A2{A-(A-C/)cos20-C/cos0}]sin2^  ,_. 

A>,+  "  A-(A-C')cos20-C'cos0  -.»/-!>,. ..(<) 

where  K  =  On  -  C'/x  -  2(A-  C>  cos  0. 

We  shall  refer  back  to  the  equations  now  obtained  when  we  deal  in  the 
sequel  with  the  small  oscillations  of  a  gyrostatic  pendulum. 


CHAPTER   VIII 

VIBRATING  SYSTEMS  OF  GYROSTATS. 

SUGGESTIONS  OF  GYROSTATIC   EXPLANATION   OF 

PROPERTIES   OF   MATTER 


1.  Gyro8tatic  Spring.  Lord  Kelvin  suggested  in  a  Royal  Institution 
Lecture,  delivered  March  4,  1881  {Popular  Lectures  and  Addresses,  Vol.  I. 
p.  142)  that  some  of  the  elastic  properties  of  bodies  might  be  capable  of 
explanation  by  the  rotation  of  their  particles. 
He  returned  to  the  subject  in  his  Address  as 
President  of  Section  A  of  the  British  Association 
Montreal  Meeting,  1884.  As  an  illustration  of 
the  production  of  elastic  quality  by  motion,  he 
proposed  a  gyrostatic  arrangement  which  should 
have  the  properties  of  a  spiral  spring.  As 
shown  in  Fig.  43,  four  equal  bars  freely  jointed 
at  their  ends  form  a  frame,  to  the  ends  of  a 
diagonal  of  which  are  attached  hooks  about 
which  the  frame  can  swivel,  so  that  it  can 
revolve  about  that  diagonal  without  any  turning 
of  the  hooks.  At  the  middle  of  each  bar  of  the 
frame  is  placed  a  flywheel  running  in  its  case 
with  its  axis  in  the  line  of  the  bar.  The  case 
is  rigidly  connected  with  the  bar.  The  direction  of  spin  of  each  wheel 
is  such  that  if  the  frame  were  drawn  out  into  a  double  line  of  bars  alone 
the  diagonal,  the  directions  of  turning  would  coincide  for  all  the  wheels. 
The  gymstats  have  all  the  same  mass  M,  moment  of  inertia  of  flywheel 
< '.  speed  of  rotation  n .  ami  moment  of  inertia  A  of  the  whole  gyrostat 
about  a  transverse  axis  through   its  eentroid. 

When  the  frame  is  hung  by  one  hook,  so  that  the  line  of  hooks  is 
vertical  and  a  mass  M,  is  hung  on  the  lower  hook,  and  the  frame  is  there- 
after precessing  freely  about  the  swivels,  the  effect  of  increasing  the  weight 
M,  is  to  cause  elongation  of  the  distance  from  hook  to  hook,  and  vertical 
vibration  of* the  arrangement  about  a  new  equilibrium  value  of  this  distance 

G.O.  I. 


Fig.  43. 
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takes  place.  Similarly  if  Mj  is  diminished  the  diagonal  is  shortened.  We 
shall  see  how  the  elongation  or  shortening  depends  on  the  increase  or 
diminution  of  Mr 

Attempts  made  to  realise  this  "gyrostatic  spring  balance,"  with  gyrostats 
first  spun  and  then  placed  in  position,  have  failed  because  of  the  difficulty 
of  equalising  the  rotational  speeds;  but  success  can  he  attained  by  using 
gyrostats,  all  precisely  alike,  in  which  the  flywheels  are  rotors  of  electricity 
driven  motors,  and  driving  all  with  the  same  current. 

We  suppose  the  length  of  each  rod  to  be  2a,  and  that  the  inclination  of 
each  upper  rod  to  the  downward  vertical  is  0.  We  find  first  the  energy  of  the 
arrangement.  The  distances  of  the  centres  of  the  upper  and  lower  pairs  of 
gyrostats  from  the  level  of  the  upper  end  of  the  diagonal  are  a  cos  0  and 
3a  cos  0,  respectively.  Thus  the  corresponding  vertical  speeds,  taken  posi- 
tive downwards,  are  —a  sin  0.0  and  —  3«  sin  0.6.  Also  the  distance  of 
each  of  these  centres  from  that  diagonal  is  a  sin  6,  so  that  the  horizontal 
speed  in  each  case  is  numerically  a  cos  6.  6,  Lastly,  the  vertical  speed  of 
the  lower  hook,  and  therefore  also  of  the  attached  mass,  is  —  •*«.  sin  6 .  6. 
Hence  we  get  for  the  kinetic  energy 

2{A+Ma2+4(M+M1)a2sin20}02+2(A+Ma2)/a2sin20+ItJ 

where  fx  is  the  precessional  angular  speed  and  R  (a  constant)  is  the  kinetic 
energy  due  to  the  spin  of  the  flywheels. 

The  potential  energy,  measured  from  the  level  of  the  upper  end  of  the 
vertical  diagonal,  is  —  4^/(2M  +  M1)acos  0.  Thus  we  have  the  energy 
equation 

2{A+Ma2+4(M+M1)o2sin20}02 

+  2(A+Ma2)/u28in20-4a(2M+M1)acos0=K, (1) 

where  K  is  a  constant. 

Also  there  is  the  equation  of  constancy  of  a.m.  about  the  vertical 
diagonal,  which,  since  we  measure  0  from  the  downward  vertical  from 
the  fixed  point,  may  be  written 

(A+Ma2)/*sin20-Oicos0=G (2) 

where  G  is  a  constant. 

Differentiating  (1),  putting,  for  brevity,  a  for  A+Ma2,  (3  for  4(M  +  M,  vJ. 
we  get 

(a+/8sin20)0+y8sin0cosa.02+a/i^3sin20+aiu28in0cos0 

+a(2M+M1)asin0=O (3) 


d 


"■ 


But,  by  (2),  a/A^8in20=-(Cn/i+2aAt2cos0)sin0, 


ie 


so  tli.it  (3)  becomes 

(  a  +  /3  8in20)0+/3  sin  0COS  0.  ^-(t  'n  +a/u  cos  0 1  u  sin  0 

+a(2M +M1)aain0=O (4) 
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The  steady  motion  equation  is  obtained  by  deleting  in  (4)  the  terms  in 
&  and  in  Q3. 

For  small  vibrations  about  steady  motion  we  take  <>-  as  negligible,  and  obtain  by  the 
method  of  19,  VI  I. 

(a+/3sin20)?/-^(Cn  +  a/*cos0)./z778in  6  =  0,  (5) 

in  which  /t  and  $  arc  to  be  understood,  after  the  differentiation  is  performed,  as  the  values 
for  the  steady  motion,  and  //  is  the  excess  of  the  actual  value  of  0  above  the  steady 
motion  value.     We  have,  as  before,  '//t'rf#  =  —  (Ore+2aji*cos  $)jasva  t),  and  (5)  becomes 

..  ,  ((  to  +  2ttft  ens  6)-  +  a-'//.- sin-  0         _ 

»/+  7 — ,   u    ■    .,a[ r/  =  0 ((J) 

a(a  +  p  sin-60 

The  period  of  oscillation  of  the  arrangement  is  therefore 

r     (A  +  Ma2){A  +  Ma2  +  4(M4-M1)a-'sin2fl}     "I  * 
" "  L{( '//  +  2(A  +  Ma>  cos  0}2  +  (A  +  Ma^Vsin2 6  A  ' 

We  now  investigate  the  change  of  equilibrium  length  of  the  diagonal  produced  In- 
altering  Ml.  For  this  we  take  the  steady  motion  form  of  (4),  and  differentiate  with 
respect  to  M,.     We  get 

,,,,-,  n\  dp    dd  9    •     n   dd 

which,  by  the  value  of  <//'  dd  given  above,  becomes,  after  reduction, 

dd ,9a(A  +  Ma2)sinfl _ 

dMt~      {C/i  +  ^(A  +  Ma2)/xcos^}'-!  +  (A  +  Ma-')V2sin-'^ ('; 

Thus  the  angle  6  diminishes  as  the  load  Mj  increases,  that  is  the  vertical  diagonal  increases 
in  length.     The  length  I  of  the  diagonal  is  Aa  cos  d,  so  that  dl=  -4a  sin  d .  dd.     Hence  (7) 

gives 

dl 4graa(A+Mffl2)3in2fl 


rfM,     {Cra  +  2(A  +  Ma2)/x  cos  BY  +  (A  +  Ma2)2/*2  sin2  6 ' 


(8) 


This  result  shows  that  the  action  can  hardly  be  described  as  that  of  a 
spiral  «[>ring.  For  very  fast  spin  the  predominating  term  in  the  deno- 
minator on  the  right  of  (8)  is  C2n2,  and  the  elongation  produced  by  a  given 
increment  cZMj  of  load  is  nearly  proportional  to  simtf.  If,  however,  the 
frame  be  shut  up  so  that  each  side  is  very  nearly  horizontal,  and  the  spin 
be  very  great,  the  spiral  spring  action  will,  as  noticed  below,  be  obtained. 

But  (6)  and  (8)  show  that  even  when  ('//  is  zero,  the  arrangement  acts 
as  a  spring.  Tt  is  of  course  very  easy  to  investigate  this  simple  case 
independently. 

A  fair  idea  of  the  action,  and  indeed  an  approximate  realisation  of  the 
property  aimed  at,  is  obtained  by  means  of  the  arrangement  shown  in 
Fig.  44.  A  gyrostat  is  hung  with  its  axis  horizontal  bv  a  cord  in  the  same 
vertical  as  the  centroid.  The  flywheel  spins,  but  hs  there  is  no  couple  there 
is  no  precession.  A  weight  mg  is  applied  in  a  vertical  line  at  distance  / 
from  the  centroid,  as  indicated  by  the  diagram  :  a  slight,  very  slight,  tilting 
of  the  gyrostat  is  produced,  and  the  gyrostat  moves  off  with  not  quite 
steady  precession,  of  average  angular  speed  p.  Neglecting  the  slighi  devia- 
tion, now  set  up.  of  the  suspension  cord  from  the  vertical, and  putting  A  for 
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the  moment  of  inertia  of  the  gyrostat  about  a  vertical  axis  through  its 
centre,  we  get  for  the  kinetic  energy  of  the  azimuthal  motion  the  value 
},A/n2+),inl'2/uL2.  The  work  done  by  the  weight  mg  in  its  descent  through 
the  small  distance  h  involved  in  the  tilting  is  m<jh.      Hence 

we  get  l{k+wl*)f=±mgh ..(9) 

As  we  have  already  seen,  we  have  in  this  case  (jl=  mgl/Cn. 
Substituting  in  the  equation  just  found  this  value  for  fi,  and 
supposing  that  A  is  great  in  comparison  with  ml2,  so  that 
the  term  linl'/jr  may  be  neglected,  we  find  after  a  little 
reduction  the  equation 


h      kVg 


.(10) 


m     2C%2 

It  will  be  seen  that  this  (to  a  constant  factor)  agrees  with 
A  (8)    if   we   suppose    Cn    very    great  and    6=},-n-.       For    this 

value  of  9,  sin-#=l,  and  the  rate  of  variation  of  ain26  with 
0  is  zero,  so  that  proportionality  of  h  to  m  is  for  small 
increments  of  m  fairly  accurately  obtained.  But  in  strictness  the  terms 
in  A  and  M  in  the  denominator  of  the  expression  on  the  right  of  (8),  intro- 
ducing ^cosO  and  fismO,  atfect  the  result.  The  rate  of  variation  of  cos20, 
or  of  sin20,  with  0  is  numerically  greatest  when  6=  \ir. 

The  action,  though  it  cannot  be  described  as  an  exact  imitation  of  that  of 
an  ordinary  spring,  is  very  interesting,  and  is  helpful  as  furnishing  a  notion 
as  to  how  the  elastic  properties  of  bodies  may  possibly  be  explained  by 
means  of  a  kinetic  theory  of  the  constitution  of  the  bodies. 

2.   Gyrostat  htmg  by  steel  wire.     Axis  horizontal  without  spin.    The 

suspension  wire  in  actual  experiments  made  was  long,  its  upper  end  was 
fixed  and  its  lower  end  was  attached  to  the  gyrostat  rim  so  that  the  gyrostat 
turned  with  the  wire  when  that  turned  about  its  axis,  and  the  gyrostat  was 
free  to  tilt  as  shown  in  the  diagram.  Let  the  gyrostat  be  turning  in  azimuth 
so  that  the  wire  is  twisting  or  untwisting.  Let  the  wire  have  torsional 
rigidity  r,  that  is  the  couple  required  to  maintain  the  lower  end  in  position, 
when  turned  round  the  axis  of  the  wire  through  an  angle  ,/,  from  the  position 
of  equilibrium,  be  r</>. 

As  we  shall  see,  the  plane  of  the  flywheel  will  not  remain  vertical,  and 
we  suppose  that,  at  the  instant,  the  inclination  of  the  axis  to  the  horizontal 
is  r>.  as  shown  in  the  diagram,  reckoned  positive  when  the  turning  is  in  the 
counter-clock  direction  about  the  horizontal  axis  OA.  as  seen  from  beyond 
A.      If  0  lie,  as  we  assume,  always  small,  r)  will  always  be  small  also. 

Now  suppose  the  angular  momentum  Cu  of  the  (vertical)  wheel  to  be  re- 
presented by  OH  drawn  from  the  centre  ()  of  the  gyrostat,  and  that  the 
lower  end  of  the  wire  is  turning  in  the  azimuthal  direction  indicated  by  the 
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C^> 


curved  arrow  at    the  top  of  the  diagram.     Hence  angular  momentum  is 
being  produced  about  the  horizontal  axis  OA  al  rate  —  Cn<f>.    The  gyrostai 
must    be   tilted   with   the  end    1!   of  the   axis   up,  through    the  angle   6  (ex- 
aggerated in  the  diagram  ).  to  give  a  couple  for  this 
growth  of  angular  momentum.     The  moment  of  the 
couple  is  MgaO  if  M  be  the  whole  mass  of  the  gyrostat 
and  a  the  distance  of  the  point  of  attachment  of  the 
wire  from  the  centre  of  gravity  0.     The  total  rate 
of   production    of    angular    momentum   about   OA    is 
A  B—  On<j>,  where  A'  is  the  moment  of  inertia  of  the 
gyrostat   about  the  point  of  attachment  E  of  the  wire. 
Putting  this  rate  equal  to  the  moment  of  the  couple  in 
the  positive  direction,  we  get  the  equation  of  motion 

A?d-Gn<j>=  -Mgad (1) 

But  in  consequence  of  the  turning  at  rate  0  angular 
momentum  is  being  produced  about  the  upward 
vertical  at  rate  CnO,  and  the  total  rate  about  that 
axis  is  A$-\-CnQ,     Hence  we  get  the  equation 

A0  +  C,^=-t0 (2) 

It  is  to  be  noted  that  the  azimuthal  motion  of  the 
tilted  gyrostat  will  cause  slight  deviations  of  the  lonjc 
suspension  wire  from  the  vertical :  these  are  here 
neglected. 

If  now  we  suppose  0  so  small,  and  the  period  also 
no  great,  that  6  may  be  neglected,  we  have  C»</>  =  MgaO,  and  therefore 

Cn$  =  M.gaO,    or    Cnd  =  $Chi2/M.ga. 
Substituting  in  the  equation  (2)  we  find 


OA  and  OB 

represent 

horizontal 

axes 

Fig.  4j. 


.      C2n2\  .. 
mga/  ' 


0. 


.(3) 


This  is  the  equation  of  torsional  oscillations,  and  shows  that  the  virtual 
moment  of  inertia  of  the  gyrostat  as  a  torsional  vibrator  is  A  +  Chi2j'Mga. 
This  fact  was  pointed  out  by  Lord  Kelvin  [B.A.  Meeting,  1884]. 

A  strict  solution  of  the  equations  (1)  and  (2)  leads  to  the  same  result,  and 
to  another  interesting  conclusion.     Assuming 

e=e,eikt,   c/>=r/y^, 

and  substituting  in  (1)  and  (2),  we  obtain  the  equations 

I  A '/.•--  toga  )00+  iCr,k<f>0=0, )  (4) 

;i  )nkQ0— (A&2— T)0O-O.  J 
Eliminating  00,  </>0,  we  find 

AA'Jfe*-  (('-//-  +  Mga  A  +  TA')/.-  4-  M././T  =0,  (5) 
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a  quadratic  equation  for  the  determination  of  k2.  The  roots  are  certainly 
real  if  the  angular  momentum  Cn  of  the  flywheel  is  made  great  enough. 
Tiny  are  also  positive  because,  since  A,  A',  M,  g,  a,  t  are  all  positive,  the 
product  of  the  roots  Mgar/AA'  is  positive,  and  the  sum  of  the  roots 
(G2n2+M.gaA+TA.')/AA.'  is  also  positive. 

If  now  t  be  made  very  small,  that  is  if  the  suspension  wire  be  made  very 
long,  the  product  of  the  foots  M;/"r  AA'  becomes  very  small.  But  the 
coefficient  of  /,-  is  still  numerically  great.  Thus  the  equation  has  then  a 
small  root  and  a  comparatively  large  one.  The  small  root  is  obtained 
approximately  from 

-(C2n2  +  MgaA  +  TA')lc2  +  MgaT  =  0,  (6) 

and  the  large  root  from 

AA,i2-(C2n2+M^aA+TA')  =  0 (7) 

Neglecting  the  term  tA'  in  the  expression  in  brackets,  we  obtain  for  the 
small  root  Mgar  ,„. 

,C-C*n2+MgaA {  } 

The  period  of  vibration  is  for  this 

"(A  +  ^)" 

Thus,  regarding  the  matter  from  the  point  of  view  of  torsional  oscillations 
of  a  wire  of  torsional  rigidity  t,  we  see  that  the  moment  of  inertia  of  the 
gyrostat  as  a  torsional  vibrator  on  the  wire  is  virtually  A  +  C-/r  Mga. 
Now  take  the  large  root  given  by  the  equation 

„     CW+MgaA 

~AA^  " (     ' 


The  period  of  oscillation  is 


o 


J.7T 
k 


K 


I  A' 


Mga  + 


.(11) 


,~y-   ,      A 

Thus  regarded  from  the  point  of  view  of  an  oscillation  in  0.  that  is  of  the 
gyrostat  about  a  horizontal  axis  through  the  point  of  attachment  of  the 
wire,  and  in  the  plane  of  the  flywheel,  the  motion  takes  place  in  the  period 
which  would  exist  without  rotation  either  under  a  couple  (per  unit  of  0) 
M</"(l+C"'"  KAga)  with  moment  of  inertia  A',  or  under  a  couple  Mga 
with  moment  of  inertia  A'/(l  +  C2n2/M.Aga). 

The  motion  of  long  period  and  that  of  short  period  can  exist  separately. 
The  general  motion,  however,  when  the  suspense  in  wire  is  very  long,  consists 
of  \  ilirat  ions  of  short  period,  arising  from  the  virtual  diminution  of  moment 
of  inertia  just,  noticed,  superimposed  on  the  vibrations  of  long  period  due  to 
enhancemenl  of  moment  of  inertia  of  the  torsional  vibrator.  [These  rapid 
vibrations  are  naturally  more  quickly  damped  out  by  the  action  of  friction, 
which  is  not  here  considered.]     That  a  virtual  enhancement  of  one  moment 
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of  inertia  A  must  be  accompanied  by  a  virtual  diminution,  in  the  same 
ratio,  of  the  other  moment  of  inertia  A  ,  follows  from  the  fact  that  the 
coefficient  of  /'  in  the  determinantaJ  equation  (•">)  is  AA'.  We  have  thus  a 
genera]  theorem  of  the  effective  inertias  of  systems  which  have  two  modes 
of  vibration.     Very  probably  it  has  been  explicitly  stated  before. 

3    Gyrostat  with  two  freedoms  doubly  unstable  without  spin.     We  dow 

consider  the  arrangement  of  a  gyrostat  mounted  SO  as  to  turn  about  two 
axes  which  are  at  right  angles  to  one  another,  and  may  be  regarded,  in  t In- 
first  place,  as  both  horizontal.      We  .suppose,  therefore,  that  the  system  has 
gravitational  stability  of  instability  in  one  or  both    freedoms.     Such   an 
arrangement  is  shown  in  Fig.  46,  which  represents  a  motor  gyrostat  mounted 
on  gimbals.     In  this  case  the  gyro- 
stat, if  without  spin,  is  unstable  in 
both  freedoms.     But  it  is  possible  to 
have  one  gimbal  ring  pivoted  above 
the  gyrostat,  and  the  other  below  it, 
and  neither  of  these  mav  be  the  ring 
on  which  the  gyrostat  is  immediately 
supported:  or  the  axis  carrying  the 
gyrostat   may   be  one  about  which 
the  frame  or  case  of  the  gyrostat  is 
free  to  turn,  and  the  frame  or  case 
mav  be   attached   to  a  cross-bar  on 
two  vertical  lees  or  stilts.     Such  an 
arrangement    has   one   stability    and 
one  instability  without   spin.     Both 
the  stability  and  the  instability  are 
gravitational.     Thus    if    M    be    the 
mass  of  the  gyrostat  and  its  attach- 
ments,   and    h    the    distance    of    the    centre    of    gravity    from    the    axis 
considered,  what  has  been  called  the  "preponderance,"  Mgh,  may  be  either 
positive  or  negative. 

Let,  then,  the  masses  which  turn  about  the  respective  knife-edges  or  axes 
be  M.  M'.  the  heights  of  the  centres  of  gravity  above  (or  distances  from) 
the  axes  be  h,  h',  the  moments  of  inertia  about  the  axes  be  A,  A',  the 
respective  angular  deflections  (supposed  small)  from  the  vertical  be  <£,  \fr, 
and.  as  usual,  the  moment  of  inertia  and  angular  speed  of  the  flywheel  be 
( ',  a.  We  get  then  by  the  process  so  often  employed  above,  for  the  rates 
of  growth  of  angular  momentum  about  the  axes,  fixed  in  the  present  case, 
A.0+ C*  \j,  =  Mgh  </>,    A  U  -  C?i0  =  M  gh  \fr*  (1) 

Mt  may  be  remarked  here  that  it  we  multiply  the  first  of  these  equations  i>\  p,  the  second 
by  -i,  add  .uid  integrate  with  reaped   to  the  time,  we  gel   the  equation  of  energy.     But  the 


Fn..  46. 


168  GYROSTATICS  chap. 

[If  the  axes  be  horizontal  and  at  right  angles  to  one  another,  we  might 
take  them  as  parallel  to  axes  of  x  and  y  drawn  from  an  origin  on  the 
vertical  through  the  centre  of  gravity  for  the  upright  position.  Each 
turning  is  to  be  taken  as  positive  when  it  is  counter-clockwise  to  an  eye 
looking  at  the  apparatus  towards  the  origin  from  a  point  on  the  axis  of 
rotation  at  a  positive  distance  from  the  origin.  The  axis  of  z  may  be  taken 
downwards.] 

If,  taking  the  case  of  double  instability  without  spin,  we  write  B  =  M.gh, 
B' =y]';/h\  Equations  (1)  become 

A$+Cn\j,-B<p  =  0,     A'xj>-Cn<j>-B\f,  =  0 (2) 

[The  reader  will  observe  that  the  meaning  of  \Js  is  here  different  from 
that  assigned  to  the  same  symbol  in  the  theory  of  a  single  gyrostat  set 
forth  above.] 

Now  let  <j)  =  aeikt,     \fs  =  hem,  (3) 

where  a  and  b  are  constants,  which  are  in  general  complex  numbers,  that  is 
are  of  the  form  u  +  i/3,  {i  =  (  —  1)*}  where  a. and  /3  are  real  quantities.  Thus 
by  substitution  in  (2)  we  get 

-(/c2A+B)a+i/cCrc&  =  0,1 

-ikCna-(k*A'+B')b  =  0,} 

and  therefore  by  elimination  of  a  and  b 

AA7,'4-(CV2-AB'-A'B)//-  +  BB'  =  () (5> 

According  to  the  supposition  made  above,  A,  A',  B,  B'  are  all  positive,  and 
the  roots  of  the  quadratic  in  k''  which  we  have  obtained  are  real  and  positive 
if  (CV2-AB'-A'B)->4AA'BB'  and  C2n2> AB'+A'B. 

These  are  the  conditions  of  dynamical  stability,  for  if  they  be  fulfilled  </> 
and  \/r  represent  simple  harmonic  deviations  from  the  equilibrium  configura- 
tion (unstable  in  the  present  case  without  spin).  Each  deflection  may  have 
either  of  the  two  periods  given  by  the  two  real  roots  Jc^,  L:r  of  (5).  The 
motion  is  oscillatory  and  therefore  stable,  and  there  are  two  modes  of 
vibration,  which  may  be  taken,  either  separately  or  in  combination,  by  the 
gyrostat.  Moreover  there  are  numerically  equal  positive  and  negative 
values  of  h  given  by  each  value  of  k-. 

Now  it  is  clear  that  the  four  roots  provide  for  the  case  in  which  the  sign 
of  //  is  reversed,  that  is  for  both  +  n  and  — //.  To  settle  what  roots  go 
with    + //   and   what   with  —71,  we  ma}'  proceed  as   follows.      Suppose  that 

gyrostatic  terms  have  disappeared,  and  they  contribute  aothing  in  an  explicit  form  to  the 
energy  expression.  The  same  remark  is  true  of  all  systems  of  equations  containing  gyrostatic 
terms.  Hence  from  tlu  principli  of  energy  alone  it  is  impossible  to  foresee  the  existence  of 
suoh  iitiiis.  It  is  snmctiiiu-s  as>fi  -ti-il  that  the  principle  of  energy  contains  all  things  dynamical. 
Certain  special  cases  excepted,  the  principle  of  energy,  bj  itself,  is  insufficient  for  the  solution 
i  ii  dynamical  problems. 
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A     A    and    B  =  B',  then   equations  el)  can   be   united   in   one   by   writing 
£=04-i\^r.     Tims  multiplying  the  second  of  (2)  by  i  and  adding,  we  gel 

Af-Onif-Bf-0 (G) 

If  now  we  put  £=  K.eikt, 

when'  k  is  a  constant,  we  obtain  from  (G)  the  condition 

/•■;-l>  +  !v  =  0 ,7, 

which yielda  k=  \  (_'('  '  i±(i-+^?,,)'J) (8) 

Thus  for  n  positive  k  has  two  positive  values,  and  for  n  negative  has  two 
negative  values.  The  reversal  of  the  direction  of  rotation  reverses  the  signs 
of  the  roots.  This  will  hold  also  when  A  and  A',  and  B  and  IV,  are  unequal, 
as  there  cannot  be  any  change  in  the  nature  of  the  solution  brought  about 
by  the  equalisation  of  these  quantities. 

It  will  be  observed  that  if  the  spin  be  rapid  the  roots  are  Cn/A  and  B/Cn 
nearly.  These  are  the  angular  speeds  of  possible  circular  motions,  and 
agree  with  the  results  obtained  above  for  the  steady  motion  of  a  top. 

The  roots  of  the  quadratic  (">)  are  given  by 


4»_i/{l±(l_4jjS)   }, (9) 

wlnTe /=(C-tt2  — AB'- A'B)  AA',  g  =  BB' ,AA'.  This  gives  two  positive  values  of  /•  and 
two  negative  values,  provided  </  is  positive.  It  will  be  observed  that  if  B  and  B'  have  not 
the  same  sign  g  is  negative,  and  (9)  gives  two  real  roots  (equal  with  opposite  signs)  and 
two  imaginary  roots.  We  have  just  seen  that  the  two  positive  values  of  k  apply  to  the 
case  of  n  positive.  Now  recurring  to  the  case  of  A  =  A',  B  =  B'.  we  should  then  have  been 
able  to  realise  the  solution  very  simply  by  writing 

£=<f)  +  i-f  =  (ai  +  l-fii)e^'  +  (a.,  +  ;(32)eik>',  (10) 

where  a,,  /?,,  a2,  /£>  are  supposed  all  real.      We  should  have  had 
£=  a!  eos  kxt  -  /ji  sin  kxt  +  «..,  cos  kj  -  (3»  sin  I,;,t 

+  i(al  sin  kxt  +  /3X  cos/-1i,  +  u2sin  k.Jt  +  fi2  cos  kj) (11) 

and  therefore  should  have  obtained  the  real  values  of  (ft  and  \lr  by  equating  </>  to  the  first 
line  on  the  i  ight  of  this  equation,  and  iyj/  to  the  second  line.     But  if  we  compare  (4)  with 
the  equations  we  should  have  if  A  =  A'  and  B  =  B',  we  see  that  we  must  have  for  positive  n, 
<f>=a1  cos/,/  -  /i,  sin  /y  +  u.,  cosk2t  -  j82  sin  /■./,  ^  . , ., 

ijr  =  Pi(u-l  sin  i\t  +  fjx  cos  l\t)  -{■  p-^a.,  sin  iy  +  /i,i'ns/'.,(),  J 

where  p  =  -J(/r2A  +  B)  (&2A'+B')}*=i6  a, and  />,,  p.,  are  the  positive  values  of  p  for  /■,  and  /■.,. 
If  we  put   —i  in  the  place  of  +/  in  the  exponents  in  (10),  (12)  becomes 

(fa  —  ,1^  cos/-,/  +  /jx  sin  /y  +  fi.jcos/y +  /£,sin  kj,  }  ,.,. 

y[r=  —  pi(u,  sin  /y  -  />\  ens/y)  -/32(a28in  kj  -  (J„  cos  kj).  J 

Thus  we  have  simply  changed  the  signs  of  the  arguments.  In  ( L2)  and  ( 13)  /-,  and  k.,  are 
to  be  taken  positive,  as  the  effect  of  changing  from  the  positive  to  the  negative  roots  has 
been  taken  account  of  in  the  signs  of  the  coefficients  in  (13).     These  changes  correspond 

to  a-  reversal  of  the  spin  ».  as  may  be  seen  from  the  values  of  the  roots  of  the  biquadratic 
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(5)  as  given  in  (8).  It  will  be  seen  that  each  pair  of  terms  of  (12),  made  up  of  the  first 
term  in  <j>  and  the  first  term  of  t//-,  or  of  the  second,  third,  or  fourth  term  in  each 
expression,  would  if  />  were  unity  give  a  circular  motion  in  the  positive  direction,  and 
that  similarly  the  corresponding  pairs  of  terms  in  (13)  would  represent  circular  motions  in 
the  opposite  direction.  But  opposite  circular  motions  are  not  superimposed  [see  4,  below]. 
It  is  now  obvious  that  there  are  two  modes  of  motion  for  each  direction  of  spin  provided 
the  product  lib'  is  positive.  By  the  spin  the  two  instabilities  which  existed  without 
spin  have  been  replaced  by  stabilities,  if  BB'  be  negative  there  is  only  one  possible 
i le  of  motion  for  each  direction  of  spin,  and  complete  stability  has  not  been  attained. 

The  reader  will  observe  that  this  analysis  of  any  system  with  two 
freedoms,  gyrostatically  dominated,  is  applicable,  mutatis  mutandis,  to  any 
arrangement,  e.g.  that  of  the  gyrostat  on  a  trapeze,  or  Lord  Kelvin's  proposed 
gyrostatic  compass  [see  5,  VII]. 

4.  Gyrostatic  system  with  two  freedoms  <!<>iihlti  stable  without  spin. 
Gyrostatic  pendulum.  Let  ns  now  suppose  that  the  two  freedoms  are  both 
stable  without  spin.  Then  in  equation  (2)  we  have  to  change  the  signs  of  B 
and  B',  and  then  suppose  both  quantities  positive.     The  equations  are  now 

A$  +  Cmj,  +  B<p  =  0,     A\£-C/?0  +  B'^  =  O (1) 

If  we  had  A  =  A',  B  =  B',  we  should  write  the  single  equation 

A£-Cm£+B£=0, (2) 

where  £=(/)+ i\js.     The  value  £=  (a +iL3)em  would  give  the  equation 

A         A 

sothat       .         /c=2xlK1+w)j (3) 

Reversal  of  the  sign  of  n  would  give  simply  these  roots  reversed  in  sign. 
Thus  for  a  given  direction  of  spin  there  are  two  roots  Ay  —Jr.,  of  which  the 
positive  numerical  values  are  kv  7c2,  and  for  the  reversed  spin  there  are  the 
two  roots  —  kv  /..,. 

We  find  in  the  same  manner  as  before 

<£=«.,  cos  /y  -  fiv  sin  /y +  «._,  COS  I:,?  +  ft.,  sin  kj,  \  ,  ,^ 

yf/  =  /'i("-i  si"  k\t  +  fi\  cos  Ay)  -p2(a2sin  k«t     ji,  cos  kj).  J 
Here  plf  /»._,  are  taken  as  the  positive  values  of 

{{BA  -  B)/(4»A'-B')}* 
for  the  respect ive  \ alues  of  /•-. 

I  [  we  change  t  he  direct  ion  of  spin  we  get 

</>=<<,  eos  /•/-(-  /},  sill  k\t  +  <<.,  eos  k.J  -  /i.,sin  kj,  "i  -  , 

Vr==Pi(—  ui  sin  /y +  /31cos/y)  +  /iL,(<c,  sin  kj  +  />,  eos  k.J).  I 
If  />  were  unity  the  first  pair  of  terms,  or  the  second  pair  of  terms,  one  from  </>  and  one 
from  ^r,  in  (4),  would  give  a  circular  motion  in  the  positive  direction,  and  either  pair  of 
terms   in   fca  a   circular    motion    in    the   negative    direction.       These    circular    motions   are 

reversed  in  (5).    There  is  thus  the  remarkable  difference  between  this  doubly  stable  case 
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and  the  former,  thai  now  circular  motions  in  opposite  directions  can  be  superimposed. 
The  periods  of  these  two  motions  are  -•-  /•, ,  --  !•'.,.  The  greater  angular  speed  / , ,  which 
for  A  =A',  B=B'  is  On  A  nearly,  is  round  in  the  direction  of  rotation,  the  smaller  angular 
speed  ta,  which  for  A  A.  B  =  B'  is  B/Cw  or  (M.<fh/Cn)  nearly,  in  the  case  of  gravity  is  in 
tlic  opposite  direction  to  the  rotation  n.     That  is  as  seen  from  below  in  both  cases. 

5.  Illustrations  of  effect  of  spin  on  stability.  The  arrangements  shown 
in  Fig.  47  illustrate  this  affair  of  stabilities  very  well.  It  is  taken  from 
Thomson  and  Tait's  Natural  Philosophy,  §34ox.     A  gyrostai  Is  hung  on  a 


Fig.  47. 


bifilar  sling,  the  horizontal  bar  of  which  can  turn  about  swivels  at  its  ends. 
There  are  four  arrangements:  (1),  (2),  (3),  (4).  In  (3)  and  (4)  the  cords  are 
crossed  by  means  of  a  ring  placed  in  one  of  them.  In  each  case  there  are 
three  gyrostatic  modes  of  motion,  two  inclinational  and  one  azimuthal.  [The 
inclinational  mode  in  which  the  cords  move  in  the  vertical  plane  is  supposed 
annulled  by  a  proper  constraint.] 

Without  spin  of  the  gyrostat,  these  are  all  three  stable  in  (1);  the  inclina- 
tional mode  of  shorter  period  is  unstable  in  (2);  the  azimuthal  mode  only  is 
unstable  in  (3);  while  the  azimuthal  mode  and  one  inclinational  mode  are 
unstable  in  (4). 

As  the  following  discussion  shows,  with  sufficiently  rapid  spin  of  the 
gyrostat,  in  (1)  the  motion  is  wholly  stable;  (2)  has  two  interlinked  modes, 
the  azimuthal  and  the  shorter  period  inclinational,  unstable  and  the  other 
inclinational  modes  stable;  for  (3)  the  same  result  holds:  in  (4)  the  motion 
i-  again  wholly  stable. 

The  theory  of  the  arrangement  is  shortly  as  follows.  It  is  supposed  that  when  the 
cords  are  in  the  Bame  vertical  plane  the  arrangement  is  symmetrica]  about  the  line  joining 
the  mid-point  E  of  the  trapeze,  on  which  the  gyrostat  is  carried,  aud  the  mid-point  V  of 
the  line  AB. 

Lei  f  denote  the  azimuthal  angle  turned  through  by  the  trapeze  from  coplanarity  of  the 

cords,  >)  the  inclinati »f  the  axis  of  the  gyrostat  to  the  horizontal,  and  6  the  angular 

turning  about  the  line  joining  the  upper  ends  A.  B  of  the  '"ids.  The  angle  8  may  be 
taken  us  the  inclination  of  EF  to  the  vertical  in  the  displaced  position. 

Tin'  turnings  7,  0  we  suppose  ar< unter-clockwise  when  viewed  from  beyond  the  right- 
band  end  of  th.'  trapeze,  and  we  take  the  position  of  stability  without  spin  as  the  normal 
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position.  If  M  be  the  total  mass  suspended  and  I  the  length  of  EF,  the  total  moment 
about  AB  will  not  differ  much  from  MgW,  if  6  be  .small,  and  /  (as  in  Fig.  47)  be  great  in 
comparison  with  the  distance  h  of  the  line  of  swivels  from  the  centroid  of  the  gyrostat. 

Practically  the  whole  mass  M  is  made  up  of  the  gyrostat  and  trapeze.     The  moment  of 

the  forces  about  the  line  of  swivels  is  approximately  My/"/-     We  denote  the  moment 

about  the  vertical  due  to  the  bifilar,  when  theazimuthal  angle  is  f,by  L£     The  equations 

of  motion  are  approximately 

Af-0»i|±Lt="<U 

BJ)-MM$+Cn£±Mghri=0,   0) 

B,d-Mhli)±MgW=0,  ) 

for  the  suspended  mass,  apart  from  that  attached  to  the  swivels,  is  practically  zero.  Here 
terms  in  ()-,  if-  are  neglected,  all  the  angles  £  n,  6  are  taken  small,  and  A,  B,  B'  denote 
the  moments  of  inertia  respectively  about  a  vertical  through  the  centroid  of  the  gyrostat 
and  trapeze,  about  the  line  of  swivels,  and  about  the  line  AB,  and  the  upper  or  lower  sign 
before  L,  Mgh,  or  Mgl  is  to  be  taken  according  as  the  mode  of  motion  is  stable  or  unstable 
in  the  absence  of  spin  of  the  flywheel. 

If  we  suppose  that  f=ael>e,     i]  =  beint,     Q=ceit>-t,  (2) 

and  substitute  in  (4),  we  get,  taking  for  the  present  the  upper  signs  in  the  ambiguities, 
the  determinantal  equation 

A  ( BB'  -  MW)  fi«  -  (BB'L + AB'Mgh  +  A  BMgl  -  LM?h  -I-  +  FC%8)  p* 

+(BU  +  B'hh  +  AM%  +  C-n°-l)Mgii?  -  LWAlg* =0 (3) 

When  L,  Mgh,  or  Mgl  is  to  be  taken  with  sign  minus  prefixed,  the  requisite  correction  in 
this  equation  can  be  made  at  once.     Since  B  >  MA2  and  B'>  Ml2,  the  coefficient  of  /<''  in 
(3)  is  positive.     "We  can  now  consider  the  different  cases  specified  above. 
In  case  (1)  the  determinantal  equation  written  as 

«//'  +  /V  +  7/'s  +  8  =  0 
has  its  coefficients  o,  ft.  y,  8  all  real  and  alternately  positive  and  negative.  Hence  the 
roots  of  the  cubic  in  /;.-  are  all  real  and  positive.  The  motion  is  therefore  oscillatory  in  a 
real  period.  Kach  value  of  //.-  gives  two  values  of  //  numerically  equal  and  opposite  in 
sien.  The  motion  is  thus  stable.  It  is  easv  to  show  that  when  there  is  very  rapid  rotation 
of  the  tlv wheel,  so  that  the  terms  ('-//-  dominate  the  coefficients  of  //'  and  //'-'.  the  positive 
values  of  //  correspond  to  rotation  of  the  flywheel  in  one  direction,  the  negative  values  to 
rotation  in  the  opposite  direction. 

In  case  (2)  we  suppose  the  inclinational  mode,  n,  to  be  unstable  without  spin.  We 
shall  suppose  also  that  there  is  complete  gyrostatic  domination,  that  is,  that  C«  is  so  great 
that  ('-'//'-  in  the  coefficients  ft,  y  dwarfs  all  the  other  terms  into  relative  insignificance. 
Since  h  is  now  to  be  taken  with  the  negative  sign  the  determinantal  equation  (3)  is  now 

k(BB'-MWP)li«-BVhiy*+C2n*Mglii?+IlM.Vilgi=0 (4) 

Here  the  sum  of  the  roots  of  the  cubic  in  /i-  has  a  very  huge  positive  value 

B'< ■-,/-  A(i;r>    M-//-7-). 

and  their  product  a  moderately  small  negative  value  -  b.M-;/-/,/  A  ( I'd'.'  -  M -/■'-'/-).  The 
equation  has  therefore  a  Large  positive  root  and  a  numerically  small  negative  root.  These 
roots  are  given  approximately  by  the  first  two  terms  ami  the  last  two  terms  of  (4).  They 
are  respectively  _^         CV-B'  0_      LMghl  ,. 

''""ACBB'-M-A-/2)'     /l" 

The  intermediate  root  is  approximately 

*=-B>  (6) 
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The  small  negative  value  of  //'-'  ia  characteristic  of  the  azirautha]  motion  in  f  and  the 
inclinational  in  7,  now  linked  bj  the  gyroatatic  action.    Hence  this  combination  is  unstable. 

In  case (3) the  azimuthal  mode  only  is  unstable  without  spin.  We  <$r\  exact  h  tin-  same 
roots,  and  therefore  the  same  result  as  to  stability  as  before. 

In  ease  (I)  I,  and  .M<///  are  to  be  taken  with  the  negative  sign  prefixed.  We  Bee  at 
once  thai  in  this  case  all  three  values  of  fi-  are  positive.  The  motion  is  therefore  wholly 
stable. 

In  the  above  discussion  the  words  stable  and  unstable  have  beet  used  in  the  restricted 
sense,  thai  the  theorems  are  onlv  true  for  a  system  unaffected  by  frictional  resistance  to 
motion.    The  subject  of  gvrostutic  domination  is  resumed  again  in  Chapter  XX. 

6.  Gyrostatie  arrangement  doubly  stable  or  doubly  u/nstable  without 
spin.  Fig.  48  shows  a  device  (due  to  Professor  H.  A.  Wilson)  which  may 
be  modified  in  different  ways  to  illustrate  the  theory  given  in  •'>  and  4,  and 

which  is  easily  constructed.     The  axis  of  the  flywheel 

of  a   gyrostat    is    carried    by   a   ring   movable  about 

a    diametral    axis    at    right    angles    to    the    flywheel 

axis,  and    is   shown   as   standing   at  right   anodes   to 

the  plane   of    the   diagram.      The  axis  of   the  ring, 

BF).  is  carried  by  a   frame  which  can  turn  about  the 

line  of  the  bar  CC,  in   one  arrangement,  which    we 

shall   refer  to  as  case  (<<),  or  about  the  line  CC  in 

another,  which  we  shall  call  case  (b).     The  frame  is 

shown    in   a   vertical  position    in  the  diagram.     The 

upper  end  of  the  axis  BB  passes  through  a  bearing  in 

the    upper   bar  of  the   frame  and  carries  a  crank  c. 

One  end  of  a  spiral  spring  is  attached  to  this  crank, 

the  other  end  is  moored  in  case  (6)  to  a  pillar  on  the 

upper  bar  CC  as  shown  in  the  diagram,  and  in  case  (a)  to  a  similar  pillar 

on  a  considerable  prolongation  of  the  bar  CC  to  the  right. 

It  will  be  seen  that  there  are  two  freedoms,  one  of  turning  of  the  gyrostat 
about  the  axis  BB,  the  other  of  the  whole  system,  either  about  the  axis  in 
line  with  CC  or  about  CC  With  the  freedoms  about  BB  and  CC  we  take 
the  spiral  spring  placed  as  in  case  (<t);  its  action  on  the  crank,  when  that  is 
turned  out  of  the  plane  of  the  frame  by  the  turning  about  BB,  is  then  to 
exert  a  moment  tending  to  bring  the  crank,  and  therefore  the  plane  of  the 
gyrostat  flywheel,  towards  coincidence  with  the  frame.  Thus  the  two 
freedoms  are  both  stable  without  spin  of  the  flywheel,  the  former  by  the 
action  of  the  Bpring  and  crank,  the  latter  because  of  gravitation. 

In  easei/,)  the  arrangement  is  doubly  unstable,  for  the  action  of  the  crank 
is  then  towards  increasing  the  angle  between  the  planes  of  the  wheel  and 
the  frame,  and  the  frame  is  unstable  without  spin  since  the  centroid  of  the 
system  is  above  the  axis  CC. 

Let  (f>  denote  an  angle  turned  through  about  the  axis  CC,  and  let  at  the 
instant   considered  the  crank   be  inclined  to  the   frame  at    the  angle  d,  bot  h 
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angles  being  small.  Then  the  directions  of  spin  and  of  the  angles  of  turning 
<j>  and  6  when  positive,  being  as  indicated,  the  <£-eq  nation  of  motion  is 

A$+Cnd+Mgh<f>=0, (1) 

where  the  quantities  A,  Ctt,  Mgh  have  the  usual  significations,  that  is  M  is 
the  whole  swinging  mass,  and  A  is  the  moment  of  inertia  for  the  axis  CC. 
The  distance  h  is  the  height  of  the  axis  CC  above  the  centroid  of  the 
system,  and  in  Fig.  48  is  positive. 

If  6  be  the  small  angle  turned  through  by  the  crank,  and  the  length  of 
the  spring  be  great  in  comparison  with  that  of  the  crank,  and  the  spring  be 
considerably  stretched  when  the  system  is  in  equilibrium,  the  force  F  applied 
by  it  will  be  practically  constant,  and  the  moment  applied  by  it  will,  for 
length  I  of  the  crank,  be  Fit).     The  ^-equation  of  motion  is  therefore 

Bd-Cn<p+FW  =  0,  (2) 

where  B  is  the  moment  of  inertia  of  the  gyrostat  about  the  axis  BB. 

Equations  (1)  and  (2)  correspond  precisely  to  equations  (1)  or  (2)  of  2 
above. 

Let  now  the  arrangement  be  made  doubly  unstable  by  pivoting  it  on  the 
axis  CC,  and  carrying  the  crank  to  which  the  spring  is  attached  to  the  left 
of  B  before  attachment  to  the  spring,  as  shown  in  Fig.  48.  The  equations 
of  motion  are  now,  if  h  be  the  numerical  value  of  the  now  negative  height 
of  CC  above  the  centroid, 

A$  +  Cnd  -  Mgh  <l>  =  0,)                                      ^) 
Bd-Gn<p-FlS  =  0.  J 

All  the  conclusions  derived  above  hold  for  these  arrangements.  We  get 
for  equations  (1)  and  (2),  the  determinantal  equation 

AB/,'4- ( C-//-  +  MghB+Fl A )k2+Mgh VI  =  0,  (4) 

a  quadratic  in  /,•'-,  the  roots  of  which  are  real  and  positive.     For  equations 
(3),  on  the  other  hand,  we  obtain  the  quadratic 

Al!/,'-(('-//'--^rr///r»-F/A)/,-  +  M////F/  =  0, (5) 

the  roots  of  which  are  real  and  positive  if 

CV-  >  Mgh  B  +  F7A  +  2(  Kgh  I IFIA )-, 

in  which  F,  //  are  both  positive  and  the  positive  square  root  is  taken. 

In  eaeli  ease,  if  I  \,  be  very  great,  there  are  two  roots  which  are 
approximately 

1z_Chi2+MghB  +  AFl  M////F/  .... 

,C  ^~AB  "'     /,"-CV-  +  M///«B  +  AW  

in  one  case,  and 

('•■;„-_  M,/A  I  >- A  K/                        MghFl  - 

lc  Ai;  "'    /c  -C*n*-MghB-AFl  ' 

in  the  other.     The  first  root  given  in  each  ease  is  the  larger.     The  first 
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I?:, 


gives  a  vibration  <>f  shorter,  the  second  of  longer  period,  since  of  course  the 
period  is  2-  /,-. 

If  now  we  suppose  that  V  is  zero,  tliat  is  that  there  is  no  spring,  the 
longer  period  is  infinite,  and  the  shorter  is  2- ;  AB/(C2H2  +  Mf//tB)}-  in  our 
ease,  and  I'-jAB  i  ("//'— M7//B)}-  in  the  other.  This  is  also  obvious  from 
equations  (  1 )  and  (2)  or  (o).     For  (2)  and  the  second  of  (3)  become 

Btf-C»0  =  <>, 
and    it    is  clear   that  if   0    is   kept   zero  6  will    he   zero,  so   that    we   have 
Btf  =  C»0.     Equations  (1)  and  the  first  of  (3)  therefore  become  respectively 

rv-+M.r//,r> 


av; 


B 


0  =  0, 


an< 


1 


A0  +  J    -0  =  0. 


(8) 


•(9) 


In  the  former  case  the  length  of  the  equivalent  simple  pendulum  has 
been  diminished  from  A  MA  to  A  (MA  +  Cin2/gB),  that  is  by  the  amount 
ACV-'  M7<(C:/r-  +  BM;/// ),  which  if  C2/Ji2  is  very  great  is  approximately  A/Mh. 
The  effect  of  increased  angular  speed  of  spin  is  therefore  towards  reducing 
the  period  to  zero. 

On  the  other  hand  there  is  not  in  the  other  case  any  real  period  until 
C'-h-  is  greater  than  M.gkB,  and  after  that  continued  increase  of  spin  is 
towards  giving  a  length  of  equivalent  simple  pendulum  equal  to  ABg/Chi2, 
which  again  is  zero  when  Cn  is  infinite. 

7.   Gyrostatic    control  of   the    rolling  of  a    ship.      Control/a-    iritfi 
gyrostat  frame  damped.    The  Schlick  con- 
trivance for  diminishing  the   rolling  of  a 

ship  is  an  example  of  the  first  case.  If  it  is 
left  free  to  precess  in  the  fore  and  aft 
direction  as  the  ship  rolls  from  side  to  side, 
and  there  is  no  couple  on  the  gyrostat 
in  the  (lore  and  aft)  plane  of  precession, 
the  metacentric  height  is  increased  by  the 
amount  <"-'//-  BMgr,  where  B  refers  to  the 
gyrostat  in  its  precessional  motion,  about 
an  axis  parallel  to  the  deck  and  athwart 
ship.  As  M  is  the  whole  mass  of  the  ship 
this  is  not  a  very  large  increase. 

We  may  put  C?n2  BM</  in  the  form 
|0»2.2C  lY\h/.  and  ('  B  is  about  2  for  a 
wheel  like  a  disk. 

In    the    stilt    top    (Fig.    49)   we    have    an 
example     ,,f     the     other    case.       We     must     haw    I",,  '>M»///i;.     that     is 
|Cn2 > £B/C . Mgh,  or  the  kinetic  energy  of   the    flywheel    greater    than 
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Fig.  50. 


the  exhaustion  of  potential  energy  involved  in  the  descent  of  the  top  from 
the  vertical  to  the  horizontal  position. 

The  theory  of  the  stilt  top  with  t'rictional  resistance  to  both  freedoms  is 
practically  identical  with  that  of  Schlick's  gyrostatic  controller  of  the 
rolling  of  a  ship.  We  shall  consider  this  contrivance  here,  and  point  out 
afterwards  the  bearing  of  the  results  of  the  discussion  of  its  theor}-  on  the 

behaviour  of  other  contrivances.  The 
controller  is  shown  diagrannnaticallv  in 
Fie:.  50.  A  gyrostat  G  is  fixed  so  that, 
when  the  ship  is  upright  and  the  gyrostat 
is  in  equilibrium,  the  axis  of  the  flywheel 
is  vertical.  The  wheel  is  pivoted  in  a 
frame  F,  as  shown,  which  turns  on  the 
bearings  bb.  and  a  weight  W  gives  to  the 
whole  arrangement  a  certain  amount  of 
gravitational  stability.  A  brake  pulley 
B  surrounds  the  axis  bb,  about  which  the 
frame  turns,  and  friction  of  a  graded  amount  is  applied  by  a  special  device. 
The  brake  damps  out  the  free  oscillations  of  the  system,  and  also  serves  to 
reduce  the  forced  oscillations,  or  rolling,  due  to  the  periodic  passage  of 
waves  under  the  ship.  But  the  action  of  the  brake  must  not  be. so  violent 
as  to  prevent  the  swinging  of  the  gyrostat  about  the  axis  bb,  as  that  would 
annul  the  controlling  effect  of  the  arrangement  [see  (I  above]. 

We  consider  first  the  free  oscillations  of  the  ship  alone,  and  then  of  the 
ship  and  gyrostat  together  when  the  flywheel  is  spinning  and  the  gyrostat 
is  free  to  precess  about  the  axis  bb.  In  the  former  case  we  shall  suppose 
that  there  is  a  resisting  force  proportional  to  the  angular  speed  of 
rolling,  and  that  the  gyrostat  is  on  board  but  clamped  so  as  to  be  out 
of  action. 

The  equation  of  motion  of  the  rolling  ship  is 

A</>'  +  N0  +  M0  =  O (1) 

where  A  is  the  moment  of  inertia  of  the  ship  for  the  longitudinal  axis  about 
which  she  rolls,  and  M  is  the  righting  moment  per  unit  of  the  angle  <£  of 
heel.  N  is  a  coefficienl  essentially  positive  which  makes  N</>  the  couple 
resisting  the  rolling.     The  solution  of  this  equation  is 


l  N 


0  =  Ke  -A  cos 


f(4AM-N2)*,      1 


<- 


■'-1- 


which  represents  an  oscillation  the  amplitude  of  which  diminishes  according 

to  the  exponential  factor.  Of  course  it'  disturbances  are  introduced  from 
time  to  time  the  values  of  K  and  e  will  require  modification  after  each. 
For  oscillation  it  is  necessary  that  4AM  ">  N2. 
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[f  the  ship,  still  with  the  gyrostat  clamped,  ia  rolling  in  a  seaway,  the 
equation  of  motion  becomes 

A,/;  +  X</>  +  M  »/,=  C'c<  >s  pt (3) 

where  p  is  2?r  times  the  frequency  <>t"  the  periodic  disturbance  due  to  tin- 
waves  passing  the  ship.  We  must  6nd  a  particular  solui  ion  <>('  this  equation, 
and  this,  together  with  the  solution  (2),  will  ho  the  complete  solution. 

Writing  1>  for  </  <//  in  (3),  we  get 

(Al)-  +  NJ)  +  M)(/)  =  C'cos^; (1) 

hence  (f>  is  that    function   which,  when    the   operator   AD2  +  ND  +  M   is  applied  to  it, 

gene  rates  (  '  COS  pt.      New  it  is  easy  to  verity  that  if  we  apply  this  operator  to  < ',' COS  (pt+  a), 

we  obtain  1         /  -nj^,        \ 

C{(-  V  +  M)2  +  Ny}*COS  (^  +  a  +  tan->  -  J^  R), 

that  is.  the  function  is  multiplied  by  ■{(- Ap2  +  M)8+N^p2}'  and  advanced  in  phase  by  the 
angle  tan  '  |  Np  (     A/<-'  +  M  )\.     It  is  therefore  clear  that  if  we  write 

</>  = — rcos  (»£- tan"  '      -r — ,,     .,  ), (5). 

{( -  A,/-'  +  M)-'+  N  >-^        V  ~  Af  +  Mj 

we  have  obtained  a  function  which  the  operator  specified  will  convert  into  Ccospt,  that 
is  we  have  obtained  a  solution  of  the  differential  equation  (4). 

The  performance  of  the  inverse  operation  (AD2+ND+M)-a  on  the  function 
I  eos(p£+a)  divides  the  function  operated  on  by  {( -  A//2  +  M)2  +  N2/>2r~,  and  turns  the 
phase  back  through  the  angle  tan-1{N/}/(  —  Ap2  +  M)\.  This  gives  an  easily  remembered 
rule  for  applying  the  symbolical  method  of  treatment,  which  is  the  best  adapted  for  the 
present  discussion. 

We  may  note  here  that  since  D2=-p2,  the  operator  has  the  form  E  +  FD,  where 
E=  —  Ap2+M  and  F  =  N.  This  remark  is  of  practical  importance,  since  operators  winch 
are  integral  functions  of  1)  can  all  be  converted  into  operators  of  the  form  E+FD  by 
substitution  of  —  p2  for  I)-,  when  we  are  dealing  with  functions  of  the  form  cos(pt  +  a). 
The  performance  of  the  direct  operation  multiplies  by  ( E2  +  F7/-) -,  and  advances  the 
phase  of  the  function  operated  on  by  the  angle  tan~](F/>  E) ;  performance  of  the  inverse 
operation  (E  +  FD)-1  divides  by  (E2+F2p2)*  ami  turns  the  phase  back  by  the  angle 
tan    '(I>  E). 

The  complete  solution  of  ( 1)  is  thus 

C               /,    +     ..,F»\  ,  ,.     '  V        f(4AM-N2)*        1  rfi\ 

c/)  =  —  — -,  cos  I  pt- tan  x    •;   )  +  Kc      A  cos  ■{  ±—  —Lt-e] tW 

(E2+Fy>)*  EJ  {        -A  J 

The  second  part  of  this  solution  is  continually  being  extinguished  by  friction,  but  starts 
anew  into  existence  after  each  disturbance  or  irregularity  of  the  forced  vibration  :  for 
example,  in  consequence  of  the  inequalities  of  passing  waves,  or  b\  change  of  their 
effective  period  due  to  change  of  the  ship's  course,  or  by  other  disturbances. 

Now  let  the  wave-slope  be  given  by  < ',  cos  pt  so  that  the  relative  slope  </>'  is  </>  +  (',  cos/,/. 
But  Cx COS  pt  bear-  a  fixed  relation  to  (''cos/,/  ;  the  couple  changing  the  relative  slope  is 
M  (./,  r(  ',  cis/-/).  Hence  the  couple  arising  from  the  slope  itself  is  M< ',  ens/,/ ;  that  is 
MC,cosptf=  —  Ccosjtrt,  or  (',=  -("  M.    Thus  we  have  by  (•">) 

'/''  =  '/'     ^cosy^cl^^^-^jcosp^+^^^sin^l^LcosCpf-a),  (7) 

where  L=C«*     S      !  30*.     tatt._JjgL_ (8) 

The  values  of  E  and   V  are  stated  above. 

i : .  1 . .  M 
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If  a  is  positive  the  relative  slope  is  against  that  of  the  wave,  and  if  a  is  negative  the 
relative  slope  is  the  other  way.  But  tan  a  is  positive  or  negative  according  as  Ap-  is  less 
or  greater  than  M  -  F-  A. 

8.  Cryrostatic  controller  of  rolling:  gyrostat  frame  undamped.  We 
now  consider  the  free  oscillations  of  the  ship  with  the  gyrostat  undamped,  in  water  un- 
disturbed by  waves.     This  is  essentially  the  problem  discussed  in  (6)  above.    The  equations 

of  motion  are  now  A#-rCn0+M<£=O,     Bd-On<j>+Wgad=0,  (1) 

if  we  take  no  account  of  frictional  or  other  resistances.  Here  Cm  is  as  usual  the  a.m.  of 
the  flywheel  about  its  axis,  J!  is  the  moment  of  inertia  of  the  gyrostat  about  the  bearings 
A/-,  and  \\<i"  is  the  couple  per  unit  of  the  precessional  deflection  0  of  the  gyrostat  from  its 
equilibrium  position,  applied  by  the  weight  W.  [See  10  below  for  a  discussion  of  the 
effect  of  frictional  terms.] 

If  we  write  (£  =  KcJ'*',  d=keilct,  and  substitute  in  (1),  we  obtain 

iVK A  +  ijckta  +  K M  =  0,     /  V-'X-B  -  ik K(  )n  +  Wgak  =0,  (2) 

.,    .  k  ixCn  iVA  +  M  rt\ 

SO  that  —  =  ...  ..^ — — — -  = (•>) 

K    iWB+Wga  iKOn 

Thus  we  obtain  (Ak2-M)(Bk2-  W,9rt)-C2«V  =  0,  (4) 

a  quadratic  in  k2,  from  which  the  periods  2-  k  are  to  be  obtained.     There  are  four  values 

of  k,  namely,  k1s  k2,  — k15  -  k2,  and  the  complete  solution  of  (1)  for  the  initial  conditions 

<£  =  <£o>  0  =  0,  <$>  =  6=0,  is  given  by 

</)  =  K1cos  k^  +  KqCos  kJ,     6  =  l\  sin  K1t+k2sin  kJ,  (5) 

where  Kiil  +  Kjti=01     K1+K2=$0 (6) 

Now,  by  (3),  we  have 

kx  _        iK\On  /-Ki'-'A  +  M       k2  _         iK2Cn  ftiCg'A+M  .  /->. 

K1~ziK1zB+  Wga~         iKfin     '     K^'i^B  +  Wgra-         iKs(jn 

so  that  in  any  case  whatever, 

K,      _  ( Ak2V + MXB/cft-g + Wgra)  /-,  fQv 

K2  /-k,^('-,(-  yt2 V  ' 

In  the  present  case  klKl  =  -L,k->  by  (0),  and  so  putting  —1  for  ?-,  we  get 

| ,      _  (A*./-M)(B*,2-Wgrq)  (9> 

If  now  forM/A,  Wga  B  we  write  47r2F2,  4-2/",  where  I".  /"are  the  frequencies  of  the  free 
oscillations  of  the  ship  and  gyrostat,  the  first  oscillating  with  the  gyrostat  rigidly  fixed 
within  it,  the  second  when  the  ship  is  at  lest,  in  both  cases  without  rotation  of  the  fly- 
wheel, we  can  write  instead  of  (4), 

(k«      l~n(*2-  47ry2)-(^K2  =  0,  (10) 

and  for  (8)  and  (9), 

K,  J/v-4-2F2)U,2-4t,2/'2)/-,          (^-47r2F2)(>c12-47r2;-2)  . 

K2  k,^'-//-  L,  k^-„-  v     ; 

9.  (i  yrOStat ic  con/ roller  <ui(l  ship  under  forced  vibrations.  When  the 
ship  rolls  in  a  seaway  the  main  oscillations  of  the  ship  are  forced  oscillations  of  the  period 
of  the  waves,  and  the  natural  period  of  the  ship  is  so  increased  by  the  gyrostat  that  any 
resonance  effect,  due  to  near  agreement  of  the  period  of  the  waves  with  that  of  the  ship, 
which  might  exist  without  rotation  of  the  flywheel,  is  rendered  impossible.  For  it  will 
be  noticed  that  the  square  of  the  frequency  is  now  given  hy  (10),  being  /<'-'  4-'-'.  If  we 
consider  only   the  comparatively   slow  vibrations,   we   get    the  approximate  value  of 
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the  square  of  the  frequency  from  the  Bniall  rool  of  (10)  as  V- ( l  +  V-  /"-'  +  < '■»-  \--r-.\  B) 
where  V  ia  the  natural  frequency  of  the  ship  when  rolling  freely,  and  f  ia  the  (much 
greater)  natural  frequencj  of  the  gyrostat  as  a  compound  pendulum  (without  Bpin  of  the 
flywheel)  under  the  unital  couple  Wga. 

The  differentia]  equations  of  small  oscillations  arc  now 

A.<£+N<£-Cn$+M<£=C'cosp*,1 
B0+N'0+Cw<£+W<7a0=O,  J  

whore  \</>  is  the  frictional  couple  applied  by  the  water  to  the  ship  as  she  rolls,  and  N'0  is 
the  frictional  couple  applied  to  the  gyrostat  frame  by  the  brake  B,  or  otherwise. 

To  determine  the  forced  oscillations  we  put 

<f>  =  Kcos(pt-a),  (2) 

and  find  Iv  and  a  from  (1).  The  value  of  6  is  then  found  from  that  of  </>  by  the  second 
of  (1).  The  simplest  process  is  perhaps  that  which  makes  use  of  the  result  of  7  for  the 
case  of  forced  vibrations  there  considered.     Putting  D  for  djdt,  we  write  (1)  in  the  form 

(AD2+M+ND)<£-C7iD0=Ccos2rt,  ) 

(BD-  +  Wry«  +  N'J))6'  +  C»D(/)  =  0.  /  

If  we  operate  on  the  first  of  these  with  BI)2  +  Wga  +  N'D  and  on  the  second  with  C«D,  and 

add.  we  get BD3  +  W(/q  +  N'D 

^_(AD2  +  ND  +  M)(BD-  +  N'D  +  Wf/a)  +  CV-'D;i       °S^ (4> 

But  by  (1)  and  (2)  we  have  D-'=  —p\  and  therefore  D4  =  ^4.  Thus  we  can  write  (4)  in  the 
form  E  +  FD 

^>=E7+TE>C'cos^'  '• (5) 

where     E  =  -  Bpn-  +  Wga,     F  =  N\     E'=  ABp*  -  (AWga  +  MB  +  NN'  +  C^2)^  +  UWga, 

F'=  -{(AN'+  BN)p2-NW#a  -  MN'|. 
We  have  now  (E  +  FD)co8/l,  =  (ES+  F^3)4  cos  (^  +  tan-i/^,   (6) 

and  (E'  +  F'DV^cosirf**-  — r  cos  (pt- tan'1  ?^\ (7) 

(E'2  +  F't>2)*        V  E  / 

,      (E2  +  F->2)^  rv       (  ,pF  ,pF'\ 

<£  =  - —       H  \  C'cos  (pt  +  Un-1  V  -  tan-1^  ), 
(E'»+Fy)i  V  E  L/ 

^(EMc-^,.,,^^ (8) 

(E'-'  +  F2/;2)*  \  hh  +pbh  J 


Thus  we  obtain  finallv 


It  remains  to  find  Q.     l'>y  the  second  of  (3)  we  have 

Hi) 


BD2+Woa  +  N'D^=      E  +  FD9' 


-Csin^-tan-*^ (9) 


Cn 

In  the  complete  values  of  </>  and  I)  we  have  to  add  in  (8)  and  (9)  the  solutions  for  free 
oscillation-.  These  equations  however  give  all  that  we  are  concerned  with  wlnn  the  ship 
i-  rolling  under  the  influence  of  a  regular  succession  of  wa\  es. 


For  a  clear  account  of  the  theory  of  ship  control,  and  numerical  ex- 
amples, the  reader  should  consul!  a  very  instructive  paper  on  "The  Use  of 
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Gyrostats,"  by  Professor  Peny,  in  Nature,  March  1  i,  1908.  The  biquadratic 
equation  is  solved,  and  numerical  results  given  for  the  alteration  of  period 
and  the  damping  of  the  rolling  of  vessels  of  different  sizes,  when  controlled 
by  gyrostatic  gear.  As  a  particular  case  a  vessel  of  6000  tons,  metacentric 
height  18  inches,  with  a  natural  rolling  period  of  14  seconds,  controlled  by 
a  gyrostatic  wheel  of  10  tons  of  G  feet  radius,  and  running  at  16  revolutions 
per  second,  is  considered.  We  shall  give  later,  in  Chapter  XXIII,  on  Gyro- 
statics  in  Engineering,  some  of  the  available  practical  examples. 

10.    Theory  of  two  inter/inked  systems  which  are  separately  unstable. 

Stability  in  presence  Of  dissipatlVe  farces.  For  the  interlinked  motion  of  ship 
and  gyrostat  the  complete  differential  equations,  in  the  case  of  resistances  proportional  to 
the  angular  speeds,  are 

A«£  +  N<£  +  C«0  +  M<£  =  O,     B6  +  Wd-On4>  +  V?gad  =  0 (1) 

If  we  suppose  that  <£  =  Ke*',  6  =  kekt,  where,  as  we  suppose  the  motion  to  be  oscillatory,  A 
is  complex,  we  get,  by  substitution  in  (1),  the  determinantal  equation 

ABA4  +  (AN'  +  BN )  A3  +  (C»>  +  AWga  +  BM  +  NN')  A2 

+  (MN'  +  W</aN)A  +  MW^a  =  0 (2) 

The  stability  of  the  interlinked  motions  is  ensured  if  the  real  part  of  A  is  negative,  and 
this  will  be  the  case  if  the  coefficients  of  A3,  A'-',  A  and  the  final  term  MWyn  are  all  positive, 
for  AB  is  positive.  This  condition  is  satisfied  if  the  differential  equations  are  as  stated 
in  (1),  and  the  coefficients  A,  B,  N,  N',  M,  Wga,  < '/;  are  all  positive. 

But  if  the  motions  are  .individually  unstable  when  not  linked  together  by  gyrostatic 
action  equations  (1)  must  be  modified  by  changing  M</>,  \Yga8  to  -M<£,  —Wgad,  leaving 
M  and  Wga  still  positive.     The  determinantal  equation  becomes  now 

ABA4  +  (AN'  +  BN)A3  +  (C2»2  +  NN'-AW^/-BM)A- 

-(MN'  +  W^aN)A  +  AlW/7«  =  0 (3) 

The  last  term  is  still  positive,  and  that  of  A2  can  be  made  positive  by  making '(.'V-' 
sufficiently  great;  but  the  coefficient  of  A  has  become  negative.  For  stability  of  the 
interlinked  motion  all  the  coefficients  must  he  positive.  Hence  the  only  way  in  which 
this  condition  can  be  fulfilled  is  by  changing  the  sign  of  either  N  or  N',  that  is  by  causing 
angular  acceleration  either  of  the  controlled  body,  or  of  the  frame  of  the  controlling 
gyrostat. 

In  the  present  case  the  controlled  body  cannot  be  a  ship,  as  that  lias  gravitational 
Stability,  which  explains  why  the  controlling  gyrostat  arrangement  is  also  given  gravita- 
t  ional  stability,  as  in  Schlick's  device — the  term  JV1  Wga  must  be  positive.  We  may  suppose 
the  controlled  body  to  be  a  monorail  carriage,  or  the  frame  of  a  properly  mounted  stilt 
top.      We  shall  refer  to  the  body  as  "  the  carriage." 

lid  us  then  suppose  that  the  angular  speed  of  the  gyrostat  frame  is  accelerated.  "We 
therefore  change  the  signs  of  the  term  AN',  MN"  in  (3),  leaving  X  and  V  both  still 
positive.     The  coefficients  of  A:;  and  A  are  both  to  be  rendered  positive.     This  requires 

BN-AN'>0,     \\>/N     MV<0,1  (4) 

or  BN=AN'+e,      \\>/N  =  MN'-/,   j 

w  here  8  and  /'  are  positive.      Thus  we  are  to  have 

B  \\"+£ 

W«7a~MN'-/* 
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The  conditions  will  therefore  both  be  satisfied  if 

B       A  /rx 


Wga     M 

In  w  Mills,  this  condition  asserts  that,  if  tin*  frame  of  the  gyrostat  be  clamped,  the  numerical 
ratio  6  6\  of  angular  acceleration  to  angular  displacement  (friction  zero)  must  be  smaller 
than  the  corresponding  ratio  |<£/<£|  for  the  carriage. 

It  is  not  a  practical  solution  of  the  problem  to  accelerate  the  carriage  and  retard  the 
gyrostat.      If  this  were  done  we  should  have  as  a  condition 

MN'-W#«N<0, 

that  is  an  acceleration  coefficient  N  would  be  required,  sufficient  to  raise  W#«N  to  a  value 
above  MN",  where  M  is,  comparatively,  very  great. 

The  acceleration  of  the  gyrostat  frame  is  a  means  of  supplying  energy  from  without  to 
the  system,  the  energy  necessary  to  preserve  in  operation  the  functions  of  the  apparatus. 
The  carriage  in  its  oscillatory  motion  is  retarded  by  friction,  the  potential  energy  ex- 
hausted is  constantly  greater  than  the  kinetic  energy  generated  by  the  displacement  of 
the  carriage  itself,  and  so  energy  must  be  fed  in  at  the  gyrostat  frame  to  maintain  the 
action. 

This  stabilising  action  by  acceleration  of  one  side  of  the  compound  motion  is  very 
important  ;  and  it  is  probable  that,  by  analogy,  it  may  be  a  guide  to  the  explanation  of 
the  preservation  of  the  stability  of  more  complicated  systems,  in  the  presence  of  energy 
dissipating  influences,  and  the  breaking  down  of  stability,  or  death  of  the  system,  when 
energy  can  no  longer  be  supplied  in  the  manner  prescribed  for  the  system  by  its 
constitution. 

We  shall  deal  with  monorail  systems  in  Chapter  XXIII,  on  Gyrostatics 
in  Engineering. 


CHAITKi:    IX 

THE   MOTION   OF  CHAINS    OF   GYROSTATIC   LINKS. 
MAGNETO-OPTIC  POTATION 


z' 


1.  Problem  of  stretched  chain  of  gyrostats.  We  now  consider  some 
more  general  vibrational  problems,  and  take  first  Lord  Kelvin's  problem  of 
the  stretched  chain  of  gyrostats.  This  problem,  as  stated  and  as  worked 
out  by  Lord  Kelvin,  was  sufficient  for  the  purpose  he  had  in  view,  the 
illustration  of  his  theory  of  magneto-optic  rotation  as  caused  by  the 
presence  of  rapidly  rotating  particles  in  the  transparent  medium.  But  it 
is  only  a  particular  case  of  a  more  general  problem  which 
we  shall  consider,  and  give  some  examples  of,  immediately 
after  the  optical  problem  has  been  discussed. 

The  chain  consists  of  equal  gyrostat ic  links  alternating 
with  ordinary  rigid  connecting  links  all  of  the  same  length 
and  supposed  to  be  of  negligible  mass.  In  Lord  Kelvin's 
scheme  the  connection  at  each  junction  is  made  by  a 
universal  flexure  (Hooke's)  joint,  and  the  chain  forms  an 
open  plane  polygon,  held  at  its  extremities  A,  F>,  in  the 
line  ZZ'  (Fig.  51),  by  joints  of  the  same  kind,  and  the 
whole  turns  with  uniform  angular  speed  ju,  without 
change  of  configuration  about  the  line  All.  It  is  required 
to  find  the  form  of  the  chain,  when  the  inclination  of  each 
link  to  the  line  AP>  is  very  small. 

A  gyrostatic  link,  the  /cth  in  order,  which  we  shall  refer 
to  as  Lfc,  is  indicated  in  the  diagram  (Fig.  ~>1  )  with  the  connecting  links  at 
its  ends,  which  we  shall  denote  by  /,. ,  I, H  ,.  [It  is  to  be  remembered  in  what 
follows  that  the  line  A  15  and  the  line  ZZ' of  the  diagram  are  t  he  same.]  The 
Length  of  each  L  is  a,  and  of  each  /  is  I).  We  put  djt  for  the  inclination  of 
the  axis  of  LA.  to  AP>,  </>,.,  <j,ki ,  for  the  inclinations  of  I , ..  /,  .  ,  to  the  same  line. 
yH  for  the  distance  of  the  centroid  (the  centre)  of  L,  from  the  line  A  P>,  and 
m  for  the  mass  of  L, .  We  proceed  at  once  to  the  case  in  which  the  angles 
here  specified  are  all  very  small. 


Fio.  51. 
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We  sret  first  tin-  geometrical  equation 

yw-»-y*«ia(^+i+e*)+t0*+i C1) 

Next,  if  P  be  the  component  parallel  to  AB  of  the  pull  along  a  link,  we 
easily  sec  thai  for  equilibrium  this  must  be  the  same  Eor  every  Link.  The 
component  of  pull  at  right  angles  to  AB  is  P  tan  <pk  =  'P<pk.  We  obtain  the 
equation  Eor  the  acceleration  of  the  centroid  of  LA.  as  it  moves  in  its  circular 
path  about  AB  with  angular  speed  /n, 

'"///, -  "',"-.'//.  =  -  P(0* - 0wi) ( -  ' 

Finally  we  obtain  the  gyrostatic  equation  [see  (2),  1,  V,  above] 

AOk  +  (('l,+('\o-Afx)u6k=hFu(<pk+x  +  <j,k-20k) (3) 

The  quantity  on  the  right  is  the  approximate  value  of  the  moment  of  the 

Eorces  on  L,  taken  about  an  axis  through  the  centroid  of  hk  at  right  angles 
to  the  plane  of  the  polygon,  an  axis  corresponding  to  GDX  of  (1),  1,  V,  above. 
[The  exact  value  of  the  moment  is 

I  Pa  { (tan  <f>k+1  +  tan  <f>k)  cos  6k  —  2  sin  6k  \ .  ] 

We  have  qow  to  consider  the  value  of  the  angular  speed  a^  in  (3).  This  is 
given  by  the  geometry  of  the  Hooke's  joint,  which  is  equivalent  in  its  action 
to  a  short  piece  of  quite  flexible  but  untwistable  wire  connecting  the 
adjacent  links.  Each  L  when  thus  joined  behaves  as  if  the  gyrostatic  axis 
were  prolonged  to  intersect  the  line  AB,  and  were  there  held  by  such  a 
piece  of  wire  in  line  at  one  end  with  BA  and  at  the  other  with  L.  The 
instantaneous  axis  about  which  LA.  turns  bisects  the  angle  supplementary  to 
6k.     If  w  be  the  angular  speed  of  LA.  about  this  axis,  we  have 

to  sin  I  {  7T  —  6k)  =  hi  sin  0k, 

or  w=2/isin^l (4) 

This  resolves  into  a  component  2/Asin2£0*  [  =  //(l— cos0t)]  about  the  axis  of 
Lk.  and  a  component  jus'm  0k  about  the  axis  GE  drawn  in  the  plane  of  the 
polygon  at  right  angles  to  the  axis  of  Lk.  Hence  w1  =  2/xsin2|^,  which  is 
uegligible  when  0k  is  very  small.  Even  if  this  angular  speed  were  not 
negligible  the  smallness  of  C  would  render  the  term  C'wj  inappreciable. 
The  precise  mode  of  connection  is  thus  of  no  consequence.  It  is,  however, 
to  be  remembered  that  the  angular  speed  /u.  about  AB  gives  a  component 
/xcostf,..  about  the  axis  of  L,.,  by  which  the  turning  of  the  axis  GE  is  to  be 

reck< d,  and  a  component  ft  sin  tik  about  GE  which  gives  the  turning  of  the 

axis  of  the  flywheel  towards  GDr     Equation  (3)  thus  becomes 

A0t+(Oi-AM)M0i=|Pa(^+1  +  0ft-20i) (5) 

Equations  (1),  (2),  and  (5)  solved  by  the  method  of  tinite  differences  give 
the  complete  solution  of  the  problem  proposed,  indeed  of  a  more  general 
problem,  if  it  is  not  supposed  that  u  is  constant,  and  the  term  Ad,  in  (5)  is 
retained.     For  all  three  equations  are  then  applicable  and  changes  in  0  will 
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be  given  according  to  the  imposed  conditions.     Supposing,  however,  tliat 
0k  =  0,  and  /j.  a  constant,  the  three  equations  are 

Vk+i  -  Vk  -  ha(0k+i  +  Sk)  -  &0h-i  =  °- 1 

^2^+P(0fc+1-0fc)=O, (°> 

(Cn-Afji)fidk-  ^(0^+^-20,)= O.J 

From  these,  as  we  shall  see  below,  we  obtain  a  simple  solution  if  we 
suppose  //, ..; ,  =  1/,.  =  0,  that  is,  that  the  centres  of  the  gyrostats  are  all  on  the 
line  Oz.     We  pass  over  this  solution  for  the  present. 

In  the  usual  notation  of  the  calculus  of  finite  differences  the  operator  by 
which  a  quantity  uk+1  is  derived  from  u,.  is  denoted  by  E,  so  that  uk+l  =  liLuk. 
Applying   this  to    the    equations  in    (G)   we    obtain,   if    c  be   written    for 

(Cn-Afx)fi  +  ?<>. 

2(E-l)yk-a(E  +  l)0k-2bE(pk  =  O] 

m^yk  +  P(E-l)cpk  =  0,\ CD 

2c0k-?a(E  +  l)<fik  =  O.) 

Thus  we  get,  eliminating  yk,  0k,  and  <f>k,  the  determinantal  equation 

E2-2(l-e)E+l=0,  (8) 

where  e  =  2mM-(IV-  +  />o  P(4c  +  m/x2a2). 

If  now  we  suppose  that  1—  e<l,  a  condition  fulfilled  by  making  P 
sufficiently  great,  and  supposing  that  /j.  is  the  smaller  of  the  two  roots  of 
the   quadratic  in   /u.  which  (3)  becomes  when  0k  =  0,  we  get  from  (8),  by 

writing  1  -e  =  cosa,  E  =  cos  a±  i  sin  a (9> 

and  therefore 

yk  =/E*+grE~*  =/'(  cos  ka  +  i  sin  ka )  -f  g  ( ci  >s  ka  —  i  sin  ka) (10) 

To  obtain  from  this  a  real  solution  we  put   2/=A  —  £B,  2g  =  A+iB,  and 

obtain  from  (10)  yk  _  a  cos  ka  +  B  sin  ka (11  > 

If  .'•,  denote  the  coordinate  parallel  to  AB  measured  from  the  centre  of 
the  link  L0 ,  we  have  ,,.;  _  fc(a  +  /, ,. 

so  that  (11)  becomes        7,.  =  A  cos        ', +Bsin        -. (l-> 

Jk  <t+b  a+b 

Thus  the  centroids  of  the  jjyrostatic  links  lie  on  a  harmonic  curve  of 

wave-length   27r(a  +  b)/a,  which   may  be  regarded  as   the  projection,  on  a 

plane  through  AB,  of  thr  helical  configuration  of  the  particles  in  a  circularly 

polarised   wave.     The  period  is  2—  a,  and   therefore   a  circularly  polarised 

wave   is  propagated  along  the  chain  at   speed  /x("  +l>)  a.  =  V,  say.     But 

1  —  e  =  cosu,  so  that  e  =  2sin2£a,  or,  to  terms  of  the  second  order  inclusive, 

a=(2e)*.     Thus,  y==m(o+&) (13) 

<  2e)* 

The  exact  value  of  1   2«  is  [see  (8)  above] 

P(4c+m/trV) 

4»?/u"-(  P« '-'  +  /«•)" 
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Hut  since  <t  is  very  small  \w  neglect   ma-'n-  in  (-(iniparison  with  4c,  and 
obtain,  by  the  value  of  c, 

2e     ih/**(a+&H      (eP  +  />(/ito-yAtVl  ' 

where  /8  =  C  (a+6),  y  =  A  (a+6),  the  moments  of  inertia,  axial  and  trans- 
verse, per  unit  of  length  of  the  chain.     Hence,  by  (13), 

m      [1+aP+&(j8»-y/0/*j K    ' 

But    if   the   links  be  very  small    and    P  be  very  great,  the  value  of   l/2e 
gives  approximately 

/*        1       P       )-f1     1(C»-A^)M)  «, 

(^"lm(o  +  6)|    li  +  ^     P(«  +  &)    /'  U     ' 


or,  if  A/x  be  neglected 

r^T     I    I1  h2P(a+6)J' 


v^[P(q+b)}V1|l     C7iM    1 (lg) 


Thus,  but  for  the  gyrostatic  influence,  the  speed  of  propagation  would  be 
{P(a+6)/m}  .  Now  P  is  the  pull  in  the  chain,  and  mj(a  +  b)  is  the  mass 
per  unit  of  length,  so  that  if  the  links  be  very  small  (making  lj(2ey  very 
great,  and  therefore  a  very  small,  and  the  wave-length  2ir(a  +  b)/a  very 
great)  and  there  be  consequently  a  large  number  in  the  wave-length,  the 
velocity  of  propagation  is  that  of  a  wave  of  transverse  displacement  along 
a  stretched  cord,  multiplied  by  the  factor  l+CnfilZP(a  +  b). 

If  X  be  the  wave-length,  then,  since  2ir/fA  is  the  period,  we  have  approxi- 
mately AM  27r={P(a+&)/m}*,  or  P(a+6)=mXV/4^2-  Using  this  in  the 
factor  l+Otyi/2P(a-r-o)  we  get 

v  =  (P(a±6)}V1  +  2T2_Oy fl 

I      m      J   V  /xinX-J 

or,  substituting  i2-V  A  for  ju, 

fPfe±S}V1+T^.)  =  {Efch*)}4+^   (17) 

nearly. 

Thus  we  sec  that  the  velocity  of  propagation  of  the  circularly  polarised 
wave  is  increased  by  an  amount  proportional  to  the  angular  momentum  C/i 
of  a  flywheel,  and  inversely  proportional  to  the  wave-length. 

It  will  be  seen  from  (14)  that  the  gyrostatic  term  in  the  value  of  V 
chancres  sum  if  the  direction  of  the  rotation  about  the  line  All  is  reversed, 
while  that  of  the  rotation  of  the  flywheel  remains  unaltered,  or  '•/><  msa. 
For  either  of  these  cases  we  have  a  new  velocity  V  of  propagation  and  a 


Y=- 


l.Sli 
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corresponding  wave-length  given   by  2tt//ul  =  \'  V.       The  difference  of  the 


velocities  is 


.(IS) 


The  more  exact  value  of  the  velocity  of  propagation  in  this  cast-  (  n  and  u 
in  opposite  directions)  is  ohtained  from  <  14).  which  becomes 

y,2  =  P ( <'  +  6)  f  L  (fin  +  yn )fia      )  (19) 

??i       t       <iF  —  b{fin+yfjL)u.  I' 


2.    When  vibrational  motion  ofgyrostaMe  chain  is  possible  wider  thrust 
or  tinder  tension.     Also  from  (14),  1,  we  see  that,  for  n  and  p  in  the  same 

direction,  V-  is  still  positive  when  for  P  is  substituted  — P,  provided  the 
numerical  value  of  P  lies  between  certain  limits,  that  is  the  motion  is  then 
still  possible  under  thrust.  This  point  is  not  dealt  with  in  Lord  Kelvin's 
paper.  If  we  examine  (14)  we  see  that  if  we  take  P  as  the  value  of  the 
thrust,  reckoned  positive,  it  must  lie  between  the  limits  (fin  —  yjx)fx(l  +  b/a) 
and  (/3n  —  y/u)/u.h(i.     It  is  assumed  of  course  that  /3n-  >  y/x. 

In  the  case  (19)  above,  in  which  n  and  /m  are  in  opposite  directions  (  u  and 
fi  being  the  positive  numerical  values),  V-  is  positive  when 
P  is  greater  than  (fin  -\-y/n)/m(\  +l>  a  ),  and  also  when  P  is  less 
than  (/3n  +  yiu.)fib/a.  When  P  has  a  value  between  these 
limits  Y-  is  negative,  and  the  motion  is  impossible.  The 
motion  in  this  case  is  not  possible  at  all  under  thrust.  The 
limits  of  tension  just  given  are.  it  will  be  seen,  in  a  sense 
complementary  to  those  of  thrust  in  the  other  case.  These 
limits  of  tension  and  of  thrust  and  their  connection  do  not 
seem  to  have  been  worked  out  before. 

It  is  important  to  notice  that  the  gyrostatic  chain  has 
been  supposed  to  lie  at  each  instant  in  a  plane  harmonic 
curve  having  the  line  AB  (or  ZZ',  Fig.  52)  as  axis.  [The 
flywheels  appear  tangential  to  the  curve,  but  the  arrange- 
ment may  be  different.]  It  therefore  does  not  directly 
represent  by  its  motion  a  circularly  polarised  wave.  For 
that  we  should  have  to  suppose  the  gyrostats  to  lie  at  each 
instant  on  a  helix  having  AH  as  axis,  and  all  the  gyrostats 
to  turn  at  the  same  speed  in  e<|Ual  circles  round  the  axis. 
By  a  simpler  analysis  than  that  given  above,  the  wave 
velocity  may  be  found  for  this  more  general  case,  instead 
of  that  chosen  by  Lord  Kelvin  |  see  :;  below].  We  should, 
however,  obtain  exactly  equations  (14)  and  (19)  above;' 
indeed  it  is  not  very  difficult  to  see  without  Eurther  analysis 
that  this  musl  be  the  result.  Eence  the  investigation  given  above  illus- 
trates circularly  polarised  \\a\es  precisely. 
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Now,  returning  to  equation  I  L8),  imagine  two  chains  of  gyrostats,  in  all 
respects  the  same  as  to  Lengths  of  links,  masses,  ami  angular  momenta  of 
flywheels,  to  exist  side  by  side,  each  turning  in  steady  motion  with 
angular  speed  numerically /*,  one  about  a  line  A.B,  the  other  about  a         j 
parallel  line  A'B',  but  in  opposite  directions,  and  having  each  the  con- 
figuration shown  above  to  be  necessary  for  steady  motion.    The  wave- 
Lengths  are  X,  X' and  the  wave-velocities  V,  V  [see  (  1  7 )  and  ( 1 0 ),  1  ]. 

Equations  (6)  give  the  special  solution  above  referred  to,  which 
is  obvious  otherwise.  It  is  that  which  we  obtain  by  putting  yk, 
.  etc.,  all  zero:  in  other  words  it  is  the  solution  for  which  all 
the  gyrostats  have  their  centres  on  the  :-axis.  and  their  axles 
and  connecting  links  form  a  zigzag  wave  along  the  :-axis.  as 
show  n  in  Fig.  53. 

Equations  (Hi  regard  the  values  of  0  and  <j>  as  small.  But 
the  exact  equations  may  be  written  down  and  used,  and  the  first 
thine-  to  be  observed  is  that  <pk  =  <j>k+x,  0*  =  0*+u  or  the  angles  6, 
(f>  are  the  same  for  each  gyrostat.  i 

It    is    shorter    to   work    out    the    solution   from    first   principles.  ! 

The  couple   on   an}'  gyrostat  is  about  an  axis  at   right    angles  to         y 

the  paper  (see  Fig.  53),  and  has  moment  aP  sin  (0  +  0).     The  rate  of      Flf;.  5S- 

growth  of  A.M.  about  the  same  axis  is  (Cb?  —  A^u  cos  0)/x  sin  6.     But 

Fig.  53  shows  that  if  6,  </>  be  the  (acute)  angles  of  inclination  of  an  axis  and 

a  link  to  ZZ .  and  £  =  |(acos#  +  6cos0),  I .■■/>  =  sin  (0  +  </>)/sin  0.      Hence  we 

obtain  a  . 

(Cn-AficosO)iuL  =  Y  U (20) 

For  9=  •'.-.  that  is  when  the  gyrostat  axles  stand  across  the  :-axis,  we  have 

Cn/uL  =  ho'Pcos<l) (21  i 

3.  H<  Hail  gyro8tatic  chain.  The  investigation  for  a  gyrostatic  chain 
like  that  just  described,  but  laid  with  the  centres  of  the  gyrostatic  links 
uniforinlv  distributed  along  a  helix,  and  revolving  all  with  the  same  uniform 
angular  speed  u.  in  circles  round  the  axis  of  a  helix,  is  comparatively  simple. 
Tic  following  discussion  follows  Greenhill  (  R.G.T.,  p.  2i>2),  with  some  differ- 
ences of  notation  and  arrangement.  It  involves  only  the  elementary  prin- 
ciples and  results  as  to  gyrostatic  action  set  forth  in  Chapter  V. 

Let  each  gyrostat  axis  make  an  angle  6,  and  each  connecting  link  an 
angle  <>,.  with  the  axis  ZZ' of  the  helix.  Also  we  suppose  that  each  gyrostat 
axis,  and  each  link,  is  at  right  angles  to  the  perpendicular  let  fall  from  the 
centre  of  tin'  gyrostat  or  link  on  the  axis  of  the  helix. 

Now  consider  the  projection  of  the  arrangement  at  any  instant  on  a  plane 
at  light  angles  to  the  axis  of  the  helix.  The  alternate  gyrostat  axes  and 
links  show  a-  alternate  --ides  ,,f  a  polygon,  of  Lengths  2"siiiol  and  26 sin  </>, 
if  we  take  here  -l<i  and  26  (instead  of  as  before  a  and  6)  ;i-  the  Lengths  of  a 
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gyrostat  axis  and  a  link  respectively.  These  subtend,  we  suppose,  angles 
2a  and  2/3  at  the  axis.  We  can  now  find  the  geometrical  equations  and  the 
equations  of  motion. 

The  advance  along  the  axis  from  the  centre  of  one  gyrostat  to  the  centre 
of  the  next  is  2(acos0  +  6cos0).  The  polygonal  angle  for  this  is  2(a  +  /3), 
and  in  the  time  of  turning  through  this  angle,  that  is,  in  2(a+p*)//x,  the 
projection  of  the  helical  arrangement  on  a  plane  containing  the  axis  seems 
to  make  the  axial  advance  just  stated.     The  wave-velocity  V  is  therefore 


eriv 


en  by 


fX 


V  =  (<A  cos  0  +  6  cos  0)  — f-7> ( 1 ) 

a+p 

If  as  before  P  be  the  pull  along  the  chain,  the  force  on  a  gyrostat  towards 

the  axis  is  2Psin  0sin  (a+/3).     The  distance  of  the  centre  from  the  axis  is 

a  sin  0  cot  a,  and  therefore  if  m  be  the  mass  of  a  gyrostatic  link, 

m/uhi,  sin  6  cot  a  =  2P  sin  0  sin  (a  +  /3) (2) 

But    the    geometry  gives    a  sin  0  cot  a  =  b  sin  0  cos  a/sin  p\   and   so   the   last 

equation  can  be  written 

wM26^4  =  2Psin(a  +  /5) (3) 

8111  p  ' 

rm  .  ■,  .,.  murb     sin /5sin(a  +  /3) 

This  may  be  written  /*     =       ^       v       ^  : 

^  2P  cos  a 

,  .  ,    .  •     i     .  ,  ,      m,u26     cos  6  cos  (a  +  18)  /<x 

which  is  equivalent  to         1—     '     ■  =        '  '  ^ (4) 

2P  cos  u 

Now  the  A.M.  about  a  horizontal  axis,  at  right  angles  to  the  perpendicular 

from  the  centre  of  the  gyrostatic  link  considered  to  ZZ  (the  perpendicular 

which  is  the  axis  of  the  couple),  is  (Cn  —  A/a  cos  6)  sin  0,  and  as  this  axis  and 

perpendicular  revolve  at  rate  /a  round  ZZ',  the  rate  of  growth  of  A.M.  about  the 

perpendicular  is  (Cn  —  A/a  cos  6)/u.  sin  0.    The  moment  of  the  couple  producing 

this  is  easily  seen  to  be  2aP{  sin  0  cos  6  cos  (a  +  /3)  —  cos  0  sin  6  j ,  and  so  we  get 

(Cn  — A/xcos0)/Asin  6  =  2«P{  sin  0  cos  #cos(a  +  /3)  —  cos  0  sin  6} (5) 

But  from  (2)  we  obtain 

0   „  .,   .,       sin  6  cot  a 

sm  0  sin  (a+p) 
Hence  (5)  becomes 

(Cn  — A/a  cos  0)/A  +  2aP  cos  0=  muV-'eos  Ocot  acot(a  +  /3) (6) 

From  this  it  follows,  since 

«x  cos  B 

I  +tan  atan(a+p)  =  -  — tjt  , 

^       cos  a  cos  (a  +  p) 

,  cos/3  _(Cn  —  A^tcosO)/u  +  2«Pcos0  +  niM2«2cos0 

cos  a  cos  (a  +  /3)  ~  (Cn  —  A/a  cos  0)/*  +  2a P  cos  0 

Also,  by  (4),  the  last  equation  gives 

{(C»-AMcosO)/x  +  2^Pcos0}(l-^-j 

cos'-'(  a  +  8)  =  — ; ; -T- — ,   -.    „ — 5-5- — ?> :  (8) 

(On.—  A/a  cos  0)  aa  +  2a  I'  cos  0  +  m  <r<  1  -  c<  >s  0 
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and  therefore  , ,  .    .,       ,.      ..."  ,,     , 

(  nu  —  Au  cos0+2Pi  (a  cos  Q+b  cos  d>)        .,, 

Mnw-h/3   -CwAA_A/U2cos0+2apCOs0+m/u2ai!cos0    2P 

T.ut  by  (1), 

si n-(rt  +  /3)  =  sin2  -  (a  cos  0  +  fr  cos  0)  y    , 

and  as  the  line  density  ^  is  n?  (2a  cos0+2fecos0),  we  get  from  (9)  and  (1) 
(a  cos  0  +  b  cos  0  )2^2 
sin-    (a  cos  0  +  6  cos  0)  v 

('//«  — Au-cos^  +  '2</ P  cos  0  +  ?>}-u2(t2cos  0  At        „              \P         ,,m 
=  — '■ — ! — U-cos0  +  cos0)- (10) 

Cn/ui.— Ayu2cos0+2P  ,  (a  cos  6  +  b  cos  0)  ^ 

If  now  we  suppose  that  a  +  b  is  infinitesimal  in  comparison  with  the 
length  V/yu,  take  cos0,  cos0  each  unity,  and  neglect  iiifx'hi2,  we  obtain 

V2  -  -      a-  /            C?i/a  —  A/A2  +  2aP  . , 

''  '  P{a  +  J}b(Cn^-A^)  +  2aP{a  +  by  K     } 

or  y'=P  U   ■  (C»M-AM2)(t  1  Q9^ 

"pi   n"2Pa(a  +  6)  +  6(Ci?/a-A/a2)j v     ' 

1  )ividino-  both  numerator  and  denominator  of  the  fraction  within  the  brackets 
by  2(a  +  b)  [since  ft,  y  are  now  (C,  A)/2(<x+&)],  we  obtain  the  equation 

P 

pY^ 'a¥+b(Pn-yfi)fi) 

which  is  exactly  (14)  of  1. 

All   the   other  conclusions  of  that  article — the  approximations  and  the 
conditions  under  which  thrust  can  be  substituted  for  pull  in  the  chain- 
hold  also  in  the  present  case. 

4.  More  general  discussion  of  gyrostatic  chain.  So  far  only  particular 
cases  of  the  vibrations  of  a  chain  of  gyrostatic  links  have  been  considered. 
Under  the  condition  that  the  angles  0,  e/>  are  small,  general  equations  can  be 
developed  as  follows.  Let  the  direction  cosines  of  the  axle  of  the  /'th  gyr< >st  .it 
be  pk,  '/,...  1.  and  those  of  the  kbh  link  be  r,  s,  1.  Here  the  cosines  taken  as 
unity  are  cosO,  cos  (p.  The  reference  is  to  a  set  of  axes  0(x,  //.  z),  drawn 
from  the  gyrostat  centre  O,  and  such  that  0:  very  nearly  coincides  with  the 
axes  of  the  gyrostat  ic  links.  The  values  of  p,  q,  r,  8  are  small  since  the 
angles  they  refer  to  are  all  nearly  !-. 

Let  6l,  92,  6S  be  the  angular  speeds  about  0(x,  y,  z).  Then,  since  p,  q,  1 
are  the  coordinates  of  a  point  on  the  gyrostat  axis  at  unit  distance  from  O, 
—  q=QxZ  —  0jc  =  Qlt p  =  Q2z  —  0sy  =  d2,  nearly.     Thus  A1  =  A01=  —  Ay,  h2  =  Ap. 


I  (pn-yfi)fAa      )  Mo\ 
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The  geometrical  relations  fulfilled  by  the  body  are 

%fi  -  ■''„  =  a  ( pk+pk  H)  +  26r,+1I     yk+i  -  yk  =  a(qk+  7, . , )  +  26%^ (1) 

The  equations  of  motion  of  the  centroid  are,  if  FA.  be  the  stretching  force 
in  the  Jcbh  link, 

">■•'■  =  P*+i»Vh  -  *V  *>      'nH  =  }>/.  •  A  - 1  -  P*8j (2) 

If  />,,  A.,,  //;i  be  the  components  of  a.m.  about  the  axes  the  rate  of  growth 
of  A.M.  about  a  fixed  axis  with  -which  Ox  coincides  at  the  instant  is 
hx  —  /'^.;  +  /':A-  ^e  neglect  //.2#3  and  get,  by  the  value  of  #.,  obtained 
abo\c  and  since  A,=  —  Aq,  /'1  +  /':;^o=  —  Aejf  +  Cnp.  Similarly  for  the  axis 
Oy  the  rate  of  growth  of  A.M.  is  Ap-\-Cnq. 

The  couple  about  ().'■  due  to  the  pull  of  the  kth  link  is 

(Pky-'Pkskz)  =  dP,.(qk-8k). 
The  couple  about  the  same  axis  due  to  the  pull  of   the   (k+  1  )th  link  is 
aPk+1(qk— 8k+1),   so    that    the    total    couple    is    aPk+l(qk— St+^+aP^— 8k). 
Similarly  we  see  that  the  total  couple  about  Oy  is 

- aPk+iiPk ~ n+l)  -  aP*(  'Pi:  ~  'Y >• 
Thus  we  have  the  equations  of  A.M. 

- kq  +Cnp  =  aPk+1(qk - sw)  +  a P,,< qk - slc),  \ 

\f,  +  Ciu}=  - aPk+l(pk -  r, , , ) -dPk{pk  -  ,-,).  J {' 

We  can  replace  these  pairs  of  equations  (1),  (2),  (3)  by  three  single 
equations  by  writing  u=2>+  iq,  v=  r+is,  w  =  x+  iy.     Thus  we  obtain 

m#-PA+Ir,+1  +  P,r,  =  0,  (4) 

A%-'iOiMfc+a(Pfc+1+Pft)%-a(Pi+1vi+x+PfcvJt)  =  oJ 

Thus  we  have  obtained  three  general  equations  which  we  can  apply  in  different  cases 

<>f  nearly  .straight  gyrostat ie  chains.  As  a  tirst  example  we  take  the  helical  chain,  illus- 
trating a  circularly  polarised  wave,  which  has  been  dealt  with  in  the  preceding  article. 
For  this  we  assume  the  solution 

uk,  vk,  «\.  =  (M,  N,  By******, (5) 

whnc  c  is  the  constant  Step  of  polygonal  angle  2(a  +  /j),  as  explained  in  3.  [f  we 
consider  the  value  of  the  right-hand  side  of  (">)  for  the  (k+  1  )th  gyrostat  we  see  that  /jl 
is  the  angular  speed  of  the  steadily  moving  helical  arrangement  aboul  the  axis.  We 
thus  gel  by  substitution  in  (4),  remembering  that  P*+i=P*, 

R(eri  - 1)  -  «M(  er*  +  I )  -  26Nc     <  >,  I 

Rm/i3+NP(e'       I)     0,  (6) 

M(-A|u2+CV+2aP)    aNPC^  +  l)'  O.J 
NTow  cosc=(efc+e~'c)  -.and  we  find  by  eliminating  M.  N.  B  from  (6)  that 

(On/i  -A/*a+2aP)(  I     "'J*'-' )-  .„,,-„■- 


cosc 


a 


Cm//  -A/i2+2^(a+6)P        2, 
and  therefore  Bin2(a+/J)=/^ r — .,  ,   ,   „  , 3-7,  -^ts-' (') 

which  agrees  with  (9),  3.     Hence  the  present  process  gives  the  same  result  as  the  former 
one.     We  might  easily  have  retained  cos0,  cos<f>,  and  obtained  exactly  (9),  3. 
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5.  Vertical  gyrostatic  chain  under  gravity.  As  another  example,  take  a 
nearly  vertical  chain  of  gyrostats  stretched  by  the  gravity  of  the  gyrostats  themselves. 
The  individual  gyrostatic  link--  air  not  exactly  vertical,  bul  they  are  Dearly  bo.  Consider 
.  1 1 1  \  connecting  link.  It'  there  are  k  gyrostats  below  it  the  link,  according  to  the  reckoning 
adopted  above,  is  the  (A+l)th  from  the  bottom.  It'  we  measure  i  from  a  poinl  2(a+b) 
below  tin-  lowest  gyrostal  centre  the  height  of  the  centre  of  the  kth  gyrostat  above  this 
origin  is  -2i-('i  +  h),  ami  this  we  call  :...  Hence  k=zk/2(a+b).  The  "tension"  in  the 
(/•  +  l)th  connecting  link,  or  l\t  t ,  is  fang  or  mgzt  2(a  +6),  and  that  in  the  link  next  below 
is  ,,io:i.  .]  2(o+6).  The  chain  is  supposed  t'>  be  revolving  about  the  vertical  in  steady 
motion. 

Equations  |  1 1  of  1  therefore  become,  if  f=b  a, 


•(1) 


w*+]  -  wk-a(uk+1+uk)  -  2bvk+i=0," 

..     a  :k>'k+\  -Zk-iVn 

"' -  ,r, -^i —  =  0, 

9      2(1+/) 

A  Ujt  -  l(  'it  Uk  +  0    j-^  f.  Mzk  +  ?fc_l)M*  -  (zkVk+1  +  zkvk)}  =  0. 

It  is  fairly  clear  that  as  the  tension  increases,  that  is  at  points  higher  and  higher  in 

the  chain,  the  inclination  of  the  links  to  the  vertical  becomes  smaller,  but  this  will  be 
made  more  obvious  by  supposing  the  chain  to  consist  of  infinitesimal  gyrostatic  links. 
Putting  cfe=2a(l+/),  we  get,  instead  of  the  preceding  equations, 

,],r       IC  +  fv      ,  d-ir  d(zv)       ,  "\ 

Z   -T+/=0'     W-3-dT=°\ (2) 

dhi      ,a    du      gp  J 

where  f=b  a,  and  y,  ft  are  moments  of  inertia  (transverse  and  axial  for  a  gyrostat)  per 
unit  of  length  of  the  chain,  and  p  is  the  linear  density  of  the  chain,  or  m/2a(l+f). 

Now  (see  1  above)  the  connecting  links  and  the  gyrostat  centres  are  helically  arranged 
round  the  vertical,  and  adjacent  links  must  be  nearly  in  the  same  vertical  plane.  Conse- 
quently 10,  ",  and  />,  must  have  the  same  sign  for  their  real  parts,  and  likewise  for  their 
imaginary  parts,  and  the  second  equation  shows  that  v  increases  as  ;  diminishes.  Thus 
points  lower  and  lower  down  <>n  the  chain  deviate  more  and  more  from  the  vertical,  and 
the  second  equation  shows  that  this  deviation  grows  with  z  at  a  constantly  accelerating 
rate,  for  by  the  solution  in  (4)  we  have  gd(zv)  di  1.'/'-.  The  last  of  (2)  shows  that  if  n 
is  great  cPm  di*  is  also  great,  that  is  for  the  value  of  /xM,  and  also  R  must  be  great. 

If  now  we  reverse  g  we  get  a  chain  standing  on  its  lower  end  under  thrust  in  rigid 
links.  As  this  thrust  is  due  to  gravity,  it  diminishes  with  increase  of  distance  from  tie- 
point  of  support,  and  80,  measuring  :  upwards  as  before,  we  get 

dw    n+fv_Q  (:i\ 

dz  +  L+/       K  ' 

Thus  the  instability  towards  the  free  end  in  the  former  case  is  replaced  by  stability  at 
the  free  end  in  the  latter.  A  fuller  investigation  would  discuss  this  instability  as  an 
affair  of  disturbance  of  the  steady  motion. 

A  train  of  carriages  passing  round  a  curve  may  be  regarded  as  a  gyrostatic  chain,  in 
which  the  precession  of  each  carriage  is  prevented  by  a  couple  applied  by  the  rails.  If 
the  speed  were  great  enough  there  would  be  gyrostatic  oscillations  of  serious  amount  at 
the  tear  end  of  the  train,  and  it  would  be  necessary  to  avoid  these  by  pushing  the  train 
from  behind.  This  fact  is  illustrated  by  a  model  invented  by  Dr.  J.  G.  Gray  (see 
Chap.  WIN  below). 
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For  steady  motion  at  angular  speed  /j.  about   the  vertical  we  have  for  a  continuous 
chain,  from  the  Bolution  in  (5),   1,  or  from  (2)  above, 

dR    M+/N     .      ^   .       '/(:N)     _ 


2£-z=o. 


(4) 


If  we  eliminate  R  and  M  from  these  equations  we  get 

•  l   d%Nz)    y?     f      {ytf-fon)f-gpz    _n  (5) 

[yr-Ppn-Y+jjf 

When  /i  and  7  are  zero,  or  when  j[x2=  [j/j/n,  this  equation  reduces  to 

1    rf2(Nz)_/a2 
N      tfza     "  £ ' 


that  is  to  ^  +  2^_^N  =  0, (6) 

</:-  ate       <-/ 

an  equation  which  gives  N  as  a  Bessel  function  of  zero  order. 

6.  Gyrostat  Iikiicj  by  a  thread.  We  may  apply  equations  (4)  of  3  to  give 
the  motion  of  a  gyrostat  hung  by  a  thread,  the  problem  already  discussed  in  8,  VI] 
above.  We  make  in  (4),  3,  Pa  =  0,  Ti+Jl=mg (since  0and  <£  are  supposed  to  be  very  small), 
and,  measuring  w  from  the  vertical  through  the  point  of  suspension,  taking  the  length  of 
the  thread  as  26,  and  the  distance  of  the  point  of  attachment  to  the  gyrostat  axis  from 
the  gyrostat  centre  <i,  we  obtain 

w=au+2bv,    mi!-  =mgv,     Ail—  iCnu  +  mga(n  -  r)  =  0 (1) 

If  we  assume  the  motion  to  be  steady,  and  write 

u,  v,  «>=(M,  X,  I-?)'-",M'+r', (2) 

we  find      R=Ma+N26,     -m/A2R=m#N,    (-An2+Gnii)M+mga(M.-T$)=0 (3) 

From  the  first  two  equations  we  get  N  =  aM.j(g/[x--  2/<),  so  that  the  third  becomes 

(OniM-Ap2+mga)(-£--2fJ-mga=0 (4) 

If  we  go  hack  to  (2),  8,  VII,  we  find  that  for  a  single  gyrostat  supported  by  a  thread 

(</-     A/<  ens  ti)n sin  d-mga(sin  <£cos  #  +  cos</>sin  #)  =  <» 

or,  when  6  and  </>  are  both  small, 

(Cn[i-Afj.2)e-mga(<l>+e)=0 (6) 

But  (1),  8,  VII,  gives  fx\2b  + a 6; (]>)  =  </,  or  (9/0  =#/"/'"     2/j  so  that 

(Cnfj.— Afi2— mga)[  \,   -2f)—mga=0 (7) 

This  result  has  —mga  in  the  bracket  instead  of  mga  as  in  (•">),  8,  V 1 1  above,  but  this 
difference  arises  from  the  fact  that,  owing  to  diil'erence  of  arrangement  of  the  links,  the 
term  Tacos<£sin0  in  (2),  8,  VII,  has  the  opposite  sign  to  that  which  it  has  by  the 
equations  now  being  exemplified. 

7.   Continuous  elastic  medium  loaded  with  small  gyrostats.    Consider 
now  a  medium  endowed  with  rigidity  and  containing  a  uniform  distribution 

of  quasi-moU'culnr  gyrostats,  the  axes  of  which  aiv  similarly  (liivt-U-il.  A 
piano  wave  travels  along  this  direction,  which  we  take  as  that  of  the  axis 
():.     The  displacements  in  the  wave  arc  transverse  to  this  direction,  and  at 
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any  point    O   are  supposed   to  he  resolved  along  two  axes   Or,  Oy  at  right 
ap  gifts  to  one  anot  her  and  to  O:. 

Consider  an  element  of  Length  '/:,at  the  centre  of  which  is  the  point  0, 
and  lei  its  cross-section  have  dimensions  dx,  <ly.  Let  the  distributed  angular 
momentum  (A.M.)  be  N  per  unit  of  volume,  so  that  the  a.m.  of  the  element  is 
N  dxdy  </:  (about  Oz),and  the  displacements  at  the  centre  0  be  £,*]  in  the  a;  and 
//  directions  respectively.     The  element  is  turning  with  the  angular  speeds 

v  aboui  axis  of  //,     -5-^  about  axis  of  x. 
2  dt  dz  lot  oz 

In  consequence  of  this  turning  there  are  rates  of  growth  of  A.M. 

-^  N  —  ^—  dx  <hi  dz  about  axis  of  x, 

2      dtdz         ° 

—  -r  N  — :  -^  dx  (hi  dz  about  axis  of  y. 
2      dtdz         ''  J 


Hence  there  must  act  on  the  element  couples  about  these  axes  given  by 

(1) 


P  dx  da  <h=     5  N  — :  -^ dx  dv  d: 
J  2      dtdz         J 


Q  dx  dvdz  =  —  -N-  —dxdy  dz. 

These  are  due  to  tangential  stresses,  and  these  stresses  it  is  easy  to  see  must 
be  equally  distributed,  for  the  axis  of  x,  over  the  two  sets  of  planes  parallel 
to  that  axis,  that  is  the  tangential  stresses  must  be  equally  of  the  types 
<  YZ),  (ZY):  and  similarly  for  the  axis  of  y  the  tangential  stresses  must  be 
equally  of  the  two  types  (XZ),  (ZX). 

The  tangential  stress  at  the  point  0  is  thus  AP  in  the  direction  of  z,  and 
—  \  V  in  the  direction  of  y  for  the  planes  parallel  to  the  axis  of  x.  Similarly 
we  get  stresses  }.(')  and  —  \Q  for  the  planes  parallel  to  the  axis  of  y.  We 
denote  the  forces  in  the  directions  of  Ox  and  Qy  by  X,  Y  respectively. 

These  shearing  forces  vary  from  point  to  point,  and  clearly  the  body-force 
in  the  direction  of  Ox  is  for  the  element 

§***.  !»!£}*«,& (2> 

Similarly  the  body-force  in  the  direction  of  Oy  is 

-—-dz  dxdy—  —  7  N"  —  =Adxdydz (3) 

Zz  J  4      dt  dz2         J 

The  resultant  forces  applied  in  the  directions  Ox  and  Oy  by  the  shearing 
stresses  due  to  the  ordinary  rigidity  are,  if  y.  now  denote  the  rigidity  modulus, 

fi-^dx  dy  dz,    /x^\dxdydz. 

0.  G .  S 
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■(4) 


Hence  we  obtain  the  equations  of  motion 

PU2~     4     ctdz^^dz*' 

&»i  _    1 N  ^_  &£  ■     <5? 

[Equations  precisely  similar  to  (4)  can  be  obtained  for  the  propagation  of 
a  plane  electromagnetic  wave  in  an  insulating  medium  of  specific  electric 
and  magnetic  inductivities  K,  fx,  magnetised  by  quasi-molecular  magnets 
parallel  to  Oz,  to  magnetic  moment  C  per  unit  volume.  If  F,  G  be  x  and  y 
components  of  vector  potential,  and  k  a  constant,  the  equations  of  propaga- 
tion are  * 


32F  32F  .    K   c  33G 


.(5) 


dt2     KM  'dz2  t4t     3«  a»J 

dH}_  J_^G     «_r  e-'!F 

9£2  ~  K/a  dz2     4x     9*  30s  . 

Thus  C  is  to  a  constant  the  analogue  of  N,  the  A.M.  per  unit  volume  in  the 
gyrostatically  loaded  medium.] 

If  we  write  £=  £+  i>j,  (6) 

we  replace  the  two  equations  of  (4)  by  the  single  equation 

d2t        1  .AT3  d2t  ,      oH  /^v 

*>&— ***&+*& (7) 

It  will  be  observed  that  geometrically  £  denotes  the  vector  of  which  the 
components  are  £  >/,  and  that  if  <;  be  proportional  to  c^"'-""\  and,  as  we 
assume  for  the  present,  n  be  positive,  the  argument  nt  in  £  is  positive. 
[Here  />  is  used  as  the  so-called  "  speed  "  of  the  simple  harmonic  motion, 
and  is  not  to  be  confused  with  the  angular  speed  of  a  flywheel.]  Of  course 
mz  may  have  either  sign  in  each  case.     It  is  important   to  observe  that 

if  we  suppose  ^{a  +  i/3)e^"-"^  (8) 

we  obtain  a  definite  quadratic  equation  for  m-  (n  is  supposed  given  by  an 
impressed  vibration).  Thus  we  get  two  values,  equal  with  opposite  signs, 
for  the  ratio  iijm,  which  is  the  speed  of  propagation.  One  of  these  is  the 
speed  in  the  positive  direction,  the  other  is  the  speed  in  the  negative 
direction. 

From  (8)  we  obtain,  by  substitution  in  (7), 

fimi—pn2=  —  l~Siirn, 

":=M('i+!N") (9) 


in-      p\        4     /U 

*  A.  (iray.  Note  <>n  tin-  rloctrnnuignetio  theory  of   the  rotation  of  the  piano  of  polarised 
light. — British  Association  Report,  1891,  p.  •V>S. 
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But  n/m  =  X,  the  speed  of  propagation  of  the  wave.     Hence,  if  X»  be  small 
in  comparison  with  a  we  gel 

*-*®VSt) (10> 

The  value  <>f  V  given  by  the  upper  sign  on  the  right  corresponds  to  the 
value  of  £  given  by  (6)  and  also  by  (8):  the  other  value  of  V  corresponds  to 
^  as  given  by  (6)  and  also  by 

which  also  satisfies  the  differential  equations. 

If  the  sign  of  N  (or  that  of  n)  be  reversed,  we  get  the  quadratic 

n'1     ix  f  ^      1  N17 


///-      p\        4     ix  I 

Either  quadratic  gives  two  roots,  one  positive,  the  other  negative.  The 
negative  value  of  n  for  either  is  numerically  equal  to  the  positive  value 
for  the  other.  Thus,  if  we  fix  the  value  of  in,  the  positive  value  of  n  gives 
the  frequency  for  one  direction  of  rotation,  the  other  positive  value  of  n 
gives  the  frequency  for  the  other  direction  of  rotation. 

To  realise  the  solution  for  two  waves  existing  together,  one  travelling  in  the  positive 
direction,  the  other  in  the  negative,  l>ut  both  having  n  positive,  we  take 

(=(a  +  ift)e^nt-mz)  +  (a'  +  ift')e'l'"+mv (11) 

This  gives 

( = a  cos  (nt  —  mz)  +  a  cos  (nt  +  mz)  -  ft  sin  (nt  -  mz)  -  ft' sin  (nt  +  raz) 

+  i{ftco3(nt-mz)+B'cos(nt  +  mz)  +  a.sm()it-mz)  +  a'sin(nt  +  mz)} (12) 

Thus  we  obtain 

g = a  cos  (nt-  mz) + a' cos  (nt+mz)— fiain(nt  —  mz)  —  ft  sin  (nt+mz),  ^ 

7j  =  ft  cos  (nt  —  mz)  +  /3'cos  (nt  +  mz)  +  a  sin  (nt  -  mz)  +  a' sin  (nt  +  mz).  J 

In  the  compound  wave  the  corresponding  displacements  in  which  the  time  argument 
is  reversed  are  obtained  by  substituting  —  n  for  /<  in  the  foregoing  expressions,  and  m., 
for  m,  on  the  understanding  that 


n 


b-ffl> m 


lp\       8    p 
where  on  the  right  n  is  supposed  to  be  positive,  and  the  quantity  on  the  left  is  the 


numerical  value  of  the  ratio 


These  results  can  be  superimposed  in  different  ways.     For  example,  the  displacements 
in  two  circularly  polarised  waves  of  amplitudes  u,,  u.2  may  be  written  (n  positive) 

£=<z,cos(h<  ■mz)+o2coa(nt-miz),  \  ,,.,. 

?/  =  a1  sin  (nt  -  mz)  —  u2  sin  (nt  —  m^z).  ) 

The  first  terms  on  the  right  of  (15)  taken  together  constitute  a  circularly 
polarised  wave  in  which  the  circular  motion  is  in  the  same  direction  as  the 
rotation  of  the  flywheels:  the  two  second  terms  give  a  circularly  polarised 
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wave  in  which  the  circular  motion  is  in  the  opposite  direction.     Both  waves 
travel  in  the  same  direction,  the  first  with  speed 

n      /MV1+1N«\    (16) 


m     \p/  \       8    /i 

the  second  with  speed  -  =  (-)  (1 ) (17) 

m2     \p/  \       H    p  / 

For  a  plane  polarised  beam  we  take  ax  =  u.2.     The  two  oppositely  circularly- 
polarised  waves  would  travel  unit  distance  in  the  respective  times 

p\h(       1  N»\       />\V,  .  1  N" 


p.)   \        8    p  /        VyU/   \        8    /u 

8.  Dynamical  explanation  of  magneto-optic  rotation.  Hence  we  see 
that  in  a  maintained  train  of  plane  polarised  waves  of  definite  frequency 
n/2ir  one  circular  motion  will  gain  in  phase  on  the  other,  per  unit  distance 
travelled,  the  angle  i  -^n>2  ,  \h 


4    p.    \fi/ 

and  the  plane  of  polarisation  will  turn  through  half  this  angle. 

It  is  interesting  to  compare  this  with  the  turning  of  the  plane  of  polarisa- 
tion suggested  by  the  two  chains  of  gyrostats  described  at  the  end  of  2. 
As  in  that  discussion  p.  and  n  were  used  as  the  angular  speed  of  the  chain 
about  the  line  AB  and  the  angular  speed  of  the  Hy wheels  respectively; 
while  here  p.  denotes  the  rigidity  of  the  continuous  medium  and  u  the  so- 
called  "  speed  "  of  the  impressed  harmonic  motion,  we  express  the  two  rates 
of  turning  in  terms  of  wave-velocity  and  wave-length,  and  write  L  for  the 
angular  momentum  of  a  flywheel,  so  that  C?i  =  L. 

The  relative  turning  for  the  gyrostatic  chains  is,  by  (15)  or  (17),  1, 

2TrCnp/F(«+b)\, 

which,  if  V2m  be  put  for  P(«  +  6),  becomes  27rLp/m\-\.     But  p\2-  =  V.  so 
that  /u  =  2-7rV/A.     Thus  the  relative  turning  for  the  chains  is 


L 


4- 


The  relative  turning  of  the  two  circularly  polarised  waves  in  the  gyro- 
static  medium  is  {N/z-yVV,  where  the  letters  n  and  p.  have  the  different 
meanings  referred  to  above.  But  p  =  pV-  and  nk  =  2irY,  so  that  \-=n'-X2  4-  , 
and  p  =  pu-X~  4-'-.      Hence  the  relative  turning  in  this  case  is 


7T8 


N 


pVX2" 

The  two  expressions  are  thus  quite  analogous,  with  the  correspondence 
N,  p  to  L,  in.  They  differ  only  by  a  numerical  factor  which  arises  from  the 
i'act   that  in  one  case  we  have  a  chain  revolving  in   free  space,  and  in  the 
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other  gyrostatic  elements  <>f  a  rigid  medium  moving  under  the  control  of 
the  rigidity. 

It  will  be  sewn  that,  in  either  of  the  gyrostatic  illustrations,  if  the  plane 
polarised  system  of  vibrations  be  reflected  hack  after  passage  in  one  direction 
the  turning  in  the  second  passage  will  be  in  the  same  direction  as  in  the 
first,  so  that  the  total  turning  will  be  twice  that  for  a  single  passage.  This 
is  the  characteristic  of  magneto-optic  rotation  as  distinguished  from  the 
rotation  produced  by  a  plate  of  quartz  or  a  solution  of  sugar,  where  the 
turning  in  the  forward  passage  is  annulled  in  the  backward  passage.  This 
points  to  the  fact,  already  referred  to  above,  that  the  rotation  of  the  plane 
of  polarisation  in  the  latter  case  is  an  affair  of  structure  of  the  medium. 

9.  Analogy  between  motion  of  the  I><>1>  of  a  gyrostatic  "pendulum  <m<l 
that  of  (t»  electron  in  <<  magnetic  field.  It  was  pointed  out  by  the  author, 
in  a  Royal  Institution  Lecture,  delivered  in  1898,  that  the  motion  explicitly 
stated  in  equations  (2),  (3),  (4),  (5)  of  3,  VIII  above  is  the  gyrostatic  analogue 
of  the  Zeeman  effect.  An  electron  moving  in  a  circular  orbit,  in  a  plane  at 
right  angles  to  an  impressed  magnetic  field,  would  have  one  period  of  revolu- 
tion  or  another  according  to  the  direction  of  its  motion,  corresponding  pre- 
cisely to  2x7^  and  'lir  /,'.,.  In  fact  the  motion  is  exactly  analogous  to  that 
of  a  rigid  pendulum  in  the  bob  of  which  is  a  flywheel,  the  axis  of  which  is 
in  line  with  the  suspension  rod  of  the  pendulum.  The  pendulum  was  shown 
in  the  lecture,  and  reference  may  be  made  to  the  description  given  there  of 
the  apparatus  and  to  the  curves  illustrating  the  motion.  For  simplicity,  and 
to  bring  out  the  electron  analogy  more  clearly,  we  suppose  the  mass  to  be 
almost  entirely  in  the  bob  and  flywheel,  and  that,  except  for  the  moment  of 
inertia.  C,  and  angular  momentum.  On,  of  the  flywheel,  the  bob  may  be 
considered  as  a  particle  of  mass  m,  the  whole  mass  of  wheel  and  framework 
combined.  If  h  he  the  distance  of  the  centre  of  the  bob  from  the  point  of 
support  (where  we  suppose  the  two  axes  to  be  situated  so  that  A  =  A',  B  =  B) 
we  have  \  =  ,nh-  and  B=mgh.  Thus,  taking  axes  of  x  and  y  coincident 
with  the  axes  about  which  the  turnings  0,  yft  take  place,  we  have  from  the 
Becond  and  first  of  (1),  3,  VIII,  since  h<p=  -,</,  //\/r  =  .r  (and  the  flywheel  is 
--apposed  to  be  rotating  counter-clockwise  as  seen  by  an  eye  looking  upwards 
from  the  origin), 

""•+  h    y+mg  h=0,     my-  h   x+mg'i  =  i), 

or  x  +  yy  +  kx  =  0,  y  -  yx  +Ky  =  0 (1) 

where  y=On  mh,K=g/h. 

These  are  exactly  the  equations  of  motion  of  an  electron  E  supposed 
moving  in  the  direction  of  the  arrow  in  a  magnetic  field  directed  upward 
through  the  pa pei-  (  Fig.  .")4). 
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The  electron  is  charged  negatively  with  a  charge  of  e  units  and  has  an 
effective  mass  m.     The  intensity  of  the  magnetic  field  is  H,  and  the  magnetic 

inductivity  of  the  medium  is  /ul.  \Ye  suppose  the 
mass  of  the  electron  to  be  acted  on  by  a  force  kv, 
where  r  is  the  distance  of  the  electron  from  0.  The 
convection  currents  are  here  ex,  —  ey  in  the  direction 
of  x  and  y  respectively.  Hence  the  electromagnetic 
forces  in  the  direction  of  y  and  x  are    — /xeH./-  and 

fxeiiy  respectively.     The  value  of  y  is  thus  /meH  m. 

F     54  The  other  outward  component  forces  are  then  —kj\ 

—  kij,  and  the    equations  of   motion   are  (1),  which, 
by  putting  z  =  x+iy,  we  can  unite  in  the  single  equation 

z  —  iyz  +  kz  =  0. 
Assuming  that  z  =  Keikt,  (K  =  a  constant),  we  obtain 

k2~K-yk  =  0. 
Again,  by  reversing  the  sign  of  Jc,  we  obtain 

Jc2-K  +  yk  =  0, 
so  that  we  have  kz  =  K±yh, 

and  if  y  is  small  the  numerical  value  of  h  is  given  by 

The  fiv<|uency  of  the  original  vibration  was  K~  2ir:  the  imposition  of  the 
magnetic  field  has  produced  two  new  frequencies  (/c-  +  Ay)/2x,  (ic  —  |y)  --, 
one  higher,  the  other  lower  than  the  original  frequency.  The  former  fre- 
quency is  that  of  electrons  describing  orbits  in  the  direction  shown  in 
Fig.  54 ;  the  latter  frequency  is  that  of  electrons  moving  in  the  opposite 
direction.  Electrons  moving;  along  the  line  of  the  force  11  are  not  atfectrd  : 
hence  the  spectrum  is  modified  by  the  production  of  two  satellitie  lines,  one 
above  the  ordinary  line,  the  other  below  it,  in  the  spectrum 

A  gyrostatic  theory  of  the  structure  of  the  electron  has  been  suggested; 
I  nit  we  do  not  discuss  that  here. 


CHAPTER   X 

THE  EARTH  AS  A  TOP.     PRECESSION  AND  NUTATION.     GYROSTATIC 
THEORY  OF  MOTION  OF  THE  NODES  OF  THE  MOONS  ORBIT 

1.  I'nt<  nihil  of  gravitation.  As  has  been  stated  above,  the  earth's  axis 
has  a  conical  motion  analogous  to  that  of  the  axis  of  a  top,  and  arising 
from  a  similar  cause.  In  the  case  of  the  terrestrial  top  the  motion  of  the 
axis  is  produced  by  the  action  of  a  couple  due  to  differential  attraction 
excited  by  the  sun  or  moon,  so  that  there  is  a  periodically  varying  rate  of 
production  of  a.m.  about  an  axis  through  the  centroid  of  the  earth  and  at 
right  angles  to  the  axis  of  rotation. 

The  first  step  in  a  detailed  discussion  is  the  estimation  of  the  couple  just 
referred  to.  The  gravitational  potential  of  any  distribution  of  matter  at  a 
point  P  distant  AP  from  a  point  A  at  which  an  element  dm  of  mass  is 
situated  is  given  by  (Y7„,  m 

wJap' {) 

where  k  is  the  gravitation  constant,  and  the  integral  is  supposed  taken 
throughout  the  whole  of  the  attracting  matter.  We  shall  take  the  centroid 
G  of  the  attracting  mass  as  origin,  and  refer  to  axes  of  which  ( \x  is  along 
GP,  put  r  for  (.'■-  +  //-+:-)-,  K  for  GP,  and  suppose  that  A,  the  position  of 
'///',  has  coordinates  %,  ?/,  z.  Moreover  we  shall  suppose  that  ( W  is  great  in 
comparison  with  any  distance  GA,  of  an  element  of  the  mass  from  G. 
Noticing  that  AP2  =  R2+i*2— 2Rsc,  we  obtain 

..       [dm       [dm.\      -2\\.r  —  r-\  -  o 

^HaeH  R(1~      W~)     '  

Expanding  the  expression  on  the  right  and  arranging  according  to 
descending  powers  of  it,  we  get 

VHir(1+R+     2BT+      2RT-  + 8R* +  ->-(-> 

<    >1\     It      We     Wlltc  Zj=         ,        /..=    .,        ,,--J,        '<;■=   5         :;-.,     /1.-"    ' 


then 


-.J*p(i+£*+£z,+£*+~) W 
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The  quantities  Zp  Z2,...  are  the  successive  zonal  harmonics  taken  with 
respect  to  the  axis  OP. 

But  now  it  will  be  noticed  that  since  G,  the  centroid,  is  the  origin, 
\xdm  =  0,  and  so  the  term  containing  Zl  vanishes  in  the  integration.  If 
the  distribution  of  matter  is  symmetrical  about  an}'  set  of  rectangular  axes, 
drawn  from  G  as  origin,  the  term  jZ.,r';<////  R4  vanishes  also,  as  the  reader 
may  prove. 

As  an  approximation,  which  is  especially  close  when  the  attracting  system 
has  three  axes  of  symmetry,  we  obtain  the  equation 


Here  we  have 


v-«J$(i+£*) w 


But  2o>2  -  if  -z2  =  x°-+  if1  +  //-  +  :-  +  z2  +  ./'•-  -  3  ( if  +  s2  >•  Hence,  if  A,  B,  C  be 
the  principal  moments  of  inertia  with  reference  to  axes  passing  through  G, 
and  I  be  the  moment  of  inertia  about  the  axis  GP,  we  have 

2Jcfonr2Z2=A+B+e-3I (6) 

Thus,  if  M  denote  the  whole  mass  of  the  distribution, 

M       A+B+C-3I  m 

If  the  material  system  is  not  symmetrical  with  respect  to  a  system  of 
axes,  the  error  involved  in  taking  the  potential  as  given  by  (7)  is  of  the 
order  (7/R)3V,  where  /  is  a  linear  dimension  of  the  distribution  :  if  there 
is  a  system  of  axes  of  symmetry  the  error  is  of  the  order  </  1!  >4V. 

There  is  one  case  however  in  which  this  criterion  of  error  is  not  applicable, 
in  which,  in  point  of  fact,  the  approximation  is  as  close  for  a  distribution 
whose  dimensions  are  comparable  with  R  as  for  a  distribution  of  very  small 
dimensions.  If  the  distribution  is  a  homogeneous  sphere,  or  a  sphere  made 
up  of  concentric  shells,  each  of  uniform  density,  its  potential  at  an  external 
point  is  the  same  as  if  the  whole  mass  were  collected  at  the  centre.  Thus, 
if  I'  he  external  to  the  distribution,  the  potential  given  for  a  distribution  of 
large  dimensions,  by  a  chosen  process  of  approximation,  is  as  nearly  correct 
as  that  obtained  by  the  same  process  for  a  point  charge  of  matter  at  the 
centroid. 

The  same  remark  is  true  for  a  distribution  which  mav  be  regarded  as 
made  up  of  successive  confocal  ellipsoidal  shells  of  small  ellipticity,  each  of 
uniform  density.  The  body  is  thus  an  ellipsoid  and  P  is  an  external  point. 
This  follows  from  the  theorem  of  Maclaurin  that  the  attractions  of  different 
confocal    shells   on   an    external    particle    are    proportional    to   their   masses. 
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Since  the  ellipticity  is  ; small,  we  may  consider  the  potential  at  P  due  to  a 
small  central  ellipsoid  confocal  with  the  series  of  shells  of  which  the  actual 
distribution  may  be  regarded  as  made  up.  Thus,  if  m  be  the  mass  of  this 
ellipsoid,  ami  A  ,  !'>',  (  "  he  the  principal  moments  oi'  inertia  for  it,  and  I'  its 
moment  of  inertia  about  OP,  its  potential  V  at  1'  is  given  by 

m      A-+B-+C--3I' (g) 

K  '1 R3 

The  potential  of  the  actual  distribution  is  \"M  m,  or 

_       M  ,     MA'  +  B'  +  C'-3I'  ,Qv 

R        in  2R3 

and.  as  the  reader  may  verify,  by  considering  the  relations  of  the  semi-axes 
of  the  central  small  ellipsoid  and  of  the  whole  distribution,  and  the  conse- 
quent relations  of  A,  B,  C  to  A',  B',  C,  this  reduces  to 

M        A+B  +  C-3I  ,,,.. 

2.  ( 'circulation  of  attractive  forces.  The  force  on  a  particle  at  P  in  the 
direction  GP  is  3V/3R.     Hence  the  attraction  is  —  3V/3R,  and  we  have 

V        M     3    A  +  B  +  C-3I 
3R~'cR2+2/c  W  {    } 

From  this  it  follows  that  if  GP  be  in  such  a  direction  that  A  +  B  +  C  =  3I, 
the  attraction  is  more  nearly  the  same  as  if  the  whole  mass  were  collected 
at  the  centroid  than  for  any  other  direction  of  GP.  The  earth  approximately 
fulfils  the  condition  A  =  B,  and  in  this  case  we  can  determine  the  directions 
of  GP  for  which  A+B  +  C  =  3I.  For  we  have  2A+C  =  3I,  and  if  y  he  the 
angle  which  such  a  direction  of  GP  makes  with  the  axis  of  symmetry,  we 
have  also 

I  =  C  cos2  y + A(  1  -  cos2 y)  =  (C  -  A)  cos-y  +  A ,  or  31  =  3  ( C  -  A )  cos-  y + 3A. 

But  the  left-hand  side  of  this  equality  is  2A+C.     Thus  we  obtain 

C-A  =  3(C-A)cos2y,     or     cos-y  =1/3, 

that  is  y  =  cos  '(  I  :>)-'.  GP  thus  makes  an  angle  with  the  axis  of  figure  of 
.">4  44'.  Any  radius  drawn  from  the  centre  to  a  point  in  latitude  35  Hi' 
fulfils  this  condition. 

To  tind  the  attraction  between  one  body  and  another,  we  have  first  to  calcu- 
late the  integral  |  X<l m'  for  the  system,  that  is  calculate  V  for  the  first  body  and 
a  point  at  which  an  element  of  mass  ,/„,'  of  the  second  is  situated,  and  then 
integrate  the  result  throughout  the  second  hody.  This  may  be  interpreted 
as  the  potential  energy  of  one  body  in  presence  of  the  other:  it  is  the  work 
which  must  be  done  in  withdrawing  one  hody  to  an  infinite  distance  from 
the    first.       If    K,.,   denote    the    distance    between    the   centroid    of   the    firs! 
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distribution  and  that  of  the  second,  and  W  the  mutual  energy,  we  have 

approximately 

where  the  accented  letters  refer  to  the  second  distribution  and  the  unaccented 
letters  to  the  first. 

Returning  to  (7).  1,  we  may  notice  that  if  the  body  have  an  axis  of  sym- 
metry, and  GP  be  inclined  at  an  angle  6  to  that  axis,  we  have 

v        MJ     <<-A)<l-3cos20)  Q. 

for  now  31  =  3 { C  cos2 0  +  A(l  -  cos2 0) } . 

Let  now  the  body  be  a  uniform  ring  of  matter  of  radius  a.  The  approxi- 
mate potential  at  a  distant  point  on  GP,  inclined  at  an  angle  6  to  the  axis  of 
the  ring,  is  M  (q=-^)(l-3cos^) 

Thus,  if  we  make  the  ring  of  radius  {2(C  — A)/M}'-,  it  will  have  the  same 
potential  as  that  given  in  (3)  for  the  body  there  considered.  The  earth 
may  therefore  be  considered  as  replaced  by  a  ring  of  equal  mass  and  of 
radius  (2(C  —  A  >  M  ]--,  without  alteration  of  the  potential  at  a  distant  point. 
This  radius  for  the  earth  is  about  ^V  of  the  actual  radius. 

3.  Couples  applied  to  the  earth  by  the  attraction*  of  tin  sun  ana1  moon. 
We  can  now  rind  the  moment  of  the  attraction  of  the  sun  or  moon  about 
one  of  the  principal  axes  of  moment  of  inertia  of  the  earth.  We  shall  sup- 
pose that  the  principal  axes  are  taken  as  coordinate  axes,  and  that  of  approxi- 
mate symmetry  and  moment  of  inertia  C  as  axis  of  :.  We  shall  calculate 
the  couple  about  the  axis  of  y.  Let  a  line  drawn  from  the  sun  to  the  cart  lis 
centre  make  angles  a,  /S,  y  with  the  earth's  principal  axes,  and  the  plane 
containing  this  line  and  the  axis  of  y  be  inclined  at  an  angle  0  to  the  plane 
of  .'//.  Consider  a  point  on  this  line  at  unit  distance  from  the  earth's  centre. 
By  projecting  this  point  on  the  axes  of  x  and  z  in  succession,  we  obtain 

cos  a  =  sin  /3  cos  0,     cos  y  —  sin  /3  sin  $ (  1  ) 

But  we  have  1  =  Acos2»-|-Bcos2/3-f-C  cos-y.  and  so  by  the  values  of  cosa 
and  cos  y  just  obtained, 

I  =  A  sin'-/3  cos20  +  B  cos2/3  +  C  sin2/3  sin-  0 (2) 

Now  ft  is  the  sun's  longitude  measured  from  T  (the  first  point  of  Aries), 
and  therefore  I  varies  with  j3.  Going  back  to  (1).  2.  and  putting  W  for 
the  third  term  of  the  mutual  energy  in  (2).  2.  on  which  alone  any  turning 
couple  exerted  by  the  second  distribution  on  the  first  depends,  we  have 

W'  =  *M'A  +  ^+C3~31 (3) 
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Dang  the  value  of  1  giveu  in  (2),  multiplying  by  d/3,  and  integrating  Erom 

()  to  2-7.,  neglecting  variation  of  R12,  we  get  Tor  the  /3-average  of  \\"  the 

equation                                          C  — A 
'  W'm=M%  fu-$am*e) (4) 

This  is  not  exactly  the  time-average  of  W,  but  it  may  he  taken  as  that 
average  it'  besides  the  variation  of  R12  the  want  of  uniformity  in  the  varia- 
tion of  [3  is  neglected.     Of  course  in  (4)  l\l2  is  a  mean  distance. 

It  is  clear  that  the  mutual  energy  \\",  given  in  (4),  may  be  regarded  as 
produced  by  a  uniform  ring  of  matter  placed  in  the  plane  of  the  motion  of 
.M  .  of  total  mass  M,  and  of  radius  R12,  with  G  as  centre.  The  same  thing  is 
true  when  the  terms  not  involving  I,  which  are  given  in  (2),  2,  are  included. 

Now  going  back  to  (2),  2,  making  the  accented  letters  refer  to  the  sun 
and  the  unaccented  to  the  earth,  we  obtain  for  the  moment  of  the  couple 
on  the  earth,  tending  to  increase  0, 

T       3fV7    ,         3     M'?I  ,., 

L=wiYdm==-2KWW  (;,) 

where  we  write  R  instead  of  R12.     But  by  (2)  and  (1) 

3     M'  dl  '      M'  .  .    .  2  _  .     . 

— .,  k  ^  —q  =  —ok  ^3  (C  —  A)  sm-/5  sin  6  cos  6 

W 

—  —  3/c^(C  —  A)  cos  a  cosy (6) 

If   the  line  joining  the  earth's  centre  with  the  sun's  centre  is,  at  the 

instant  considered,  perpendicular  to  the  axis  of  y,  sin/3=l,  and  0  is  (as 

now  always)  w,  the  so-called  obliquity  of  the  ecliptic.     The  axis  of  y  is  the 

intersection  of  the  plane  of  the  ecliptic  with  the  plane  of  the  equator,  and 

the  couple  is  ]y[' 

L  =  —  ,'u       (  C  —  A )  sin  io  cos  w (7) 

This  (dearly  is  the  maximum  value  of  the  couple.     It  tends  to  increase  w. 

But  ft  is  the  sun's  longitude  reckoned  from  V,  and  the  mean  value  of 
sin2j8  in  a  complete  period  of  /3  is  h.    Hence  the  average  couple  for  a  year  is 

3     M' 

L»n  =  — ;,  /c-  ^3  (C  —  A)  sin  w  cos  w,    (8) 

on  the  inexact  supposition  that  /3  varies  uniformly,  and  taking  R  as  a  proper 
mean  distance.     The  same  result  is  obtained  by  differentiating  (4)  above. 

Now  let  the  length  of  the  major  axis  of  the  earth's  orbit  be  2R0;  then 
fc(M  +  M')  R08  =  /'''-.  where  ,/'  is  the  mean  angular  speed  of  the  sun  round 
the  earth.      If    we    write   pM'M',   kM'=  n'-WJ'  {  I  -f  />).   we    obtain    for    the 

couple  given  by  (6), 

//"-  /R  \3 
L=-o,   :     (-=£)  (C-A)sin-/3sinflcos0 

1  +  p  V  lv  / 

=  _31+    (^)'{(C-A)cosacosy (9) 


.(11) 
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The  maximum  couple,  which  (if  we  put  R=  R0)  is  double  the  mean  couple,  is 

n'2    i;   3 
L=-3  (-^)  (C -A) sin <o cos w (10) 

For  the  sun  and  the  earth  p  is  exceedingly  small  and  may  be  neglected. 

It  must  lif  taken  account  of  in  dealing  in  a  similar  way  with  the  effect  of 

tin'  moon's  attraction. 

For  the  moments  similarly  produced  about  the  axes  of  x  and  z,  we  obtain 

likewise  „  n"-  /R„\3 

L,  =  -  3  fj-  (j9)  (B  -  C)  cos  0  cos  y, 

//-   /R  \3 
Lz  =  -. 3  jqp    (^)  (A -  B)cos  a  cos  /3. 

4.  Solar  couple  <>><  earth  regarded  as  due  to  sun  and  anti-sun,  <>r  to 
sun's  mass  distributed  round  tlt<  orbit.  It  may  be  noticed  that,  since 
the  maximum  and  mean  couples  are  proportional  to  sin  d  cos  0,  we  may 
replace  6  by  its  complement,  Hence  either  of  these  couples  may  be 
obtained  by  an  arrangement  which  substitutes  the  complement  of  <a  for  o> 
itself.  Thus,  if  we  suppose  the  sun  cut  into  two  halves,  and  the  parts 
placed,  as  "sun  and  anti-sun,"  on  a  line  through  the  centre  of  the  earth  per- 
pendicular to  the  ecliptic,  at  opposite  sides  of  the  centre,  and  at  distance 
ecpual  to  the  sun's  mean  distance,  a  couple  equal  to  the  maximum  couple 
will  be  produced,  but  in  the  opposite  direction.  Thus,  with  repulsion  equal 
to  the  attraction,  this  arrangement  would  reproduce  the  couple. 

Suppose  now  that  a  uniform  circular  ring  of  matter  of  radius  R  surrounds 
the  body  of  mass  M,  and  has  its  centre  at  the  centroid  G  of  the  latter.  Let 
the  plane  of  the  ring  be  inclined  at  an  angle  6  to  the  axis  Gc  of  the  body, 
and  intersect  the  plane  of  xy  in  a  line  inclined  at  an  angle  a  to  the  principal 
axis  Gx,  and  let  a  plane  containing  the  axis  ( !:  and  perpendicular  to  the  plane 
of  the  ring  meet  it  in  a  line  G^'.  If  cj>  be  the  angle  which  a  radius  GF  of 
the  ring  makes  with  Gz,  the  projections  of  GF  upon  the  axes  Go;,  Gy,  Gz  are, 

R(sin  0cosa+cos  0sin  6  sin  a,  sin  <£siiw  —  cos  0  sin  0  cos  a,  cos  <£  cos  6): 
and  therefore  the  expressions  in  the  brackets  are  the  three  direction  cosines 
of  GF,  (cos a,  cos  /5,  cosy).  If  now  I  be  the  moment  of  inertia  of  the  body 
about  the  radius  GF,  that  is  Acos2a  +  Bcos'2/3  +  Ccos-y.  and  m  be  the  mass 
of  the  ring  per  unit  of  its  circumference,  the  whole  mutual  potential  energy, 
\V,  of  the  body  and  the  ring  (total  mass  M  >,  is 

...     f        ,       MM'      f-'A  +  B  +  C-3I     p-  . 

But  1  is  a  function  of  <f>  given  by  the  values  jus<  found  for  cos  a,  cos /S,  cos  y, 

and  so  performing  the  integration  we  obtain 

...        MM'       A+B+C-3J  ...  ... 

^=K      R    ~K'  4BT        M (2) 

where  J  =  A  eo820sin2a  -I-  Bcos20cos2a+< '  sin20 (3) 
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Mut  the  direction  cosines  of  a  norma]  to  the  plane  of  the  ring  are  easily 
seen  to  be  cos  0 sin  a,  —  cos.0.cosa,  —sin  d,  for  if  these  are  multiplied  resj.ee- 
tively  by  cos  a,  cos  #  cos  y,  and  the  products  added,  the  sum  is  zero.  Eence 
.1  is  the  moment  of  inertia  of  the  body  about  a  normal  to  the  ring  through 
its  centre  G. 

The  couple  applied  by  the  ring  to  the  body  and  tending  to  increase  ti  is 
\Y     0.  and  we  easily  find  this  to  be 

%  k^^  =  1  K^JC-Aain*a-Bcos*a)smdcosG (4) 

Tims,  if  A  =  B,  the  couple  is 

^=l^|i(C-A)sin0cosa (5) 

If  M'  be  the  sun's  mass  and  R  the  sun's  mean  distance,  the  couple  tending 
to  increase  the  angle  between  the  earth's  axis  and  the  plane  of  the  ring  is 
given  by  (5).  In  3  above  we  found  the  couple  tending  to  increase  the  angle 
between  the  plane  of  the  equator  and  the  plane  of  the  ecliptic,  which,  as  it 
ought  to  be,  is  equal  to  the  couple  just  found  with  sign  reversed. 

If  we  suppose  the  mass  of  the  sun  distributed  in  a  circular  ring  in  the 
ecliptic  with  centre  at  the  earth's  centre,  and  radius  equal  to  the  sun's  mean 
distance,  we  obtain  a  couple  exactly  equal  to  the  mean  couple  calculated 
above  on  the  supposition  that  the  sun  moves  uniformly  in  longitude.  It  is 
obvious  without  calculation  that  this  distribution  should  give  the  mean 
couple.  For  each  equal  element  of  the  ring  gives  a  couple  proportional  to 
that  exerted  by  the  sun  when  its  centre  is  in  that  position,  and  so,  if  the 
sun  moved  round  with  uniform  angular  speed,  the  mean  couple  would  be 
equal  to  the  couple  due  to  the  ring. 

If  the  plane  of  the  ring  contain  the  axis  of  y,  then  a  =  W,  and  (4)  becomes 

^  =  |*|-(C-A)sin0cos<9 (6) 

If  /.  m,  a  denote  the  direction  cosines  of  the  normal  to  the  plane  of  the 
ring,  we  have 

1=  —  cos  0  sin  a,     ra  =  cos  6  cos  a ,     n  =  smO 0) 


•-■ 


These  give 


sina=  —  .,     cosa=  .,     cosd  =  (l2+m'2)~ (<S) 

\\  the  direction  cosines  /,  ///.  //  of  the  normal  to  the  ring  are  given,  and  it 
i-^  required  to  find  the  couples  turning  the  body  about  the  principal  axes,  we 
may  proceed  as  follows.  Considering  first  the  axis  of  ./•,  let  a  plane  be 
drawn  so  as  to  contain  that  axis  and  also  the  normal  drawn  to  the  ring  from 

the  origin,  and  find  the  angle  which  this  plane  makes  with  the  plai t   xy, 

The  ./'-direction  cosine  of  the  normal  to  the  plane  just  specified  is  zero;  let 
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the  others  be  /m,  v.  Then  we  have  fim+vn  =  0,  and  therefore  /jl/v=  —n/m. 
Thus  we  get  1^(^  +  1-)=  .>-(»£+ n-),  or  fi=  -n/(l-l*f.  Similarly  we 
get  i/  =  m/(l  — Z2)  .  The  angle  which  the  plane  containing  the  axis  of  x  and 
the  normal  to  the  ring  makes  with  the  axis  of  y  is  sin-1|(  —  W(l—  lz)  },  and 
that  which  it  makes  with  the  axis  of  z  is  sin_1{m/(l  —  £2)-}.  If  we  call  the 
latter  angle  6X,  we  have 

J  =  A/2  +  Bm2  +  C  n  -  =  A/-  +  ( B  sin-  0X  +  C  cos201)(l  - 12) (9) 

Thus,  for  the  turning  of  the  body  about  the  axis  of  :>:,  we  get 

~  =  2(B-C)(l-li)  sin  ^(508  0!  =  2(C  -B)mn (10) 

u] 

Similarly,  with  corresponding  angles  6.2,  03,  for  turning  about  the  axes  of  y 

and  z,  Qj  ^ 


s  =2(C-A)(l-m2)sin0„cos02=2(A-CM 
|J  =  2(A-B)(1-  7r2)sin03cos03  =  2(B-A)^m. 


•(ID 


The  moments  about  the  axes  are  therefore 
3     M' 


M'  , 


.(12) 


.(13) 


1*6=-  k- ^T5(B  — C)(l— Z2)   sinOjCosO^^  K~i{C  —  B)mn, 
0      AT '  ^      A I ' 

Ly=s  k  ^(C— A)(l  — m2)sin02cosd2=g  «:  ^(A  —  C)///, 

0      AT'  ^      M 

L,  =  ~  k  ^ (A  —  B)(  1  —  11  - )  sin  #3cos  03  =  ~  k  w3 (B  —  A)£m . 

If  the  plane  of  the  ring  contain  the  axis  of  y,  in  =  0,  and 

3     M' 

hy  —  -  it  ^  (C  —  A)  sin  0  cos  0 

where  6  is  now  the  angle  which  the  plane  of  the  ring  makes  with  the  plane 
of  yz.     This  result  agrees  with  that  already  obtained  above. 

5.  Mean  angular  speed  of  jimrssioH.  Returning  now  to  the  motion  of 
the  earth,  and  supposing  that  the  axis  of  y  is  the  axis,  in  the  ecliptic,  about 
which  the  couple  due  to  the  sun's  attraction  acts,  the  mean  precessioual 
angular  speed,  /u,  of  the  earth's  axis  of  figure,  about  a  perpendicular  to  the 

ecliptic,  is  given  by 

Ch/u.  sin  to  — A/*2  cos  co  sinco  =}    '  (C— A)sin  to  cos  w (1) 


or 


3/cS 


(2) 


Cn/u.  —  A/ul-cos  W  =  9  pa(C  —  A)  cos  to 

Here  S  is  put  for  the  mass  of  the  sun,  as  presently  we  shall  denote  by  M 
the  mass  of  the  moon. 

The  term  A  u2  cos  to  is  very  small,  and  so  we  have  approximately  for  the 
mean  precession 


(  '  ll/JL=-    K  7^(0  —A)  COS  ft'. 


(3) 
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By   Kepler's  third  law  we  have,  if,  as  before,  we  put   //'  for  tin-  mean 

angular  speed  of  the  sun  round  the  earth, 

fi'2R8  =  K(S+E)=/tS(l+=),  (  t) 

wlerc  K  is  the  mass  of  the  earth.  Neglecting  E/S,  which  is  about 
1  324000,  we  obtain  from  (3)  and  (4) 

3„'-C-A 
m  =  o^"     c     cos<" (;J) 

Taking  a  year  as  the  unit  of  time  we  calculate  the  yearly  precession,  that 
is  2-«  //•.      We  have  M      3  „'  C-A 

,  =  ~  "       ~7^ — 'COS  ft),    0) 

n      2  n       C 
and  //  //'  is  the  number  of  sidereal  days  in  a  year,  or  366'25.     From  observa- 
tions of  precession  and  nutation  made  by  Leverrier  and  Serret(see  Thomson 
and  Tait's  Natural  Pliilosophy,  §  828)  it  is  estimated  that  (C-  A)  C  =  30G. 
Also,  if  w  be  taken  as  23  5,  cos  w  =  "917.     Thus 

%'     236625x306 V  ; 

The  angle  turned  through  in  a  year  in  consequence  of  the  angular  speed  n 
is  2-  or  360  x  3600,  seconds.  If  then  N  be  the  number  of  seconds  of  angle 
in  the  mean  annual  precession,  we  have 

v_3-917x360x3600_1-n 

iV~  2  "306-25x306  {b) 

6.    Precession  due  to  lunar  attraction.     We  now  consider  the  mean  pre- 
cession due  to  the  moon,  reserving  a  more  complete  discussion  for  a  later 
article    of    this    chapter.       Taking    a    sphere    of 
radius  equal  to  the  moon's  distance,  with  centre 
at   the  earth's  centre  G,  let  it  be  intersected  at 
Z.  Z'  by  lines  drawn  from  G  at  right  angles  to 
the  ecliptic  and   the  plane  of  the   moon's  orbit      z' 
respectively   [Fig.  55].     These   are   the  poles  of 
the  ecliptic  and  the  lunar  orbit.     We  consider  the 
lunar  orbit  as  it  exists  at  a  given  instant :  the  "c 

^  Fig.  55. 

variation  of  its  position  will  be  taken  account 

of  later.  Let  C  be  the  point  in  which  the  earth's  axis  meets  the  sphere. 
Join  //'.  ZC,  Z'C  by  arcs  of  great  circles,  and  let  ZF  be  a  tixed  arc  of  a 
great  circle  on  the  sphere.  The  angle  Z'ZC  is  the  longitude  Q,  of  the 
descending  node  of  the  moon's  orbit. ZZ'  is  i  the  inclination  of  that  orbit  to 
the  ecliptic,  and  Z( '  is  the  obliquity  w  of  the  ecliptic.  The  angle  FX(  J  may 
be  taken  as  the  angle  turned  through  in  time  t  in  consequence  of  precession. 
We  have,  by  spherical  trigonometry, 

cos  Z'< !  =  c<  >S  i  <•(  is  f,)  -f  sin  i  sin  w  sin  0 ( 1  ) 
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But  Z'C  is  equal  to  the  inclination  of  the  plane  of  the  equator  to  the  plane 
of  the  moon's  orbit :  it  corresponds  in  the  present  case  to  the  angle  denoted 
in  2  above  by  6.  The  part  of  the  mutual  energy  of  the  earth  and  moon  on 
which  the  couple  producing  precession  of  the  earth  depends,  is  therefore  [(4),  3] 

\YWMC-Aa-:'sin^. (2) 

where  M  is  the  moon's  mass,  and  R  her  proper  mean  distance  from  the  earth. 
This,  gives  the  mean  couple  for  the  different  positions  of  the  moon  in  the 
orbit  as  it  exists  at  a  given  instant,  and  may  be  regarded  as  produced  by  a 
uniform  circular  ring  of  total  mass  M,  and  of  radius  R,  laid  in  the  plane  of 
the  orbit  about  G  as  a  centre.  Or  it  may  be  regarded  as  produced  according 
to  4  by  two  masses,  each  ]M,  one  situated  at  Z',  the  other  at  the  diametrically 
opposite  point  on  the  sphere. 

We  have  to  calculate  the  mean  value  of  W  for  a  complete  revolution  of 
the  line  of  nodes.  It  is  only  necessary  to  find  the  mean  value  of  sin20.  The 
mean  value  of  cos2#  is  easily  found  from  (1)  to  be  (:]  cos2 i  —  1)  cos2&>  +  I  sin2  i. 
Hence  the  mean  value  of  sin20  is  1  —  {( \]  cos2i—  \)cos2fe>  +  -J rsin"-' /  \.  Thus 
we  obtain,  by  (2), 

W'  =  /tM-  ~A!-l  +  v[(fcos2i-^)cos2co  +  ^sin2f]} (3) 

Hence  —  — —  =  ;kM  -^-(4cos2i  —  i)sin  to  cosw (4) 

This  is  the  couple  tending  to  diminish  «>.  It  will  be  observed  that  if  we 
put  ^  =  0,  that  is,  suppose  that  the  moon's  orbit  coincides  with  the  ecliptic, 
the  couple  agrees  exactly  with  that  given  by  (8),  3  above,  when  M  is  substi- 
tuted for  M'. 

Just  as  the  solar  precession  was  found  in  5,  so  we  now  find  the  lunar 
pi'ecessional  angular  speed  u    to  be  given  by 

M 

Cnfx' =  l\ k  ^(C -A)(l  cos- i- I)  cos  co (5) 

If  we  introduce  the  mean  angular  speed  //"  of  the  moon's  radius  vector 
we  obtain,  since  n"-R*  =  k  (E  +  M)  =  /cM(l  +  E  M), 

,     ..n"1      1       C-A 
w  =| tt      .,      (::  cos- 1  —  .! )  cos  to (>) 

+  .M 
Thus  we  obtain  for  the  ratio  A  of  the  lunar  to  the  solar  precession, 

fL      ii  -  ■:,  cos-/-'.  7 

This  gives,  if  we  take  n"/n'  =  366$  27^=13-4,  i  =  5   9  ,  and  so  |cos2i-| 
=  0-988,  and  E  M  =  81\5, 

._13-42xO-98S 

fi~     "teo-      ~'1' ( 
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The  solar  precession  is  16  Becondsof  angle  in  a  year,  and  therefore,  according 
to  the  numerical  data  here  assumed,  the  lunar  precession  is  34*4  seconds  of 
ancle  in  a  year,  erivinff  a  total  of  sliehtlv  over  ;*>() ".  The  X<i  uliml  A I  manacle 
gives  •">»>  '4,  which,  as  it  happens,  is  exactly  the  amount  here  obtained. 

The  observed  precession,  with  E  M  =  81'5,  leads  to  the  value  I  306  for 
(C     An',  given  by  Thomson  and  Taii  [5,  above]. 

It  will  be  seen  that  a  total  annual  precession  of  50"'4  gives  a  complete 
revolution  of  the  equinoxes  along  the  ecliptic  in  25,714  years.  Now  the 
above  discussion  gives  as  the  total  average  couple  tending  to  bring  the 
equator  and  ecliptic  into  coincidence, 

|(X  +  I  )'.',..  (C  —  A)  sin  to  cos  co (9) 

[f  the  earth's  rotation  were  to  eras*',  a  couple  §(X  +  1)kS(C  —  A) sin  0cos0/R3, 
where  H  is  the  mutual  inclination  of  the  two  planes,  would  cause  the  earth 
to  swin^  about  the  intersection  of  the  two  planes,  in  a  period,  when  the 
amplitude  has  been  brought  down  to  a  small  value,  given  by 

e+*(x+i)^°^e=o, do 

where  R  is  the  suns  distance.  If,  as  in  5,  we  put  n'2R8  for  kS,  and 
Cfin  a '-cosfo  for  ii(/\  +  l)(C  — A),  this  equation  becomes 

g       Cn»    Q        (n) 

A  cos  to 

where  fx  is  the  total  precessional  angular  speed  just  calculated.  Taking  as 
before  cosco=-917,  putting  C  =  A,  and  using  the  year  as  unit  of  time,  we 
obtain  as  the  period  of  a  small  oscillation 

n    /Acos0\-     /•9l7x26000\-     Q  ,  no. 

The  earth  would  therefore  make  one  small  oscillation  in  a  period  of  about 
8  yai-. 

It  is  to  be  understood  that  this  would  not  be  the  actual  period  of  a  small 
oscillation  if  the  rotation  were  annulled.  The  couple  assigned  is  not,  for 
0  =  d\  the  couple  which  really  exists,  except  at  particular  instants;  it  is  the 
average  couple  obtained  by  considering  a  much  longer  interval  than  the 
derived  period  of  8  years. 

7.  Precession  of  the  equinoxes,  bod/y-cone  <oi<l  sjmrc-nntr.  We  have 
u  that  the  couple  exerted  by  the  sun  or  the  moon  on  the  earth,  and 
tending  to  turn  it  about  the  axis  of  %,  y,  or  z,  depends  on  the  difference, 
B  — C,  C  — A,  or  A  — B  of  the  principal  moments  of  inertia,  and  vanishes 
when  this  difference  vanishes.  And  taking  the  axis  of  y  (which  of  course, 
as  one  of  the  axes  perpendicular  to  the  axis  of  approximate  symmetry,  is  in 
tie-  plane  of  the  equator)  also  in  the  plane  of  the  ecliptic,  we  have  found  the 
average  couple  which,  as  it  is  usually  put,  tends  to  bring  the  earth's  equator 
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into  coincidence  with  the  ecliptic.  The  translationa]  motion  of  the  earth  in 
its  orbit  is  ignored,  as  in  itself  it  lias  no  effect;  the  change  in  relative 
positioD  of  the  earth  and  sun.  which  alone  matters,  is  conveniently  obtained 
by  supposing  the  centroid  of  the  earth  to  be  at  rest  while  the  sun  revolves 
round  it. 

The  couple  found  plays  the  pari  of  the  couple  about  the  axis  OD  (Fig.  4) 
applied  by  gravity  to  the  top  spinning  about  a  fixed  point.  The  result  is 
the  same  :  just  as  the  top  does  not  fall  down,  but  has  an  azimuthal  motion 
in  virtue  of  the  couple,  so  that  the  axis  of  rotation,  if  the  motion  is  steady. 
moves  in  a  right  cone,  so  the  earth's  axis  does  not  approach  perpendicularity 
to  the  ecliptic,  but  relative  to  the  earth's  centre  regarded  as  a  fixed  point- 
lias  a  conical  motion  in  space  about  a  line  drawn  from  the  earth's  centre  to 
the  pole  of  the  ecliptic,  which  answers  to  the  vertical  in  the  case  of  the  top 
(Fig.  4).  The  mean  angular  speed  of  a  point  on  the  earth's  axis  about 
the  axis  of  the  cone  is  M/Cn  sinw,  where  M  is  a  certain  mean  value  of  the 
moment  of  the  couple  producing  precession,  and  w  is  the  inclination  of  the 
earth's  axis  to  a  perpendicular  to  the  ecliptic:  and  this  is  exactly  analogous 
to  the  approximate  value  MghsinO  Cnaind,  which  the  theory  of  the  top 
gives  for  the  precessional  motion  about  the  vertical.  This  conical  motion  of 
the  earth's  axis  has,  as  we  have  seen,  a  period  of  nearly  20,000  years,  and 
causes  the  astronomical  phenomenon  of  precession  of  the  equinoxes,  that 
is,  the  continual  revolution  of  the  line  of  equinoxes  (or  Inn  of  nodes)  in  the 
plane  of  the  ecliptic. 

How  this  phenomenon  occurs  is  illustrated  by  Fig.  56,  which  shows  one  of 
the  illustrative  models  of  the  Natural  Philosophy  Department  of  the  Univer- 
sity of  Glasgow,  a  terrestrial  globe  with  the 
lower    half    cut    away,   and    the    upper    part 
loaded   so  that  it   can   turn  about   a   point   of 
support  at    the   centre,    with    the    pin    P    in 
contact    with    the    inside    of    the    horizontal 
ring  R,P  at  the  top.     The  pin  P  is  the  upper 
end  of  a  cone   fixed   in  the  body   having  its 
vertex   at    the  centre   0   of  the  globe:    this 
cone  rolls  on  a   cone  fixed   in  space,  as  indi- 
cated   in    big.  4.      Here  the  rolling  cone  (the 
body-cone,  4.  IV  above)  rolls  round   on   the 
inside   surface   of    the    fixed-    or   space  cone 
i  Fig.     14).      [In    the    example    of    the    top 
spinning  about  a   fixed  point   the  body-cone 
rolls  round  the  outside  of  the  space-cone  as  in  Fig   13.]     The  space-cone  in 
the  model  is  represented  by  the  ring  R.P,  which  is  enough  to  guide  the 
movine  cone;  all  the  rest  is  cut  away,  but  it   is  understood  that  the  vertex 

in  t  his  case  is  also  at   the  cent  re. 
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An  tlif  globe  of  iIk'  model  (Fig.  ">ti)  turns  about   the  ;i\is  of  figure,  1 1 1« • 
cone  V  rolls  <»n  the  spaee-cone,  and  its  axis,  travelling  round  the  axis  of 
figure,  describes  a  cone  in  space  in  the  model  a  <•< >n<-  of  23    -7  semi-vertical 
angle.     The  equator  of  the  globe  is  shown  by  the  dark  line  intersecting  a 
meridian   through   I*  in    N.     The   upper  surface  of  the  rim,  to  which  the 
supports  of  ili«'  ring  1!  are  attached,  represents  the  plan'1  of  the  ecliptic,  and 
the   point    N    represents  the   intersection  of  the  equator  with  that   plane. 
N   therefore  represents  an  equinox.     As.  imitating   the  earth,  the   globe 
revolves  in  the  counter-clock  direction  (as  seen  Erom  beyond  P,  which  may 
be  taken  as  representing  the  north  pole  of  the  earth),  the  pin  P  rolls  round 
the  ring  in  the  dock  direction,  and  so  the  point  X  moves  from  right  to  left 
along  the  ecliptic,  in  the  direction  to  meet  the  rotation,  that   is  to  make  the 
equinoxes  occur  earlier  in  time.     This  is  the  precession  of  the  equinoxes, 
the  direction  and  mode  of  production  of  which  are  completely  illustrated 
Erom  a  kinematical  point  of  view  by  the  model. 

It'  the  model  were  enlarged  to  the  size  of  the  earth  and  rotated  with  the 
same  speed  as  the  earth,  the  diameter  at  the  north  pole  of  the  cone,  tixed  in 
the  earth  with  vertex  at  the  centre,  which  rolling  on  the  internal  surface  of 
a  cone  of  semi-vertical  angle  23  27',  with  its  vertex  also  at  the  centre  of 
the  earth,  would  give  pivces-ional  motion  of  25,800  years'  period,  would  he 


SO(M)  x  sin  2:}    27' 

.-Kit;1,  x2:>,N00 


miles  =  21  inches. 


This  is  the  solution  of  the  old  Glasgow  Natural  Philosophy  question,  some- 
times phrased  as  "Find  the  diameter  of  the  north  pole  of  the  earth"  [see  13, 1]. 
In  4,  IV,  the  rolling  of  the  hody-cone  on  the  space-cone  has  been  ex- 
plained. In  Fig.  ~u  the  two  coins  are  shown  for  the  case  of  precession  of 
the  earth's  axis.  OZ  is  the  perpendicular  to  the 
plane  of  the  ecliptic.  0< '  the  earth's  axis  of  figure, 
(  )|  the  instantaneous  axis  of  turning,  and  OH  the 
axis  of  resultant  a.m.  The  vertical  angle  of  the 
body-cone  is  2a,  that  of  the  space  cone  2(0+a). 
Tli.'  angular  speeds  are  <V  about  < )/,  //  about  OC, 
and  \fs sin  6  about  (  >K,  which  is  at  right  angles  to 
OC.  [f  at  the  same  time  the  body  is  turning 
about  ;iu  axis  <)|)  at  right  angles  to  the  plane 
<  ''  >/.  there  is  also  a  component  6  to  be  taken 
into  account.  In  the  case  of  steady  motion  the 
instantaneous  axis  is  01,  and   the  angular  speed 

about  it  is  (  n2+>/r2sin26 

By  the  turning  about  01,  with  angular  speed  (n2  +  Vr2sin20)*,  the  axial 
point  (\  which  lies  in  a  plane  at  right  angles  to  <  >< '  and  containing  the 
point    1,  has  speed  Olcosasina^+^sin5^)*,  that    is  Olnsina,  at  right 
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angles  fco  the  paper.     This  must  be  the  same  as  the  speed  01\js  cos  a  sin  6 
in  the  circle  of  radius  01  cos  a  sin  0.     Hence  we  have 

n  tan  a  =  yjssm  0. 
In  the  case  of  steady  motion  the  axes  01,  OC,  OH,  and  OZ  are  in 
one  plane,  the  resultant  a.m.  is  (("-/'-  +  AV/'-'sin-ft)'-,  and  according  as  C  is 
>  or  <  A,  the  axis  OH  is  nearer  to  or  farther  from  OC  than  01.  We 
have  tan  IOC  =  \jr  sin  6/n,  tan  HOC  =  A\jr  sin  6/Gn.  If  there  is  turning 
about  an  axis  OD  at  right  angles  to  ZOC,  the  resultant  angular  speed  is 
(02  +  ""+  eV-'sin-fl)'-,  and  its  direction  makes  with  <>I).  OC,  OE  angles  whose 
cosines  are  0,  n,  \\/  sin  6)/(d2  +  n2-\-\js2sm26).  The  resultant  a.m.  on  the 
other  hand  is  <  A-'H-  +  ( .."2 //"-'  +  AV/-'sin20)'-,  and,  if  we  call  this  H,  its  direction 
make-  angles  with  OD,  OC,  OE,  the  cosines  of  which  are 

(Ad,Cn,  A^sinfl)  H. 

8.    The  free  Ettierian  precession.     Results  of  theory  and  of  observation. 

If  the  body  be  under  the  action  of  no  external  forces  the  direction  of  OH 
remains  invariable,  and  the  motion  of  the  body  after  any  transient  disturb- 
ance must  be  consistent  with  this  fact.    The  equations  of  motion  are  (see  8,  II ) 

A^-(B-C)0203  =  O,   B^-(C-A)0301  =  O,    C?^-(A-B)ei02  =  O,...(l) 

where  61>  6.,,  6S  are  the  angular  speeds  about  the  principal  axes  for  which 
the  moments  of  inertia  are  A,  B,  C.  If  A  =  B,  which  is  approximately  true 
for  the  earth,  the  third  equation  gives  C03  =  constant.  The  other  equations 
become,  if  we  write  n  for  the  constant  6.3, 

A^+(C-A)rie2=03     A  ^-(C-A^O^O (2). 

Eliminating  0.,,  we  obtain 

^+"'[     A    M  =  0 ,->> 

[Equation  (3)  may  also  be  obtained  from  the  ordinary  equations  of  tin1  top  (e.g.  the 
firsl  two  of  (1),  16,  [I,  or  (1)  of  9  below)  with  the  right  hand  sides  put  equal  to  zero.  The 
angular  speeds  di,  $2  are  to  be  identified  with  the  <■>,.  (.>._,  of  (2),  •_',  1\*.  and  ■/»  is  t"  be 

equated  to  zero,  observing  however  tliat,  though  6l=  —  ^sin  6,  0.,=  6, 

'''I;    -  4  sin  e  -  dip  cos  e + e<f>,  lltf(- = 44 sin  e+ & 

Hence,  since  n  -  </>  +  i/  cos  6, 

-JsmB^'1"1     nO+ZOxftcoad,     0    '['^    <^sin0. 

These  values,  substituted  in  (1),  I  •">,  II,  gi\  e  exactly  equations  (2)  obtained  above.] 
From  (3),  ii>  =  /M<"-A)  A,  we  find 

01  =  Ecos(/)(+(O,  (4) 

where  E  and  a  are  constants.      This  gives  also 

02=E  sin  (pt+ a) (5) 
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[f  O  —  A  is  small  bhe  differentia]  equations  show  thai  (>, ,  02  alter  <»nly  slowly  ; 
their  actual  values  are  determined  by  observation.     The  values  found  in 
(Heat. \  sinc>   A=B  very  nearly,  a   resultant   of   AM,  and   \\0.r  of  magnitude 

AlE,  inclined  nearly  at  45    to  either  component  in  the  plane  of  th [uator, 

and  revolving  in  the  body  in  that  plane  with  angular  speed  n(C  —  A)  A. 
The  invariable  line  oil  Mrs  in  the  plane  of  this  constant  resultant  and  <  >C, 
about  which  the  a.m.  Cn  is  also  constant.  After  any  disturbance  OH  remains 
inclined  at  a  constant  angle  toOC,  and,  as  the  plane  HOC  revolves  in  space 
describes  a  cone  in  the  body  about  OC  as  axis,  and  makes  one  revolution 
in  the  period  2-A  fn(C  —  A).  But  2tt  n  is  one  day  and  A/(C  —  A)  =  30(5 
nearly.     Hence  the  invariable  line,  which  is  fixed  in  space,  describes  the  cone 
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just  specified  in  30(i  days  ;  in  other  words,  the  axis  of  figure  revolves  round 
the  invariable  line  in  a  cone  of  semi-vertical  angle  COH  in  that  period. 
This  angle  tan-1(AE/Ol)  is  small,  and  is  not  to  be  confounded  with  the 
very  much  smaller  mean  angle  [about  0-00867"],  between  < )( !  and  the  instan- 
taneous axis,  (  >I,  of  rotation,  which  causes  the  slow  continuous  precession. 

If  the  magnitude  of  E  is  sensible  this  revolution  of  00  should  show  a 
variation  of  latitude  of  places  on  the  earth's  surface,  the  more  considerable 
the  greater  the  value  of  E,  since  tanC0I  =  E/n.  But  determinations  of 
latitude  by  observations  of  the  altitude  of  stars  show  only  a  very  slight 
variation,  and  therefore  we  must  conclude  that  E  is  small.  Observations 
made  at  Berlin,  Potsdam,  and  Prague  in  L889-JK)  to  detect  this  effect  showed 
changes  of  only  about  half  a  second  of  angle.  Though  small,  this  variation 
was  no  doubt  real,  as  the  latitude  of  a  place  can  be  determined  to  I  l<>  of  a 
second,  which  corresponds  to  three  yards  on  the  earth's  surface.     In  L891  a 
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German  expedition  was  sent  to  Honolulu  in  order  that  observations  might 
be  made  simultaneously  there  and  at  Berlin.     Since  the  two  places  are  171 
apart   in    longitude,  the   latitude   of   Berlin   should  increase  when  that  of 
Honolulu  diminishes,  and   vice  versa.     The  diagram  (Fig.  58)  shows  how 
exactly  the  two  variations  were  found  to  correspond. 

As  to  the  period  however,  it  was  found  by  Mr.  S.  C.  Chandler  at  Cam- 
bridge, .Mass.,  by  a  discussion  of  observations  of  latitude  ranging  from  1840 
to  1891,  that  the  variation  ran  through  its  course  in  14  instead  of  10 
months.  The  course  of  this  variation  of  latitude,  combined  with  another  of 
yearly  period,  is  shown  in  the  diagram  on  p.  15.  The  subject  is  further 
dealt  with  in  Chapter  XI  below. 

The  free  Eulerian  precession  discussed  above  is  started  by  some  transient 
external  disturbance,  and  is  given  by  the  complementary  solution  obtained 
as  above  when  the  applied  couples  are  put  equal  to  zero,  and  the  differential 
equations  then  solved.  We  shall  see  however  that  the  expressions  for 
the  couples  may  contribute  terms  which  require  consideration  to  the 
oscillatory  solutions. 

9.    Precession   and  nutation  from    instant   to  instant.    The  average 
precession  has  been  determined  above.     We  now  try  to  trace  the  progress 
of  events  from  instant  to  instant.     Taking  axes  as  before,  Gy  along  the 
intersection  of  the  plane  of  the  equator  of  the  earth  with  the  plane  of  the 
ecliptic,  Gz  in  the  direction  of  the  axis  of  figure,  and  Gkc  at  right   angles 
to  the  other  two,  we  observe  that  the  axes  (Jr.  ( J  y.  (I;  correspond  to  the 
moving  axes   OE',  OD,  OC   of   the  gyrostatic  equations,   and    shown    in 
Fig.  12  (p.  71).     In  that  diagram  the  sun  is  supposed  to  be  at  S.  a  point  to 
the  left  of  x  on  the  arc  DF  produced  beyond  x,  and  such  that  the  line  perpen- 
dicular to  OS  in  the  plane  DOF  lies  between  01 )  and  OE'.     OFD  is  the 
plane  of  the  ecliptic,  DOE  that  of  the  equator.     If  then  L  be  the  couple 
at  the  instant  about  the  axis  of  x,  M  that  about  the  axis  of  y,  we  have 
by  (2)  and  (5),  1,  V,  or  by  applying  at  once  the  method  of  5,  III, 

A$  sin  6  -  (Cn- 2  A\j,  cos  6)6  =-L,  )  {]) 

AS  +  (Cn  -  Ax/>  cos  0 )  \jr  sin  6  =     M.  j " 
The  minus  sign  is  placed  before  L  on  the  right  of  the  first  equation  because 
it  will  be  seen  from  Fig.  12  that  the  rate  of  growth  of  a.m.  lor  the  axis  ( )K'  is 
the  quantity  on  the  Lefi  with  the  sign  reversed.     The  values  of  the  couples 
are  given  in  3  above  for  the  sun's  attract  ion.     We  have  by  (10)  and  (11)  of  3, 

A$sine-(Oi-2A^cos0)0=     3       -l^g]  (0- A)cos/3co.  r 

&Q + (Cn-A\j,  cos  6)yjr  sin  6=  -3   "     i   V  in  '-  A  m.s,,  rosy 

Now  we  know  from  observation  that  n  is  very  great  in  comparison  with 
vjr,  and  \L-,  itself  small,  has  a  long  period  of  variation,  and  so  we  neglect  all 


(2) 


X 
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the  terms  on  the  left   of  (2)  which  do  not  contain    u.     Thus  neglecting 
also  p  we  obtain 

ft/2/Rn\8C-A       _ 

— ^ —  COS  ft  COS  y, 


0  = 


:r,iu 


.         ,         Qn'2/R0\sC-A 
Bin  8 .  yjr=  —  3  --  ( -=? )    — p —  cos  a  cos  y. 


.(3) 


•(4) 


Bui   by  (1),  3,  cos  ft  cos  y  =  sin  ft  cos  /3  sin  0,  cos  a  cos  y  =  sin-/3cos0sin  6,  so 
that  (-'I)  become 

^=-2^(|)3CB-A*1-cos2^cos(,-J 

Let  now  /  be  the  longitude  of  the  sun  measured  from  a  fixed  plant'  per- 
pendicular to  the  ecliptic,  the  plane  xOs  of  Fig.  12.  Then  xF  =  \Js,  x&  =  l 
(since  we  measure  I  in  the  direction  of  the  apparent  motion  from  the 
fixed  plane  xO~,  where  z  is  the  fixed  pole  of  the  ecliptic).  We  put  now 
&  for  the  longitude  of  the  ascending  node,  D,  of  the  sun's  orbit.  Then 
ft  =  -  (%Tr+\fr).  I  lut  by  definition  (3,  above),  ft  =  - 1  -  £1  =  - 1  +  \  vr  +  \fr, 
and  therefore  sin2/3  =  sin(7r-2(Z-\/r))  =  sin  2(Z-\/r),cos2/3=  -cos2(Z-V0- 
Substituting  in  (4)  we  obtain 


,         3  ri*   i:„v:C-A   .        . 


\'s- 


i^(S),g^{i+~*c-*»«-ft 


.1 5 , 


To  obtain  more  exact  equations  we  should  have  to  express  I  K:!  and  /  in 
terms  of  the  time  by  means  of  the  theory  of  motion  in  a  central  orbit.  We 
should  obtain  I = n't+e'+2e' sin (n't+e'  —/')+... ,  and  a  similar  expression 
for  1  II.  where  e  is  the  eccentricity.  For  such  developments  however  we 
must  refer  to  special  works  on  Celestial  Mechanics,  such  as  Tisserand, 
MScanique  Celeste,  t.  ii. 

We  may  however  substitute  for  I  the  approximate  value  n't  +  e',  and  inte- 
grate equations  I  5 1  with  respect  to  /.  assigning  to  sin  6,  cos  6,  which  are  nearly 
constant,  values  sina,  cos  a,  which  remain  unaltered  during  the  period  of 
integration.      We  get,  taking  R  as  constant, 

a  ,  3  //7R0\3C-A        0/J       ..    . 

"  +  4  „(,]>,)    -Q- coa2(l-\fr)ama, 

^=^o-l^)S^{n't+hBm2(l^^)}cosa^ 

where  »/',,  is  a  constant.     The  term   n't  in  the  second  equation  obviously 
arises  from  the  nearly  uniform  precession,  the  approximate  average  preces 

sion  obtained  in  (  5)  0f  5. 


(6) 
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The  results  we  have  obtained  arc  only  approximate.     It  is  easy  to  Eorm 

some   idea  of  the  closeness   of  the  approximations.     From  (1)  we  obtain. 

putting  ^  for  —  yfrsmd,  and  w2  for  6,  the  angular  speeds  about  the  axes 

OE',  OD  of  Fig.  12,  p.  71  [to  be  distinguished  from  the  wl,  o\,  referred  to  in 

8  above], 

Ad>t  +  (Cn  —  A\js  cos  8)co2  =  L,)  ( - ) 

\6\,  —  ( On  —  A\/>  cos  0)wl  =M,J 

a  symmetrica]  Eorm  which,  by  the  opposite  signs  of  the  second  terms  on  the 
left,  well  displays  the  peculiar  property  of  gyrostatic  terms.  As  a  first 
approximation  we  get,  since  both  \js  and  6  are  small, 

ML  ,m 

Wl=-^,      a>2  =  ^ W 

Using  these  results  in  the  first  terms  on  the  left  of  (7 )  we  obtain 

M^     JWJL  L^     _A_dM  m 

A  repetition  of  this  process  gives 

M        A    cZL      A-   dm  L        A    M      A'   dFL     {]Q) 

Wl~  Cn  +  ChS  dt+Chi*  dP'  a>2~Cn+Chiz  dt  C3w3  dt2' 
Thus,  as  elimination  of  w.,  from  (7),  and  substitution  in  L  and  ]\1  of  the 
values  of  I  and  1/R  indicated  above,  give  a\  of  the  form  2K  cos  (n't  +/)> 
the  adoption  of  the  approximations  in  (8)  means  the  neglect  of  terms 
of  the  order  Mn'2jn2  or  lm,'2/n2.  [See  Routh,  A  dvanced  Dynam  ics,  §§525-550, 
where  the  motion  of  the  ecliptic  is  also  considered.] 

10.   Graphical  representation  of  effects  of  variable  parts  of  8  arid  \jr. 

The  results  embodied  in  (5)  and  (6)  are  capable  of  simple  graphical  repre- 
sentation.    Thus  the  uniform  precession,  of  angular  speed 

3n'2C-A       a 

2^-U-COS0' 
may  be  represented  by  the  motion  of  a  point  Pj.  in  a  circle  of  radius  equal 
to  the  mean  value  of  0.     Taking  the  parts  of  0  and  \'s,  depending  on   the 
varying  parts  of  0  and  \jr,  we  gel  the  equations 

0=     °n' ^~ Acos  2(1 -xl,) sinO (1) 

4  n     C 

sin0.^=-?  -5^ sin 2(2— »Zr)sin0cos0 (2) 

r         4  n     C 

If  we  denote  the  quantities  on  the  left  by  y  and  ,/■  respectively,  we  obtain 

^_     _+__ t      =]         (3) 

£2sin20cos20^K2sin20 

where   K  denotes  the  common  multiplier  of  the  circular  function-  on  the 

right  of  (1 )  and  (2). 
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Clearly  then,  if  we  describe  round  I',  as  centre  an  ellipse  of  semi-axes 
K sin  0  cos  0,  lv  sin  0,  the  latter  in  the  direction  of  CP1}  the  former  at  right 
angles  to  this  direction,  thru  a  second  particle  I'..  describes  tins  ellipse 
(which  changes  in  position  as  1',  moves)  in  a  period,  given  by  the  terms 
sin  i2(/  +  yV).  cos 2(7  + \fs),  equal  to  half  tie'  periodic  time  of  the  disturbing 
body. 

Successive  further  approximations  would  he  given  by  successive  ellipses 
the  firs!  round  1'.,,  the  second  round  the  point  describing  this,  and  so  on. 
This  kind  of  graphical  representation  is  characteristic  of  successive  approxi- 
mations by  periodic  terms. 

11.  Mean  couple  tending  to  bring  equator  and  moon*  orbit  into  coinci- 
dence. It  is  proved  in  (8),  3,  that,  if  R  be  the  mean  distance  of  the  sun 
from    the    earth,   the   mean    couple    exerted   on   the   earth   by   the   sun    in 

a  year  is  given  by  3  g 

L=  —  =  p^(C  —  A)sinwcos(o (1) 

Here  S  is  the  sun's  mass.  Substituting  for  00  the  inclination  I  of  the 
moon's  orbit  to  the  plane  of  the  equator,  and  in  place  of  S  and  R  for  the 
sun  putting  M'  and  R  for  the  moon,  retaining  M  for  the  earth,  we  get 
for  the  mean  couple,  tending  to  produce  turning  of  the  plane  of  the 
equator  into  coincidence  with  the  plane  of  the  moon's  orbit, 

L=  -|/c^(C-A)sinIcosI.  (2> 

or,  since  «r(M  +  M')  =  /cM'(l+/>)=  >'"2R:?, 

L=-?  ,"  -(C-  A) sin  I  cos  I (3> 

2  1  +  p 

This  couple  acts  about  the  line  of  intersection  of  the  two  planes,  and  so  the 
earth's  axis  turns  towards  the  descending  node  of  the  moon's  orbit  on  the 
equator,  with  angular  speed  \//sin  1  given  by 

t       ;  /  ''  11  "  (j  —  A.    .     T  T  , 

sinI-^  =  -2(r+7)^~crsmIcosI (4) 

This  is  an  average  and  uniform  processional  motion:  the  inequalities  of 
fortnightly  period  are  neglected.  The  turning  indicated  is  about  an  axis  at 
right  angles  to  the  earths  axis  in  the  plane  of  that  axis  and  the  perpen- 
dicular to  the  moon's  orbit.  We  resolve  it  into  two  components,  one  about 
an  axis  through  (I  (Fig.  55)  at  right  angles  to  the  earth's  axis  and  in  the 
plane  of  that  axis  and  the  perpendicular  to  the  ecliptic,  the  other  about 
an    axis   through   (I    at    right    angles  to  the   plane  just    specified.      The    tirsl 

component  is  what  we  have  already  denoted  by  \Jr sin 6,  except  thai  it  is 
now  produced  by  the  moon,  and  so  we  have 

^sin0=—  s  r-  J—rr-  sin  I  cos  I  cos  ZCZ' (5) 

v  2<  1  +r)   n       < 
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Tin.-  second  componeni  is  0,  and  is  giveD  by 


e=- 


//'-C-A 


sin  I  cos  I  sin  ZCZ'. 


(6) 


■2(\+l>)   n      C 

Now,  From  Fig.  55,  putting  6  for  the  inclination  of  the  earth's  instantaneous 
axis  of  rotation  to  1  lie  perpendicular  to  the  ecliptic,  and  denoting  the  inclina- 
tion of  the  moon's  orbit  to  the  plane  of  the  ecliptic,  that  is  the  arc  ZZ ,  by 
i,  we  obtain  by  spherical  trigonometry 

0081  =  008-1008  0  + si  n  isin  0  cos  Z'ZC, ' 

COS  i  —  COS  I  Cos  0 


sin  I  cos  ZCZ' = 

sin  0 

sin  I  sin  ZCZ'  =  sin  i  sin  Z'ZC. 

Equations  (7)  give  instead  of  (5)  and  (6)  the  results 

...  3       //'•- C- A 

\[/  sin  6=  —    t— — ^ 7 

v  2(1 +p)  n      C 


(7) 


{(cos2i—  h  sin'-/)  sin  tfco-  0 


e=- 


—  sin  i  cos  /'  cos  2H  cos  Z'ZC  —  \  sin'-/  sin  0 cos  6 cos  2Z'ZC}, 
3       y,"-C-A 


(8) 


( sin  /  cos  / cos  0 sin  Z'ZC+  i  sin-  /  sin  2Z  Z( ' ). 


2(1+ P)n      C 

The  first  line  of  the  first  equation  of  (8)  gives  exactly  the  result  already 
obtained  in  (3),  6,  above,  for  the  mean  lunar  precession,  except  that  the 
signs  of  the  two  results  are  opposed.  This  was  to  be  expected  however,  as 
the  result  of  (i  was  obtained  from  a  consideration  of  a  couple  opposed  in 
sign  to  that  considered  above,  which  is  equivalent  to  taking  </rsin#  about 
.in  axis  opposed  in  direction  to  that  used  here.     The  results  therefore  agree. 

The  _(ZZ'  diminishes  at  rate  m  because  of  the  motion  of  Z',  that  is,  the 

revolution  of  the  line  of  nodes,  and  increases  at  rate  p  In  cause  of  the  motion 

of  C.     The  value  of  p  is 

o        ii  ~       C  —  A.       9.      i     •    9  •  \         s\ 
z    -tzz- ■  -r      ~     (cos- 1  —  !  sin- 1 )  cos  0. 
2  n(l+ p)     G 

The  motion  of  the  line  of  nodes  is  a  regression  at  rate  ms  which  can  be 

calculated  From  the  fact  that  the  line  of  nodes  turns  through  an  angle  2tt 
in  IS  years  7  months,  or  about  '02817  radian  per  month.      We  can  write 

LZ'ZC  =  (-7n+p)t+e-yf,{ (9) 

where  e  IS  a  constant. 

Integrating  (M  we  obtain 

l>  sin  i  cos i  cos  2r) 


^=\'^-l'/ 


in  —  j>  (cos2i—  !  sin-  /)  sine)  cos  6 


sin  Z'ZC 


/' 


sin'-'/' 


0  =  ti« 


4(  in  —  /i)  cos-/—  \  sili    i 
3        n   -C-A   sin  / 


8in2Z/ZC1 


2(1+/))    71         <  '        in-/' 
+  {  sin  /sinrh-os2Z'ZC), 

where  n  is  the  angular  speed  of  rotation  of  the  earth. 


(cos  6  cos  /cosZ  '/A  ! 


.(10) 
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The  coefficient  of  cos  2Z'ZC  in  the  second  of  (10)  is  only  aboul  I  LOO  of 
thai  of  cosZ'ZC,  bo  that  the  former  term  is  comparatively  unimportant. 
Measured  in  seconds  of  angle  the  amplitudes  of  sinZ'ZC  and  cosZ'ZC,  in 
the  first  and  second  of  I  KM,  are  respectively  I  7  4  and  9*3.  The  ratio  of  m 
j>  is  great,  and  so  instead  of  ///—/>  we  may  write  simply  m  in  (  KM 

To  the  Lunar  precession  and  nutation  falls  to  be  added  the  solar  preces- 
sion and  nutation  found  above.  We  have  seen  that  the  Lunar  precession  is 
about  34  and  the  solar  about  KJ".  The  ratio  of  the  aniplitnde  of  solar 
nutation  to  that  of  lunar  nutation  is  about  2/15. 

12.   Gyrostatic  theory  <>/  flu   regression  of  the  line  of  nodes  of  the 

moon's  orbit.  We  now  give  an  application  of  gyrostatic  theory  to  the 
calculation  of  the  rate  of  regression  of  the  line  of  nodes  of  the  moon's  orbit 
on  the  ecliptic  produced  by  the  attraction  of  the  sun.  For  this,  the  attracted 
body,  the  moon,  which  moves  comparatively  quickly  in  its  orbit,  is  sup- 
posed distributed  round  its  orbit,  in  a  ring  revolving  about  its  axis  of 
figure  with  the  moon's  mean  angular  speed  about  the  earth,  and  to  react, 
as  if  it  were  a  flywheel,  against  the  couple  applied  to  it  by  the  attraction 
of  the  sun.  The  process  here  adopted  is  a  modification  of  the  device, 
ti rst  used  by  Newton,  of  disposing  the  attracted  body  in  a  ring  round  its 
orbit.  It  is  found,  as  was  indeed  found  by  Newton  in  his  calculation  of 
the  same  quantity,  that  unless  the  relative  motion  of  the  nodes  and  the  sun 
is  taken  account  of,  the  period  of  regression  comes  out  too  short  by  about 
7  months.     Thus  it  is  not  possible  to  suppose  the  matter  of  the  sun  disposed 


in  a  ring. 


Hence  we  keep  in  the  following  discussion  the  sun  undisturbed,  and 
imagine  the  mass  of  the  moon  equally  distributed  in  a  circular  ring  of 
radius  equal  to  the  moon's  mean  distance  from  the  earth.  It  is  assumed 
that  the  eccentricity  of  the  moon's  orbit  does  not  seriously  affect  the 
revolution  of  the  line  of  nodes.  This  eccentricity  is  considerable,  as  the 
ratio  of  the  greatest  to  the  least  distance  of  the  moon  from  the  earth  is 
about  40  to  *!5.  We  shall  afterwards  add  some  remarks  in  justification  of 
what   seems  a  remarkable  process. 

In  the  ring  moon  we  have  C  =  2A  and  so  C  — A=A.  Thus  we  gel  by 
i  Kn,  4,  for  the  couple  acting. 

L  =  - :!,/  -A  sin2/3 sin  0cos 6 1 1 ) 

Here  n   is  the  angular  speed  of  the  sun  in  the  ecliptic  i-oundthecenti-e.it' 

the  ring  moon,  0  is  the  inclination  of  the  moon's  orbit  to  the  plan.-  of  the 
ecliptic,  and  ft  is  the  inclination  to  the  line  of  nodes  of  a  Line  drawn  from 
the  Mm  to  the  centre  of  the  lunar  orbit.      It  is  in  fact  l—Q  if  I  be  the  sun's 

longitude  and         the  longitude  of  the  ascending  node  of  the  l »n*S  orbit   in 

the  ecliptic. 


220  GYROSTATICjS  chap. 

Now  the  regression  of  the  line  of  nodes  which  we  are  dealing  with  is  the 
pivrcssional  motion  of  the  rinp;  gyroscope  formed  by  the  ring  moon  under 
the  influence  of  the  couple  given  in  <  I  I,  and  0  is  the  inclination  of  the  axis 
of  the  ring  to  the  perpendicular  to  the  ecliptic.  Then  if  r?1  be  the  angular 
speed  of  the  ring, 

O4 sin e^-=-3n'2A sinG cos 0sin2(Z-  R) (2) 

or,  since  C  =  2A,        ^-=  -?  —  cos0{l-cos2(£-  ft)} (3) 

The  first  term  on  the  right  gives  the  mean  rate  of  variation  of  Q. 
Denoting  it  by  —  p,  we  obtain 

^-=-p+pcos2(l-&),  (4) 

or,  since  dljdt  =  n, 

jt(l-&)=n'+p-rpco82(l-Q) (5) 

We  can  write  this  in  the  form 

d(l-Q)  Jf 

a  '  +  !>—  pcos2(l  —  ft)         ' 

which  is  integrable  at  once  by  the  substitution   u  =  tan(/—  ft).     Thus  we 

obtain  /71/4_9r>\i  1 

(       \-<  )   tan(/.-ft)  =  tan{(//-  +  2,//.)'-/} (6) 

Therefore,  as  /—  Q    increases    from   0   to  2ir,  (n'-  +  '2n '/n  'I    increases    from 

0  to  2-7T.     Hence  the  time  taken  by  the  line  of  nodes  to  make  one  revolution 

relative  to  the  sun  is  ., 

t  = —  -j (7) 

(n'2+2n'pf 

But  if  a  year  be  taken  as  the  unit  of  time  we  have  2tt  n'  =  l}  and  we  can  write 

t  =  H *—    1 (8) 

"    {n't  +  ln'pf 

This.  ;is  we  shall  see,  is  about    18  19  of  a  year. 

The  real  rate  of  regression  of  the  line  of  nodes  is  therefore  the  angular 
speed  { ii'-  +  '2n'/>)-—  11'.  and  the  time  of  the  revolution  is 

2*-  _2tt  v'  

{ll'--\--ln'ry-n'     >,'  (n'2+2n'p)*-n'' 

ih.it  is  the  number  of  years  is  //'/!("  "  +  -"/')'  — "!•     I'11' 

1     _£{(1+!*)*+1y,-:4-  jl.  do 

2/>  I  \        »  /         I      p     2    4m 

1 +-,',)  -' 


(//"-4-2//>)'--y/'      /  »^ 
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M  •'    "   "  ,i        ,,7r     -'    ■'      ,.,      • 

N""  P^008"      ■•  365]  : 

,                                n'         4x365} 
aDd  p  =  3  x  27-3x1 =  18.°early (") 

Thus  the  period  of  revolution  of  the  line  of  nodes  is,  in  years 

+  ;—  r— ,  =  185,  nearly (  L2) 

According  to  Neison,  the  period  of  regression  is  18*5997  years.  [Young, 
Gt  ,"  ral  Astronomy,  §  4.15. J 

13.  Estimation  of  periodic  term.  The  magnitude  of  the  periodic  term 
may  be  estimated  in  the  following  manner  (see  Greenhill,  R.G.T.  p.  177). 
Taking  as  the  mean  angular  speed  of  the  line  of  nodes  relative  to  the  sun 
<  h'--{-'2,i'/))-,  and  putting  n'+p'  for  this,  we  write 

l-il  =(n'+p')t-A&. 

Bence    tan  Aft  =  tan|(  n'+r')t-(l-  ft)}  =  -?- ,  ^'"f  ~  ^J     nx, (1) 

W  +(  H  +/'  )  tan-(/—  ft) 

by  (6),  I  2.  Multiplying  numerator  and  denominator  by  cos2(Z—  ft),  we  obtain 
after  reduction 

v  p'sm2(l-&)  sin2q-ft) 

Aft  =  0    /  ,     , t or/ — prr  =  — 5—7 -.  nearly (2) 

2/'  +]>  —p  cos 2(6—  ft)  2?? 

P 

But,  by  (12).  12,  2n'jp'+l  =38,  and  so  the  amplitude  of  tan  Aft  is  1/38, 
or  in  angle  about  1*5°. 

The  couple  producing  change  of  the  inclination  i  of  the  orbit  to  the  ecliptic 

is  ls""<:,)-  ?]>  L=-3//2Asintsin(/-ft)cos(Y-ft), 

or  L=-^//'-Csinisin2(/-  ft) (3) 

But  this  is  approximately  —  On^cft  '//.and  so  we  obtain 

gj-j-mitmiKJ-fl) ,4, 

In!'  grating  with  respeci  to  the  time,  using  the  approximation 

l-&={n'+p')t, 

ft      1  v  •       3  ■  o/l       nx 

we  find  A'  =         .    ,  ,  -rsm  i  ■•■■s2(/—  ft) (5) 

8  /',(  n  +p  i 

The  amplitude  of  this  variation  of  i  is  about  '»'.  The  addition  to  i  is  thus 
9  when  the  sun  is  in  the  line  of  nodes,  and  —9'  when  /—  .;  =90  .  Thus  the 
inclination  is  5  Is  in  the  former  case  and  5  in  the  latter.  When  the  sun 
is  halfway  between  these  positions  the  inclination  has  the  mean  value. 
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14.  Effect  of  equatorial  belt  of  earth  on  motion  of  moon's  nodes.  The 
equatorial  excess  of  matter  in  the  earth  exerts  also  an  influence  on  the 
motion  of  the  moon's  nodes  on  the  ecliptic.  If  the  earth  were  a  sphere. 
either  homogeneous  or  made  up  of  concentric  spherical  shells  each  of 
uniform  density,  it  would  have  no  effect  on  the  position  of  the  line  of 
nodes  The  earth  may  be  regarded  as  made  up  of  a  homogeneous  sphere 
surrounded  by  an  equatorial  cine',  and  we  have  only  to  consider  the  effecl 
of  the  latter.  The  inclination  I  of  the  moon's  orbit  to  the  plane  of  the 
equator  varies  with  the  revolution  of  the  nodes  of  the  moon's  orbit  on  the 
ecliptic  from  ta+i  to  w—i,  through  a  range  in  fact  of  2i,  or  about  1"  18'. 
In  order  however  to  obtain  an  approximate  estimate  we  suppose  I  to  have 
its  mean  value  w- 

The  mass  m  of  the  equatorial  ring  can  be  expressed  by  means  of  the 
moments  of  inertia  of  the  earth.  Let  the  radius  of  the  ring  be  r;  then  we 
have,  if  I  be  the  moment  of  inertia  of  the  spherical  part  about  a  diameb  r, 

lllr-  +  I  =  C,     |mr2+I  =  A, 

C—  A 

and  therefore  m=2 — j-.     I  =  2A  — C (1) 

r- 

I-'roni  (8),  3,  we  may  take  as  the  couple  exerted  by  one  ring  on  the 
other,  tending  to  bring  t  hem  into  coincidence, 

L=  —  tzk  *,..  (('  —  A  )  sin  (0  cos  (0 (2) 

,     /n                        T         3    Mmr2    . 
orby(l),  L=  — ,/:     .,.,     sin  w  cos  co (o) 

where  M   is  t  he  mass  of  t  he  moon. 

We  eliminate  k  as  before  by  the  relation  rc,"2R3  =  /c<  Ei-\-M ),  and  obtain 

L=— '  (C  —  A)  sin  co  cos  a) (4-) 

-  I  +  p 

where  p  =E  M.  This  acts  on  the  ring  moon,  and  produces  the  turning 
round  of  the  line  of  uodes  exactly  as  that  due  to  the  action  of  the  mih 
was  caused. 

The  couple  producing  the  turning  due  to  the  sun  was  found  to  be 

I.    =  —.*>// '"--A,: sin ".-)'  cos 6 sin 6 (5) 

where  A,  is  the  moment  of  inertia  of  the  ring  moon  about  a  diameter. 
The  mean  c<  mple  is  t  herel'i  >re 

L„=  —  \:  a  'A,  sin  /  cos  / (6) 

where    i    is   the    inclination   of   the   moon's  orbit    to   the   ecliptic,    n    the   sun's 

angular  speed  round  the  earth.     The  mean  couple  Ls  produces  precession  of 

the  nodes  of  amount    h.  2.\,  // ,  sin  /'.and  the  couple  L  precession  of  the  nodes 
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of  amounl  L  l'A,  w,  sin  «>,  where  />,  ia  as  before  t  be  angular  speed  i  »f  spin  of 
the  ring  moon.  If  then  T  be  the  period  in  years  of  revolution  of  the 
nodes  due  to  the  action  of  the  earth  alone,  we  have 


.<:> 


3    ,.,       . 
T  4  "  u>s/        _  ,»■-  A.d+zi)  h,s; 

l8-6"8    //"-  C-A  V'2    C-A     coscu 

21+p    2A,    C0SW 

For  Al(0-A).  we  may  write  C/(C-  A) .  A,  C  =  306 .  M  R  "  !  Er2  (thai  is 
putting  C=fEr2,  a  value  which  is  no  doubt  too  great),  so  thai  we  obtain 

T  ;»^E+  Micros/ 

18*6  W*      E      r2coso> v   } 

")  27 -32         -908 
H.'iice  T  =  306      7,  ...  602  ~  18-6  =  156000,  nearly (9) 

x  oOD  • '  I i 

This  number  is  rather  too  small  owing  to  tlir  value  assigned  to  C.  Thus 
thf  effect  of  the  earth's  equatorial  belt  in  producing  motion  of  the  moon's 
nodes  is  exceedingly  slight. 

15.  Remarks  <m  gyrostatic  method  of  calculating  motion  of  moon's 
nodes.  The  gyrostatic  determination  of  the  regression  of  the  nodes  of  the 
moon's  orbit  on  the  ecliptic  requires  perhaps  some  justification  from  first 
principles.  It  is  stated  by  Klein  and  Sommerfeld  (Theorie  des  Kreisels, 
Bd.  Ill,  S.  644)  that  the  gyroscbpic  process  only  gives  a  mode  of  calculating 
the  rate  of  regression  of  the  nodes  on  the  presupposition  of  the  existence  of 
the  regression,  that  in  fact  an  "  Existenzbeweis "  is  wanting,  and  that  we 
neglect  the  effect  of  the  eccentricity  of  the  lunar  orbit.  It  is  no  doubt 
assumed  in  this  process  that  the  eccentricity'  of  the  moon's  orbit  has  no 
great  effect  on  the  motion  of  the  nodes;  but  this  assumption  will  be  seen  to 
be  justified  when  we  examine,  as  we  shall  now  do,  how  the  motion  of  the 
nodes  arises,  and  consider  the  result  which  the  process  gives. 

With  regard  to  the  question  of  proof  of  existence,  it  seems  sufficient  to 
urge  that,  if  a  legitimate  process  of  computation  of  the  action  of  force-. 
which  undoubtedly  exist,  gives  as  a  result  such  a  motion  as  that  of  the 
moon's  nodes,  no  such  proof  is  needed:  the  effect  is  a  consequence  of  the 
configuration  of  matter  and  the  forces  between  the  different  parts.  That 
there  must  1"'  such  a  motion  follows  at  once  from  the  forces  acting  on  the 
moon.     Tl eneial  nature  of  these  has  been  sufficiently  discussed  above. 

We  < sider  then  the  moon  moving  in  a  circular  orbit,  the  plane  of  which 

is  inclined  at  an  angle  i  to  the  plane  of  the  eel i] it  ic.  Through  the  centre  0 
of  the  orbit  draw  two  normals  OX.  OZ  at  right  angles  to  the  plane  of  the 
edipt  ic  and  the  plane  of  the  orbit  respectively.  Along  < )/'  we  may  lay  off 
a  length  equal  to  Bia>R2,  the  A.M.  of  the  moon,  taken  of  mas-,  ftj  moving  in 
a  circle  of   radius   K   with   angular  speed  (c  about    0.      We  take  this  length 
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<>Z'.  Whatever  fcBe  position  of  the  sun  may  be,  there  is  during  the 
27'3  <lays  of  a  lunation  a  certain  average  couple  exerted  on  the  moon 
producing  a.m.  about  the  line  of  nodes.  Thus,  taking  the  effect  produced 
in  a  short  interval  of  time,  the  result  is  that  the  line  which  at  the  end  of 
that  time  represents  the  a.m.  in  the  orbif  is  now  in  a  slightly  different 
position,  having  moved  from  OZ\,  say,  to  OZ'2  in  the  plane  containing 
OZ  and  the  line  of  nodes,  that  is  it  has  moved  towards  the  axis  of  the 
■couple.  The  a.m.  generated  is  very  small  in  comparison  with  M«R2,  and 
is  about  an  axis  at  right  angles  to  OZ'  and  in  the  plane  just  referred  to. 
The  length  of  OZ'  is  not  changed,  its  direction  only  has  been  altered  through 
the  small  angle  Z'.,(  >Z'P  in  a  plane  at  right  angles  to  that  of  the  angle  ZOZ'r 
The  angle  Z<  >//.,  is  therefore  very  nearly  equal  to  Z'OZ,  that  is  the  inclina- 
tion of  the  plane  of  the  orbit  to  the  plane  of  the  ecliptic  has  not  been 
perceptibly  altered.  The  line  of  nodes  however  is  now  at  right  angles  to 
the  plane  of  ZOZ'2,  that  is,  it  has  turned  through  the  angle  between  the 
planes  Z',OZ  and  Z'2OZ. 

In  the  same  way,  in  the  next  lunation  the  line  OZ'2  is  displaced  to  the 
position  0Z'8,  and  it  will  be  observed  that  this  displacement  is  in  a  plane  at 
right  angles  to  the  plane  Z'.,(  VA.  The  displacement  is  not  quite  the  same  as 
in  the  former  case,  as  the  position  of  the  sun  with  reference  to  the  moon's 
orbit  has  altered,  but  the  effect  is  the  same:  the  inclination  of  the  plane  of 
the  orbit  to  the  ecliptic  is  not  altered,  the  line  of  nodes  has  turned  through 
a  further  angle  in  the  same  direction  as  before. 

This  process,  which  we  have  regarded  as  consisting  of  short  finite  steps. 
really  goes  on  continuously,  and  so  the  a.m.  about  OZ' in  its  continuously 
changing  position  is  never  altered  in  amount.  The  step  of  change  vanishes 
with  the  interval  of  time,  and  when  graphically  represented  is  at  right 
angles  to  the  a.m.  previously  existing. 

When  the  method  set  forth  is  examined  it  appears  that  each  element  of 
the  ring  is  an  infinitesimal  representative  of  the  real  moon,  with  some 
limitations  imposed  by  the  assumed  rigidity.  As  in  the  case  of  the  real 
moon  the  couple  about  the  line  of  nodes  varies  with  the  position  of  the 
element,  but  the  rigidity  condition  compels  the  element  to  remain  in  the 
plane  of  the  ring.  In  the  actual  case  of  the  moon,  or  in  that  of  a  free 
element  of  a  ring  of  particles  {e.g.  one  of  Saturn's  rings),  the  production  of 
a.m.  about  the  line  of  nodes  causes  small  periodic  deviations  Erom  motion  in 
a  pi  n  ne;  la  it  for  each  element  these  deviations  are  nearly  the  same  as  those  for 
the  moon  as  a  whole.  Thus,  to  the  decree  of  exactness  with  which  the  moon's 
actual  orbil  is  a  plane  curve,  we  may  suppose  the  ring  of  five  elements  to  be 
rigid.     The  rapidity  of  the  moon's  motion  in  Eacl  justifies  this  supposition. 

The  sun  in  a  resolution  round  the  earth  puts  the  couple  on  the  moon 
through  a  cycle  of  changes,  and  hence  the  distribution  of  the  mass  of  the 
moon  in  a  ring  and  thai  of  the  sun  in  another  about  the  same  centre,  but 
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laid  in  the  ecliptic  and  of  radius  equal  to  thai  of  the  sun's  apparent  orbitj 
gives  an  average,  though  not  a  quite  accurate  one,  Eor  the  changes  of 
position  of  the  moon  in  a  lunation  and  of  tlic  sun  in  a  year.  The  slow 
motion  t^  the  sun  however  makes  it  necessary  to  take  account  of  the 
relative  motion  of  the  sun  and  the  line  of  nodes  in  order  that  a  satisfactory 
approximation  may  be  obtained,  as  we  have  seen  above. 

Now  it  seems  fairly  clear  that  the  eccentricity  of  the  moon's  orbit  could 
in  no  way  alter  the  general  result  at  which  we  have  arrived,  and  the  motion 
of  the  line  of  nodes  can  legitimately  be  calculated  by  regarding  the  moon  as 
a  circular  ring  revolving  like  a  flywheel  in  its  orbit.  It  is  possible  to 
assign  limits  between  which  the  error  due  to  the  neglect  of  the  eccentricity 
must  lie.  The  solidity  or  rigidity  of  the  ring  however  has  no  sensible 
influence  on  the  result:  a  set  of  discrete  particles  having  the  a.m.  M<»R2  is 
practically  as  effective  as  a  flywheel.  Currents  of  liquid  flowing  round 
closed  channels  within  a  solid  body  can  be,  and  no  doubt  are,  effective  in 
producing  gyrostat ic  action. 


CHAPTER   XI 
FREE   PRECESSION  OF  THE  EARTH.      FURTHER   DISCUSSION 

1.  Elliptidties  of  terrestrial  Spheroid.  In  the  last  chapter  we  have  seen  tliat 
the  period  of  the  free  precession  is  equal  to  that  of  rotation  multiplied  by  the  reciprocal 
of  the  "ellipticity"  of  the  terrestrial  spheroid,  that  is  by  A  (C-A).  This  ellipticity, 
which  we  denote  by  e,  is  related  to  the  eccentricity  e  of  a  principal  elliptic  section  of  tin' 
spheroid,  supposed  of  uniform  density,  by  a  plane  containing  the  axis  of  symmetry,  by 
the  equation  9, 

«!-if-e <■> 


which  it  is  easy  to  prove.     For  we  have  A  =  lM(a'j  +  ''2),  C=fMa2j  and  the  result  follows. 

dl        c2 
or,  as  we  may  write  it,  if  we  suppose  e  to  be  small, 


v1  _1_  yi       z2 

The  equation  of  the  spheroid  is         ' — ^-  +  — =  ], (2) 


^(1-eW*), (3) 

where  ^  is  the  vectorial    angle    measured   from    the   equator    in    the    plane  of  section. 
Since  e  is  also  small,  we  can  write  (3)  in  the  form 

r  =  c(l+€Cos%) (4) 

This  is  the  original  spheroid.  Now  consider  a  sphere  of  the  same  volume.  The  radius 
r1  =  ((rc)$.     But  we  have,  as  the  reader  may  verify, 

C  =  »'1(l  -§«). 

Hence  (4)  becomes  r=r1{l  +e(cos2S--  |)} (.">) 

Tims  a  sphere  of  the  same  volume,  that    is  of  radius  /•,,  will,  when  converted  into  the 
ellipsoid  (4),  have  the  equation  (•">). 

Now,  if  ( I)  had  another  small  ellipticity  e',  the  equation  corresponding  to  (5)  would  be 

r=r1{H-€'(cos2»-i)};  (6) 

ami  if  the  ellipsoid  ( t)  had  ellipticity  e  +  e   the  equation  would  be 

r=r1{l+(c+6')(cos^-f)} (7) 

I'.nt  now,  after  the  ellipticity  e  has  been  imposed  with  an  axis  of  symmetry  OC,  le( 
ellipticity  €*  be  imposed  about  an  axis  OC  inclined  t"  the  former  at  an  angle  a.  Any 
chosen  radius  vector  /•,  inclined  at  an  angle  ^  u>  the  equator  for  the  axis  of  symmetry 
<  >c,  will  be  inclined  at  the  angle  $+a  to  the  equator  for  the  axis  OC.  Hence,  by  super- 
position, we  have  for  the  resulting  surface 

r  =  /-1!l+£cos'-^  +  €'cos-,(^  +  (i)-H(€4-€')! v> 
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Thia  can  also  be  put  in  the  form  (6),  so  tli.u  it  is  also  an  ellipsoid  of  revolution.    To  find 
it-  principal  axes  we  have 


I f  "  be  small  this  reduces  to 


-jr     r, ; L»e  cos  ^  sin  a  +  2e'cos (S-  +  «)  sin  (&  -f  a)} =0. 

2e'a 


tan  l>^=  -■ 


e  +  i 


■('•') 


E  Equator 


Now  a  is  the  angle  which  a  principal  axis  makes  with  the  equatorial  plane  of  the 
original  spheroid,  and  by  the  result  just  obtained  is  either  t'u (e  +  e)  or  lir-c'u'(e  +  e). 
Thus  we  uret  two  principal  axes,  one  OC 

as    shown    in    Fig.    59,    and    another   at  9  C' 

right  angles  to  OC  in  the  plane  of  the 
diagram.  The  axis  of  symmetry,  OC, 
for  the  ellipsoid  compounded  as  explained 
above  is,  as  shown  in  the  diagram,  on 
the  right  of  the  axis  of  symmetry  of  the 
first  ellipsoid  (that  of  ellipticity  e)  and 
inclined  to  it  at  the  angle  c'a/(€  +  €'). 

2.    Period    of  free    precession 

in    terms    of  ellipticity.      We    now 

suppose  that  the  second  ellipticity  t'  is 
produced  by  rotation  about  an  axis  01, 
inclined  at  the  angle  a  to  the  first  axis 
of  symmetry  OC.  Such  ellipticity  can 
only  arise  through  yielding  of  the  body. 
On  the  other  hand,  if  there  were  com- 
plete yielding,  as  in  the  case  of  a  fluid 
body,  the  axis  of  symmetry  of  the 
revolving  body  would  be  01.  As  it  is  the  angle  of  deflection  of  the  axis  of  symmetry 
is  less  than  K  and  greater  than  zero. 

Let  US  now  assume  for  a  moment  that  the  body  is  perfectly  unyielding.  The  period 
of  free  precession  can  be  found  in  two  ways  : 

(1)  The  axes  <)H  (of  resultant  a.m.)  and  01  revolve  in  the  body  about  the  axis  of 
symmetry  <  >< ',  in  the  period  T.  The  three  axes  are  and  remain  in  one  plane,  that  of  the 
diagram.  The  component  of  angular  speed  about  the  axis  of  symmetry  is  wcosa,  if  ta  be 
the  resultant  angular  speed  about  OI.     Hence 

T-     —         A     _2tt     A 
to  cos  a  (J  —  A      a)  C  — A' 
since  a  i<  small. 

i  The  radius  of  the  circle  described  by  the  extremity  II  of  the  vector  of  a.m.  is 
II  -in  j8  (see  Fig.  59),  and  the  circumference  is  2tt II  sin (3,  if  H  be  used  also  to  denote  the 
length    of    the    vector.      But    the    point     Jl    moves    tangent  ially    to    this    circle    at    rate 


Pig.  59. 


a  (a— ji).    Thus 


Thus  we  get 


T= 


sin/j' 


•ITT 


$ 


(o  Bin  (a  —  /J)      «  a-/i 

/3  A      _i 

a  -fi    C-A     i' 


,  nearly, 


3.  Positions  of  axis  of  figure,  instantaneous  axis,  ami  axis  of  resultant 
a.m.  As  the  earth  turns  the  position  of  the  axis  <>l  turns  in  it.  Let  now  the  earth 
yield  to  the  forces  called  into  play  by  the  rot  at  ion,  and  assume  that  the  distribution  about 
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<>l  is  at  each  instant  that  which  gives  the  ellipticity  «'.  The  axis  of  resultant  a.m.  has 
ii'.t  quite  the  same  position  in  space  as  it  would  have  if  the  earth  were  perfectly 
unyielding,  and  we  have  now  angles  u',  /?' instead  <>f  a,  fi,  and  e  +  e  instead  of  €  [see 
Fig.  59].     Let  a=a'+r) :  writing  ij=6,a/(e+e')  we  have 

The  axis  of  symmetry  OC  now  also  changes  it-  position  in  the  body,  always  being 
found  in  the  plane  defined  by  01  and  the  former  axis  of  symmetry.  The  period  of  the 
free  precession  is  the  time  of  revolution  of  the  new  Oil  in  the  body  about  the  former  axis 
of  symmetry.     Thus  we  get,  by  Fig.  59  and  the  same  process  as  before, 

q  +  ffftr/c'      a'  g     \2tt 

a'-f?   to      \ea'-/ra'-/j7V 

But,  since  a  —  (3'  is  very  small  in  comparison  with  a'  or  [3\  we  obtain  approximately 

1    \-2~     1  2tt 


The  period  of  the  free  precession  is  thus  eipial  to  that  of  rotation  multiplied  by  the 
reciprocal  of  the  ellipticity  of  the  non-rotating  terrestrial  spheroid,  that  is,  the  elastic 
yielding  of  the  body  to  the  rotation  lias  no  influence  on  the  period  of  the  free  precession. 

4.   Influence  of  internal  constitution  of  the  earth.    The  ordinary  obvious 

tidal  phenomena  disprove  the  old  notion  that  the  earth  consists  of  a  liquid  interior 
surrounded  by  a  solid  crust.  If  this  were  the  earth's  structure,  the  ebb  and  flow  of  tin- 
water  on  the  surface  would  be  practically  non-existent  ;  the  tides  would  be  in  the  main 
distortions  of  the  enclosing  shell.  But  as  regards  precession  and  nutation,  such  an  earth. 
if  an  oblate  spheroid  covered  by  a  crust  possessed  of  a  high  degree  of  elastic  rigidity, 
would  behave  like  a  solid  spheroid.  A  perfectly  unyielding  shell  enclosing  a  fluid 
interior  would,  as  regards  the  fortnightly  and  semi-annual  nutations,  show  a  difference 
of  behaviour;  but  the  slow  continuous  precession,  and  (less  accurately)  the  nutation 
depending  on  the  19  year  period  of  revolution  of  the  nodes  of  the  moon's  orbit,  would  be 
unaltered.     [See  Lord  Kelvin's  paper  loc.  cit.  below,  also  Popular  Lectures,  II,  p.  iM6.] 

The  fluid  theory  is  however  given  up  by  all  students  of  geophysics,  and  an 
approximation  to  the  facts  of  the  case  is  obtained  by  postulating  perfect  incompressi- 
bility  and  high  elastic  rigidity  for  the  whole  mass.  The  earth  is  not  of  uniform  density, 
but  consists  of  a  dense  central  part,  perhaps  to  a  considerable  extent,  as  has  been 
thought,  composed  of  iron,  and  an  outer  shell  of  relatively  smaller  density.  But  it  is  no 
doubt  at  each  point  practically  homogeneous,  and  therefore  possesses  the  two  principal 
moduli  of  a  homogeneous  solid,  /•  the  bulk-modulus,  and  n  the  shape-modulus  or  modulus 
of  rigidity.  The  approximation,  stated  above,  consists  then  in  taking  k  as  infinite  and  n 
as  comparable  with  the  value  of  the  shape-modulus  for  steel.  This  makes  Poisson's  rati" 
— the  ratio  of  lateral  contraction  to  longitudinal  extension  in  a  laterally  free  liar  under 
longitudinal  pull,  which  is  expressed  by  (3/-  2n)/(6k  +  2n) — have  the  value  A. 

5.    Results  of  elastic  solid  theory.     By  a  theory  given  by  Lord  Kelvin*  the 
yielding  of  the  elastic  solid  earth  to  the  forces  applied  to  it  in  consequence  of  its  rotation 

has  been  calculated,  with   the  result    that    for  a  value  of  the  modulus  n  equal  to  that  for 

steel  the  free  Eulerian  nutation  should  have  a  1">  months'  period.  As  the  period  is 
I  I  months,  in  spite  of  the  lengthening  due  to  the  tide  of  11  months'  period  which  the 
precession  must  produce,  the  elasticity  of  the  material  of  which  the  earth  is  composed 
must,  on  the  whole,  be  decidedly  greater  than  that  of  steel. 

:  Math,  and  Phys.  Papers,  Vol.  Ill,  Art.  4">.     Love,  Elasticity,  second  edition.  Chap.  X. 
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We  give  a  brief  account,  mainly  of  results,  of  Lord  Kelvin's  discussion,  referring  the 
reader  to  the  Bources  mentioned  above  for  further  Information.  Be  maj  also  refer  to  a 
version  of  this  investigation  given  in  Klein  and  Sommerfeld's  Tkeorie  des  Kreisels,  in 
which  several  simplifications  are  made,  which  considerably  shorten  the  analysis  and  do 
qoI  Beriously  affect  the  conclusions. 

There  are  two  main  physical  actions  which  resist,  the  distortion  of  a  rotating  body, 
caused  by  the  forces  arising  from  the  inertia  of  the  matter,  the  so-called  centrifugal 
forces.  These  are  the  mutual  gravitation  of  the  parts  and  the  elasticity  of  shape.  Com- 
pressibility has  but  little  effect.  The  first  can  be  dealt  with  by  supposing  the  earth  to  be 
fluid.  It  it  is  also  taken  as  of  uniform  density,  then  we  have,  by  the  theory  of  the  equi- 
librium of  an  oblate  ellipsoid  of  revolution  rotating  slowly  about  its  axis  of  symmetry, 
for  the  small  ellipticity,  €,  produced  from  the  spherical  form  by  rotation,  the  equation 

5  w'-K  / 1  x 

4    9 
where  o>  is  the  angular  speed  of  rotation,  R  the  radius  of  the  sphere,  and//  the  accelera- 
tion due  to  gravity  at  the  surface  of  the  sphere.     This  result  was  given  by  Clairaut,  in  his 
treatise,  hi  Figure  de  la  Terre,  1743.     See  also  Thomson  and  Tait,  Nat.  Phil.  §§  794,  800. 

The  proof  is  not  difficult.  It  can  be  simplified  somewhat  by  taking  the  potential  at  an 
external  point,  as  that  due  to  a  homogeneous  sphere  encircled  by  an  equatorial  ring,  of 
such  mass  m  as  to  make  the  ellipticity,  (C  —  A)/A,  calculated  from  the  moments  of  inertia, 
what  it  is  in  the  actual  case.     We  have  m  =  2(C-  A)/R2  =  2Ae/R2. 

Next  the  ellipticity  due  to  elastic- yielding  is  to  be  found.  The  theoretical  discussion 
leads  to  an  ellipticity  1,-,  pw2ft2 

€  =  38      E     '  (2) 

where  E  denotes  the  Young's  modulus  and  p  the  density,  which  is  supposed  to  be  the 
same  throughout  the  sphere,  and  equal  to  the  mean  density,  5-5,  of  the  earth.  In  the 
present  case  E  is  three  times  the  rigidity  modulus. 

We  denote  these  two  ellipticities  by  e,,  e2.  It  is  important  to  notice  that,  if  experi- 
ments are  made  by  placing  a  sphere  on  a  whirling  table,  the  ellipticity  e,  is,  in  conse- 
quence of  the  smallness  of  the  sphere,  in  comparison  with  the  earth  for  example,  the 
only  one  which  discloses  itself.     For  we  have 

and  as  </  is  now  the  gravitational  acceleration  at  the  surface  due  to  the  matter  of  the 
experimental  sphere,  and  E  in  c.g.s.  units  is  about  2-2x  1012  for  structural  steel,  it  is  clear 
that  e,  is  the  only  ellipticity  of  sensible  amount.  It  is  otherwise  in  the  case  of  the  earth, 
where  R  =  2x  10"  -(cms.),  and  g  has  R/r  (that  is  2x  Kfijirr)  times  the  value  it  has  for  a 
sphere  r  cms.  in  radius  and  of  the  same  mean  density.     Thus,  calculating  for  the  earth, 

U'*et  *l  =  3k>     %-«*! (4) 

'I  hus  E]      -£j,  nearly. 

6.    Period  of  free  precession  for  earth  as  ri</i<l  as  steel.    Now  however  the 

question  arises  whether  both  of  these  ellipticities  are  to  be  attributed  to  the  earth.  The 
earth  was  no  doubt  originally  at  such  a  high  temperature  that  it  could  have  no  rigidity- 
It  would  therefore  take  an  oblate  figure  of  revolution,  such  that  the  centrifugal  forces 
were  balanced  by  gravitation.  In  that  state  it  solidified,  and  the  balance  was  not 
disturbed.  On  this  supposition  there  are  no  elastic  forces  in  play  in  the  rotating  earth 
so  long  a-  the  angular  speed  remains  that  corresponding  to  the  ellipl  icitj , 

There  is  a  discrepance  between  the  actual  ellipticity.  about  I  :*oo,  and  that,  l  231,  cal- 
culated above.      But  the  latter  was  found  on  the  supposition  of  uniform  density,  and  it  is. 
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fairly  clear  that  the  surface  ellipticity  of  the  earth,  if  tlie  density  is  much  higher  toward 
the  centre  than  at  the  surface,  must  be  less  than  the  value  for  uniform  density. 

This  theory  of  the  earth  with  centrifugal  forces  balanced  bv  gravitation,  and  free 
from  elastic  strain,  is  no  doubt  very  imperfect.  But  assuming  it  we  have  now,  in  order  to 
calculate  the  free  precession,  to  inquire  what  ellipticity  the  earth  would  assume  if  the 
rotation  were  stopped.  [See  5  above.]  The  rotation  acting  against  elastic  forces  alone 
would  produce  ellipticity  e2.  Let  e3  be  the  ellipticity  arrived  at.  The  elastic  forces 
called  into  play  are  those  which  correspond  to  the  difference  e1  —  e3,  and  balance  the 
gravitational  forces  which  remain  for  e3.  The  mathematical  theory  referred  to  above 
gives  for  this  difference  the  equation 

Therefore  the  free  period  of  precession,  calculated  for  the  elasticity  of  steel,  is 
306(1  +  23 1/465)(  =  458) days,  nearly,  taking  30G  clays  for  an  unyielding  earth.  This  is  over 
lf>  months.     The  elasticity  of  the  earth  appears  therefore  to  be  greater  than  that  of  steel. 

It  will  be  observed  that  the  supposition  that  the  earth,  in  its  state  of  rotation,  is 
not  under  elastic  strain,  does  not  mean  that  the  period  of  free  precession  is  independent 
of  elastic  yielding.  For  that  period  has  the  value  calculated  from  the  figure  taken 
when  the  rotation  is  zero,  and  here  the  elastic  yielding  is  of  importance.  The  factor 
1  +231  465  expresses  the  effect  of  such  yielding. 

7.  Rise  or  fall  of  earth's  surface  for  Eulerian  precession.  As  we  have 
seen  in  15,  I,  the  mean  displacement  of  the  axis  <)I  in  the  Eulerian  precession  is  about 
4  metres  (13  feet)  on  the  surface  of  the  earth.  In  order  to  calculate  what  rise  or  fall  of 
the  earth's  surface  takes  place  in  consequence,  we  shall  consider  the  change  of  position  of 
the  principal  axis  OC  through  the  institution  of  rotation  w  about  an  axis  Ol  such 
that  the  distance  CI,  on  the  earth's  surface,  is  4.  metres.  By  1  above  we  have  here 
a  =  7r4/(2x  107),  since  the  earth's  radius  in  metres  is  2  x  107/tt.  Hence  [Fig.  59]  a  =  27r/107. 
The  initial  ellipticity  is  €,  say.  The  new  ellipticity  is  el5  that  is  the  ellipticity  «,-€  has 
been  added.  We  call  this  «'.  Now,  by  (9),  1,  we  see  that  the  principal  axis  has  been  shifted 
through  the  angular  distance  a£7(«  +  0  =  27r£7(€  +  €)  x  10"  by  the  value  just  obtained  for  o. 
Thus  we  can  find  e  ;  for  by  2  we  have,  in  days,  1/e  for  the  actual  period  of  variation  of 
latitude  and  \/e1  for  the  Eulerian  period.     Hence  e/e1=e/{e+e')  =  5/7,  and  €—'f,i. 

H  now  we  take  a  radius  vector  in  latitude  ^,  we  get  by  (5),  1,  for  the  change  of  radius 

/•,e'{cos2S-  —  eos2(^  -f  a)}  =  r,e'a  sin  2^. 

This  is  a  maximum  if  ^  =  45°.  Hence,  for  this  latitude  the  rise  or  fall  is,  in  milli- 
metres, since  €=  1/428,  2     1     -V        4 


1  5  428  10*     I-*)-;' 
8.    Positions  of  earth's  principal  axes  as  affected  by  annual  transfers 

Of  matter.  The  annual  melting  and  re-formation  of  polar  ice  and  snow  no  doubt 
produce  a  sensible,  if  small,  displacement  of  the  earth's  principal  axes  of  momenl  of 

inertia.      Other  efficient  causes   of   such    changes   are  to  be  found   in  ocean  currents,  and 

in  the  periodic  changes  in  the  atmosphere  surrounding  the  earth.    The  atmosphere  is 

carried  round  by  the  earth's  rotation,  and  large  changes  of  this  outside  rotating  mass 
will    react    on    the   central    body.      Atmospheric    pressure    is    higher    in    winter    than    in 

summer,  and  so  there  is  an  excess  of  mass  of  air  over  the  northern  hemisphere  in  \\  inter. 

and  a  dcl'ct  over  the  southern  hemisphere.  This  excess  and  defect  are  very  consider- 
able, amounting  on  the  average,  according  to  Spitaler,  to  the  equivalent  of  about  300 
cubic  kilometres  of  mercury  [Petermann's  Mlttcil n ,i<ivn,  137  (1901)].  See  also  H.  Jeffrey's 
papers  Month.  Not.  dune  1915  and  April  1916,  where  the  annual  term  is  explained  by 
systematic  high  barometric  pressure  in  winter  over  Asia. 
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To  estimate  such  changes  we  niusl  notice  that  as  the  result  of  the  transfer  of  a  mass /j 

from  i rdinates  X(1.  ZM  to  coordinates  X.  /,  giving  rise  ;is  it  does  to  changes  ".  6,  c  of 

moments  of  inertia,  and  producing  products  of  inertia  d,  > ■,  /,  the  equation  of  the  momenta) 

ellipsoid,  supposed  originally  symmetrical  al t  the  axis  of  :,  becomes 

(A+a).rs+(A  +  o)y8+(C+c)28-2dy«-2e&i:  -2/ry=l (1) 

Of  this  surface  the  principal  axes  are  given  by  the  equations 

\.\+<<-K).r-f;/-e:  =  Q,     -/.r  +  (A +/>-«)>,- J:  =  0,     ~ex-dy+(C+C- k)z=0.  ...(:!) 

The  elimination  of  x,  y,  i  gives  the  usual  cubic  for  «. 

Supposing  that  k  lias  a  value  which  satisfies  the  cubic  equation,  we  may  find  values  of 
.<•,  y,  :  which,  if  we  choose  the  scale  of  magnitude  so  thai  .>-+t//-  +  :2  =  l,  may  be  taken  as 
the  direction  cosines  of  the  principal  axes.  If  the  axes  are  only  slightly  shifted  by  the 
transfer  of  matter,  wo  may,  in  considering  presently  the  axis  QC,  put x=y=Q,  z=\  in 
the  small  terms  of  the  formulae.  Thus,  in  (-2),  ex,  dy,fx,  ///are  small  terms.  The  third 
and  first  of  (_)  give  k  =  C  +  c,  and 

(\-C).r  =  e,    (A-C)y=d (3) 

Of  course  a  =  ,i(X-  +  7J-  Y,,--  Z0-'), ... ,     rf  =  /z(YZ- YoZ,) ... ,  (4) 

so  that  a,  b,  c,  d,  e, /can  easily  be  calculated  in  any  given  case. 

Let  now  the  transference  be  along  the  meridian  in  the  plane  AOC,  then,  denoting  the 
latitude  by  A,  we  have  X  =  RcosA,  Y  =  Rsin  A,  d  —  0, 

e  =  At(XZ-X0Z0)  =  i|,(sin2A-.sin2A0) (5) 

Let  A0=i—  and  A  =  j-,  so  that  the  matter  is  transferred  from  the  poles  to  latitude  45°; 
we  have  „ 

-»6 m 

By  (3).  x=\fiA  (A-C).1/AR2.  But  A/(A-C)  is  for  the  earth  about  -305,  and  A  about 
JM  R2,  where  M  is  the  earth's  mass.       Thus 

.r=-457^ • (6) 

This  is  the  angle  through  which  the  axis  OC  has  been  turned  by  the  transfer,  and 
the  turning  is,  as  it  should  be,  towards  the  equator.  For  a  turning  of  a  single  second  of 
angle,  that  is  for  .«-  =  7r/180x  3600,  we  have  (irrespective  of  sign) 

^180x30ok457=1°"M " (7) 

This  is  about  the  quantity  of  matter  contained  within  a  sphere  of  17  miles  in  diameter, 
and  of  the  same  average  density  as  the  earth,  or,  if  the  density  is  that  of  water,  a  sphere 
of  30  mill's  diameter.  This  quantity  of  matter  would  suffice  for  an  ice  cap  of  radius  5°, 
or  about  350  miles,  about  r;.~>  yards  in  thickness. 

9.  Effect  of  annual  transfers  of  matter  in  accentuating  free  pre- 
cession. It  will  now  lie  evident  that  the  positions  of  the  principal  axes  of  the  earth 
may  he  regarded  as  affected  to  a  determinate,  if  not  large,  extent  by  transference  of 
matter  brought  about  by  annual  meteorological  changes.  We  can  now  establish  equa- 
tions Ut  any  case  in  which  a  portion  of  matter,  say  of  mass  //.,  undergoes  progressive 
change  of  position,  and  shall  find  that  of  tin-  two  parts  into  which  the  changes  of  a.m. 
fall,  tin-  pari  due  t«i  change  of  position  nf  the  principal  axes,  and  the  part  due  to  the 
motion  of  the  shifting  mass,  the  former  is  the  mure  important.    We  shall  suppose  that 

the  axes  chosen   are  the   principal  axes  of  an   invariable   part,  together  with  tin-  mass  // 

pposed  situated,  at  rest  relative  to  the  earth,  at  a  point  "t"  c linates  Y,.  V„,  Z0,  and 

denote  the  moments  of  inertia  for  that  distribution  by  A,  !'..('.     The* products  of  inertia 
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for  that  distribution  are  zero.  We  denote  by  u,  r,  w  the  components  of  a.m.  due  to  the 
motion  of  the  mass  /i  relative  to  the  earth.  If  the  coordinates  of  /x  be  X,  V.  Z  we 
have  by  (4),  2,  II, 

M=/t(YZ-ZY),    w=/*(ZX-XZ),    w=jtt(XY-YX) (1) 

But  in  consequence  of  its  motion  with  the  earth  the  mass  \i.  has  components  of  a.m. 

'  V  ~f'l  ~  eri      ~fP  + 1" I  ~  dri      -ep  —  dq  +  cr, 
where  a  =  ix(Y2  +  &-  Y0--Z0-'), ... ,    <*=/*( YZ-  Y0Z0), ... . 

The  total  components,  u',  v,  ic,  say,  of  the  a.m.  of  the  travelling  mass  are  thus 

u'  =  u  +  up  —fq  -  er,     v  =  v  —fp  +  bq-  dr,     ur  =  w  —  ep-dq  +  er, 
or,  if  we  neglect  the  terms  in  p  and  q  in  comparison  with  those  in  r, 

u'  =  ti  —  er,     v  —v-  dr,     id  =  w  +  cr ( 1  ) 

The  equations  of  motion  are,  if  L  =  Ap,  M  =  B§',  N  =  ('/', 


~t(L  +  it)+q(N  +  u-')-r(M  +  v')  =  0,y 


(M+v')+r(h  +  u')  -jD(N  +  it/)  =  °» 


dt 


^(N  +  w')+p(M  +  v')-q(L+u)  =0, 


•(2) 


since  there  are  no  external  forces.     These  become,  if  A  =  B  and  terms  in  w  are  neglected, 


Ap  -  (A  -  C)qr  =  -  -, '  (u  -  er)  +  r(v—  dr), 


Aq-(C-A)rp  = 
Cr 


d 

dt 


(v  —  dr)  —  r(u  —  er), 


.(3) 


d  .  . 

Jt{w  +  cr). 


Here  it  is  to  be  noticed  that  by  simply  omitting  the  terms  in  r,  we  obtain  the  equations 
for  the  case  in  which  u,  v,  w  are  the  total  components  of  a.m.  of  [j.. 

If  we  put  z=p  +  iq,  -£  =  u'  +  iv',  we  can  write  the  first  two  equations  of  (3)  in  the 

single  equation  Az+i(A-C)rs-£-  ir£  =  0 (4) 

where  of  course  z  is  not  to  be  confounded  with  the  z  used  in  8  above. 
Now  if,  as  we  suppose,  the  changes  are  unaccompanied  by  the  action  of  external  forces, 
the  direction  of  the  axis  OH  of  resultant  a.m.  is  not  changed  in  space,  nor  is  the  value 
H  of  this  a.m.  affected.  Also  both  p  and  q  are  small,  and  so  the  instantaneous  axis  is, 
and  remains,  nearly  coincident  with  the  axis  ()('  and  with  OH.  Thus  ;•  is  nearly  equal  to 
io  =  (p2  +  q-  +  7--)z,  and  since  in  the  circumstances  co  can  only  change  slightly  the  variation 
of  ;•  is  small.     Neglecting  this  in  small  quantities  of  the  second  order  we  have,  putting  cu 

forr>  A$+t(A-C)fctf-£-lfc>£=0, (5) 

where  m  is  to  be  treated  as  a  constant.  A  forced  periodic  change  in  :  will  accompany  the 
periodic  variation  in  £,  and  :  will  also  be  subject  to  periodic  change  in  the  free  period  of 
variation  of  position  of  the  earth's  instantaneous  axis.  The  transport  of  matter  will  give 
the  nccosarv  disturbance  for  the  production  of  oscillations,  which  will  then  proceed 
until  they  are  damped  out  by  friction.  If  1tt\c  be  the  forced  period  and  _-  /*  the  free 
period,  we  have  the  solutions 

(6) 

(7) 


By  substitution  in  the  differential  equation  we  obtain 

<■  4-  i.)  _  C  +  <t> 

a~aAc-(C-A)u~aA(c^y 
since  n=(C- A)w/A. 
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Likewise  ;-    •-<■  "",     -    "'<-'  '"    <s> 

is  a  forced  solution  which  gives 

C-0>  ,      C-fa)  , 

«  =  a  -j — —7Tz rr —  =  a.-T-z r (•>) 

Ac  +  (C-A)o>        A(r  +  ,i) 

The  complete  solution  is  the  sum  of  the  two  forced  \  dual ions  ami  the  free  vibration. 

The  coefficients  o,  a'  are  complex;  putting  a  =  f3  +  iy,  a'  =  /3'  +  iy',  bo  that  [3,  ft,  y  y'are 
real,  we  tind  finally  for  the  most  general  forced  vibrational  solution 

Az=(f3  +  h/)''  +  M(cosct+iainct)+(ff+iy')C-  ■  -  (cos  c*-i  sine*) (10) 

[hisgives  A.o=(-        /i+  -   --/i)cosrf-(  7--    -7  Isinci, 

^     \c— n  '      c  +  h'  J  \c  —  n'     c+n  '  I  \ /^y 

To  complete  the  solution  we  have  to  take  account  of  the  free  vibration  given  by 

(f3 +  iy)  (cos  nt  +  iain  tit). 
Thus  we  have  to  add  to  the  expression  for  Ap  the  terms 

(3  cosnt  —  y  sinnt, 
and  to  the  expression  for  Aq  the  terms 

/3sinn£  +  y  cos  nt. 

From  (10)  we  can  trace  the  effect  of  near  coincidence  of  the  forced  and  free  periods  on- 
the  amplitude  of  Ap  and  Ay.  Take  the  solution  z  =  aeic',  so  that  only  the  first  terms  in 
the  brackets  on  the  right  of  (11)  come  into  the  account.  Let  the  period  27t/gj  be  that 
of  the  earth's  rotation,  and  2tt/c  be  12  while  Zirjn  is  14,  when  a  month  is  the  unit  of  time.. 
We  find  that  (c  +  io)/(c-7i)  is  about  7  times  (c  +  oj)/c,  that  is  7  times  the  value  it  would 
have  if  n  were  very  small.  For  the  solution  a'e~ict  the  amplitude  is  about  7/13  of 
what  it  would  be  if  n  were  very  small.  The  amplitudes  of  the  former  solution  are  thus- 
greatly  magnified  by  the  approximation  of  11  to  c. 

10.  (Comparison  of  terms.  The  values  of  u,  v,  due  to  the  annual  displacement 
relative  to  the  earth,  are  small  in  comparison  with  the  terms  tad,  w<> ;  for  the  frequency  of 
the  earth's  rotation,  oj/2-,  is  about  3(>G  times  that  of  the  annual  change.  This  can  be- 
easily  proved  by  ( 1 ),  9,  assuming  that  the  coordinates  X,  Y  of  the  mass  fx  are 

X=X0+Asinc«,     Y=Y0+fcsinc*,    Z  =  Z0 (1) 

Then  again  urd,  ore  are  great  in  comparison  with  ox/,  toe,  and  so  the  equations  of  motion 
become  Ap-(A-C)qr=  -  co-d,     Aq  -  (C  -  A)rp  =  ta-e, (2) 

or  by(3),8,  £+•(*-*)-*  !-(f-*)=0 <*> 

where  n  =  (C-  A)w/A.  Now  by  (3),  8,  x,y  are,  with  reference  to  the  original  axes  OA,  OB, 
the  direction  cosines  of  the  principal  axis  which  has  superseded  OC  in  consequence  of 
the  transference  of  matter,  and  p/w,  q/cn,  1,  are  the  direction  cosines  of  the  instantaneous 
axis.      Denoting  the  two  last  by  A,  /i,  we  get 

\+n(ji    y)=0,     ,l-n(k-.r)  =  0 (3). 

This  equation  is  due  to  Sir  George  Dai  win  [Phil.  Tran$.  U.S.  167  (1877)]. 

( >bviousl_v  liy  tin-  theory  of  [evolving  axes  the  interpretation  of  these  equations  is  that 
the  axis  of  rotation  is  turning  at  each  instant  with  angular  speed  »,  in  the  clockwise 
direction,  round  the  instantaneous  position  of  the  changing  principal  axis  of  moment  of 

inert  ia. 
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Instead  of  the  two  equations  (3)  we  may  write  (as  we  no  longer  require  z  in  either  of 

it-  former  significations) 

£—  in£+inz=0, 


<■*) 


where  £=A  +  *>,  z=x+iy.    Putting 

we  get 

Now  let  a=f3  +  iy,  and  we  get 


(=aeict,     z  =  aeicl,'\ 

k  ....  (5) 


n  —  c 


that  is 
Hence 


z =(/?+ 2-y)(eos  ct +i sin  <tf), (6) 

.,■  =  /j  c  »s  ct  -  y  sin  c<,    y  —  (i  s\n  ct  +  y  con  ct (6') 

£=— l -((3  + iy)(cos  ct  +  i sin  ct), (7) 

and  we  have  values  of  A,  //  coin-] ding  to  x,y,  which  are  simply  x,  y  multiplied  by 

n  (/'  -<•). 

Another  solution  is  {"=ae-'c',     z  =  ae~iet, (8) 

with  the  condition,  given  by  the  differential  equation, 

ii 


a  = 


n  +  c 


a. 


(9) 


n 


From  this  we  get 

z  =  (fi' +  iy')(cos  ct-i sin  ct),     £=      '-  (fi'  +  iy')(eos  ct  -  i  sin  ct). 

Thus,  combining  the  solutions,  we  obtain 

#=(/?+/?')  cos  ct-(y-  y')  sin  ct,    y  =  ((3-fi')  sin  c*+(y+y')  cos  ct, ' 

[{(c+7i)y+(c-n)7'}sinc*-{(c+n)/8-(c-»))8'}cosc<], 


A  =  - 


2  —  ?i - 


c-  —  n 

-n 
c2  -  n 


M=  .,    H. ,[<(,.+  »)y-(c-«)7'»lcosc<  +  {(c+n)j8  +  (c-H)/8'} sin <*]• 


•(10) 


11.  Numerical  ill  itst  nttions.  As  an  example,  Klein  and  Sommerfeld  take  the 
ease  of  a  simple  harmonic  variation  of  position  of  the  third  axis  of  movement  of  inertia. 
For  this  we  may  suppose  y  =  y'  =  0,  /3=  -/?'.     We  get  .'-  =  0,  y  =  2/3  sin  ct.     Hence 


('/'  It' 

X=~dT-  n*2f3 C°S  Ct"     fl=~  c*=tf '2,i Sin  CL 


(1) 


We  may  take  c/ti=14/12,  roughly.  Hence,  on  the  supposition  that  the  transport  of 
matter  takes  place  in  the  yearly  period,  we  have 

A,=  -3'2.2/3cosc«,    fi=  -2-8. 2)8  sin  ct (-2) 

The  period  2*  c  of  the  driving  "pendulum"  is  here  shorter  than  the  free  period  of  the 
driven  and  so  we  ha\  e  opposil  ion  of  phase.  If  the  reverse  were  the  ease,  that  is  if  n  >c,  we 
should  have  agreement  of  phase. 

The  result  in  (2)  is  show  n  graphically  in  Fig.  60(a).    The  numerals  show  corresponding 
points  in  the  displacements  of  the  matter  and  of  the  axis.     These  displacements  are  in 

Opposite  phases. 

For  a  perfectly  unyielding  earth  the  period  would  be  about  1"  months.     With  this(l) 
would  give  A. =2-7. 2/3 cose*,     /*= 3-3.2/3  sine* (3) 

a  result  which  is  illustrated  in  Fig.  60(6).    The  displacements  of  matter  and  of  the  axis 

arc  now  in  the  same  phase. 
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li  will  In-  noticed  thai  it'  e  were  very  small,  thai  is  it'  the  period  of  Mi"  transfer  of 
matter  were  very  great,  we  should  have,  instead  of  (1), 


A     '  20coact,    i'   ■■  2/? sin ct. 


.(4) 


On  the  other  hand,  if  c  were  very  great  in  comparison  with  /*,  that  is  if  the  forced  period 
weir  very  small  in  comparison  with  the  free  period,  we  should  have 


11  it  ■ 

A  =  -    2/i  cos  ct,     \l  =  -  5  2)8  Bin  ci 

C  f 


.(5) 


Thus  in  tin'  former  case  A  would  be  very  small,  while  /<  would  he  identical  with  //,  that  is 
the  curve  for  the  rotation  axis  would  agree  with  the  curve  of  transfer  of  the  inertia  axis. 


Fin.  60. 

Irj  the  latter  case  neither  A  nor  \l  would  be  appreciable,  though  fi  would  be  of  a  higher 
degree  of  smallness  than  A.  Hence  a  very  short  forced  period  would  have  practically  no 
effect  in  disturbing  the  axis  of  rotation.  The  magnification  of  amplitude  due  to  the 
approximation  of  the  periods,  12  to  14  in  one  case  and  12  to  10  in  the  other,  is  very 
obvious  by  comparison  of  (2)  and  (3)  with  (4)  and  (">). 

In  the  case  of  a  displacement  of  the  inertia  axis  represented  by  an  elliptic  curve,  we 
can  resolve  this  into  two  linear  components,  and  find  for  each  an  elliptic  curve  for  the 
corresponding  progressive  displacement  of  the  rotation  axis.  Thus  we  get  two  elliptic 
curves  which  compounded  give  the  path  of  the  rotation  axis.  This  would  give,  according 
to  (in).  a  curve  for  the  general  case,  depending  on  the  different  components  and  their 
phases. 

12.  Systematic  observations  of  variation  of  latitudes  at  different 
observatories.  Since  the  publication  of  the  chart  given  in  1">,  I  above,  for  the  five 
years  from  1890  to  1895,  many  observations  of  latitude  have  been  made,  with  the  result 
that  all  the  previous  conclusions  as  to  period,  etc.,  have  been  confirmed  and  made  more 
precise. 

In  the  first  place,  observations  have  been  made  at  a  number  of  stations  on  the  parallel 
39  -8  -t  north  latitude.     The-,,,  stations  and  their  longitudes  are 

M  izusawa,  Japan,          -------  A=— 141° 

Tschardgui,  Turkestan,          -                                                  -  —til 

Carloforte,  Sardinia,    - —     8 

Gaithersburg,  U.S.A., +77 

Cincinnati,              „        -          -          -         -          -          -          -  +84 

I'kiah,                      „ +1l'o 

The  sign       indicates  east  Longitude,  the  sign  +  west  longitude. 

This  arrangement  for  systematic  observations  at  stations  differing  considerably  in 
Longitude  enables  simultaneous  control  observations  to  be  made  at  a  number  of  different 


8' 
29 
19 
12 
25 
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stations.  Take,  for  example,  the  station  Qkiah  in  the  United  States  and  Tschardgui  in 
Turkestan.  These  differ  in  Longitude  by  L84c  42',  that  is  they  lie  nearly  in  the  same  plane 
through  the  earth's  axis.  Hence,  if  a  diminution  of  latitude  is  observed  at  one  station, 
an  equal  increase  of  latitude  ought  to  be  observed  at  the  other. 

Lgain,  the  two  stations  Carloforte  in  Sardinia  and  Cincinnati  are  92°  44'  distant  in 
longitude.  Hence,  when  there  is  a  maximum  or  minimum  of  Latitude  at  one  of  these 
stations,  there  ought  to  be  zero  change  at  the  other. 

Tlie  importance  of  such  simultaneous  observations  was   made  clear  in  1891,  when  a 
( ierman  expedition  was  sent  t<>  Honolulu  to  make  simultaneous  observations  of  apparent 


*oso 


+  O10 


*o:2o  *a:to  o:oo  -o'io  -0*20 

AlbrecM,  Attr,  Nachr.  N'<>.  34M>  ;   Naturr,  May  \1,   lv.'~. 

Fig.  61. 


—  -0.10 


0.00 
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latitude  in  conjunction  with  observers  in  Berlin.  Honolulu  lies  about  171°  west 
of  Berlin,  so  that  the  two  places  are  about  \\°  on  the  two  sides  of  a  mean  meridian. 
Thus  a  maximum  at  lierlin  should  coincide  with  a  minimum  at  Honolulu,  and  vice  versa. 
Fig.  58  (p.  213),  which  shows  some  of  the  results  obtained  at  the  two  places,  proves  in  a  very 
striking  manner  thai  this  is  the  case.  The  changes  of  latitude  observed,  it  will  be  seen, 
vary  in  magnitude  from  zero  to  '.)  of  a  second  of  angle,  and  there  can  be  no  doubt,  from 
the  striking  agreement  of  the  maxima  and  minima,  that  the  variation  of  latitude  does 
take  place,  and  is  measured  with  great  accuracy. 

For  each  station  in  the  list  given  above  very  systematic  series  of  observations  have 
been  carried  out  for  several  years.  The  difference  from  the  mean  latitude  for  each  station 
is  equated  to  the  form  #cosA+ysin k+i  for  each  ,'n  year,  where  x  denotes  the  move- 
ment of  the  pole  on  the  Greenwich  meridian,  and  y  the  movement  in  the  perpen- 
dicular direction.      It  will  be  clear  that  for  two  stations  differing  by  180°  in  A,  cos  A  and 
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sin  A  will  have  opposite  signs,  while  if  A  differs  by  .',-  at  the  Btations,  the  value 
."-  A  +//siii  A.  at  will  correspond  t"      .rsin  A+ycos  A  al  tl ther.     The  term     ha 

caused  a  good  deal  ol  discussion  :  ii  is  believed  t"  be  due  partly  in  meteorological  causes.'* 
The  results  are  given  in  the  Resultate  dea  Tnternationalen  Breitendienstes  published  by 

iIh-  Zentralbureau  der  Enternationalen  Erdnicssung,  Berlin. + 

13.  Diagrams  and  tables  of  later  results.  Albrecjat's  diagram  of  the  motion 
of  tin-  pole  for  the  five  years  1890  ls'.'.">  is  given  on  p.  15.  It  is  repeated  here  for  com- 
parison with  his  diagram  for  the  six  rears  !!)<)(>   \\)\-i,  whieh  we  also  give. 


+  0-3 


+  0-3 


-0-3 


+  0-3 


+  0-4 


Fig.  62. 


The  following^table  kindly  supplied  by  the  Astronomer  Royal,  Sir  Frank  Dyson,  gives 
tie'  dates  of  maximum  variation  of  latitude  for  Greenwich  during  the  last  twenty  years  : 


1897-2 

II 

1907-8 

1-2 

8-3 

1*2 

9-0 

1-2 

9-5 

PI 

102 

L-] 

1900-6 

]•:. 

1 1  -3 

11 

21 

i-o 

12-1 

ri 

31 

1-2 

13-8 

1-3 

I  :: 

1-1 

15-1 

1  -i  15 

.VI 

I-o 

16*15 

G-4 

P2 

The  differences  in  the  second  columns  give  the  intervals  between  the  sueeessive  maxima. 
The  mean  interval,  it  will  be  seen,  is  P172year,  or  128  days. 

•The  z  term  is  discussed  by  II.  S.  Jones  in  Thi  Observatory,  Feb.  1916. 
fSeealso  Astronomischi  Nachrichtung,  192(1912). 
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The  curve  of  Fifif.  63  shows  the  variation  of  latitude  at  ( rreenwich  for  the  interval  from 
1911*7  to  1916*0.     It  will  he  seen  that  the  interval  of  4  years  and  3i  months  includes 


Fro.  63. 


rather  over  3i  periods.  The  observations  made  at  Greenwich  are  systematic  and  com- 
plete, and  the  co-operation  of  another  observatory  90°  distant  in  longitude  would  suffice 
to  enable  a  complete  and  accurate  record  of  the  variation  to  be  obtained. 


CHAPTER   XII 

CALCULATION   OF  THE   PATH   OF   THE   AXIS   OF   A  TOP   BY 

ELLIPTIC  INTEGRALS 

1.  Enlcr  *  parameters.  It  has  been  proved  in  2,  IV  that  if  the  system  of 
axes  0(A,  B,  C)  be  regarded  as  turned  to  its  position  from  coincidence  with 
0(.'\  y,  r)  by  rotation  about  an  axis  OK,  the  angle  Kzy  is  l(</>  —  ^Js)-  Now 
consider  the  triangle  Kzx  on  the  unit  sphere,  centre  0.  If  the  direction 
angles  of  OK  with  reference  to  0(x,  y,  z)  be  a,  b,  c,  the  sides  Kx,  xz,  zK  of 
the  triangle  are  a,  \ir,c,  and  we  get  at  once,  by  the  fundamental  formula  of 
spherical  trigonomet rv, 

cos  a  =  sin  c  sin  \  { </>  —  \js),     cos  b  =  sin  c  cos  h{(j>  —  \fs) (1) 

Put  from  the  spherical  triangle  KsC,  which  has  its  two  sides  Kz,  KC  each 
equal  to  c,  the  base  ZC  equal  to  0,  and  the  angle,  ^,  between  the  two  equal 
sides,  we  get  also  s[n  i-0  =  sine  sin  Ja, 

Eliminating  sine  from  each  of  (1)  by  this  relation,  we  find 

cos  a  sin  |&  =  sin  h6  sin  \  (<p  —  \Js),  \  /«\ 

cos  I)  sin  |S  =  sin  1 6  cos  $(<p  —  \fs).  \ 
The  isosceles  triangle  KzC  gives,  since  l  K2C  =  \  (x  —  <f>  —  \js),  the  two  relations, 

cos c sin h^  =  cos  £0sin  l{(f>  +  ^r),  ~\  /.^ 

cos  V$t  =  cos  \Q cos  I (</>  +  \[s).  J 

It  is  usual  to  denote  the  left-hand  sides  of  equations  (2)  and  (3)  by  f,  >;,  (,',  %• 
They  are  in  fact  parameters  used  by  Eider  for  the  specification  of  the  co- 
ordinates a^,  yx,  z1  of  a  point  \\  it  1  i  reference  to  the  axes  0(A,  B,  C)  fixed  in 
the  moving  body,  in  terms  of  the  coordinates  x,  y,  z  of  the  point  with 
reference  to  axes  fixed  in  space.  But  in  1,  IV  we  have  used  £  >/,  f  Eor  the 
coordinates  there  specified.  As  nr  is  no  longer  required  for  the  temporary 
signification  given  to  it  in  2,  IV,  we  take  for  these  four  parameters  the 
symbols  ~,  p,  <r,  -  and  write 

~  =  sin  J.tfsin  '.(</>  —  \//),      p  =  sin  |0COS|(0  —  \f/),    \  , 

nr  =  c<  IS  1 0  sin  I  ( 0 -f  \\r ),       t  =  C0S  \Q  C<  >S  \  ( <j>  +  \f/  ).   I 

It  will  be  observed- thai         nr2+p2+(r2+T2  =  ] (5) 
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Now  let  us  express  the  coordinates  x,  y,  z  with  respect  to  the  fixed  space 
axes  0(x,  y,  z)  in  terms  of  the  coordinates  xv  yv  z1  with  respect  to  the  body 
axes  0(A,  B,  C).     We  have,  as  stated  in  1,  IV, 

x  =  (cos  6  cos  0  cos  \fs  —  sin  0  sin  ^)-'\  —  (cos  6  sin  0  cos  \1r  +  cos  0  sin  \f/) y , 

+  sinOcos\^ .  Cj, 
with  similar  expressions  for  y,  z.     Also  we  have 

COS  0  COS"0-  =  J  COS  (0  +  \/<-)  +  i  COS  (0  —  \js), 

sin  0  sin  \U  =  J,  cos  (0  —  ■0-)  —  J  cos  (0  +  \//-), 

and  similar  equations.      From  these  we  obtain   for  the  part  of  x  which 
depends  on  xx, 

«1{2(t2-/)2)-cos0}. 

But  cos0  =  ct2  +  t-  —  --  —  p2,  by  (4);  hence  the  terms  just  written  are 

~-  —  /r  —  o-  +  t"). 
Similarly,  we  get  for  the  terms  in  y, 

2y1(crp-<rT), 
and  for  the  terms  in  zlf  221(ct<t  +  p-r). 

Proceeding  in  the  same  way  for  the  values  of  2/,  s  we  get  the  following 
scheme  of  relations,  which  is  equivalent  to  that  given  for  the  same  co- 
ordinates in  1,  IV : 


Ox,  x 

Qy># 

Oz,2 

OH,  *, 

««2           o           o    .       o 

2(C7p  +  o-r) 

2(~cr  — p-r) 

OB,  yx 

2(GTp-<rr) 

-GT2  +  p2-o-2  +  T2 

2(pcr  +  ~  t) 

OC,    zx 

l'(-o-  +  pt) 

2(pr-uTT) 

—  iTJ- —  p- +  <r- +  t- 

2.    Quaternion  property  of  Eider  s  parameters.     By  equations  (2)  and 
{3)  we  have  also  the  values 

cr  =  cos«sin  h%,    p  =  cosbsm$%     cr  =  coscsin  b),     t  =  cos|& (1) 

which  are  very  important.  For  another  turning  &■'  about  the  same  axis  we 
should  have  of  course  the  same  formulae  with  the  letters  — ,  p,  a-,  t,  and  & 
accented.     The  resultant  &•+&'  of  these  two  turnings  has  the  parameters 

nr"  =  cos  «  sin  £(&  +  &'),     p"  =  cos  6  sin  £(&+&'),  1 

o-"  =  cose  sin  £(&+&'),     t"  =  cos\(^+$').  J 

We  easily  find  the  relations 

ET  =GTt  +/oo"  —  arp  +tGT,     p  =  —  X3<r  +/ot  -\-&Sf  +t/>,  *)  o\ 

'/     _  /       '  ,       '  i       /        "  ' ■         /  '    i ^   ' 

<T    =  (>>p   —  pu)    -Y<TT   +TCT  ,        T     =         TT    —cm.)    —  p/3   —(TO-.   ) 
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Now,  if  we  multiply  together  the  two  quaternions, 

T  +  ks  +,/'/)  +  kcr,     t  -\-i~'  +jp  +  for', 
where  i.j.  k  are  unit  vectors  along  the  axes  0(x,  y,z),  we  get  for  values  of 
t".  ~  .  p  .  n-" ,  in  the  product 

T   +IEJ    +jp    +k(T   , 

just  the  expressions  on  the  right  of  (3),  as  the  reader  may  verify  by  multi- 
plying out  and  taking  account  of  the  relations 

/-  =j-  =  7c2  =  —  1 ,    jk  =  —  hj  =  i,    hi  =  —  ik  =j,     ij  =  —j  i  =  k. 

Of  course  for  each  set  of  parameters  the  condition  (5),  1  holds,  which  amounts 
to  saying  that  the  tensor  of  the  quaternion  is  unity. 

3.  Kl<  i  us  parameters.  Four  other  parameters,  a,  /3,  y,  <5,  were  introduced 
by  Klein,  and  have  been  extensively  used  in  elliptic  function  analysis.  As 
this  is  not  a  treatise  on  elliptic  functions,  it  would  be  out  of  place  to  devote 
much  space  to  the  discussion  of  these  parameters,  though  they  have  been 
used  l>v  Klein  and  Sommerl'eld  in  numerical  calculations  re^ardincr  the 
motion  of  the  axis  of  a  top.  We  may  however  give  here  a  short  explanation 
of  their  meaning.     They  are  defined  by  the  equations 

W-iC8-y),     P  =  J;(/3  +  y),     <r=ha-6),     t=K<c  +  o) (1) 


With  these  the  relation  scheme  found  above  for  &,  p,  a-,  r 


becomes 


(  ).'',  X 

O.v, .'/ 

Oz,z 

OA,  ,•, 

}.("--  +  ,']-  +  y2  +  8-) 

\{-o?-(?+y*  +  &) 

i(ay  +  p$) 

OB,  ih 

i(a2_)82  +  r2_82) 

H^--(32-y2+8-) 

-ay  +  f38 

OC,  h 

-i(a/3+y8) 

-af3  +  y8 

aS+J3y 

.(2) 


To  express  these  parameters  in  terms  of  the  Eulerian  angles,  6,  (f>,  \js,  we 
have  t  he  equations  (4),  1,  which  by  the  defining  equations,  (1)  and  (3),  1,  give 
o=  T+icr—  cos  \6e^^+*)  =  cos  %%+i sin §S- cos c, 
/3=  -+//>  = /sin  £0e-*i<*-*>=sin£&(cosa+'£cos&)J 
y=  —  —  +  ip  =iain. \ 0e**<*-*>  =  sin  |3 ( —  cos  a  +  i  cos  b), 
o—      T—icr=  cos  |0e-#<*+|M  =  cos  \^  —  i sin  !^  cose. 

Clearly  these  give  a<$-/3y=Er2+/o2+<r24"r2=l (3) 

It  will  be  seen  that  if  a,  f3,  y,  o  can  be  calculated,  we  can  obtain  for  any 
instant  the  position  of  the  axis  of  a  top.  Hence  Klein  and  Sommerfeld 
<  Theorie  dea  Kn  iaels,  I  left  II)  have  devoted  much  space  to  this  calculation. 
As  we  shall  obtain  all  the  requisite  numerical  results  for  the  path  of  a  point 
on  the  axis  of  figure,  by  a  simple  process  which  does  not  involve  these  para- 
meters, we  do  not  puisne  the  discussion  of  their  properties  here.  We  shall 
give  only  one  more  set  of  relat  ions. 


'..'. 
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4.   E.ifn-i < ssioii  of  Klein's  parameters  by  elliptic  integrals.    Referring 
back  to  10,  V,  we  recall  that  in  the  general  case  of  a  symmetrical  top 

z*  =  (a-az)(l-z>)-(0-bnz?=f(z) (1) 

If  Sj,  z2,  z3  be  the  roots  of  /(s)  =  0,  in  ascending  order  of  magnitude,  we 
know  that  zv  z.,  lie  between  z=  —  1  and  3=1,  and  that  c,>  1.  Thus  writing 
f(z)  =  a(z  —  z1)(z2  —  z)(zz  —  :),  we  see  that  {/(s)}  is  real  for  z  between  z1  and 
z2,  and  for  z  between  zz  and  x  .  It  is  imaginary  for  z  between  —  x  and  :x 
and  between  z2  and  z3.     By  (3),  10  and  (1),  11  of  V  we  have 

,_  I"    dz  _  f  (j3  —  bnz)dz 

~hfc)}*'      Ja-^x/c*)}*' " 

where  we  take  the  positive  value  of  the  square  root  for  the  passage  from 
z  =  zl  to  z  =  z2,  and  the  negative  value  for  passage  from  z2  to  z1. 
Likewise  we  have  <p  =  n  —z\js,  so  that,  by  the  value  of  \js, 

Ubn-Pz)dz  f 

J(l-«P){/(*)}* 

Now,  by  (2),  3,  above, 

log  a  =  I  log(l  +  »)+|  i(<t>  +  ir)  -  i  log  2,  (4) 

which  we  can  write  in  the  form  of  an  integral  by  using  the  values  of  t,  >js..  <p 
just  written  down.     Disregarding  the  constant  —  \  log  2,  we  have 

los«=Jr — r+r —   +m(1-6)l^^r 
log/3=  f{-(A»)}l+^-^).itl(1.6)L_A    . 

losH\ — r=r^ — +in(l    ]i^z^' 

from  which  also  additive  constants  have  been  omitted. 


5.  Relations  of  elliptic  integrals.  Expression  of  time  of  motion  by  an 
elliptic  integral.  By  these  equations  the  parameters  could  be  calculated 
numerically,  but  this  involves  the  evaluation  of  elliptic  integrals  of 
Legendre's  third  normal  type.  The  numerical  determination  of  the  azimuthal 
angle  \Jr  involves  just  such  integrals,  and  so  Ear  as  the  numerical  tracing  of 
the  path  is  alone  concerned,  there  does  not  seem  to  be  any  advantage  in 
calculating  the  parameters.  A  good  deal  of  elliptic  function  analysis  must 
be  employed  below,  but  only  so  that  formulae  may  be  found  Eor  the  complete 
determination  of  the  motion.  In  the  present  chapter  we  propose  to  discusSj 
as  far  as  is  necessary  Eor  practical  purposes,  the  numerical  determination  of 
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the  quantities  which  determine  the  position  of  a  point  on  the  axis  of  figure 
of  a  top.     We  begin  with  a  short  statement  regarding  the  Jacobian  elliptic 
integrals  which  will  ho  employed  in  the  calculations. 
There  are  three  normal  integrals,  which  are  usually  written  in  the  forms, 

f —, 7I«     fa  -a2)(l-^2)}*<^ 

Jo{(l-a?)(l-AjW)}*      J° 

dx 


I 


o(l-^aj2){(l-aj2)(l-/c2o;2)}i' 

where  0  <&2<  1  and  0  <  '  <C  1-     These  are  called  elliptic  integrals  of  the 
first,  second  and  third  kinds. 

[f  we  put  y  =  x~,  so  that  (Lv  —  dy  2x,  the  integrals  take  the  forms 

»Jo{y(i-»)a-»if)}*   2jo1  y  J 


-P- 

2Jo(l_/V/)!|V(l 


-y)(l-Py)}*' 


where  0<//<l  and  -x  </><  +  l. 

If  we  write  cc2  =  sin2^  where  </>  is  an  auxiliary  angle,  not  the  <p  of  4,  we 
obtain  for  the  three  integrals  the  forms  given  to  them  by  Legendre, 

[*  ''*         j,     f(l-*2sin20)^,     f ^ .. 

J°.(l-jfc2sin20)*      J  ^(l-psi.r./^l-^sinVr 

The  first  is  generally  denoted  by  F(k,  0),  the  second  by  E(k,  0)  and  the 
third  by  1 1  (A1,  0,  p).     Sometimes  the  parameter  p  appears  with  the  opposite 


sign. 


If  the  upper  limit  of  the  integrals  is  \ it,  they  are  said  to  be  complete. 
Then  the  symbol  K  is  usually  employed  for  the  first  integral. 

Similar  integrals  are  constructed  with  the  complementary  modulus  /•'  de 
fined  by  the  relation  /,:-  +  /1-"2  =  1.     These  are  conveniently  denoted  by 

F.//,  </,),     E<//,  0),     U(k',  <f>,p)}     andK'. 

./«  : » 


Theintergal        f '/:     [z  =  (:  -  :,)( :,-z)(zs-:)=-H' 


can  be  reduced  to  the  forms  just  given  for  the  first  elliptic  integral  by  means 

of  the  subst  itnt  ion 

y 


:  —  :, 


,  .  .                            f   dz           k         :                  dy 
which  gives  .  =  ,  i mi 

J./      ^-^yl   !//( 1-//M  l  -/.•■■//»  !-■ 
where  /,"-=(  :.,—  :( )(:..-:,),  and  therefore  &'2  =  l  I  I  ".::  -  z, ). 
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Hence  the  time  t  of  passage  of  the  axis  of  the  top  from  the  circle  zx  to  the 
circle  z  on  the  unit  sphere  is  given  by 

t  =  -  ,  ' ,=-  ,F(Z\r/>), (2) 

{a^-^Vh  {y(l-y)(l-k*y)}l     \«(z,-z^ 

where  <p  =  sin~1(y),  <<  has  tin-  value  ZMgh  A.  ami  the  positive  value  of  the 
square  root  is  taken  in  each  case. 

6.    Relations  of  elliptic  integrals.     Double  periodicity  of  elliptic  fwnc- 

timis.      We  are  also  concerned  with  the  integral 


[*dz 


where  the  upper  limit  lies  between  r1  and  —  x  .     This  may  be  expressed  as  an 
integral  between  the  limits  +  1  and  a  value  of  y  between  0  and  +  1.     Writing 

2  =  23--(~3-~i) 

and  substituting,  we  obtain,  with  the  understanding  stated  as  to  the  upper 
limit,  f  dz_  j         Cv dy 

If  z,  the  upper  limit  of  the  integral  on  the  left,  be  —  cc  ,  we  get  at  once 

f_eod£  = 1_      J*1 dy i       pK- 

J--.    Z*    (z3-ZlfJo{y(l-y)(l-k'hj)^    (z3-Zlf~ 

We  shall  in  what  follows  usually  denote  K  (z3  —  01)'-,  K'i/(;.,—  zxy  by  «,  w', 
so  that  ,-.,/-  f      r-»dz 

Writing  y  —  (\  —  kzu)!(l  —  I/1),  we  find  that 

f  dy  .  f  du 


Hence 


lo  (y(l-y)(l-Afy)}*      Ji     [u(l-u)(l-lciu)}1 

2iK'=  f1/<2  llu 

Ji     {u(l-tt)(l-*»}4 

If  ur  be  substituted  for  ?t  this  becomes 

'V*  (fry 


;iv'  = 


'i     {(l-ii^Xl-^w8)}4' 


By  taking  the  complete  integral  of  the  first  kind  in  its  normal  form, 

K=  r       dx 

Jo  {(1-«2)(1  -Wx*)f 
we  can  show  that  we  have  also 

</.r 


K  = 


!i/*  ((1 -»*)(! -Wx8)}* 
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It    is   only    necessary    to   make    the   substitution    os  =  ]  ky   and    so  obtain 
dx=  —'I;/  /,//",  and  therefore 

dx dy 

{(l-a?)(r-*W)}*"    {(i-y2)(i-fcy)}*' 

But   when  ,/■--().  y  =  oc  .  and  when  .''=1,  // =  1  /.'.  and  therefore 

Jo  ](l-lK-)(l-A:2x2)}^     Ji/*{(l-.r2)(l-&2z2)}*' 
This  last  result  shows  that 

since  the  root  zs  of  the  cubic  Z  =  ()  corresponds  to  the  point  x  =  l/k,  <as  z1>  z2. 
correspond  to  the  points  ,/■  =  (),  ./•=!  respectively.  This  can  be  proved  in 
another  way  by  means  of  the  theory  of  functions  of  a  complex  variable, 
indeed  it  is  only  as  a  part  of  the  subject  matter  of  this  theory  that  elliptic 
functions  and  elliptic  integrals  can  be  satisfactorily  discussed.  The  reader 
should  consult  the  modern  treatises  for  full  information  regarding  the  purely 
mathematical  matters  touched  on  here. 

The  numerical  calculation  of  2K  gives  the  time  of  passage  of  the  axis  of 
the  top  from  one  limiting  circle  on  the  unit  sphere  to  the  other  as 

2K 

l"<-~;i--l>}4 

The  integrals  K.  iK!  are  elements  of  the  periods  of  the  Jacobian  elliptic 
functions  sn  u,  en  u,  dn  u,  where  u,  sn  u,  en  u,  dn  u  stand  for  F(k,  0),  sin  <f>, 
<■  -0,  (1  — /-sin-0)-  respectively.  The  pairs  of  periods  for  snw,  enw,  dnu 
are  respectively  4K,  2iK';  4K,2K+2iK';  2K.4/K'.  The  appearance  of  the 
imaginary  element ,  and  the  double  periodicity  of  t  he  functions  here  indicated, 
are  easily  explained  dynamically.  [See  Greenhill's  Elliptic  Functions,  or 
Fonctions  EUiptiques  by  Appell  and  Lacour,  for  full  explanations.] 

7.    Formulae  for  numerical  calculation  of  elliptic  integrals  of  first  and 
s,  cond  Li nds.     The  values  of  K  and  E,  the  complete  elliptic  integrals  of  the  first  and 
•ml  kinds,  can  be  obtained  for  any  given  modulus  by  expanding,  in  ascending  powers 
of  £sin<£,  1  ( 1 -/-sin-'./,,-  in  the  former  case,  and  (1  --/-'sn,  the  latter,  and  inte- 

grating term  by  term.  This  method,  though  direct  and  obvious,  is  far  from  being  so 
expeditious  as  some  others,  when  assisted  by  various  subsidiary  tables  which  have  been 
compiled.  Also  tables  of  F(k,  </>),  K(/\  </,)  were  constructed  by  Legendre*  for  ranges  of 
moduli  and  amplitudes  proceeding  by  small  differences,  and  from  these  it  is  possible  by 
interpolation  to  find  the  integrals  for  other  moduli  and  amplitudes  than  those  given  in 

the  tables.      But  unfortunately  these  tables  in  their  <• |>lete  form  are  only  available 

to  those  who  have  access  to  a  large  reference  library.  The  actual  numerical  values  of 
thes  jrals  are  essential   in   many  modern    practical  physical   applications,  besides 

*  Traitddea  Fonctions  EJlliptiques,  Tome  II. 
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those  to  rotational  motion,  for  example  to  the  determination  of  the  constants  of  coils  in 
electrical  work. 
We  have 

(1  -l-.siii-./,)-  =  1  -i/;2sin-<Jt>- 


1.3/-'   . 


sin-r</>-  ■•• 


2.4.6 2r      2r-l 

Multiplying  these  by  'A/;  and  integrating  from  0  to  </>,  we  get  F(k,  <£),  E(X-,  c/>).     Integrating 
from  0  to  l~,  we  obtain 


K^[1+(^+(-)V+...  +  {4fff-fci>}V+...],         | 

■-«>[x-a^-(L-yg-...-{'-;;;;i--;»-'y8gI-...} 


Thus  for  the  quarter  period  of  the  pendulum  vibrating  over  a  finite  arc,  we  have  [  12, 
XV,  below]  //\i  (  /]     o\2  ^ 

r-*r(|)   (l+fflW+glD  *.  +  ...},  

with  &2=sin2£0o=CB/2£,  where  CB  is  the  diameter  of  the  smaller  circle  in  Fig.  64. 


00 


8.  Landeris  transformation.  An  elliptic  integral  expressed  as  a  con- 
tinued  product.  An  elliptic  integral  of  the  first  kind  can  be  transformed  into  another 
of  a  larger  modulus  and  a  smaller  amplitude,  or  of  a  smaller  modulus  and  a  larger  ampli- 
tude. The  transformation  is  that  given  by  Landen  [Phil.  Trim*.  1775].  Taking  the 
former  case,  /'</>  ,/,/, 

•  "(1  -  /•-sin-,</>)* 
we  replace  </>  by  a  new  amplitude  (/>i,  given  by 

sin  _</>i 


0) 


tan</)=  ,  ' 

^       /•  +  COS  2$] 


From  this  we  get  =^_^ z» — , —  , 

(1     /--sin-./,)*     l+*(l-*1»ain«^1)* 


.(2) 

.(3) 


where 


,  .,  I/- 

Xl"-(TW 


The  modulus  /-,  is  less  than  I  and  greater  than  k,  as  the  reader  may  prove.     Also  (f>l  <  </>. 
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Tin.-  transformation  maj  1"' .- 1 ] » i > I i « * 1 1  any  required  number  of  time  to  give  from  ( 1 1 

F<''-  +>-. ir,U,-  iU rfib**-*3 (4) 

Bui  2  (1  +i)=t}  k ■-,  -  ( 1  +/-,)  =  /-.,  /,-,...,  a n tl  theref the  equation  just  obtained  may 

be  written  //.  /.       /.     \i 

l:(^)  =  (^)i,iF((,),W (5) 

\  continued  product  is  thus  obtained  for  V(k;  tf>)  which  converges  to  a  Limiting  value, 
for  which  £»=1,  and  the  upper  limit  of  integration  is  4>,  the  value  of  <£„  for  ?i  =  oo. 
Thus  the  una!  integral  is  I'iI.'Im,  that  is 


£  'Ik-log ,,„(!,+**), 


,,  COS  'i> 

and  we  have  F(#,  </>)  =  {  Lt  (Mlp^  jl0gtan(£7r+£i>) (6) 

This  transformation  reversed  gives  a  smaller  modulus  and  an  increased  amplitude.     In 
this  case  if  k\  be  the  new  modulus  and  /•  the  old,  we  have 

2*x*       nr     ,       l-(l-fl-)*_l-#  ~ 

and  for  the  amplitude,  tan  (t^j  -<£)  =  (1  -k-'2)'-  tan  $ (8) 

[t  is  to  be  noticed  that  if  the  amplitude  4,  =  h7ri  tne  new  amplitude  ^>1  =  7r.     The  amplitude 
<£.,  will  then  be  2—.  and  so  on  to  <f>n  =  2" (W). 

Now  we  obtain  bv  repetition  of  the  transformation, 

F(/^)  =  L+i.F(/l-1,^  =  1^'1-1^F(/-2,^) (9) 

Hence  ¥(k;  </>)  =  (  1  +  X-,)  (1  +  *2) . . .  ( 1  +  *B) F(^^") , 

or,  bv  the  derivation  of  the  /•>. 

1  /• 


whei  e 


1.1.  /.    *     A 

AjAo  ••■  A  i>~  I.  (]0) 


1+/.V  =  -      —     -r,     tan(^>r-^)  =  (l-/;_1)itan</,r„1.| 

i+0 -'to*  J 

Here  the  limit  /•„  (n  =  x )  is  zero,  and  therefore 

LtF(*„,<M= /**£  =  * (") 

If  the  complete  elliptic  integral  is  required,  we  have  <J>/2"=i-,  and  therefore 

K(0=  Lt(l+A-1)(l+A-o)...(l+X-„)J (12) 


n  =  i 


By  means  of  the  last  result  the  complete  elliptic  integral  of  the  first  kind  for  a  given 
modulus  /•  <-an  be  quickly  determined.     For  example,  if  a-  =  0"5  (  =  sin  30°),  we  obtain 

/.,  =0-0718,     k:,=  0-001 29. 

Using  only  these  we  obtain       K(A)  =  1  "07309  ^  =  T686  -  e,  (13) 

where  0*0005 >e> 00001. 

Again  let  i=J3  2  (     sin  60  ).     We  find  at  once 

X-,  =  i,     A,  =  17-liV  -  =  0029438,     *s= 0-000216, 

^ich  give  K^)=2-157-e,  (1  D 

where  00005 >c> 0-0001. 
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9.    Convergent  series  for  elliptic  integrals  of  first  <<n<l  second  kinds. 

Other  formulae  of  calculation  for  K  and  E  have  been  developed.     We  give  here  a  useful 
process  for  K.     A  similar  process  is  also  applicable  to  E. 
Let  P,  P,,  P2, ...  be  defined  by  the  equations 


P  =1  + 

Po  = 


p3= 


where  k  =k 


=  iA 


.(l) 


Then 


llL2P1  +  3L4P^516P3  + 


.(2) 


The  values  of  P,  P1?  P2, ...  are  first  calculated,  and  the  value  of  K  is  then  obtained  by  the 
equation  just  written.  It  will  be  observed  that  when  the  terms  necessary  for  P  have 
been  evaluated,  the  proper  procedure  is  as  follows.     Let  us  suppose  that  the  term 

{(1.3.5)  (2.  4.6)} V;2 

is  the  smallest  which  it  has  been  thought  necessary  to  include  :  then  that  is  set  down  as 
P3.  To  that  is  added  the  next  term  in  order  of  magnitude  to  give  PL>.  To  I\_,  is  added 
the  next  term  in  magnitude,  to  form  P,  ;  the  addition  of  1  to  P,  gives  P.  The  sei  ies  in 
brackets  in  (2)  is  then  formed,  doubled,  and  subtracted  from  P log (4/k2),  and  the  result 
is  K. 

When  /•  is  small  the  value  of  /•'  is  nearly  unity.  I'.y  using  /'  instead  of  /•'  in  calculating 
P,  Pj,  P2,  ... ,  and  log  (4  /•)  instead  of  log 4  /',  we  obtain  by  (2)  the  value  of  K'.  That  of 
K  is  then  |P/tt. 

The  formula  for  E  is 


12.32.5 


+  ,. 


22.4-.t; 


log 


k-2     1.2     3.4     5.6 


r 


.(3) 


10.  Jacobi's  Q-functions.     Eccpression  'by  q-series.     When  the  value  of  /• 

is  not  in  the  vicinity  of  zero  or  unity  so  that    neither   I:   nor  /•'  is   small,  the   integrals 
may  be  calculated  by  other  methods  which  we  shall  now  shortly  explain. 
If  q  denote  e~nV  K  and 


.(1) 


0  (m)\       t  ^n  ~"   ,   o    4  27TU      „    <l  ?'~"   , 

it  is  proved  in  treatises  on  elliptic  functions  that 

dn»;=(l-/-sn-//)i}=X-''(,|(") (2) 

0(») 
If  u     0,  dn  u=  1,  and  we  have 

^_l-2?  +  V-V+-  (3) 


We  shall  now  show  li..w  K  can  be  calculated  when  q  has  been  expressed  in  terms  of  /.'. 

l+ifi       l+2q*+2qw+  — 


From  (3)  we  obtain 
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Thus,  if  powers  of  g  higher  than  the  fourth  can  be  neglected, 

1  -  /■  ' 
2?  j     I 

In  the  numerical  calculations  belo/w  we  shall  make  the  supposition  here  stated,  it  is 
usual  to  express  /■  as  sina  where  a  is  an  auxiliary  angle.  We  have  then  k  cos  a,  and 
lionet'  by  (•">)  we  get  the  approximate  equation 

n      (1+tanHa)^  -(1  -tan24a)* 

(1  +tan-},u)-+(l   -tan-Aa)- 
Equation  (3)  however  gives  by  expansion  the  exact  equation 

q=  )  tan2Ja+  ,',.,  tan6|a+^5  t;in'"-]"  + -joi's  tanMia+---  »  (7) 

and  Ibgq     2(logtan  Ja-log2)  +  log(l  4-  ]  tan*£a+  ^.Js  tan\lu  + •••) (8> 

The  second  part  on  the  right  may  be  regarded  as  log(l+a?),  where 

./•=.]  tan1  .In  4-  ,'./„  tan\!u  + 

But  lo-(l+.r)=.)--i./'2+:"..r'i-..., 

ami  therefore  we  may  write  (8)  iii  the  form 

logg'=2(logtan|a-log2)+^tan4|a+TWtan8Ja+^  tan'-.la  + •••  •  (9) 

When  a<]-,  a  result  correct  to  five  decimal  places  is  obtained  by  means  of  (9).  The 
series  in  the  second  part  is  very  convergent,  and  a  sufficiently  accurate  result  for  most 
purposes  is  obtained  by  including  only  the  terms  exhibited. 

11.    Calculation  of  coni})iete  elliptic  integrals  by  q-scries.     Numerical 
example.      It  is  one  of  the  properties  of  the  0-function  that  UOf  +  K^G^w),  so  that 

9(K)  =  e,(0).    Thus,  by   2),  10,  e(O)  =  /-'*0(K) (1) 

But  by  the  theory  of  these  functions  we  have 

6(o)=(2^)4 (2> 

it 

that  is  K  =  -i77(l+27  +  27'  +  27uf  •••)" (3) 

\-un,  0(0)  =(~-y2  =  l- ^  +  2^ -279+...-    (4> 

By  (3)  and  (4)  we  get         K     }.- (     -    ,  )"(1 +  2./  +  27'«  +  27:ii;+---)'J (5) 

VI  +/•'' 

The  series  (in  the  right  is  highly  convergent. 

With  observance  of  the  degree  of  approximation  of  ('>),  in,  these  become 

K    --^r(l  +  2q+2q4f 

e(o)=(^)    i   27+v ,7) 

:Kl^)2(1+4*4) (8) 

It   is  interesting  to  notice  that    when  q   i>  small,  as  it  always  is  if,  say,  a-     .'.  — .  a   g 1 

approximation  t<>  K  is  given  by  the  equation 

K  =  ^r(-^-l)i (60 


Hence  6(K)  = 


K  =  , 
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The  following  example  of  the  calculation  of  q  is  given  in  Bertrand's  Calcul  Integral, 
p.  <;^l\  which  may  l»e  consulted  by  the  reader  for  a  clear  statement  <>f  the  properties  of 
the  Jacobian  elliptic  functions.*  We  shall  find  the  common  logarithm  of  q,  or  Logy.  For 
this  we  have  to  multiply  the  right-hand  side  of  (9),  10,  by  M(  =  0-4342044819),  the  modulus 
of  th<-  common  logarithms.     We  get,  indicating  common  logarithms  by  Log  instead  of  log, 

Log?  =  2  Log  tan  |a  + 1  3979400 +  </  tan1  la  +  b  tans-Ja  +  c  tan12ia  +  •••  ,  (9) 

where  a,  b,  c  are  coefficients  which  have  the  logarithms, 

Log  a  =  1-0357243,     Log&  =  2"64452,     Logc  =  2-41518 (10) 

So  far  this  is  independent  of  a  and  may  be  used  for  any  determination  of  q  (see  for 
example  the  calculation  in  12  below  of  the  period  of  a  top).  Bertrand  takes  a  =  10°  23' 40'- 
Then 

2  Log  tan  4a=  391 76842  Terms  of  second  part  : 


.- 


Colog4  =  l-3!»7!)4MO  4  Log  tan  £a  =  5S3:> 

From  small  terms  74  Loga  =  T036 

Log  0=3-3156316   .  6-871 

Thus  7=0-002068.  a  tan4ia  =  O-O0OOO74 

The  first  only  of  the  small  terms  is  taken,  as  with  seven-place  logarithms  the  second 
small  term  would  contribute  nothing  to  the  value  of  Logy. 

Now  let  u  be  the  complement  of  a  small  angle.  We  have  q  =  e-nK'K.  Let  p=e~*&  K'  ; 
then  p  is  the  value  of  q  for  the  small  angle  \it  -  a.     We  have 

Log  -  Log -  =  M2tt2=  1-86 152  2835, 
°p      "q 

a  result  which  we  reserve  also  for  use  in  the  calculations  which  follow  regarding  tops. 
From  it,  if  p  has  been  found,  q  can  be  deduced,  and  vice  versa. 
Now  we  have  found  for  the  angle  10°  23'  40"  that  (if  the  q  for  that  case  be  denoted  by  p) 

log  I  =  3  -  0-31 56316  =  2-6843684. 

Bui  Log  Log  -  +  Log  Log  -  =  Log  1  -861 522835. 

Hence  for  the  large  complementary  angle 

Log  Log -=1-841026, 

and  Log  9  =  1-3065321, 

that  is  q  =  0-2024. 

We  now  find  the  value  of  K  for  a=  10'  23' 40".  We  have  seen  that  0=0-002068,  and 
that  K  is  gi> en  by  .     2 

K=^(r7Fi)(,+"',+-">- 

Now   /•' =1-0-0082.".."..  SO  that    !2  (l+X-'i)}-  =  {l;(l-0-004127)i-,=  l-U0S23S.      If  we  limit 
the  result  to  six  places  of  decimals  we  have  to  neglect  4<y4.      Thus 

K  =  1  '571 1796  x  1  -008238  =  1  -583736. 

■  The  value  of  a  is  stated  l.y  Bertrand  as  in  23'  Hi',  but  the  logarithms  he  uses  are  for  the 
value  in  the  text.  It'  the  decree  of  accuracy  for  which  equation  (6),  10,  is  valid  is  sufficient, 
the  scries  should  not  include  higher  powers  of  tan  ha  than  the  eighth. 


xii  CALCULATION  OF  PATH  OF  AXIS  OF  A  TOP  25] 

12.  Numerical  calculation  for  an  actual  /<>/>.  We  now  consider  a  top  con- 
sisting of  a  disk  with  massive  rim,  mounted  rigidly  on  an  axle  or  peg  through  its  centre 
at  right  angles  tol  he  mean  plane.     The  following  data  correspond  nearly  to  an  act  ual  case  : 

M     -_'<ii i.  in  diamines.    k=4,  in  centimetres.    A; =4,  in  centimetres. 

Then         C=MifcJ=3200,     ~Mg/<  =  200  x  981  x  4  =  784800,     A  =  4C  +  200x  42=4800. 

We  shall  suppose  first  that  the  angular  speed  n  is  I0o  revolutions  per  Becond,  that  is 
628*32  radians  per  second,  and  that  t he  top  on  being  spun  is  left  t<>  itself  with  its  axis 
at  rest  inclined  at  30"  to  the  upward  vertical,  and  spins  then  about  a  fixed  point  <>f  tin- 
axis.     ( toe  root  of  (">),  13,  V,  is  :,,  -  3-  2.     The  other  two  roots  are  those  of 

a  a 

These  are  given  by  z=p±(p---2pz0+})-, 

where  p=b'*n2  2a. 

32002x  0-28 -32-       1600  028322     0_Q 

I,,US  ?,  =  4x4800^784800-"3~-  784800~-26S'3- 

This  gives  ^2-^o  +  l)i=268-3(l-^3  +  ^.;5;)^ 

=  268-3-'    +0-001864. 

The  two  roots  of  the  quadratic  are  thus 

535*736    and    0-8642. 
The  latter  of  these  is  the  smallest  root  zu  in  the  notation  of  10,  V,  the  former  is  the  large 
root  z3.     The  root  zx  gives  approximately  (^  =  30°  12',  so  that  the  range  of  oscillation  in 
d  is  about  12'.     The  limiting  circles  are  thus  only  12'  apart,  and  the  oscillation  must  be 
very  nearly  simple  harmonic,  as  described  in  14,  V. 

To  find  the  period  we  have  by  (1),  7,  above,  since  Jc1  is  very  small,  K  —  .W.     Also  by 
<  2  |,  5,  the  time  of  passage  from  one  limiting  circle  to  the  other  and  back  is 

— ^=zS-l=°-01502. 

(a(*3-a*    41,s4 

The  period  is  thus  about  3  200  of  a  second.     The  eye  will  hardly  be  able  to  detect  the 

deviation  from  steady  motion,  though  as  a  matter  of  fact   in   this  period  the  azimuthal 

angular  speed  will  change  from  zero  to  twice  its  average  value. 

The  average  value  /;  of  the  angular  speed  in  azimuth   may   in   this  case  be  taken  as 

My//  C«,  since  the  motion  is  only  a  slight  vibratory  deviation  from  that  of  Bteady  slow 

1"' ion.     Bence  784800 

M  =  rr^T; >.-,»-.  =  0'.i!JU3 

'      3200x628*32 

in  radians  per  second.     Thus,  in  the  period  0*01502  second,  the  angle  traversed  in  azimuth 
is  (>-iKX)5,s(;  radian. 

If   the   -peed   of   rotation    be   20  revolutions   per  second.  p   will    he    i'CS-3  2.")=  ln-73. 
Then,  as  the  reader  may  verify, 

(//-    9pg0+ 1)*=(10*732-  2  x  10*73  x  0*866+ 1)*=9*877, 

bo  that  £,  =  20-607,    2,=0*853,     /•-= ')i°_1;i  =0*000<;-r, 

J  '      ■  19*754 

The  value  of  ",  is  about  :*i   30*,  so  that  the  range  from  highesl  to  lowest  is  l   30'.     The 
oscillation  is  still  verj  nearh  simple  harmonic  in  a  period  of  2jt/80*37  (=0*078)  second. 

The  azimuthal  angular  speed  is  live  times  what  it  was  before,  and  the  angle  traversed  iii 
the  pei  iod  is  1 1*156  radian. 
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13.  Actual  l<>i>:  different  speeds  of.rotation.  A  rotational  speed  of  10  turns 
per  second,  with  other  data  as  before,  gives />=2'683,  and  (p2  2pz0+ 1)'  =  1  '8846,  and 
zz-=  1-5675,  :,  07985.  Tims  ^=37°,  nearly.  The  range  from  highest  to  lowest  is  now 
much  greater,  showing  how  it  increases  as  the  speed  of  rotation  is  diminished.  Here 
/.-'  0-0675/3-769=  001791,  so  that  #2=0-9821.  Thus  Jf* =0995,  about.  We  shall  take 
this  a<  unity.  It  is  clear  also  that  if  we  do  not  ur<>  beyond  four  places  of  decimals  we  may 
put  l+2g4  +  ...  =  l.     Hence,  in  the  present  case,  as  in  those  that  precede, 

K  =  ^. 

The  period  of  oscillation  of  the  axis  of  the  top  is,  in  second-, 

-"        = ?E =0-18. 

;,/(;,  •:,);-    c^T,  ::-7i;:i)' 

If  we  suppose  that  here  again  we  may  use  the  average  angular  speed  M.gh  On  as  the 
mean  rate  of  turning  in  azimuth,  we  shall  obtain  a  result  not  far  from  the  truth.  The 
azimuthal  angle  turned  through  in  the  period  is  thus 

.      784800x0-18        „AC 
^3200x62-832=°'706 
in  radian  measure.     Thus  the  axis  moves  once  round  the  sphere  in  about  9  periods. 

Finally,  we  suppose  the  speed  of  rotation   to  be  only  5  turns  per  second.     This  will 
give  a  good  example  of  the  calculation  of  K. 
We  have  p=0'67075.     Hence 

(//-  -  2pz0  +  \  )* =(0-67075"  -2  x  0'67075  x  0-8660+ 1)*=0-5369. 
Thus  h  =  0-67075  -0-5368  =  0-1338, 

and  01  =  82°18'. 

The  range  of  motion  from  one  limiting  circle  to  the  other  is  now  52°  18'. 
Also  we  have  z3= 0-67075 +05369=  I "2076. 

.  z2-z,     0-8660    01339 

*=^71=r2D76  <r\xv.r0bHl-- 

/■•-'  =  l-0-6819  =  0'3181,     r  =  0-5639,     #*=0-7509, 
a=cos-10-5641  =  55   42'. 

We  can  now  calculate  q  front  the  value.  27   51',  of  ^a.     The  work  may  be  set    forth 

as  follows  : 


Hence 

Also 
and 


2  Log  tan  27°  51' =1-4458 

CoLog  1     1-3979 

From  small"]  <s5 

terms      I  3 


( lalculation  of  small  tei  ms  : 
4Logtan|a     28916 

Logrt=T'0:5.">7 

39273 

.-.    .Man1.'..-.      0*0085 


81ogtania     37832 
Log  6     2-6445 


Log  q-  =2-8525 
Eence  gr=0-0712, 

1  Logg     5-4100  ; 
.-.    q*     0-0000257, 

-7'     ()•<)< 514. 

6tan8Ja=  0*00027 

Thus  we  obtain  K  =  *tt(  p^)  (l+0O000514)=2-0497. 

From  the  value  of  K  thus  found  we  obtain  the  period  of  oscillation  between  the  limiting 

circles  as  iK  8-1988  8-1988    ,    ,.,_  .  .  , 

—  =       _       0"  1376,  in  seconds. 

xi        1  N'i  4 


:-(.,   a* 


784800 
2400 


x  1-0737V 
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The  azimuthal  angle  turned  through  in  the  period  cannot   in  this  case  be  estimated 
i  rat  el  j  by  means  of  the  angular  speed  b&gkfOn,  bul  it  is  of  the  order  of  3*4  radians. 
Tims  the  axis  swings  aboul  half  round,  or  rather  more,  in  the  period. 

It  will  be  observed  thai  in  all  the  cases  here  considered,  except  the  last,  steady  motion 
is  possible,  thai  is  the  condition  C2/*8  >  [AMghcosO  is  fulfilled,  in  fad  in  each  of  th( 
cases  t he  top  is  a  "  strong "  top. 

14.  Numerical  determination  of  inclination  of  axis  to  vertical  for 
actual  top.  We  have  now  to  consider  how  the  numerical  calculation  of  the  inclination  6 
of  the  axis  to  the  \  erl  ical  at  any  t  ime  tt  and  of  the  corresponding  azimul  hal  angle  >//,  is  to 
be  carried  out.  This  will  involve  the  computation  of  the  incomplete  elliptic  integral  oi 
the  lit 'st  kind,  K(/',  </>),  and  of  the  corresponding  value  of  the  sum  of  two  elliptic  integrals 
of  the  third  kind.  The  second  pan  of  the  discussion  is  attended  with  difficulties,  but  a 
scheme  of  calculation  by  means  of  the  parameters  «'..  /8,  y,  8  lias  been  given  by  Klein  and 
Sommerfeld  {Thevrie  des  Kreisels),  which  it  is  claimed  renders  the  whole  matter  syste- 
matic and  comparatively  easy.  We  find  it  however  much  more  convenie.nl  to  compute 
a  sufficient  number  of  ordinates  to  enable  the  area  of  the  curve  which  represents  the 
integral  to  be  obtained  by  adding  the  areas  of  a  succession  of  narrow  strips. 

The  calculation  of  the  incomplete  integrals  F(X.\  <f>),  E(£,  </>)  is  important  for  the  deter- 
mination of  a  point  on  the  axis  of  a  top,  spinning  about  a  fixed  point  0.  Denoting 
F(k,  <f>)  by  u  and  /•'-  by  k,  we  have 

dn«=(l-i«8n»«)*  =  K§^,  (1) 

.       .    ..  ,..  ,  l+2ffcos2j;+2o4cos4ar+...  ,.M 

that  is  if  x=iru2Ki  dnu=K- — -±—  — -fr-   — —     - \*> 

1  -  2q  cos  -2.r+  2q*cos  \x  —  ... 

The   value  of  q  is  found  by  the  process  explained  in  10.     The  calculation  can  now  be 
carried  out  as  follows  by  a   process  of  successive  approximation.      Writing  cot  A  for 

(dn«)/ic,  we  get  cotA-1  ,,_.     1X    dntt-K  ^ 

.  .   ,  ,  =tan(45  -A)=, —,  vv 

cotA  +  1  dntt  +  K 

•    i      #„»  ,.-o      *\     o    co.s2.)-  +  r/v.cos6.''  +  7'-4coslO.''4-...  l±\ 

that  is  by  (2),  tan  (45°-  A)=2o    _  ,  0    *'    .     -^ — ,  (4) 

•    v  "  x  '       '     I  +  2g4cos4#+2y10  cos  ox  +... 

,,-=     w     o   cos2o;+o8(4coss2a?-3cos2ar)-|-...  /-,\ 

tan(45  -A)=2?-     -1+/g4(4cog»to_2)+...  <B> 

t-  •        •  ,       tan(45°  — A)  /rA 

I  hus.  to  a  first  approximation,        cos  2x= - — v') 

i  i  2q 

With  the  value  of  cosLV  thus  obtained  we  can  calculate  the  terms  involving  q*  and  y\ 
and  substituting  these  in  (5),  then  solve  the  new  equation  for  cos2a?,  neglecting  all  terms 
invoh  ing  higher  powers  of  q  than  j8  in  the  numerator  and  q*  in  the  denominator  of  the 
function  on  t he  right  of  (•">). 

We  shall  see  later  thai  the  firsl  and  second  elliptic  integrals,  as  well  as  the  third,  can 
be  readily  evaluated  by  the  simple  process  of  calculation  of  ordinates. 

15.  Numerical  examples  of  motion  of  a  /<>/>■  We  shall  carry  out  thecalcula- 
tion  for  the  case  of  motion  specified  in  L3  above.    There 

P=0'6819,     *(=#*)= 0-7509,     d=cos  1 0  5641  =  55°  41'. 

It  was  found  that  7  =  0-07Jl'.  bo  that  q* = 0-0000257. 

Now  9(K)     1+2^+25*+. ..  =  1-1425, 

and  so  by  the  value  of  q,  2Log6(K)    0"1157. 
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W '<•  shall  suppose  that  the  upper  limit  of  (f>  is  50°. 
Then  Logdn?*  =  iLog(l  -0-6819xsinz50°)=]>8890 

Lo£  k  =  Log  07509  =  T-8756. 

Hence  A  =  cot"ldn  "  =  44°  7',     and     45°-A=53'. 

K 

Equation  (3)  therefore  becomes 

'"'  '}     J=tan(45°-A)=0-0154. 

cot  A  + 1  ' 

Thus,  by  (5),  we  ol>t  a  in  as  a  first  approximation, 

tan  (45° -A)     A,AU., 

cos  2x= ^ -  =  01083, 

2q 

and  2^=83°  47'. 

It  is  unnecessary  to  go  to  the  further  approximation,  as  the  correction  applied  would 
lie  beyond  the  degree  of  accuracy  here  aimed  at.     In  radian  measure 

^  =  0-7310, 
so  that  Log x=  T8640.     But 

#=|-j|     and     K  =  7t92(K). 

and  therefore  u  =  xQ'2(K). 

We  have  seen  that  2Log(0)K  =  O-ll")7.     Hence 

Log  w  =  T'97!i") 

and  m=0'9-")1. 

A  reference  to  Legendre's  tables  shows  that  this  result  is  Dearly  correct. 

The  value  of  0  corresponding  to  the  upper  limit  of  </>  is  given  by  the  equation 
>iu'-'^)  =  (2-i,)'(i2-ij),  where  z  =  cos0.  In  the  present  case,  </>= 50°,  and  we  get  H  55  12', 
which,  as  it  happens,  is  the  value  of  a  (=sin-1&). 

\    another  example  the  reader  may  verify  that  if  £=sin  10°,  and  the  upper  limit  of  <f> 
be  25  ,  we  have,  carrying  the  calculation  to  a  higher  degree  of  accuracy, 

q  =  0-0019136,     0(K)=1  +  2?+2§*+...  =  Log-10-00165925, 

Logdn  u = Log {(1- sin2 10°.  sin2 25°)*} =1-998827  1. 

1  „  ,g  '  —  "  =  Log  cot  A  =  0-0021516. 

Hence,  to  the  first  degree  of  approximation,  since  l-V  — A  =  8'30", 

Log  cos  LV=Logtan(4f>°-  A)-  Log  ^  =  1-810^7 

and  x=24    52'  10". 

With  the  small  value  of  q  here  found  the  effeel  "t'  the  second  approximation  is  very 
slight. 

16.    Calculation  of  complete  ami  incomplete  elliptic  integrals  of  the 

second  kind.     Now  consider  the  evaluation  "t'   Ku\  <;>).  which   is  required   in  some 
calculations  of  the  azimuthal  angle  yjr.     We  have 

K(/-   ,/))=/'/,(l-/!-sin-  (1) 

Jo 

w  hich,  if  a     !■'(/•,  </>).  can  he  written 

B(A,  </.)  =  »-/•- 1"  sn-M  du (2) 
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Now  in  tii'ui [sea  on  elliptic  Functions  it  is  proved  that  if  Q(u)  have  I li"  value  stated  in 
1 1 ),  and  1 1 1     .  I '      I  be  its  Bret  and  Becond  derivatives  with  respect  to  u, 

... f    .,    ,       6"(Q)    <>(")  /«x 

&)***»**      ",„„,      (,(„) ("> 

But  e'(«)=^(4?sinf-8o*sin^+122»8in^—.),    | 

6  («)  =  Tj^(  8<7C0S  i- -3-7  cosK  +72jBcos  „ J.  I 

T,                            6"(0)_27r^/-V  +  V-16^  +  -  ,. 

BluJ_K>     l-2(7+V-23"  +  -    '  

and  eOQ_7T  K  K  (6) 

6(k)    2K.     a         ttu    „  ,      2tt»  w 

1  -2*7  cos  —  +  2y4eos  ..    

^gain.if  A  =  (l-r/-)(l-^)(l-(?«)..., 

it  can  be  proved  that 

Q  (u)  =  a( I -2q cos '-£  +  qA(\  -2q3cos^  +  (/'j (7) 

(  .         .      TTU  »    .     ITU  ~\ 

Hence  ( !  v")_  *"  J  K         +  ^  ,  ...l  (8\ 

\l-2qcos^+q2     1  -2o3cos  ^  +  ?G         J 

Now  -,y„S1PT'    ^jr=7"sin2a-  +  o2"sin4.f  +  f/2"sin6.r+....  (9) 

1  -  2y  "wsir+5J 

Hence,  putting  »  =  1,  3, 5,  ...in  succession  and  adding  the  results,  we  obtain,  with  2x=iru  K, 

0'(w)       7r  {4qsm2x     4y-sin  4.r         \ 

e(^)=2KV    1^?~+    1=?    +-j  =  S,say (10) 

T1">*  B(*,^)=t.(l-^)  +  S (11) 

It  the  complete  integral  is  taken,  that  is  if  U—K  and  <j>—^w,  S  is  zero,  and 

■«M-K(l-gg»)  (12) 

^K_^?-V  +  V-I69"+- (13) 

But  K     :t(i-iK).  and  Bince  0(O)=*c9(K),  we  have 

K(/-,  J.-)  =  K-k(4)^-)(1-V  +  V-167i-+...) (14) 

17.  A  nun  ricul  att  tuples.  The  numerical  calculation  can  oow  be  carried  out. 
First  y  is  found,  as  explained  in  L3  above,  for  the  value  of  a  (  =  sin-1/-)  given.  Let  it  be 
for  example  19  .     Then  the  process  Rives,  as  may  be  verified, 

3  Loggr  +  Log  I    =  7-5357147 + 0*6020600 =6'1377747. 

Thus  ty3=0-000001373  and  log(l      iy:!)=  -  4y ;,  so  that 

Log (1  - 4^)=  -  ly3  x  M  =  -  0-00001 Y  >5! II I. 

The  value  of  log0(K)  is  obtained   from   the  value  of  q  (     0-00700226)  as  00060399 
below),     Also  that  of  K  is  calculated  as  before  and  found  to  be  L-61510. 


256  GYROSTATICS  chap. 

The  table  of  logarithms  required  to  complete  the  calculation  of  E(/-,  i~)  is  mnv 

I j< >g  1 77  =     1  -0992099  3  I j< >g 0(K)=  0-0181 1 !  17 

Log  q  =     3-8452383  \  L<  »g  cos  19°  =  1-9878350 

Log  (1  -  4j3)  =  -  I ■  >-i  m  N  N 1006  i.-hm.-.-.i.-.it 

294  I  1 470 
0-0059547 
29384929  =  Log  0-0867946. 


Tl,us  if/r^  v  (1  -  4o3)=0*0867946, 

K0!(K) 

and  E  =  1-61510 -0-086795  =  1-52831, 

LogE  =  0-1842114. 
Now  let  the  integral  be  incomplete,  and  the  terminal  value  of  </>  be  27°.     Then,  by  (11) 

and  (12),  16,  M  2v 

E(X-,(/,)  =  ^E  +  S  =  -_  E  +  S, 

'  i  /i,,\   ic  o     2ir/osin2.«  ,  '/'-'sin  Vx  .       \ 

where,  (10),  16,  S=  K  l.  l -,/-         1  -y'        "/' 

with  x  =  ttu/-2\\. 
Now  putting,  as  in  14,  cot  A  =  (dn«)/«,  we  first  determine.?' by  the  approximate  equation 

2q  cos  2.r= tan  (45°  -  A), 
which  gives  2^=52°  42' 40". 

This,  liy  the  process  explained  in  14,  is  corrected  to 

a?=26  21' 32"=94892", 
so  that  the  radian  measure  of  x  is  94892  206264-8.     Hence 

Log  a;=T-6628042 

Log  E  =  0-1842104 

Co  Log  k-  =  1-8038801 


a   .1,' 

Log— =  1*6508947 

77 

Thus  ±rV'   =0-447605. 

77 

Now  to  find  S  we  have  first  Log(l-g2)=  -Mqz=  -0-0000213.  The  logarithms  of 
1  -q\  l-q6,  ...  may  all  be  taken  as  zero.  Hence,  as  the  reader  may  verify,  we  have  for 
the  Logs  of  the  terras  in  SK/2tt,  that  is  SO-(K)  4,  since  K  =  i-<  >-'(K  >, 


Logy =3-8452383 

Log  sin  2^=1-9007282 

CoLog(l     </'-')    00000213 

Log  0-01  >5  5717     :)-7  15!)N7S 


Log  g-2= 5-69048 
Log  sin  4x =1-98405 

Loir0-0l4726  =  5-67453 


Log  g3=  7-53571 

Log  si n6.v  =  1-57069 

LogO-061278  =  7_10640 


Thus  M,"(k)  =  0-005717  +  0-001)0473 +  0-0000001  =0-005619. 

4 

But  e(K)=l+2y  +  27t  +  27a+..., 

and  Log  00056191  =3-7496668 

Log  4=0-6020600 

<  lo  Log  B-(K)  =  1-9879202 
2-3396470 

S =0-0218598. 


Hence  if/     sin  19°,  and  <f>     27, 

E(£,  <f>)= 0-447605 +0*0218598     0*469465. 
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18.  Formulae  for  Ozimvihal  Oi/t/fr  \jr.  In  order  to  calculate  the  angle  turn..! 
through  iii  azimuth  in  any  given  time  t  we  have  to  evaluate  an  elliptic  integral  of  the 
third  kind,  and  it  is  desirable  to  express  it  in  Jacobian  functions.  The  normal  form  of 
this  integral  may  be  written 

i' dx_ 

We  denote  it  by  I.     If  we  put  sn  u  for  x  and  sn-V  for  —  \/p,  we  have  <7.r  =  cnwdn?«  dv.  and 

I=-sn-,- /'"      „  du  (1) 

Jo  *i\-n  -  sn-c 

Now  it  i>  proved  in  treatises  ,.n  Elliptic  Functions  that  if  II  1"'  the  function  defined  by 
H(i0  =  29*sin£g-2y*sin£g-+2g  '  Bin  —  -..., 

and  if  we  define  Z(«)  by  Z(w)=-^-{logH(a)}, 

that  is  if  Z(»;=IH  (2) 

any  elliptic  function  can  be  expanded  in  a  series  of  elements  consisting  of  Z-functions,  of 
which  the  coefficients  are  the  residues  of  the  functions  for  the  respective  poles.  [This 
Z(«)  is  not  Jacobi's  zeta-function,  which  is  B'(u)/Q(u).] 

The  following  simple  case  will  illustrate  the  meaning  of  this  statement.  A  function 
/(»)  is  said  to  have  two  isolated  simple  poles  at  the  points  <v,  b,  if  it  can  be  written  as 
</>!<")  (u  —  a),  or  <£2(k) !(u  —  b),  where  (^(u),  <f>2(u)  are  finite  and  continuous  in  the  vicinity 
of  u=a  and  u—b,  respectively.  Then  (f>i(a\  (f>2(b)  are  the  residues  of  the  function  for  the 
points  in  question,  according  to  the  theory  of  complex  integration  given  by  C'auchy. 
They  are  in  fact  the  values  for  u  —  n,  u  =  b,  of 

.  f(u)du, 

l-ij 

when  the  integral  is  taken  round  a  circle  of  infinitesimal  radius  surrounding  in  one  case 
the  point  a,  in  the  other  the  point  6.     "We  shall  call  these  residues  A,  B. 
The  expression  of  this  function  in  elements  is  then  given  by 

f(u)=AZ(u-a)+BZ(u-b)+C (3) 

Now  for  f(„)=^_! —       (4) 

J  x         sn_M  — sn-c 

the  poles  are  the  points  v—  -  v,  u=  +  v,  and 

A=Lt     S—9  ,    B=Lt 


„=,.sn-'?/ -sn-/-  U=_,sn-V  -  sn2« 

Tic  limiting  values  are  obtained  in  the  usual  way  by  differentiating  the  numerator  and 
denominator  in  each  case,  bo  that 

A=—  -,     B=-- j— (5) 

■i  sn  v  en  v  dn  '■  _  -ii  v  en  v  dn» 

T.                                       2snvcnvdnv     „,        ,     „,        ,     .-,  tc.\ 

rhus  we  get  at  one-  _  .       =  Z(u-v)-Z(u  +  v)+C (6) 

To  determine  the  constant  ' '.  we  put  u=0t  and  thereby  obtain,  since  '/.(  ~v)=  —Z{ 

p    c,iB.'(v)    envdnv] 

^"  I  Ihv)  sn,'      I 

l.Ut  -lli'=1T 

O.O.  R 
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and  therefore  logarithmic  differentiation  '_ri\<- 

en  »  'In  v     II'')     I  •'< '»  /-> 

snv     ~B.(v)     S(v) 

sothat  C=2^ (8) 

6(0) 

We  ha\  e  i  herefore 

2  sin »  en  y  dn»     _/        .     „,    ,    N  ,  „<  >'(»)  ,,., 

5—     — 5 =  Z    "  -r) -/.(«  +  <■)  + 2  , (J) 

sii-'//    -sir/-  '  ©(f) 

i      /"       du           ,      H(w-v)  ,  ,    B'(v)  .     > 

and  2snvcns;dnt; — 5—    — 5-  =  logfj7—       +-'',„   f+const (10) 

.'  sir//  -sli-V  I  I  ("  +  '•)  fc)('-) 

If  we  integrate  (9)  with  reaped  to  v  we  get 

,  /'sii  /"  C11  ('  illi  /•  ilr       ,        .       „ 

2  .,        =lo^(sir» -sir/') 

J       sn-tf-sn-V  oV  ' 

=log{H(«-»)H(M+«)}-2loge(»)+logc)  (11) 

where  c  is  a  function  of  u.     But  if  v=0,  the  last  result  gives 

H2(«)  .    92(0) 

sntt=cew  or  r=sn""n-'(")' 

R    ,  J    H("> 

But  Sn"  ■■/..U»,,n- 

;iiid  therefore,  finally,  c—  .    ,.._.,. (  '-) 

We  obtain  from  (10)  the  result 

t  *■"•      (]&(u-v)    2  ew    c  1 (13) 

J-  "-,•„,•, l,w  I  1"-||(//+7)  +  -"6(r)+      I 

If  we  suppose  tlic  integral  to  start  from  k=0,  we  have  for  the  determination  of  < '. 

i        H(-t>)      n      n 

l0§    ..(,■)  +(=°' 
and  therefore  C=  -  log  |H(  -  r)H (<•)[.     Hence  (13)  becomes,  since  H(-v)=-H|  v), 

The  calculati f  the  two  integrals  I,,  I._,  required  for  \fr,  by  these  functions  is,  as  has 

been  stated,  troublesome.  The  reader  will  realise  this  if  he  attempts  to  develope  for- 
mulae for  the  purpose.  Numerical  values  for  complete  and  incomplete  integrals  of  the 
first  and  second  kinds  are  given  by  many  writers,  but  not  one,  so  far  as  we  know, 
gives  calculations  of  integrals  of  the  third  kind.  For  such  integrals  there  are  no  tables* 
available,  and  the  process  of  computation  by  means  of  Jacobian  ^-functions,  or  by 
Weierstrassian  o--f unctions,  is  troublesome,  inasmuch  as  on  the  one  hand  snw  has  in  one 
or  other  integral  an  imaginary  argument,  and  on  the  other  the  calculation  of  the 
cr-fnnetiniis  li\  means  of  q- series  cannot  be  carried  out  with  brevity. 

The  same  remark  applies  to  the  formulae  in  terms  of  Weierstrassian  <r-f unctions  and 
f-ftinet  ions,  which  are  derived  for  a  top  by  the  process  exemplified  in  17. ..20,  XV,  below.* 

19.    Elliptic  integral  expressions  for  angles  \^  and  </>.    We  shall  now 
however  show  bow  the  integrals  can  l>e  obtained  by  the  prosaic,  but  direct  and  practical, 

pi ocess  of  calculating  ordinates.     First  we  Bel  out  the  integrals  to  lie  found.     By  l  above 

We  have  1      .  ,•  '  f        ,/  % 

V-   '«;+(•//)    -£_r+(G    o»)f_*     ] (i) 

*  Angles  are  here  measured  from  the  upward  vertical,  and  the  order  of  the  roots  z1<za<z3  i- 
the  opposite  of  i  lie  Weierstrassian  order,  i ,    •<     •• :;.  whioh  is  used  later. 
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Bj  the  substitution  explained  above  this  is  transformed  into 

,J_  l  I       C      Gf d± 

*     I******    ->'    I    l'+*J(i+a    ;.si,^)(,-^in^ 

I         (ir d£ 

1_~]  J(i     3  :;'sin-</>j(i-/--siir-</>)' 

Denoting  the  integrals  by  [j,  [2l  w<  have 

f=C1I1+C2T2 

I  .      Cn+Gi  1  I  *        ,  _C«     < ;  f  1  i 

1       1+:,    izAMgh^-Zy)}  '      **"    1-.,    l2AM^(i~^)J    W 

In  the  general  case  of  an  ordinary  top  we  have  [see  4  above] 

/      (;     ('»;    <&        ;      <'"  -<;:    '/-"     , ,    /I      1\  /-, 


r    A(i-^)zi'    ^   a(i-^)za    r-vc   A 

so  that  for  a  spherical  top  there  is  a  perfectly  symmetrical  relation  between  J  and  </>. 
It  will  be  clear  that  in  the  latter  case,  if  an  integral  has  been  calculated  for  V*-,  the 
corresponding  value  for  </>  will  be  obtained  by  interchanging  ('//  and  G.  In  the  general 
case  the  term  Ctt{(A  —  C)  AC}t  must  be  added  to  the  integral  obtained  as  indicated. 

20.   Numerical  calculation  of  time  in  terms  of  angle  d  for  act  no!  top. 

Thus  by  (2),  19,  the  calculation  of  the  a/.imuthal  angle  turned  through  in  any  given  time 
requires  the  evaluation  of  two  elliptic  integrals  of  the  third  kind.  We  compute  a  sufficient 
number  of  ordinates  of  the  curve  which  represents  by  its  ordinates  the  successive  values 
of  the  integrand,  and  theme  deduce  the  area.  This  process  has  the  great  advantage  of 
giving  at  once,  in  each  case,  all  the  incomplete  integrals.  To  illustrate  it  we  take  the 
case  of  a  top  for  which  calculations  have  been  made  by  Klein  and  Sommerfeld  [  Theorie  des 
A  -eisels,  Kap.  I  V.  §9,  and  VI,  §6],  using  their  own  method  of  determining  the  parameters 
a.  f3,  y,  8  by  (y-series.  We  shall  thus  be  able  to  test  the  direct  method  here  recommended, 
by  comparing  the  results  with  those  of  the  more  recondite  process  employed  by  these 
writers. 
The  top  employed  had  the  following  .'instants  : 

(/,=4800p-2,     G  =  4200p--2,     A=750/«r,     Ugh  =  lOOOOpir3, 

where  p  denotes  the  density  of  the  material  of  which  the  top  was  composed.  For  the 
lower  limiting  circle  9  was  60°,  so  that  i,=0-5.  By  (4),  16,  V  we  obtain  for  the  deter- 
mination of  tin'  other  two  roots  of  the  cubic  Z=0  an  equation  which,  after  a  little  reduction, 

takes  the  form  22-l-8242*+0-776=0,  (1) 

of  which  the  roots  are  0*6759  and   11  181.     Thus  the  upper  limiting  circle  is  given  1>\ 
83=0*6759,  and  for  that  0=47°  31'.     The  large  root,  I'l  181,  is  z3. 

For  the  modulus  k  of  the  Legendre  integral  of  the  6rsl  kind,  by  which  we  express  the 
time  for  any  value  of  $,  we  have 

£2=?»Z£!= 0-271  141  =0-5210* _ 

-3--1 

The  time  t  of  p  from  the  lower  limiting  circle  to  the  value  of  n  which  c  trresponds 

to  <£,  the  upper  limit  of  the  integral,  i-  given  by 

t-[  "A  V'l  •  •  (3) 

\Mgh(h-hM   Jo  (1-0-271441  8in*<p)* 
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The  connection  between  6  and  </>  is  given  as  we  have  seen  by 


z  —  z 


i  _ 


Z.y  ~  Z, 


sin2<£, 


■(4) 


where  z  =  cos  6. 

We  calculate  first  the  integral  exhibited  above,  and  the  process  adopted  will  give 
it  at  once  for  values  of  </>  rising  by  successive  steps  of  5°  from  cf>  =  0  to  </>  =  90\  It  is 
obvious  that  no  ordinate  can  differ  very  much  from  1.  The  common  logarithms  of  sin25°, 
sin- 10°,  ...,  are  got  from  the  tables  and  written  down  in  column  with  a  space  between 
each  and  the  next  in  order.  The  logarithm  of  027441  is  then  taken  on  a  slip  of  paper  and 
added  to  each  of  the  former  logarithms  so  as  to  give  those  of  the  values  of  0-27441  sin2<£. 
The  corresponding  numbers  are  then  taken  out  and  subtracted  from  unity,  and  the 
reciprocals  of  the  results  obtained  either  by  logarithmic  tables,  or  directly  from  a  table 
of  reciprocals. 

Thus  we  get  the  table  of  ordinates  : 

0°    1 


5 

1-0010 

50° 

1-0906 

10 

1-0041 

55 

1-1057 

15 

1-0092 

60 

1-1205 

20 

1-IH63 

65 

1-1344 

25 

L-0252 

70 

1-1468 

30 

1-0358 

75 

1-1572 

35 

1-0479 

80 

1-1 650 

40 

1-0013 

85 

1-1699 

45 

1-0756 

90 

1-1715 

Let  us  suppose  that  we  wish  to  find  the  complete  integral.  We  add  the  first  and  last 
ordinates,  and  take  half  the  sum,  which  gives  I-on.'iS.  Then  we  add  to  this  the  other 
17  ordinates,  and  get  as  the  sum  19'4527,  which  on  a  certain  preliminary  scale  is 
approximately  the  area. 

This  process  is  equivalent  to  supposing  that  the  heads  of  two  successive  ordinates  may, 
without  sensible  error,  be  taken  as  joined  by  a  straight  line,  and  then  taking  as  the  mean 
ordinate  of  each  5°  strip  of  the  integral  the  middle  ordinate  of  the  strip.  It  does  not  add 
very  seriously  to  the  work  to  take  steps  of  2h°  each,  so  as  to  obtain  greater  accuracy. 
But,  as  will  be  seen  below,  we  can  obtain  with  5°  steps  a  result  which  is  right  to  three 
decimal  places. 

We  obtain  the  proper  numerical  value  of  the  integral  by  reducing  from  degrees  to 
radians.     Thus  we  multiply  by  the  factor  ."»  57*3, and  obtain 


wf  ^  =  19-4527  x  5 

V  2/  57'3 


which  agrees  exactly  with  the  result  of  the  calculation  by  </-set  ies,  referred  to  above. 

By  exactly  the  same  process  we  can  obtain  any  incomplete  integral.  For  example,  we 
take  that  From  ^=0  to  <£  =  50',  with  the  same  modulus.  The  half  sum  of  the  ordinate 
for  0°  and  that  for  50°  is  T0453  ;  the  sum  of  the  nine  intermediate  ordinates  is  9'2767. 
Hence,  on  the  preliminary  scale,  the  incomplete  integral  required  is 

1-0453 +  9-2767  =  10-3219. 

The  proper  numerical  value  is  therefore 

F(0-521,  50')  =  ^A"!'  X  5  =  0-9007 
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Summed  in  the  Bame  way  the  remaining  strips  of  the  complete  integral  give 

f(o-521,  |)-F(0*521,  50°) =^9!^ =0*7967. 

The  two  anas  make  up  K6974,  the  value  already  obtained  above. 

The  factor  liv  which  the  complete  or  incomplete  integral  must  be  multiplied  to  give 
the  time  of  motion  is  stated  above  in  symbols,  and  in  the  present  case  is 

/      2x750xpff      \+    /         15         \*l=n.lfiai 

\  10*  njO/w-'x  0*6481/       V 100  x  0-6481  /  x         "    ' 

Thus  the  time,  in  aeconds,  of  passage  from  one  circle  to  the  other,  is  1*697  X  0*1531 =0*26. 
Similarly  the  time  for  passage  from  <£  =  0  to  (/>  =  50°  is  0-9007  X 0*1531  =0*1379,  in  seconds. 
The  angle  <£  corresponds  to  0= cos"-1 0-60322,  or  0  =  52" 54',  and  the  range  $  =  0  to  <£  =  50° 
is  the  range  0  =  60°  to  0=52°  54'. 

21.  Numerical  calculation  of  azimuthal  cmgle  \U.    We  now  consider  the 

determination  of  the  angle  \jr.  Going  back  to  (2),  19,  we  have  first  to  find  the  integrals 
which  are  there  represented  in  symbols.  The  values  zx  and  zi  inserted  show  that  these 
integrals  are  d^ 

J  (1+0-11727 sin2. 


/ 


(1  +0*11727  sin2  <£)(1  -0*271  1 11  Bin2<£)* 


(1  -  0-3518  sin2  </>)(l  -  0271441  sin2  <£)* 

We  first  evaluate  for  values  of  <£  separated  by  steps,  again  of  5°,  the  factors 

1 +0*11727  sin2<£,     1  -0-3518  sin2  </>, 

and  then  multiply  each  of  the  values  so  obtained  by  the  corresponding  value  of 

(1-  0-271441  sin2<£)* 

and  take  the  reciprocals  of  the  products.  The  calculations  are  best  carried  out  by  a 
table  of  seven-place  logarithms,  so  as  to  avoid  expenditure  of  time  and  possible  error  in 
reckoning  differences. 

Here  follow  the  values  of  the  ordinates  for  the  first  integral,  each  multiplied  by  100000: 

0°    100000 


5 

100014 

50° 

102041 

10 

100058 

.">.") 

102510 

15 

100135 

60 

102993 

20 

100251 

65 

L03476 

25 

100413 

70 

103923 

30 

10062(i 

7"> 

104309 

35 

100895 

80 

104614 

40 

101223 

85 

1017'.'': 

15 

101611 

90 

104850 

Taking  half  the  sum  of  the  first  and  last,  and  adding  it  to  the  sum  of  the  other 
17  values,  we  gel  18*3631  1.     Reducing  the  abscissae  to  radians  by  multiplying  bj  5  57*3, 

>r  the  integral  qi-qi  -,  - 

I,     -     --      102017^. 
i        90      2  2 

The  factor  Ci,  by  which  the  integral  must  be  multiplied  to  give  the  corresponding  part, 
V*-,,  of  the  angle  *>.  is  found  from  the  values  of  A.  Mgh,  Cn,  Gr,  \  .  rx  above  to  be  1*9243. 

Hence  we  ha  ve  yh-  =  \  9243  91'*?15  Z  =  19631  ~. 

r i  90       2  2 
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In  the  same  way  we  deal  with  the  other  integral,  and  apply  the  necessary  factors. 
The  successive  elements  of  the  integral,  each  multiplied  by  10000,  are 


0° 

10000 

5 

10037 

50 

13744 

10 

10149 

55 

14474 

15 

10336 

60 

L5222 

20 

10599 

65 

15955 

25 

10939 

70 

16637 

30 

11356 

75 

17225 

35 

11850 

80 

17685 

40 

12418 

85 

1  7975 

45 

13052 

90 

18074 

A^ain  we  add  half  the  sum  of  the  first  and  last  ordinates  to  the  sum  of  the  other 
17  values,  and  get  24385.  The  factor  C2  is  easily  found  to  be  -ICj,  and  so  we  get  for 
the  part  yfr2  of  the  aziniuthal  angle  the  equation 

-^=0-3849i^|=0-62|. 


7T 


Hence  we  have  ^  =  ^1  +  ^2  =  (1*9632  -0-52)  ^  =  T443  -. 

This  is  exactly  the  value  obtained  by  Klein  and  Sommerfeld  for  the  aziniuthal  angle 
traversed  in  the  half  period  of  the  motion. 

22.  Numerical  calculation  ofyjsfor  any  *t< i>  in  time.    The  reader  may,  if 

he  please,  calculate  in  a  short  time  the  angles  traversed  in  azimuth  for  each  5°  step  of 
cj>,  and  from  the  elements  of  the  integral  in  20  above  the  corresponding  times  and  the 
values  of  6. 

For  example,  the  range  from  c/>  =  0  to  <£=50°  gives  for  the  first  integral  10'0630  on  the 
preliminary  scale.     Hence  the  value  of  the  aziniuthal  angle  is 

The  second  integral  for  the  same  range  is  11  "1066  on  the  preliminary  scale,  and  we  have 

-^2=0-38495^8|  =  0-2373|. 
Thus  the  whole  angle  turned  through  from  the  time  of  contact  with  the  lower  circle  is 

The  time  from  the  lower  circle  where  <£=0  to  <f>  =  b0°,  that  is  from  t>  =  60°  to  0=52°  56', 
as  may  be  verified  from  cos  0  =  (O-6759-O-5)sin25O°  +  O-5, 

is,  by  the  calculation  in  20  above,  given,  in  seconds,  by 

t= 0-1531  x  0-9007 =0-1 379, 

about  half  the  interval  (0'26)  from  the  lower  to  the  higher  circle. 

Figure  65,  taken  from  Klein  and  Sommerfeld's  treatise,  shows  our  calculated  results 
very  well.  The  path  of  an  axial  point  is  shown  in  stereographic  projection  from  the 
Lowesl  point  of  the  sphere,  and  the  successive  points  marked  0,  1,  2,  3,  ...,  9,  which  start 
from  the  contact  with  the  lower  circle,  show  the  positions  after  successive  intervals  of 
time,  each  equal  to  J  of  the  half  period  of  026  second.  The  rest  of  the  path  for  any  time 
whatever  is  given  by  proper  repetitions  of  the  portion  here  shown. 
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The  reader  will  have  no  difficulty  in  making  oul  these  repetitions.     The  path,  after 

the  part  numbered  I,  _ 9  has  been  described,  passes  on  to  touch  the  outer  circle  a  little 

below  the  extreme  left,  then  passes  inward  again,  touches  the  inner  circle  on  the  right 

<>t"  the  highest  point  0  <>f  the  diagram,  then  passes  down  to  touch  tl nter  circle  near 

the  lowest   point.    Thence  it  passes  upward  and  inwards  to  touch  the  inner  circle  above 
the  centr i  the  left,  thence  to  touch  the  outer  circle  above  the  extreme  right,  and 

so  on. 

0 


Fig.  65. 


The  formulae  given  in  19  for  the  calculation  of  the  azimuthal  motion  show  the  effects 
of  varying  the  spin  and  the  sidelong  motion  at  the  upper  limiting  circle,  in  altering  the 
amount  of  swinging  round  of  the  path.  The  effect,  for  example,  of  continual  increase  of 
spin  from  a  small  value  to  a  large,  with  the  sidelong  motion  at  the  upper  circle  kept  zero, 
will  be  to  give  at  first  extreme  cases  of  Fig.  22,  p.  97,  with  the  cusped  indentations 
wide,  then  smaller  and  smaller  cusped  elements,  until  a  regular  sequence  of  microscopic 
elements  is  obtained,  which  simulates  but  is  not  really  steady  motion.  It  is  Klein  and 
Sommerfeld's  "pseudo-regular  precession."  The  reader  may  notice  that  to  the  path  for 
infinitely  rapid  spin  no  tangent  can  lie  drawn  except  the  lower  circle,  which  touches  all 
the  undulations. 

It  is  impossible  to  illustrate  the  different  cases  here.  A  conspectus  of  diagrams  will  be 
given  at  the  end  of  the  book,  with  descriptive  notes  on  the  different  cases. 


CHAPTER   XIII 

LIQ  UID   G  Y  ROSTAT.       b [ISC  E I  , LANEOUS  INVESTIGATION S 

1.  Rotation  of  an  ellipsoidal  case  filled  with  liquid.  "Liquid  gyro- 
stats." Lord  Kelvin  illustrated  by  what  he  called  a  "  liquid  gyrostat "  the 
fact  that  an  oblate  spheroidal  shell  of  rigid  material  filled  with  water 
behaves  as  regards  precession  as  if  its  contents  were  solid.*     The  gyrostat 


Fig.  66. 


with  which  the  experiment  was  made  is  shown  in  Fig.  6G.  It  resembled 
tin-  ordinary  Kelvin  gyrostat  in  being  composed  of  a  flywheel  mounted  in  a 
rigid  case  surrounded  by  an  equatorial  ring  with  polygonal  edge,  as  shown 
in  the  diagram;  hut  the  case  was  an  open  frame,  and  the  spheroidal  globe 
containing  water  took  the  place  of  the  flywheel.  When  the  globe  was  spun 
in  the  ordinary  way  the  liquid  gyrostat  imitated  the  behaviour  of  the  solid 
one  in  all  respects. 

The  spheroid  had  an  ohlateness  of  about  <">  per  cent.,  that  is  the  difference 
in  length  of  the  polar  and  equatorial  diameters  was  about  5  per  cent,  of  the 
length  of  either.  But  sometime  Later  another  liquid  gyrostat  was  made, 
similar  in  all  respects  to  the  former,  except  that  it  was  prolate  instead  of 

*Brit.  Assoc.  l*7t'>:  Nature,  Feb.  1.  1*77. 
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oblate  to  about  the  same  percentage  ( Fig.  <>7).  The  dynamical  behaviour 
of  this  was  quite  different.  When  an  attempt  was  made  to  spin  it,  it  was 
found,  as  soon  as  the  instrument  was  removed  from  the  spinning  table,  thai 
all  rotation  had  disappeared.  In  consequence  of  instability  of  the  fluid 
motion,  the  energy  of  rotation  had  been  entirely  transformed  into  heat  by 
turbulent  motion  of  the  water,  into  which  in  such  a  case  the  rotational 
motion  breaks  down.  Permanent  stead}'  rotation  of  the  liquid  spheroid  is 
impossible  when  the  axis  of  figure  (the  axis  of  rotation)  is  prolate. 

Oblateness   however   is   not   absolutely  essential    for   steady  rotational 
motion  of  a  liquid  round  the  axis  of  figure  in  a  spheroidal  case  turning  with 


Fir..  07 


the  liquid.  It  was  shown  by  Sir  George  Greenhill  *  in  18S0  that  steady 
motion  is  possible  for  a  prolate  spheroid  of  a  liquid,  if  it  be  sufficiently  prolate. 
Th.'  axial  diameter  must,  in  fact,  either  be  shorter  than  the  equatorial 
diameter  or  be  more  than  three  times  as  long.  [See  3,  below.]  A  modern 
elongated  projectile,  if  tilled  with  a  liquid,  would  not  rotate  steadily  about 
its  axis  of  figure,  and  therefore  would  not  have  a  definite  trajectory  as  a 
rifle  bullet  has;  it  would  turn  broadside  on  to  the  direction  of  motion. 

An  experiment  with  a  hard-boiled  egg  and  a  raw  c^.  spun  together 
on  a  table,  illustrates  very  well  the  stability  of  the  solid  prolate  spheroid, 
and  the  instability  of  the  motion  of  the  liquid  prolate  spheroid.  The  v^  is 
placed  on  its  side  on  a  table,  and  a  rapid  twist  with  the  lingers  sets  it 
spinning  about  one  of  the  shorter  diameters.  The  solid  egg  however  rises 
to  the  position  in  which  its  centroid  is  as  high  as  possible,  and  then  spin- 
stably  with  the  long  axis  vertical.  The  experiment  does  not  succeed  with 
tic  unboiled  v^j;,  which  remains  on  its  side.  By  placing  the  finger  ou  the 
shell  one  can  bring  the  ege;  apparently  to  rest,  but.  when  the  finger  is  raised 
immediately  after,  the  shell  begins  turning  again  owing  to  the  continued 
motion  of  the  liquid  contents;  soon  the  whole  spin  has  disappeared. 

*  /'roc.  Camh.  Phil.  Soc.  1880;  Encycl.  Brit.  10th  Kiln.,  Art.  "Hydromechanics";  or  /.' 
on  Gyrosco}>i<-  Theory,  1914. 
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* 

2.   Theoretical   discussion    of  liquid   gyrostat    The  following  discussion 

follows  Sir  George  Greenbill's  investigation  of  the  stability  of  the  spinning  motion  of  a 
mass  of  liquid  contained  in  a  spheroidal  case.  We  suppose  to  begin  with  that  the 
case  is  ellipsoidal,  fulfilling  the  equation 

■>  •>  .. 

SP+&+?"1 <l> 

First  let  the  contents  of  the  shell  be  solid,  and  in  one  piece  with  the  shell,  and  the  com- 
ponents of  angular  velocity  about  the  axes  0(x,  y,  z)  be  £,  >/,  £  The  velocity  components 
</,  v,  "•  at  any  point  a?,  y,  :  of  the  containing  shell,  or  its  interior,  are  given  by 

«=«?-y£     »=*£-«£     w=y^xrj (2) 

Lei  now  the  contents  be  liquefied,  and  additional  components  <->,,  il.,.  il,  impressed  on 

the  case.     Additional  components  '',,  vXi  wl  of  the  velocity  of  the  contents  will  be  found 

from  the  velocity  potential 

Ifi  _  c2  c2  _  ai  a2  _  yi 

^"^p^-^-q^-fls^q^, 0) 

by  the  usual  relations  ",=  -  <3<£/3.r,  etc.  It  will  be  found  on  trial  that  these  components 
give,  at  any  point  of  contact  of  the  liquid  with  the  shell,  the  same  speed  as  the  shell, 
together  with  an  additional  motion  tangential  to  the  shell,  of  components 

.,/  fl^         iV  \       a]J    12,3         il3x  \  ./   fl,.y        fli,?/  \ 

-     U»+&»    e*+W'     ~    \b2+c>    «*+&»/'       -  ■  Vcs  +  «2    62+cV" 

The  motion  of  the  case  is  now  derived  from  the  components  of  angular  velocity 

P=fl,+£    Q=Sl2+Vl     R  =  fl3  +  £ (4) 

so  that  if  ".  v,  "•  be  the  components  of  the  velocity  which  the  fluid  now  possesses,  the 
components  relative  to  tin'  ease  «',  v',  »•'  are  given  by 

u>=u+yK-zQ=2a>(J^-J^.y 


v'=v+  zV-xR=2bi 


(5) 


W+c2    a2+62/' 

*—+'*-'*-«i&f-&1?) . 

It  will  be  noticed  that  at  any  internal  point 

■  ■''        ,V         ,  - 
"     .,+  <■■    +ir     .,  =  0, 
or         b-  c- 

which  expresses  the  fact  that  the  motion  of  a  particle  is  always  on  an  ellipsoid  similar  to 
the  containing  shell. 

Taking  account  of  the  gravitation  of  the  fluid,  putting/)  for  the  pressure  and  p  for  the 
d' n-ity,  we  get  for  the  equations  <>f  motion  with  respect  to  axes  moving  with T;he  shell, 
with  angular  speeds  P,  Q,  R, 

1  +47rK/jA.»'  +  -Tj-i\R+M-Q  +  "  ■-     +'"       +"'       =0>  (6) 

p  ox  r  at  ^  .'•       oy  v  ' 

with  two  similar  equations.  Here  k  is  the  gravitation  constant,  and  the  quantities 
A,  r>,  C  for  the  three  equations  take  account  of  the  attraction  of  the  liquid  on  a  particle 
of  itself  at  the  point  x,  v,  :,  and  are  obtained  from  the  equations* 

A  B  c=r — d^ (7) 

k  X  +  a\  A  +  62,  A  +  c2  2{(A-ra2)(A  +  62)(A  +  c2)}*' 
*Kee  a  paper  '"On  the  Attraction  of  Ellipsoids,"  by  A.  Gray,  PhU.  Mag.  May,  1907. 
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There  are  also  the  equations  of  a.m. 

/,,\l+/,:M    0,  /,,I'  +  /MR    0,  W  ^i>  =  o, 


.(8) 


with 

and  similar  values  for  //._..  ha.     Here  M  denotes  the  mass  of  the  Liquid. 
It  may  be  verified  thai  the  equations  of  motion  ((>),  reduce  to 

1     >'      ,         V  ^ 

-  ~c--M7TKpA.''-f  a.r  =0, 

/'     ■'' 

^+47TKpBy+i8y=0J     (9) 

Wh6re  «  =   C?+3JI   V-^A.-ilJ  -    („,  +  /^   «32-(aT+^fis+^   (10) 

and  /j  and  y  have  corresponding  values.  It  might  appear  that  there  should  be  terms  in 
each  equation  in  X,  y  and  :,  but  surfaces  of  equal  pressure  must  be  similar  quadric 
surfaces  coaxial  with  the  case,  and  thus  by  integration  we  ought  to  get  from  (9) 

r  +  -1-xpi  A.,--'  +  By-'  +  (V-')  +  \  (otf?3+/fy2+y«2)=  const (11) 

The  surfaces  of  equal  pressure  will  be  similar  to  the  ease  if 

{A-KpX  +  a)a-  =  {ATTKPV>  +  li)b-  =  (ATTKpC  +  y)c',  (12) 

and  the  case  can  then  be  removed  without  affecting  the  motion  of  the  Liquid. 

The  components  of  angular  velocity  of  the  vortex  motion  of  the  liquid  are  £,  ?/,  {,  and 
from  a  known  hydrodynamical  theorem  we  infer  from  ("))  the  equations  of  motion, 


-  2    -Tf-,  £l.£  -  j^—fy  i/)=0. 


.■13) 


These  give,  by  integration, 


'=.,+  '/,+  -.-,  =  const. 
a-     u-     c 


.(14) 


3.   Limits   of  instability   of  prolate   ellipsoid.      Enclosing   shell  am 

ellipsoid  Of  revolution.     Now  let  a=&,  and  therefore  S23  =  0,  since  no  value  of  fi3 
will  a  fleet  the  motion  of  the  liquid.     We  get 

|-«^«  I  =■'.,;>*  2-^<«-«w o) 

and  the  equations  of  a.m.  (8),  -,  becom'e,  when  the  values  of  d£/dt,  drjfdt,  ?£/<?£  are 
substituted  from  the  equations  jusl  found, 

,      ^    JFZ^rt     -$t=-^+a*     ?« (2) 

Multiplying  the  first  of  (1)  by  £,  the  second  by  7,  adding  and  using  the  third  equation  of 
tli"  Bet,  we  obtain  by  integral  ion 

£»+V=L-^V tf) 


2f»S 
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Similarly,  multiplying  the  first  of  (2)  by  12],  the  second  by  122,  adding  and  using  again 
the  third  equation  of  (15),  we  obtain  as  before 

0,2  +  fl22  =  M  +  .,("2tc2)'   C2 (4) 

By  an  obvious  process  we  get  also 

q^+Ort-ir+^fi (5) 

From  these  results  we  find 

(a2  +  c2)-L  I     2c2(flr  — c2)  c-  2c-    J  * 

(^  +  C2)2(9a2_c2)       -1 

lGc^^-c-)       *"  J W 

L  M,  N  are  constants  of  integration,  and  M  is  not  to  be  confounded  with  the  mass  of  the 

liquid. 

Thus,  if  LM-N-  is  not  zero,  £is  an  elliptic  function  of  t  unless  the  term  in  £4  vanishes 
or  is  infinite,  that  is  unless  c  =  a,  or  c  =  3«. 

Let  us  put  12x  =  12  cos  <£,  122=  - 12  sin  <f>,  so  that  tan  </>=  -  il.JV^ .     We  obtain 


»£■ 


a^+^Tx=a!(-i=7'{a'£+a''i'>< (7) 


and  by  (4)  and  (5) 


<?(£_<._  a2  4- c- 


cr  +  c 
~4c 


.  n+"^;  ^ 


«"  —  c- 


M 


(a2+c2X 


^C- 


.(8) 


2c2(a2-c2) 

Similarly,  if  £  =  ojcos\^,  >/  =  -cosing,  we  obtain  by  (1)  and  (•">) 


d±_         •!"'-     toig+QzO*  2«2  4r-     *>    , 

"d*"~      a2  +  c2        w2       '        "'-'  +  '■-      {_<'--> 

<■-  * 


.(9) 


Now  for  a  state  of  steady  motion  d£/dt  =  0,  and  therefore,  by  (6),  i2._,£  =  121>/.     Thus 
<£=i/r,  121£+S2.,>/  =  12 a),  and  so  g2+c2>9 

'-  (10) 


CO 

u 


M+i£±%2 

2c-((^-o-)!> 


Thus  the  values  of  3<£/3*,  3^/3*  (now  equal)  are 


3;-C    aa_ca  i)i'  a2+c2  UC 


(11) 


Equating  these,  we  obtain  by  reduction 

/o>    la2-c8Y     (a2-c2)(9a2-c2)  ,.,, 

\12    2«2+  l(a2+c2)2      V  "; 

Steady  motion  is  therefore  impossible  unless  either  <■-<"'-',  oi  c2>9a2,  that  is  the  shell 
must  be  either  oblate  or  so  prolate  that  its  axial  length  is  more  than  three  times  its 
equatorial  diameter. 

Ii  may  be  noticed  that  it'  we  represent  the  quantity  given  finally  on  the  right  of  (6) 

by  Z,  we  have 


<f>= 


I 


1- 


a2 

+  c2 

N+"7-" 

-C2 

a- 

9 

m+2c2(a2 

c2)  *>  . 

.(13) 
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*-  ^~CiC <14> 


■2,-    \SS+   4o»    £d£ 


These  are  non-elliptii-  integrals,  since  Z  is  a  quadratic  function  of  £'-'. 

4.  Cylinder  moving  in  infinite  perfect  fluid  which  circulates  round  it: 

(1)  ('use  of  no  forces.  We  have  not  space  in  which  to  discuss  the  gyrostatic 
aspects  of  fluid  motion,  but  must  content  ourselves  with  one  or  two  com- 
paratively simple  cases  of  rotational  motion  of  solids  in  a  fluid,  or  in  which 
circulation  of  a  fluid  in  a  cyclical  channel  in  a  solid  simulates  gyrostatic 
action  of  a  rotating  tlv wheel. 

First  of  all  we  consider  the  steady  motion  of  a  right  circular  cylinder  of 
unlimited  length,  immersed  in  a  combined  steady  stream  and  vortex  in  an 
unlimited  perfect  liquid. 

If  there  be  no  vortex,  the  motion  is  irrotational.  Let  then  the  cylinder 
be  at  rest  in  a  stream  which,  at  all  points  at  a  distance  from  the  axis  of  the 
cylinder  great  in  comparison  with  the  radius  a,  is  in  parallel  straight  lines 
with  speed  —  U  in  the  direction  of  the  axis  of  x.  We  suppose  the  axis  of 
the  cylinder  to  be  along  the  axis  of  z. 

Since  the  motion  is  irrotational,  the  velocity  components  are  given  by  the 
derivatives  of  a  function  0(.r,  y,  z,  t).     Thus 

dd>                dd>                 dd>  ,, 

u=—  x-^,     v=--r,     w=  — -*- (1) 

dx  dy  dz 

The  velocity  potential  r/>  fulfils  the  equation 

^2+ey+3i*-0 u> 

at  every  point  of  the  fluid. 

The  function  0  =  u(-+r)cos0   (3) 

fulfils  the  condition  of  uniplanar  motion  that  there  shall  be  no  flow  normal 
to  the  surface  of  the  immersed  cylinder,  and  satisfies  the  differential  equa- 
tion (2).  It  also  gives  velocity  —  U  for  r—  x  .  The  normal  and  tangential 
components  of  velocity  at  the  point  r,  6,  {x  =  rcos9,  y  =  r  sin  t)  are 

-£-U(?-0~*      -^=u(ff!+l)sine (4) 

The  former  vanishes,  the  latter  becomes  2U  sin0,  for  r=a.  The  tangential 
velocity  is  therefore  2Usin#  in  the  direction  of  increasing  6,  that  is  the 
liquid  slips  along  the  surface  with  this  velocity. 

Now  consider  another  possible  motion  of  the  liquid.  Let  the  velocity  at 
a  point  on  a  cylindrical  surface  of  radius  r  coaxial  with  the  immersed 
cylinder  be  tangential  to  the  surface,  and  of  amount  a2a>/r.  The  liquid 
thus  moves  in  a  sort  of  whirlpool  round  the  solid  cylinder  with  speed  aw  at 
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the  surface.  No  element  of  the  fluid  however  has  any  rotation:  it  has 
only  circulation  round  the  cylinder. 

If  the  immersed  cylinder  spin  about  its  axis  with  angular  speed  co  in  the 
proper  direction,  there  will  be  no  slipping  of  the  fluid.  We  suppose  the 
circulation  to  be  counter-clockwise,  that  of  6,  increasing,  already  considered 
in  the  irrotational  motion. 

Each  element  of  the  fluid,  besides  its  motion  in  a  circle  round  the  axis  of 
tli^  cylinder,  has  obviously  spin  {mi2  ( r  +  <ff)  —  oxt.-  r)  <lr  or  —  coa2  r2,  about 
an  axis  parallel  to  that  of  z,  which  annuls  the  spin  coa2  r-  due  to  the  circular 
motion.  The  circulatory  motion  has  thus  no  elemental  rotation,  and  has  a 
velocity  potential  —  wa2Q. 

For  the  two  motions  now  considered  superimposed,  the  complete  velocity 

potential  is  TT/a2      \       a        2/3 

1  <j>=L[-:  +  r)cosv  —  to<i-6,  (5) 

which  enables  us  to  find  the  pressure  p  at  any  point  by  the  well -known 
relation  0->     p^ 

V  =  %-lq\ (6) 

p       at 

where  q  is  the  resultant  velocity  and  p  the  density  of  the  fluid.  We  shall 
suppose  <t  to  be  the  density  of  the  solid  cylinder,  so  that  the  mass  between 
two  normal  planes  at  unit  distance  apart  is  xaV-  It  can  be  shown  that 
the  kinetic  energy  of  the  fluid,  when  set  in  motion  by  a  cylinder  moving 
steadily  through  it  with  speed  l\  is  equal  to  that  of  the  fluid  displaced  by 
the  cylinder  and  supposed  to  be  moving  with  the  speed  U.  We  have  there- 
fore to  add  to  7r"V  the  value  ira2p  as  the  virtual  increase  of  mass  of  the 
slice  of  the  cylinder,  due  to  the  fluid  motion. 

Whether  the  cylinder  be  at  rest  and  the  fluid  flowing  past  it  with  speed 
U,  or  be  in  motion  with  speed  U  through  the  fluid  otherwise  at  rest,  the 
pressures  on  the  surface  of  the  cylinder  will  be  the  same.  By  (6)  and  the 
value  of  q2  [  =  (d<p/rdd)2,  since  30/3r  =  O]  to  be  found  from  (■'>),  we  get  for 
the  excess  of  the  pressure  at  a  point  of  coordinates  a,  —  (—  —  #)  over  that  at 
tic  diametrically  opposite  point  a,  6  the  value  4Ua/oo> sin 6.  Thus  the  total 
thrust  from  the  side  of  smaller  velocity  of  the  fluid  towards  that  of  greater 
velocity  is,  per  unit  length  of  the  cylinder, 

)f%in20cZ0  =  27raVUaj (7) 

Now  suppose  the  How  at  speed  U  of  the  fluid  annulled,  and  the  solid 
made  to  move  with  that  speed  in  the  opposite  direction,  the  forces  will  not 
be  altered.  We  shall  have,  apart  from  gravity,  which  for  the  present  we 
neglect,  a  transverse  force  27ru2U(jop  on  each  unit 'of  length,  and  a  total  mass, 
virtual  and  real,  of  7ra2(o-+/o >.  per  unit  of  length.  Hence  the  cylinder 
receives  an  acceleration  at  right  angles  to  the  direction  of  its  motion  of 
amount  2ira2JJwp  -<i2(a  +  />K  that  is  \J2j {(&  + p)U/ 2 pw},  and  this  is  constant. 
Hence  the  axis  of  the  cylinder  moves  in  a  circle  of  radius  {<t  +  p)V  '2pw. 
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As  to  the  direction  of  motion :  lei  the  circular  motion  of  the  fluid  be  in 
the  counter-clock  direction  to  an  observer  Looking  towards  the  origin,  sup- 
posed in  the  plane  of  the  paper,  and  the  cylinder  be  moving  with  speed  U 
towards  his  right.  Then  the  smaller  pressure  is  on  the  upper  half  of  the 
surface,  and  the  centre  of  the  circular  orbit  is  above  the  cylinder.  The 
observer  will  see  the  cylinder  go  round  in  the  counter-clock  direction,  the 
direction  of  the  circulation  round  the  cylinder. 

5.  Cylinder  moving  in  infinite  perfect  fluid  n-ith  circulation:  (2)  Case 
of  extraneous  forces.  Let  now  extraneous  forces  act  on  the  cylinder, 
say  P  in  the  direction  of  motion  and  ()  transversely  (both  taken  per  unit 
length  of  the  cylinder),  in  the  same  direction  as  the  pressure  force  '2-o-c^A' . 
The  equations  of  motion  are  then 

ira(p  +  <r)w=P,  |   ()) 

-"-( p  +  cr)U&=  -iTra-copV  -f  Q J 

where  S-  is  the  angular  speed  with   which  a  normal  to  the  path   is  turning 
round.     Clearly  US  is  the  acceleration  of  the  cylinder. 

Xow  take  fixed  axes  in  the  plane  of  motion  of  any  chosen  point  on  the 
axis  of  the  cylinder,  and  resolve  the  accelerations  and  forces  along  these 
axes.     We  gel  as  the  equations  of  motion 

Traz(a-  +  p)i+kfj=X,     7ra2(a-{-p)r}-ki=Y, (2) 

where  k=  2ira2cop. 

If  we  put  Y  =  0,  and  X  =  7ra2(<r  — /j)<7,  ic  =  7c/(cr+p),  and  write  </'  for 
(<r—p)g  (T  +  p),  the  equations  of  motion  become 

i+Kv=g,>    V-Ki=Q (2') 

These  have  the  integrals 

£='■'.  ,-'-  +  ccos(Kt-f),      >,='/(+/3-r-csinU-/-M (3) 

K  K  K 

(where  a  and  /3  are  constants)  which  show  that  under  the  fluid  pressui-- 
and  the  force  of  gravity  each  point  on  the  axis  of  the  cylinder  describes  a 
trochoid.  The  motion  of  each  point  of  the  axis  is  therefore  periodic  in 
a  vertical  plane.  It  is  to  be  observed  that  no  continuously  progressive 
vertical  displacement  of  the  cylinder  is  produced  by  the  action  of  gravity. 

\\<-  have  assumed  the  value  given  above  for  the  total  virtual  inertia  of 
the  cylinder.  There  is  no  difficulty  in  verifying  that  this  value  is  the 
correct  one  to  use  in  the  general  motion  here  considered.  This  can  be  done 
by  calculating  from  tic-  value  of  ,/,  for  the  cylinder  moving  through  the 
tluid  (not  for  tic  case  of  the  fluid  flowing  past  the  cylinder  reduced  t" 
rest  i  the  pressure  by  th [uation 

y'  =  ?f--V+F</> (4, 
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We  take  the  case  of  rectilinear  motion.  It  must  be  borne  in  mind,  that 
(4)  applies  to  a  point  of  the  fluid  fixed  in  space,  and  that  if  r  and  6  be 
taken  constant  in  the  velocity  potential,  <p,  for  the  moving  cylinder,  they 
and  (p  refer  to  a  point  which  changes  position  as  the  cylinder  moves. 
Apart  from  circulation  the  value  of  <p  is  now  U  (a2/r)  cos  0;  the  com- 
ponent of  the  velocity  in  the  direction  of  r  is  Ucos  0,  and  in  the  direction 
of  6  increasing  (counter  clockwise)  is  —  UsinO.  The  angle  6  is  supposed 
to  be  measured  from  the  direction  of  motion.  As  therefore  the  origin 
moves  the  r  for  a  point,  r,  6,  fixed  in  space  is  changing  at  rate  —  UcosO, 
and  6  at  rate  U  sin  8/r.  Thus  if,  with  reference  to  fixed  axes,  d<f>'dt  denote 
the  time-rate  of  variation  of  the  potential,  so  far  as  it  depends  on  the 
motion  of  the  cylinder,  d<p/dt  for  the  point  fixed  in  space  is 

^-Ucosfl^  +  ^sinfllt 
dt  dr     r  h 

But  *£  =  U^  cos  0; 

dt  r 

and  the  value  of  dcp/dt  to  be  used  in  (4)  is  therefore  (with  r  =  a ) 

U^cos0-Ucos0^+^sin0^. 

r  or      r  dO 

The  whole  potential  0  is  Ua2cos0 jr—  ma-Q.  From  this  can  be  found, 
by  multiplying  p,  from  (4),  respectively  by  add  cos  6  and  adOsin.6,  and 
integrating  from  0  =  0  to  6  =  27r,  the  forces  against  and  at  right  angles 
to  the  motion.     They  are  Trpa2V  and  2ira2pVw  [see  (7),  4]. 

This  problem  was  treated  as  an  illustration  of  the  flight  of  a  tennis  ball 
by  Lord  Rayleigh  [Messenger  of  Mathematics,  VII,  1877  :  Colli  cted  Papers,  I, 
p.  344],  and  in  a  more  general  manner  by  Greenhill  [Mess.  Math.  IX,  1880]. 

6.  Drift  of  a  rotating  projectile :  Case  of  a  golf  ball.  It  has  been  sup- 
posed that  the  deviation  of  an  elongated  projectile  fired  from  a  rifled  gun 
might  be  accounted  for  on  a  theory  like  that  sketched  above.  The  projectile, 
dragging  air  round  with  it  as  it  spins  about  its  longitudinal  axis,  would 
produce  differences  of  velocity  round  it,  especialty  in  that  part  of  the 
trajectory  in  which  it  begins  to  have  serious  sidelong  motion,  and  thus 
differences  of  pressure  would  arise.  But  the  observed  deviation  is  in  the 
opposite  direction  to  that  given  by  the  theory,  and  it  is  necessary  to  find 
another  explanation. 

As  Lord  Rayleigh  remarks  (loc.  cit.  supra)  it  is  not  clear  that  in  such  a 
case  as  that  of  the  tennis  ball,  the  pressure  is  greatest  on  the  side  on  which 
the  velocity  of  the  fluid  is  least.  Bernoulli's  equation  is  proved  on  the 
assumption  that  the  fluid  is  frictionless,  and  in  the  present  case  the  air  is 
dragged  round  by  small  roughnesses  which  ma}*  be  likened  to  blades  pro- 
jecting from  the  surface.  "  On  that  side  of  the  ball  where  the  motion  of 
the  blades  is  up  stream,  their  anterior  faces  are  in  part  exposed  to  the 


xni  DRIFT   OF    A    SPINNING    PROJECTILE  273 

pressure  •  1 1 1< -  to  bhe  augmented  relative  velocity,  which  pressure  necessarily 
operates  also  on  bhe  contiguous  spherical  surface  of  the  ball.  <  m  bhe  other 
side  the  relative  motion,  and  therefore  also  bhe  lateral  pressure,  is  less,  and 
thus  an  uncompensated  lateral  force  remains  over." 

Bu1  according  to  bhe  resulbs  of  the  experiments  and  observations  of  the 
late  Professor  Tail  *  <>n  the  deflection  of  a  golf  ball,  the  effect  of  spin  is  bo 
produce  deflection  of  the  ball,  as  a  whole,  in  the  direction  in  which  the  front 
of  the  ball  is  moved  by  the  spin.  Thus  a  ball,  which  spins  about  a  hori- 
zontal axis  across  the  path,  reaches  the  ground  much  sooner  it'  the  spin 
carries  the  Front  of  the  ball  downward  than  when  the  reverse  is  tin-  case. 
[f  the  spin  is  about  a  vertical  axis,  or  one  in  the  plane  of  and  nearly  normal 
to  the  trajectory,  the  deviation  is  to  the  left  or  the  right  according  as  the 
front  of  tin'  ball  is  moving  towards  the  left  or  the  right. 

This  is  so  Ear  in  accordance  with  the  theory  of  pressures  in  a  frictionless 
fluid,  supposing  that  circulation  round  the  ball  is  produced  by  the  spin.  For 
it'  we  imagine  imposed  on  the  ball  and  fluid,  a  translatory  motion  equal 
and  opposite  to  that  of  the  ball,  we  see  that  the  relative  motions  of  the 
ball  and  fluid  are  as  the  theory  requires.  When  the  ball,  as  described  above, 
deviates  to  the  right,  the  translatory  and  circulatory  motions  of  the  fluid 
conspire  on  the  right,  and  are  opposed  on  the  left  side  of  the  ball,  and  so  in 
the  other  cases.  For  example,  if  the  club  strikes  the  ball  on  the  whole 
below  the  centre,  so  called  underspin  is  given,  and  the  ball  soars,  so  that 
a  much  longer  drive  is  obtained  than  in  the  case  of  overspin,  which  is 
produced  when  the  ball  is  "topped."  The  soaring  gives  concavity  upward 
in  the  ascending  part  of  the  path,  which  may  even  culminate  in  a  cusp. 

In  a  complete  theory  the  effect  of  friction  will  have  to  be  taken  account 
of,  and  the  nature  of  the  surface  of  the  ball  will  no  doubt  be  an  important 
factor.  The  behaviour  of  the  fluid  in  the  rear  of  the  moving  body  is  very 
different  from  that  which  would  occur  if  the  fluid  were  perfect.  There  is  a 
wake  of  eddies  of  tluid  acted  on  by  friction  and  then  left  behind  by  the 
body.  The  opinion  among  golfers  appears  to  be  that  the  "  brambling  "  of 
the  surface  increases  the  "carry"  of  the  ball  ;  probably  itisrequired  to  make 
the  circulation  effective.  Careful  comparative  observations,  carried  out  by 
an  expert  player,  might  give  valuable  information. 

*Tait's  conclusions  are  confirmed  by  experiments  recently  made  by  M.  Carriere  [Journ.  oU 
Physique,  V.  1916]  on  Light  spheres  moving  much  more  slowly  than  golf  kills.  Tin-  balls  were 
cm  from  tin-  pith  <  if  tin-  .Inn  s.ih 'in  artichoke  [motile  d<  topinambour).  They  were  given  rotations 
varying  within  a  wide  range  by  running  them  along  before  projection  between  two  horizontal 
ribbons  moving  at  differenl  speeds,  ami  were  projected  horizontally.  Observations  were 
made  with  different  rotations  ami  different  speeds  of  projection,  ami  the  trajectories  were 
shown  by  tin-  white  balls  falling  in  front  <<i  a  black  background.  Appell  remarks  (G.r. 
•  Ian.  1918)  that  these  experiments  Bhovi  that  the  resultant  action,  of  the  air  mi  the  ball, 
i-  inwards  along  a  radius  specified  by  supposing  the  direction  "t'  motion  turned  through 
an  acute  angle,  in  the  direction  against  the  circulation.  This  is  exactly  Tait's  result,  stated 
in  Is'.'::. 

I.. I..  s 
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7.  Drift  of  am  elongated  fast-spinning  projectile.  It  is  however  the 
case  that  this  theory   of  a  frictionless  fluid,   when  applied  fco  elongated 

projectiles,  moving  at  the  speed  of  rifle  bullets  or  of  shells  fired  from  rifled 
artillery,  in  do  way  accounts  for  the  deviations  observed.  When  these 
projectiles  have  pointed  ends,  and  are  fired  from  guns  rifled  with  a  right- 
handed  screw,  they  deviate  to  the  right  of  the  vertical  plane  of  tire,  as  seen 
from  behind.  When  the  rifling  is  in  the  opposite  direction  the  drift  is 
reversed.  This  is  tlje  direct  opposite  of  the  effect  to  be  expected,  according 
to  the  theory  explained  above.  But  here  no  doubt  the  forces  applied  to  the 
body,  in  consequence  of  the  combination  of  sidelong  with  translatory 
mot  ion.  as  explained  in  1+  and  15,  VII,  are  effective.  The  translatory 
motion  is  of  the  order  of  2f)00  feet  per  second  in  the  early  part  of  the  flighl  : 
the  spin  about  the  axis  of  figure  ranges  from  100  turns  per  second,  for  a 
large  projectile,  to  over  8000  turns  per  second  for  a  rifle  bullet. 

It  was  proved  first  by  Professor  G.  Magnus,  of  Berlin  [Taylor's  Scientific 
Memoirs,  L853],  by  carefully  arranged  experiments,  that  the  action  of  the 
air   is  equivalent   to  a  resultant    force   which  cuts  the  axis  of  the  shot  at  a 

P 
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point  in  front  of  the  centre  of  gravity.  Thus  when  the  axis  of  the  pro- 
jectile coincided  nearly  with  the  tangent  to  the  path  (it)  (Fig.  68)  of  the 
cent  re  of  gravity,  deviating  a  little  from  that  line  by  a  deflection  of  the  point 
upward  and  to  the  right,  the  action  of  the  air  was  a  force  F  meeting  the 
axis  in  E,  the  so-called  centre  of  effort,  and  directed  as  shown. 

The  theory  of  the  subject  requires  elucidation  in  many  particulars;  but 
the  main  cause  of  drift  and  the  general  behaviour  of  the  projectile  are 
tolerably  clear  [sec  a  [taper  by  Mallock,  Proc.  R.S.  dune  ti.  L907]. 

The  axis  of  spin  follows  very  closely  the  direction  ot  motion.  As  the 
projectile  passes  along  the  path  the  rate  of  change  of  direction  of  it-  axis. 
if  that  direction  adhered  to  the  tangent  to  the  path,  would  be  m=v  K, 
where  I;  is  the  radius  of  curvature  of  the  path.  It'  </'  be  the  acceleration 
normal  to  the  path,  the  value  of  R  is  v^/g',  and  therefore  a>=g'  v.  Hence 
the  couple  required  for  this  turning  of  the  axis  of  the  shot  is  C»ft>  =  ( '////'  y, 
where  ('//  is  the  a.m.  of  the  shot  about  the  axis  of  figure.  The  couple-axis 
is  along  the  principal  normal  to  the  path. 

When  the  axis  of  the  shot  is  slightly  inclined  to  the  tangent  to  the 
trajectory,  for  example  as  in  Fig.  68,  the  action  of  the  air  is  like  that  of  an 
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air  jet,  in  the  direction  of  the  arrow,  playing  obliquely  on  the  face  of  the 

shot  which,  in  consequence  oi  the  component  of  sidelong  motion,  meets 
tli«'  air  as  the  motion  proceeds.  Thus  there  is  a  resultani  force  K.  the  line 
of  which  OE  is  inclined  ;it  a  very  small  angle  ft  to  the  trajectory  OG  and 
intersects  the  axis  of  figure  at  E,  which  is  al  a  distance  c  in  Eront  of  the 
centre  of  gravity  G.  This  gives  a  couple  in  the  plane  PEO  of  moment 
Fcsind,  where  r)  is  the  angle  OKI'.  It  also  gives  a  force  Kcos/3  retarding 
the  motion  of  the  centroid  along  the  trajectory  and  a  force  Fsin/3  at  right 
angles  to  the  trajectory,  the  effect  of  which  is  to  contribute  a  curvature 
F  sin  8  r''  in  the  plane  determined  by  F  and  the  axis  of  figure  EP.  [This 
of  course  is  not  the  whole  curvature.]  The  horizontal  component  of  the 
force  transverse  to  the  trajectory  is  effective  in  producing  drift. 

A-  seen  by  an  observer  behind  the  gun,  the  axis  of  the  couple  FcsinO  is 
towards  the  right  of  the  plane  GOE.  The  axis  of  spin  is  drawn  forward 
through  the  point  of  the  bullet,  if  the  spin  is  right-handed,  and  precesses 
round  towards  the  axis  of  the  couple  and  tends  to  move  in  a  cone  round 
the  direction  of  F  as  an  axis,  or,  which  is  practically  the  same,  about  the 
direct  ion  of  motion.  As  the  axis  precesses  the  force  F  changes  its  direction, 
and  if  the  axis  of  the  shot  went  round  in  a  right  circular  cone  about  the 
trajectory  tangent  there  would  be,  on  the  average,  no  action  at  right  angles 
to  the  tangent,  neither  in  the  vertical  plane  nor  horizontally,  but  only  an 
alternating  action  giving  helical  quality  to  the  trajectory.  But  this,  as  we 
shall  see,  is  not  the  real  nature  of  the  resultant  precessional  motion. 

8.  Action  of  friction.  A  second  couple  is  exerted  on  the  shot  by  friction. 
The  shot  is  rotating,  clockwise,  as  we  have  supposed,  to  an  observer  behind 
tic  gun,  and  so,  according  to  Fig.  G8,  there  is  friction  between  the  shot 
and  the  air  impinging  on  the  forward  part  of  the  under  side  of  the  body. 
This  gives  a  couple  which  we  may  take  as  in  a  plane  containing  F,  and  at 
right  angles  to  GOE.  The  axis  of  this  couple  is  nearly  at  right  angles  to 
tic  trajectory,  and  points  downwards.  Hence  precession  carries  the  point 
of  the  shot  downwards,  that  is  the  axis  if  tilted  upwards  tends  to  move 
down  towards  coincidence  with  the  trajectory. 

The  projectile  is  continually  engaging  air  hitherto  comparatively  undis- 
turbed at  the;  front  of  its  under  surface,  and  losing  grip  of  air  underneath  it 
at  the  aear  end.  Bui  as  the  air  is  carried  round  by  Friction  it  leaves  the 
shot  in  the  direction  in  which  the  surface,  on  the  side  sheltered  from  the 
impact  of  the  air  by  the  shot  itself,  is  moving.  In  this  sheltered  pari  eddies 
are  formed,  and  there  is  an  absence  of  the  closing-in  stream  lines  which 
would  exist  if  tic  fluid  were '•  perfect."     On  the  whole,  if  the  forward  end 

is  pointed,  the  tilting  action  tends  to  lift  the  point  above  the  trajectory; 
for.  if  ii"t  at  tic  OUtsel  at  some  point  forward  on  the  path,  the  point  will 
rise  slightly  above  the   tangent,  where  the  path   is  convex   upward,  and  the 
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axis  of  spin  preserves  its  direction.  The  friction  couple  however,  as  just 
explained,  prevents  this  rising  from  becoming  large,  and  indeed  is  effective 
in  making  the  axis  of  spin  follow  the  trajectory  very  closely. 

As  Mr.  Mallock  suggests  {!<><■.  cit.  supra]  this  friction  couple  is  no  doubt 
proportional  to  n2,  to  the  small  angle  OAP,  x,  say  [Fig.  69],  and  to  some 
function  /'(  v)  of  the  speed,  and  so  we  have  Onco  =  Cng'/v=  n?xf(v)>  so  that 

=  cy 

*      nrf(r) 

This  angle  x  increases  as  v  and  n  decrease;  it  is  only  while  x  is  small  that 
the  projectile  follows  the  trajectory  closely  and  the  motion  is  steady. 

9.  Graphical  representation  of  the  motion.  The  following  representa- 
tion of  the  behaviour  of  a  spinning  shot  is  taken,  with  some  slight 
alteration,  from  Mr.  Malloek's  paper.     Let  XOY  be  a  plane  at  right  angles 


Pig.  69. — AO  is  direction  >>f  motion,  O'A  is  direction  of  motion,  after  time  dt. 

to  the  direction  of  motion,  AZO,  set  up  in  front  of  the  tiring  point,  and 
carried  forward  so  as  always  to  be  at  the  same  distance  in  fronl  of  the 
bullet.  Let  AP  be  the  direction  of  the  axis  and  P  the  point  in  which  that 
line  meets  the  plane  XOY,  and  let  OP  be  drawn  in  that  plane.  Then,  in 
consequence  of  the  first  couple  discussed  above,  the  point  1'  has  a  motion  at 
right  angles  to  OP  in  the  plane  XOY.  In  fact  OP  turns  about  O  in  that 
plane  with  angular  speed  Fcsinr)  (  '//,  approximately,  and  the  speed  of  P  is 
therefore  OP.Fcsinfl  C„  or  OA  .  Fcsin0sinx/O.  [Note  that  0-/3  =  x.] 
But  in  consequence  of  the  second  couple  P  has  a  motion  towards  O.  which 
is  also  proportional  to  the  length  of  OP.  Hence  the  path  of  P  is  an 
equiangular  spiral,  as  indicated  in  the  diagram. 

If  P  be  so  situated  that  the  tangent  to  the  spiral  is  there  parallel  to  OY 
_POY  is  the  constant  angle  of  the  spiral,  and   for  a  well-shaped  projectile 
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giving  small  drift  this  angle  is  small.  II'  the  processional  period  he  T  the 
firm. Mit  of  tlir  spiral  described  in  dt  is  :?-<  )A  .sin  y// Tsin  </>,  where  </>  is 
tin'  angle  of  the  spiral. 

1 1  is  to  In-  observed  that  in  each  element  of  time  the  direction  of  mot  ion 
changes  through  an  angle  «"//  from  AO  to  A<>'.  in  the  vertical  plane  con- 
taining A.0,  and  that  then  AT  takes  tin'  new  direction  AP'.  P'  is  now 
moving  in  a  spiral  aboul  a  pole  in  ;i  new  position.  Tl ie  sequence  of  new 
configurations  of  At)  and  AP'  gives  the  actual  motion  of  the  axis  with 
reference  to  the  trajectory.      We  have 

sin  v  _<',rP 
sin  </>      'Iir 

If  as  is  fairly  constant  the  angle  of  the  spiral  must  change  with  y  so  thai 
siiiy  sin  0  is  constant.  Hence  if  (p  be  small  y '</>  must  remain  constant. 
If  x  remains  constant  so  also  will  c/>. 

If  the  angle  0  is  small  the  couple  due  to  friction  is  large  compared  with 
that  due  to  the  tilting  action  of  the  air  pressure. 

We  see  then  that  in  general  an  upward  vertical  force  diminishing  the 
effective  action  of  gravit}"  on  the  curvature,  and  a  sideways  force  producing 
drift  of  the  projectile  as  a  whole,  are  applied.  For  a  right-handed  rotation 
(as  seen  from  behind)  the  drift  is  to  the  right,  for  left-handed  rotation  to 
the  left  of  the  observer.  But  in  consequence  of  the  spiral  motion  of  the 
axis  the  drift  oscillates  in  amount.  If  the  successive  positions  of  P  were 
recorded,  as  in  Fig.  60,  for  a  great  distance  along  the  path,  the  locus  would 
be  a  kind  of  cycloidal  curve  drawn  along  a  descending  line. 

The  action  of  the  sideways  force  due  to  friction  is  described  by  some 
writers  on  ballistics  {e.g.  Cranz  *),  by  saying  that  a  cushion  of  compressed 
air  is  formed  by  the  partly  sideways  advancing  projectile,  which  rolls  side- 
ways on  this  cushion  as  it  spins. 

If  the  centre  of  effort  is  behind  the  centre  of  gravity,  which  is  the  case 
for  shot  of  certain  shapes,  the  action  described  above  is  reversed.  It 
may  happen  also  that  the  point  of  the  shot  is  tilted  down  either  by  the 
recoil  acting  on  the  gun  so  as  to  throw  up  the  breech,  or  the  streaming  of 
powder  gases  past  the  shot,  or  in  some  other  way.  so  that  left-handed 
drift  is  produced  in  the  first  part  of  the  trajectory,  and  right-handed  drift 
later. 

Besides  .Mr.  Mallock's  paper  the  reader  may  consult  one  by  Professor 
•l.  B.  Henderson  [Proc.  /.'.>'.  L909  (At.  82]  which  contains  ;1  detailed 
graphical  representation  of  successive  positions  of  the  axis  of  the  shot, 
and  shows  how,  ;ls  the  axis  changes  its  position  in  the  spiral  and  the 
tangent  turns  down  relative  to  its  initial  direction,  the  drift  oscillates 
slightly    in    value. 

*  Komp.  d.  awaern  Bollislik,  or  Encycl.  d.  Math.   Wis*.  IV .  '■>. 
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10.  Position  of  (-nitre  of  effort  for  airship.     The  diagram  given  in 

Fig.  70  shows  the  position  obtained   in  experiments   with  a  model   of  an 
airship  in  a  wind.     It  is  taken   from  a  communication  from  fche  Gottingen 

b       o, 

I  i  '  '  V  "  <1 
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Fig.  TO. 

.Model  Testing  Institute  [Engineering,  II,  1911].  By  means  of  balances  the 
components  of  the  force  due  to  air  pressure,  and  the  moment  of  the  couple 
on  the  model  were  measured,  and  so  the  directions  of  the  resultant  forces 
were  laid  down  in  the  diagram,  for  different  amounts  of  obliquity  of  the 
axis  of  the  ship  to  the  air  current.     The  direction  of  motion  is  from  left  to 

right.  E  is  at  the  intersection 
of  the  direction  of  the  resultant 
force  and  the  axis  of  the  ship, 
and  is  farther  out  the  smaller  the 
obliquity. 

By  means  of  vanes  in  the  rear 
part  of  the  model  stabilising 
forces  could  be  applied.  When 
these  were  in  action  the  position 
of  E  was  behind  the  centre  of 
gravity,  and  the  couple,  which 
without  them  tended  to  turn  the 
ship  broadside  on  to  the  stream, 
gave,  when  compounded  with 
the  forces  on  the  vanes,  a  couple  bringing  the  ship  back  to  the  direction  of 
the  wind.  The  diagram  in  such  a  case  is  shown  in  Fig.  71.  It  will  be  seen 
that  in  this  ease  the  greater  the  inclination  of  the  air  current  to  the  axis  the 
farther  is  K  from  (  i. 


Fui.   71. 


.- 


11.   Motion  oj'a  perforated  so/id  in  a  perfect  fluid.    Use  of  Lagrange's 

equations.  We  do  not  discuss  the  general  motion  of  a  solid  in  an  infinite 
liquid  ;  for  this  the  reader  may  refer  to  Lamb's  treatise  on  Hydrodynam  ics, 
to  Halphen,  Fonctions  Elliptiques,  t.  II,  chap.  IV,  or  to  Greenhill,  R.G.T., 

chap.  VI 1 1,  $27.  But  the  problem  of  the  motion  of  a  perforated  solid  with 
circulation  through  it  is  of  importance  from  the  point  of  view  of  gyrostatic 

action,  and  therefore  we  give  here  an  account  of  its  solution,  under  certain 
restrictions  as  to  the  form  of  the  solid. 
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We  shall  suppose  thai  the  solid  is  a  circular  ring,  and  refer  the  motion  to 
axes  of  coordinates,  0(x,  //.  z),  taken  along  and  at  right  angles  to  the  axis 
of  figure.  The  choice  of  the  position  of  the  origin  on  the  axis  of  figure  is 
of  importance  as  regards  the  form  of  the  terms  included  in  the  expression 
for  the  kinetic  energy,  as  we  shall  presently  sec. 

According  to  a  principle  first  formulated  in  Thomson  and  Tait's  Natural 

Philosophy,  and   now   generally  accepted  by  mathematicians,  the   kinetic 

energy  of  the  motion  of  an  infinite  liquid,  which  contains  moving  solids  can, 

in  the  absence  of  cyclical  motion  of  the  liquid,  be  expressed  in  terms  of  the 

coordinates  and  the  velocities,  which  specify  the  configuration  and  motion 

of  the  solids.      When  there  is  cyclosis,  and  cyclical   motion  of  the  liquid. 

tli.it  is  when  there  is  circulation  of  the  liquid  round  re-entrant  channels  in 

the  solids,  the   kinetic  energy  nerds  only  to  be  modified  by  addition  of  a 

homogeneous  quadratic  function  of  the  quantities  k1}  k.,,  ...  ,  which  are  the 

line-integrals  r 

i  u  '/.'•+  v  dy-\-  wdz) 

of  Quid  velocity  taken  round  the  different  channels. 

In  the  absence  of  cyclosis  the  motion  is  that  which  would  be  produced 
throughout  the  fluid  by  starting  every  part  of  the  bounding  surface  of  the 
fluid,  that  is  every  element  of  the  surface  of  the  solids  (and  if  the  fluid  is  of 
finite  extent  every  element  of  the  bounding  surface  of  the  fluid),  with  the 
velocity  which  it  has  in  the  actual  motion  at  the  instant  considered. 

When  there  is  cyclosis  we  have  to  suppose  impulsive  pressures  properly 
applied,  over  diaphragms  closing  the  various  channels,  by  means  of  mechan- 
ism connected  with  the  solids;  and  corresponding  to  this  of  course  a 
system  of  reactions  would  be  exerted  on  the  solids.  These  impulsive 
pressures  are  required  to  generate  the  momenta  of  the  cyclical  motions. 
The  reactions  would  have  to  be  taken  account  of  in  the  forces  applied  to 
the  solids. 

12.  Motion  of  it  ring  in  a  perfect  fluid.  Equation  of  energy.  We 
consider  then  a  solid  symmetrical  about  an  axis  of  figure,  along  which  also 
it  is  perforated,  moving  through  a  liquid  while  spinning  about  its  axis  of 
figure  and  also  about  axes  at  right  angles  to  the  axis  of  figure  and  drawn 
through  the  origin.  If  u,,  v,w  be  the  velocities  along  the  axes,  which  are 
fixed  in  the  body,  and  therefore  move  with  it.  />.  7.  r  the  angular  speeds  of 
the  spin  and  k  the  cyclical  constant  of  the  circulatory  motion,  and  if  the 
origin  i-  suitably  chosen,  the  total  kinetic  energy  Eor  both  fluid  and  solid  is 

giveD  by  2T=Au8+B(^+w2)+P^+Q(g2+r2)+K/c2, ,  1  | 

where  A.  B,  1'.  Q  and  K  are  constants. 

The  origin  is  here  chosen  bo  that  no  products  of  the  form  in/ exist  in 

the  expression  for  T.     If  the  body  has  three  orthogonal  planes  of  symmet  ry 
the  origin  is  the  centroid.     The  solid  might  however  have  an  axis  of  figure 

DO 
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without  symmetry  otherwise.  For  example,  in  the  case  of  p  =  0,  k=0,  we 
have,  on  the  supposition  that  the  solid  moves  so  that  its  axis  of  figure 
remains  always  in  the  same  plane,  and  that  it  turns  about  an  axis  perpen- 
dicular to  the  plane  of  n,  v,  with  angular  velocity  u>,  the  equation  of  kinetic 
energy  2T  =  Au2+Bv2+Qa>2+2Sa>v (2) 

The  transverse  velocity  of  a  point  E  on  the  axis  at  a  distance  h  in  front  of 
the  origin  is  >•' =  ' +/ico,so  that  v  =  v'  —  hco.  From  this  we  find,  by  substil  uting 
v'  —  hw  for  v  (dropping  the  accent)  and  Q'  for  Q  +  BA-  —  2Sh,  with  A=S  B 
(thai  is  put  Q'  for  Q-S-  l»).  that 

2T  =  Aw2+Bv2+QV (3) 

This  amounts  to  shifting  the  origin  forward  to  E  through  the  distance 
S  B.  The  point  at  this  distance  in  front  of  the  centroid  has  been  called  by 
Thomson  and  Tait  the  "centre  of  reaction." 

13.  Impulse  of  motion  of  a  solid  in  a  fluid.  No  matter  how  the  body 
and  fluid  may  be  moving  we  may  suppose  the  motion  (apart  from  the  axial 
spin)  to  be  generated  by  an  impulse  I  on  the  body  in  some  line  EX  through 
the  centre  of  reaction  K.  and  an  impulsive  couple  of  amount  Qto  about  an 
axis  at  righi  angles  to  EX.  Through  E  imagine  a  plane  at  right  angles  to 
the  axis  of  turning,  and  in  that  plane  take  a  Line  Ox  parallel  to  EX,  at 
distance  y,  such  that,  I  being  the  total  momentum  of  body  and  fluid,  that 
is  (A- //'-'+ BV- )-  [or  (see  14),  in  the  case  of  circulation  through  an  orifice 
along  the  axis  of  figure  of  the  solid.  {(A.u+£)2+  B'-V2}-],  Iy  =  Qw. 

The  massless  framework  required  to  connect  the  line  of  impulse  with  the 
body  may  be  imagined,  or  ignored.  ( ).>•  is  called  the  line  of  resultant  impulse 
or  resultant  momentum. 

In  the  case  of  a  completely  symmetrical  body  the  centre  of  effort  E  is  of 
course  the  centroid. 

14.  Equations  of  motion  of  a  solid  in  <i  perfect  fluid:  proof  {a)  by  first 
principles,  (b)  by  the  method  of  Lagrange.  Returning  to  the  more  general 
problem,  we  consider  the  case  in  which  the  solid  moves  in  a  plane  contain- 
ing the  axis  of  symmetry.  We  put  therefore  ''':  Eor  y2  +  iu2,ft>2  for  <[■'  +  r".  and 
suppose  that  this  turning  is  about  an  axis  at  righi  angles  to  the  plane  ol 
motion,  that  of  u,  v.  We  have  thus,  with,  where  needful,  new  values  of  the 
sonstants,  2T  =  Au2+Bv2+P^2+Qw2+K/c2 (1  I 

We  shall  suppose  for  the  presenl   that  p  =  0,  that  is  thai  the  solid  has  no 
spin  aliout  the  a  \is  of  figure,  so  |  hat 

2T  =  Au2  |-Bv2+Qft)2+K/f2 (2) 

It  will  be  seen  thai  we  have  here  a  case  in  which,  in  order  to  obtain  the 
equation  of  motion,  we  must  allow  for  the  motion  of  the  axes.  There  are 
various  ways  of  proceeding;   we  take  first  one  which  appeals  directly  to  first 
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principles.     We  suppose,  as  af   L5,  VTI  above,  thai  the  virtual  inertia  of  the 

tluiil  in  tin'  direction  of  tin1  axis  of  figure  is  aM  .  and  in  any  transverse 
direction  o'M  .  The  momentum  of  the  fluid  in  the  former  direction  is 
old  w+ £,  and  in  any  transverse  direction  is  fiWv,  where  ;;  is  the  momentum 

due  to  the  circulation,  which  is  supposed  to  have  been  produced  by  pressure 
over  ;i  diaphragm  closing  the  orifice. 

In  consequence  of  the  turning  of  the  1  ransverse  axis  in  (he  plane  of  motion 
with  angular  speed  <,>,  momentum  alone-  (he  axis  of  figure  is  being  produced 
at  rate  —  -;.M  v&.  For  in  time  ill  the  axis  of  //  has  t  urned  through  the  angle 
(,><//.  and  a  component  of  momentum  in  the  negative  direction  of  the  instan- 
taneous position  of  t  he  axis  of  .'\  and  of  amount  ftM'vcodt,  has  heen  produced. 
The  whole  rate  of  production  of  momentum  of  the  fluid  about  the  axis  of  x 
is  therefore  aWu-^Wvoo. 

Similarly  the  total  rate  of  production  of  momentum  about  the  axis  of  y  is 

Finally,  the  rate  of  production  of  a.m.  about  the  axis  of  rotation  may  be 
found  as  follows.  Take  first  the  part  due  to  the  action  of  the  revolvino- 
solid  on  the  fluid.  Let  A,  A'  be  the  coordinates  of  a  flxed  point  in  the  plane 
of  motion.  The  A.M.  about  an  axis  through  that  point  at  right  angles  to  the 
plane  of  motion  is  (aM.'u  +  £)Jc  —  /3Wvh.  The  rate  of  change  of  this  (terms 
in  It,  v  omitted,  since  we  are  to  put  presently  //  =7c  =  0)  is 

(aWu  +  g  )k-/3Wvh  =  -{(a-ftWu  +  g]  v, 

since  h=  —  u,  Jc=  —  v.  Thus  we  get  for  the  rate  of  growth  of  A.M.  about 
the  axis  of  turning,  which  passes  through  the  point  h  =  0,  /,=<),  the  value 
—  \(a  —  .^)M'//  +  £|  >:.     The  total  rate  of  growth  of  A.M.  of  the  fluid  is  therefore 

V<b-{(a-l3)Wu  +  g}v. 

If  no  impressed   forces  act  on  the  solid,  the  only  forces  applied  to  it    are 

the  reactions  of  the  fluid,  due  to  the  rates  of  production  of  momentum  and 

a.m.  just  estimated,  since  these  are  due  to  the  action  of  the  solid.     Hence,  if 

M  and  C  be  the  inertia  and  proper  moment  of  inertia  of  the  solid,  we  obtain 

M(  ,•,_„„•>  =  -aWv,+{3Wvoi>,  \ 

M(v+a>u)=-fiM'v-(aWu+g)i0,         <:1> 

C<b=-C'(b+{(a-l3)Wu+g}v.} 
Thes [uations  of  motion  may  be  written 

&.U-Ba>v  =  0,     Bv  +  (Au +  £)&>  =  (),  |  4) 

Q<b-{(A-B)u+i}v  =  0,  I 
where  A  =  M+aM',     B=M+/3M',     Q  =  C+C (5) 

The  equations  thus  amved  al  from  elementary  considerations  may  be 
deduced  by  the  Lagrangian  process  from  (5),  if  we  make  allowance  for  the 
motion  of  the  axes.     For  the  expression  given  for  T  does  oof  contain  the 
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coordinates  on  which  the  configuration  at  time  t  depends.     The  generalised 
components  of  momentum  are 


.(6) 


I       -      ,         ,     ST     ,,        3T     .- 
+  £  =  Au  +  £,       -=Bv,         =Qw 

From  these,  making  the  allowances  referred  to  for  the  motion  of  the  axes. 
we  get,  since  there  are  no  impressed  forces, 


d  dT       dT  d  3T        /dT      . 


0, 


di  3(0         \du 


dv 


.(7) 


j 


or,  by  (1), 

A.u-Bayv  =  0,    Bv+(Au+g)co  =  0,    Qa>-{(A-B)u+£}tf  =  0, (8) 

as  before  given  in  (7).     We  suppose  that  A>B. 

15.    Vibrations  of  a  ring  moving  in  a  fluid     Quadrantal  pendulum. 

Let  us  now  refer  to  fixed  axes  0'(x',  y')  in  the  plane  of  the  motion,  and  take 
the  axis  Ox'  in  the  line  of  the  resultant  momentum  I.  This  direction  is 
constant,  and  so  if  0  be  the  angle  which  the  axis  of  figure  makes  with  ( Vx', 
we  ha ve  Au + £=  I  cos  0,     -  By  =  I  sin  0. 

The  third  equation  gives 

Q0+-^{(A-B)Icos0+B^}Isin0=O (1) 

This  result,  (1),  was  first  given  by  Lord  Kelvin  in  a  paper  on  ''Hydro- 
kinetic  Solutions  and  Observations."*  He  remarked  that  the  ringperforms 
finite  oscillations  as  would  a  horizontal  magnetic  needle  to  which  was  rigidly 
attached,  parallel  to  its  magnetic  axis,  a  bar  of  soft  iron.  Clearly  if  the 
needle  had  a  magnetic  moment  of  amount  £  the  return  couple  on  the  needle 
suspended  in  a  field  of  intensity  I  would  be  proportional  to  £Isin</>,  and 
the  induced  magnetic  moment  in  the  soft  iron  bar  would  be  proportional  to 
I  cos  0,  so  that,  to  a  constant  multiplier,  the  quantity  I  A  — B)I2sin  26  would 
represent  the  return  couple  on  the  soft  iron  bar. 

If  c=o,  we  get,  with  ^  =  26, 

A-I-i 


Qa- 


:.\i: 


Psin^  =  0 (2) 


This  is  an  example  of  a  "quadrantal  pendulum,"  in  which  the  law  of  varia- 
tion of  couple  with  deflection  ,\  is  the  same  as  that  of  an  ordinary  pendulum 
with  respeel  to  6. 

By  (  I  )  we  have  for  T  the  period  of  a  small  oscillation, 


T  =  2 


";     I!" 


l{(A-B)I+Bi 

*  Phil.  Mag.  XLII,  1*71.  or  Mathematical  and  Physical  Papers,  IV.  p.  69. 


.(3) 
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It  will  hi'  seen  that  the  momentum  £  due  to  the  circulation  through  the  fine 
increases  the  return  couple,  that  is  increases  the  stability,  an  effect  similar 
to  th;il  ol'  oyrostatic  action.  This  case  of  small  vibrations  can  only  occur  il' 
6  is  always  small,  and  therefore  v  always  small  and  u  nearly  constant. 

The  investigation  shows  that  it'  B>A  .and  £  be  zero  or  insufficiently  large 
the  motion  of  the  solid  is  unstable.  A  sutHciently  large  circulation  thus 
ensures  stability. 

16.    Elliptic  integral  discussion  of  jmite  oscillations.    With  respect  to  the 

in >w  lixril  axes  of  .<■  and  v  we  have,  if  x  and  y  be  the  coordinates  of  the  origin  before 
considered,  which  moves  with  the  body, 


./•  =  ?<cos  0-  V  sin  6>  =  -r-n (A  sin- #+B cos2 #)  .    -> 

•     ,i  n         A-  BT    .     ,.        „     £sin  0 

ii=u&u\  U  +  pcos  a= r=n-  Ism  6/ cos  B  -= — : — . 

AB  A 


•(1) 


^  =  ^(-r2^^sin^  +  2^cos^  +  cY", 


Also  it  is  clear  from  (1),  15,  that  Q0=ly   i->\ 

so  that,  multiplying  by  6  and  integrating,  we  get 

■where  C  is  a  constant.     Of  course  we  have 

Q0  =  ty,  (4) 

without  any  added  constant,  since  the  fixed  axis  of  x  is  coincident  with  the  line  of  the 
resultant  momentum  I. 

If  we  write  a  for  P(A-  B)/ABQ,  6  for  2I£/AQ,  and  c  for  C/Q,  we  get 

02=  -asin20  +  &cos#  +  c. 
Transforming  this  by  putting  z=tan^0,  we  obtain 

lz2=(c-6)34+(2c-4a)02+6+c=4m2Z (.->) 

Thus  m<=r^ (6) 

Jz* 

The  reduction  to  the  normal  Legend  rian  form  of  the  elliptic  integral  is  obvious.     Tims 
cos  fi .  and  therefore  6,  and.  by  (•">),  also?/,  are  elliptic  functions  of  the  time. 

The  elliptic  function  treatment  is  very  simple  in  any  case,  but   is  particularly  so  if 

£=0.     We  get  then,  by  (3), 

#2  =  Gv(l-/-2sin-#) (7) 

Here  k2  =  (A  —  B)I- .<■),'-'< }A  B  and  m,1',  from  the  constant  of  integration,  is  the  square  of  the 

angular  s] d  when  0=0  and  when  0=?r,  if  the  solid  makes  complete  revolutions.     Since 

the  pendulum  is  quadrantal,  tin's  equality  of  angular  speeds  was  to  be  expected.     We 
have  thus  for  the  time  t,  from  0  =  0  to  any  value  0, 

w,<=r  .=Fa,0).  [0=<mu,*.i (8) 

Jo  (1  _/--sin-^>' 
It"  the  solid  does  not  make  complete  revolutions,  but  only  revolves  up  to  amplitude  a,  we 

'"""' ''>':I'  *_£gl*W-*M) <M 

Writing  now  Bin20=sin2asin20,  we  obtain 

^2=^      1:  [2sin2a(l     sin-K.in-./,),  (10) 
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so  that  mt=[°  ■         _#_     _=F(sina,  <£),)  ,     , 

Jo(l-sin2asin2<£)*  (u) 

where  m=H(A-B)I2sin2a/QAB}*-  J 

The  values  of  the  coordinates  x,  v,  measured  along  the  fixed  axes,  can  now  be  found  for 
the  two  cases.     When  £=0,  we  have,  from  (1)  and  (2), 

X  =       /  s'wrth/f  +        /  COS'ddt, 


»-?* 


(12) 


Now,  integrating  from  the  instant  at  which  0=0,  we  get,  when  the  solid  makes  complete 
i -c-\  olul  ions, 

(rin*0dt=  J-{F(ife,  0)-E(*,  0)},     (eo#$dt=%f  '  F(/-,  0)+J-E(*,  0). 

I'n mi  these  we  get  by  the  first  of  (12) 


y=»^l(l-f-sin^)i, 


J 


(13) 


when    it  is  understood  that  .'-  =  0  when  #  =  0. 
When  complete  revolutions  are  no(  performed,  we  get  for  the  values  of  x  and y, 

x=  .,     F(sin  a,  </>)  -  T    ■  ".,-  E(sin  a,  </>), 
1./;/  7       1  sin- a  !   , 


y- 


Qws 


COS  <l>. 


J 


,(14) 


17.   Graphical  representation  of  motion.    Figure  72,  which  is  reduced  from 

Lamb's  Hydrodynamics  [3rd  edition,  p.  166],  illustrates  the  motions  of  a  disk  for  which 

\y 


1  i.  .  72. 


A=5B,  projected  with  differenl  amounts  of  turning,  combined  with  the  same  impulse 
in    the   direction   Ox.     There  are  consequently,  by  (13)  and  (14),  16,  different  initial 
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values  of  y,  etc.  Diagram  i  ahowa  the  patb  of  the  centre  of  the  disk  and  the  turning 
when  complete  successive  revolutions  in  the  same  direction  are  made.     In  diagram  n  ie 

shown  the  not  inn  when  < iplete  revolutions  are  just  made ;  the  path  is  aaymptol  ic  to 

the  line  of  impulse.  In  diagrams  til  and  tvthe  path  crosses  the  line  Ox  at  intervals  of 
time  equal  to  half  the  period  of  the  motion. 

The  last  diagram  gives  an  idea,  of  course  with  greal  exaggeration  of  amplitude,  of  the 
of  small  vibrations  when  the  path  approximates  to  a  curve  of  sines. 

The  following  results  regarding  the  separating  case  n  maj  be  verified  by  the  reader 
either  as  limiting  values  of  the  results  already  given,  or  independently.  We  have 
#=<■>, cos  6  since  k=l,  and  therefore 

((>!*= log  tan  (£0+£ir). 
AJso  .;■=     M+:         "sin-tfj,     //=  -  I'      |;  'sin  8  cos  0, 

BOthat  .,•=(      +  l    '  J  t-   l    'taidi  w,/,     y      l    '  sech  „.,/. 

Ii  will  be  seen  that  there  is  a  remarkable  analogy  hot  wen  this  periodic  motion  of  a 
disk  or  ring  in  a  liquid  and  the  finite  oscillations  of  the  axis  of  a  top.  It  follows  from 
(1),  16,  that  if  the  inertia  of  the  disk  itself  were  negligible,  and  the  disk  were  very  thin, 
so  that  A  B=x,  the  curves  in  Fig.  72  would  meet  the  line  ( )//  in  cusps.  Loops  are 
impossible  unless  [see  (1),  10]  the  value  of  £  is  sufficiently  great  to  make  x  change 
sign. 

The  motion  of  an  infinitely  long  cylinder,  of  elliptic  cross-section,  moving  at  right  angles 
co  its  length  in  a  frictionless  fluid  while  turning  about  its  axis  of  figure,  has  been  worked  out 
by  Greenhill  [Mess,  of  Math.  IX,  1880].  If  M  be  the  mass  of  the  cylinder  between  two 
cros>-sections  at  unit  distance  apart,  a,  b  the  lengths  of  the  semi-axes  of  the  elliptic 
section.  «r  the  density  of  the  cylinder,  and  p  that  of  the  fluid,  the  values  of  A,  B,  C  are 


A-X(l+£|),     B-K(l+f!), 

<»-w»>{'+Si&3y- 


18.  Stability  of  a  body  rotating  in  a  fluid.  Although  the  subject  has  been 
dealt  with  above  [18,  VII],  we  may  notice  in  this  connection  the  gyrostatic  stability  con- 
ferred on  the  solid  by  giving  it  rapid  rotation  about  it-  axis  of  figure.  Let  the  angular 
speed  of  this  rotation  be  /<,  and  the  body  be  in  steady  motion  with  this  and  axial  velocity 
".  and  all  other  velocities  zero.  We  now  suppose  the  motion  slightly  disturbed,  and 
remember  in  what  follows  that  u0  and  p0  are  constant  steady  motion  values.     The  kinetic 

energy  is  now  given  by 

2T=Au*+B(v*+w*)+Fp-+QJ(q*+ri)} 

from  which,  noticing  thai   a=0,  p=0,  we  obtain,  by  the  methods  already  exemplified, 
equations  of  motion 

B(v—pQw)=  ~  A ?<„/■,  B(d)  +  /■..<•)      A//,,y, 

Q$+(P-Q)iV        <-\     BKa>,    <#-(P-Q)po2    (A-B)«o». 

If  now  we  assume  thai  --,  "•,  q,  r=(a,  (3,  ~,  p>  A'. 

we  obtain  a  determinautal  equation  which  is  a  quadratic  in  A.2,  and  which  splits  Into  the 
two  quadral les 

BQXS  ■  B(P     2Q)p0\     |B(P    Q)V+A(A-B)      '   =0. 

The  condition  that  the  roots  should  be  real  is  easily  found  to  be  thai 

BP2jo02+4A(A-B)Qw02>0. 


286 


GYROSTATICS 


<  IIA1-.   XIII 


If  .\  ■  B  this  condition  is  always  satisfied,  but  in  the  absence  of  spin  about  the  axis  it 
i-  aol  satisfied  when  A-    B.    Thus,  in  the  latter  case,  with  p0=0,  the  solid  is  unstable, 

and  tends  t"  set  itself  broadsid to  tin-  direction  of  motion.     If  however  /•„  is  made 

sufficiently  great,  the  end-on  position  of  the  body  is  stable,  even  if  A<B.  The  mean 
iimt  ion  is  now  on.-  of  precession  of  the  axis  of  figure  round  its  direction  in  the  steady 
motion,  with  very  slight  deflection. 

This  contains  the  theory  of  the  stability  of  a  rifle  bullet  and  of  a  torpedo,  <t  other 
air  <>r  water  '-rat!  in  which  is  mounted  a  sufficiently  powerful  gyroscope  or  tlv wheel,  the 
bearings  of  which  arc  rigidly  attached  to  the  casing  or  hull  of  the  vessel.  It  is  to  be 
remembered  however  that  in  such  cases  couples  may  be  applied  bo  the  body  which  cause 
it  to  be  seriously,  and  permanently,  deflected.  The  bodj  is  supposed  in  the  investigation 
above  to  be  subject  to  no  forces  except  those  called  into  play  by  an  infinitesimal  deflection 
from  the  stead}  straight  line  motion  in  the  direction  of  the  axis- of  figure. 


CHAPTER    XIV 

EFFECTS   OF   All;    FRICTION  AND  PRESSURE.     BOOMERANGS 

1.  Air  friction  <>n  rotating  body:  (1)  no  other  applied  forces,  itisnoi 
possible  t<>  give  a  complete  account  of  the  effecl  of  air  friction  and  pressure  on  the  motion 
of  a  top  or  gyrostat,  and  we  have  to  be  content  with  an  approximation  based  on  the 
assumption,  usually  made  for  the  motion  of  a  pendulum,  of  resisting  forces  simply  pro- 
portional to  the  speed  >f  motion.  Bence  we  assume  that  the  action  of  the  air  on  the 
revolving  body  is  a  couple  about  the  instantaneous  axis  of  rotation,  of  moment  propor- 
tional to  the  angular  speed,  retarding  the  rotation  and  therefore  having  its  axis  directed 
oppositely  to  the  vector  representing  the  angular  velocity.  Tims,  if  there  is  no  applied 
couple  except  that  due  to  the  resistance  of  the  air,  the  equations  of  motion  may  be  written 
A.p-(A-C)qr=-kp,     AqT(C-A)rp=-\q,     Cf=-\r,  (1) 

where  A  is  a  constant.  . 

-- 1 
The  third  equation  gives  r=r0e   c  ,  (-) 

where  r0  is  the  value  of  r  when  t  =  0.     If  we  put  p+iq=z,  the  first  and  second  equations 
combine  into  _a 

A  :-!''(<'- A)/;,^'- A|  :=0,  (3) 

which  is  intestable  at  once.     We  have 


- 


A  '      /(('  -A),-0e    C<-A, 

and  therefore               A  logz=i  -(< !     A  )r0\  1  -e'c'J  -  \t  +  A  log  :,,, 
if  :.,  be  the  value,  p0+iq f  \  when  t  =  0.    Thus  we  find 

C  -  A  r„  /         -  'V,  t)     A 

P+iq=(p0+iqQ)el°—  a  l1"6    C  /"a' (4> 

i                           \ 
It  follow,  that  (/'-  +  '/-)'J -(/'„"  +  <hs)e~  x' (5) 

Thus  the  modulus  of  the  vector  p+iq,  the  vector  of  angular  velocity,  drawn  in  the  equa- 
torial plane  of  the  moment  al  ellipsoid,  shrinks  in  magnitude  in  geomet  rical  progression  as 
t  increases  in  arithmetical  progression. 

It'  now  </,  be  the  amplitude  of  the  vector  (/'  +  ''</)  (/',,-!-'''/„),  that  is  the  inclination  of 
P+iq  to  /'„  +  /</„,  we  have  , ,      v      / 

</>=<'    v    ?(i-e-c{ (6) 


A      A 

Thus,  as  the  axes  OA,  OB  revolve  with  the  varying  angular  speed  r  about  the  axis  of 
figure,  the  angle  <i>.  starting  from  zero,  continually  approaches  the  value  C(C— A)r0  AA 
[or  an  angle  of  <  (C     A)/-„:'-a.\  revolutions]  while  the  modulus  (/•--{■</-)-  continually 
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diminishes  exponentially  towards  zero.     These  limiting  values  are  arrived  at  together 
afl  er  an  Infinite  t  ime. 


2.    Discussion  of  results  of  theory.     Let  now  a  denote  the  inclination  of  the 
instantaneous  axis  ( )I  ti>  the  axis  of  figure  <  >< '.     We  have 


tan  a 


_(_p!h         (V+V)* -"(HO 


C-A  A 


tan  n,,<J 


■(1) 


Thus  a  increases  or  diminishes  from  the  value  a0  according  as  C  <  or  >  A,  that  is  accord- 
ing as  the  momental  ellipsoid  is  prolate  or  ohlate.  . \  1 1  •  ■  i  an  infinite  time  tan  a  has  become 
infinite  in  the  former  case  and  zero  in  the  latter,  that  is  the  instantaneous  axis  has,  under 
the  influence  of  air  friction,  become  coincident  \\  itli  the  axis  of  symmetry  in  the  case  of  a 
disk  tu])  or  teetotum,  or  a  spinning  oblate  ellipsoid  of  revolution,  and  perpendicular  to 
the  axis  uf  figure  in  the  case  of  an  elongated  top,  for  which  the  axis  of  symmetry  is  the 
axis  of  minimum  moment  of  inertia. 

It,  is  important  to  notice  that,  while  the  rate  of  diminution  of  spin  is  given  by  the 
exponential  factor  e  A'  c,  the  rate  of  diminution  <>f  tana  is  given  by  the  factor*  -*'0  A-!/C). 
The  latter  rate  is  much  smaller  than  the  former.  Take  the  rase  of  the  earth,  for  which 
(('     A.)/A=l/304  nearly.      We  have  M    x 

(2) 

Thus 


tan  a  =  tan  atf    G  a<" 

For  example,  let  tana     ,',,  tan  </.,,.    Then  A^/C=304logl0. 

r=r0c-304iogio)  (3) 


that  is  /•  lias  been  diminished  practically  to  zero. 

The  direction  of  the  axis  of  resultant  a.m.,  OH,  being  always  at  right  angles  to  the 
tangent  to  the  meridional  section  of  the  momenta]  ellipsoid,  drawn  at  the  point  of  inter- 
section of  the  surface  by  the  instantaneous  axis,  changes  direction  in  the 
body  as  the  instantaneous  axis  does  so.  Finally  the  axes  <M  and  OH  coincide, 
in  one  case  with  the  axis  of  symmetry,  in  the  other  with  an  equatorial  axis. 
The  successive  positions  of  Ol  will  trace  out  on  the  momental  ellipsoid  a  curve, 
not  generally  plane,  which  the  reader  may  investigate. 

The  action  of  the  air-friction  couple  necessitates  an  alteration  of  position  of 
the  axis  <>ll  in  space  as  well  as  in  the  body.  According  to  the  supposition 
made  above  the  axis  of  the  friction  couple  is  directed  oppositely  to  01,  that  is 
the  friction  couple  axis  is  O.I,  SO  drawn  that  the  extremity  .1  lies  on  <  »I  pro- 
duced backward  through  0.     Thus,  as  the  body  turns  about  ( >I.  which  in  each 

of  the  instant  a  neons  positions  uf  the  I  ii  kIv -cone  (axis  ( >(  ')  is  the  line  of  em  it  act 

with  the  space  rone  (axis  ( »l  I ),  the  point  II  moves  continually  in  the  direction 

parallel  to  l<  K  that  isOJ  ;  and  so,  as  the  axes  01  and  OH  approach  coincidence, 

the  motion  of  II  approximates  more  and  mure  to  a  simple  approach  of  II  toO. 

[f  r  is  initially  relatively  great,  it  will  remain  so,  and  OB  will  not  diverge  much  from 

its  original  position  in  space.     It  will  howevei  turn  round  a  mean  position,  and  so  H  will 

describe  a  helical  curve  (see  Fig.  73)  aboul  this  mean  line,  continually  closing  in  upon  it 

80  that  ultimately  <  >|  and  (  >ll   there  coincide. 

3.  Air-friction  on  rotating  body:  (2)  ordinary  /<>/>  under  gravity. 
So  far  we  have  obtained  results  for  the  effects  of  air-friction  which  hold  for  any  sym- 
metrical body  while  it  is  not  acted  on  by  other  external  forces.  We  now  consider  a 
rapidly  spinning  top  under  the  action  of  gravity.  The  method  is  practically  that  used 
by   Klein  and  Sommerfeld  [TheorU  des  Kreisels,  Bd.  III.  S.  593]  in  the  discussion   of  a 
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Bpherica]  bop,  but  is  here  extended  to  the  general  case.  Referred  to  the  usual  axes 
<  H  I »,  E,  C),  tin-  equations  of  motion  are 

L6+(Qn     A.v£cos0)^sin0-M$rAsin0=-A0,  I 

Av'' sin  0+(2Ai/  cos0-Ore)0=  -Ai/'siu  0,     (1) 

(  '/>    =  -  X/K  J 

The  third  equation  gives,  as  before,  for  /•  (=w), 

-  -                        - 
n=n0e   c  ,     Cn  =  Cn0e   c   (-2) 

The  angular  speed  about  the  vertical  through  the  point  of  support  is  it  cos  0  +  i/-sin20 
while  the  a.m.  al  unit  the  same  line  is  C?icos  0  +  A^sin2  0.  The  latter  we  denote  as  usual 
1'vC.     Thus  (/(; 

-^-=  -A(wcos0+^sina0), (3) 

which,  of  course,  could  be  deduced  from  the  second  and  third  of  (1). 
For  a  spherical  top  C  =  A,  and  in  that  case  we  get,  by  (3), 

G  =  G0e   c  (4) 

In  the  general  case  we  ha\ e 

tt=-  A(«  cos  6+ip  sin20) 

=  -£(C?icos0  +  A^sin20)-C^A^sin20 (5) 

Thus,  integrating,  we  obtain 

G=Gi«  c  ,  [ ^ 

where  G,=G0e         c    Jo     G     ^s .  J 

We  now  suppose  that  0  and  0  are  both  small,  so  that  by  the  first  of  (1)  we  have 

approximately  (C»-A^cos0)^sin  0-M^sin  0  =  0 (7) 

Now,  by  the  value  of  G,  C»cos  0  +  A^sin20,  we  find  easily  that  (7),  multiplied  by 
A  -in30,  can  be  written  in  the  form 

(('/i-Gcos0)(G-C?icos0)-M^Asin'0  =  O,  (8) 

and  we  have  seen  that,  if  Gi  =  G„e         c   Jo     G        } 


we  have  •  G=Gxe   c  . 

Hence  (8)  becomes         ^_COs0^^--cos0)=^^sin*0.eZ^ (9) 

4.  Discussion  of  coses:  (1)  /  small,  (2)  /  great.  We  have  two  cases  to 
consider,  (1)  t  small,  (2)  t  large.  If  the  top  is  initially  set  into  rapid  rotation,  G,C»0  is 
great,  and  the  quantity  on  the  right  is  small  if  t  is  not  great.  Taking  case  (1),  we  see 
that  the  quantity  on   the  left   of  (!)),  3,  is  small,  and  that  therefore  one  of  the  factors 

at    hast    is    small      the    factor  ( i,  (  V,, -cos  0.      Writing    cos  0,    for    G,/(V„,   and    putting 
cos  0=cos  0,  +  c,  \vc  get,  neglecting  higher  powers  of  t  than  the  first, 

/      1  a\       Mgh     .    ,,.      2±l 

\COS0,  '/       <-,<//,, 

By  the  value  of  cos  0,  we  find 

yh//,A    ■„»<)    2,A' 


6=  -     ;'    ,  s.n20.e-c  ,  (1) 

and  0080=0080,  -^^sin20.e2ce (2) 


290  GYROSTATICS  chap. 

Therefore,  approximately,       6=6^+-^., — g'Sin^.e  C  , 

'  ~"«~  i  (3) 

and  sin0  =  sin01  +  -7-|— —  sin  6\C0sBl.e'c  . 

This  result  shows  that  0  increases  with  the  time,  in  other  words,  that  the  axis  begins  to 
descend  in  consequence  of  friction,  provided  h  is  positive,  that  is  if  the  centroid  is  above  the 
point  of  support.  The  contrary  is  the  case  for  the  upward  vertical  if  the  centroid  is  below 
the  point  of  support,  as,  for  example,  when  a  backweight  is  attached  to  a  gyroscope,  or  the 
top  is  carried  by  a  cap  resting  on  an  upturned  point,  and  has  gravitational  stability  from 
its  own  weight.  This  is  the  arrangement  of  the  small  top  used  in  the  Fleuriais  apparatus 
described  in  3,  VII,  above,  where  the  question  of  air-friction  is  important.  The  top 
is  driven  by  a  blast  of  air,  which  is  shut  off  when  the  necessary  high  speed  has 
been  attained.  The  arrangement  with  centroid  above  the  point  of  support  would  be 
undesirable. 

When  t  is  sreat  we  have  first  to  consider  the  effect  on  the  value  of  G.     We  have  seen 


&' 


that  A  f      C-Af*  Aifrsingfl      | 

G  =  G0<fc>        a   Jo'     G         j (4) 

The  value  of  G  in  the  exponent  on  the  right  is  the  current  value,  that  on  the  left  the 
final  value.  Suppose  G  and  \p  both  positive,  A>C,  and  ~Rt  denote  the  integral  :  then  G 
will  be  greater  than  G0  if  (A  — C)B  A>1.  But  in  any  case  Gx  and  G  must  be  finite. 
Considering  again  (9),  with  t  great,  we  see  that  the  left-hand  side  must  be  finite,  and 
therefore,  since  e2M'c  is  very  great,  siiv'ft  must  be  very  small.  Hence  cos  6  is  approxi- 
mately ±1.      Ifcos#=l,  „\ 

-(Orao-G^M^Asin^.e  c  ,  (5) 

so  that  h  is  negative,  and,  if  cos  6=  —  1,  A 

(Cno+G1)2=M5rAAsin*0.e2c*J (5') 

Thus,  in  both  cases,  whatever  the  initial  position,  the  centroid  is  finally  under  the  point 
of  support,  that  is,  of  course,  if  the  top  is  such  as  to  admit  of  this  position  ;  if  it  is  simply 
supported  on  a  peg  on  a  glass  plate  or  a  flagstone,  it  will  simply  be  brought  down  to  the 
supporting  plane  with  cessation  of  spin. 

5.    Calculation  of  small  term  A6  +  X6  and  deduct  ion  of  more  exact 
values  of  sinO,  cos  6.     Discussion  of'  eases.     When  cos  0=  1,  we  have  by  (5),  4; 

-'-•-{^SsF}*'-*'' (1> 

and  by  (5'),  4,  when  cos  6=  -1,  .      A 

Bintf=a-e={(-C;'fl+l  CV)2|  V«' (1) 

I      M-///A     J 


Now  the  value  of  6  in  (3),  4,  gives  by  differentiation 


- 

x 


.\t)  +  \V=-\-[l+  ,,        ■     rsm0,.ec (-) 

The  c lit  ion  thut  A6  +  \(>  should  be  very  small  compared  with  M.ghavD  6  is  fulfilled 

if  A2  is  small  compared  with  ('-//„'-'.  That  this  should  be  so  is  reasonable,  for  then  i'-A 
would  be  the  amount  of  diminution  of  On  produced  in  one  revolution,  which  must  be 
only  a  small  fraction  of  On  under  any  ordinary  circumstances. 

Supposing  t  to  be  small,  we  write,  by  the  result  just  obtained,  1  he  first  of  (1),  3,  and  (8), :'.. 

*A<l+?$)MgAsm«,«2e'  =  _«X-G,cos »)(6,-to0coS t>y 4l+Mg^0.  ...(3) 

l^/  \  \j     /     \      tin  -\   Sill     *7 

Now,  by  (2),  I.       Cwo-G^os^^Cno-G/cos^-^l  sin-tf.e"c  j (4) 

\  \Jttfk  / 
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Substituting  in  (.'?)  tliis  value  of  ('«„-(>,  cos  0,  and  the  value  of  cos  $  and  sin  $  from  (2) 
ami  (.'!).  I,  we  obtain  a  value  of  cos  8  in  ten  us  of  * '/',,,  G1}  cos  9it  sin  0it  which  carries  tbe 
\  alue  of  cos  6  given  by  (2),  I,  to  a  higher  degree  of  accuracy,  and  which  I  he  reader  may 

H  ork  "ul   in  detail. 

When  t  is  great  we  calculate  A^-f  \8  from  ( I)  or  (1'),  •">,  according  as  cos  6=  ±  1,  nearly. 

We  obtain  .        a-  /a       \ 

A<'  +  A#=±^dg-2Jsin(y C) 

I'i  "in  this  result  and  ('.»),  :),  we  gel 

ju;,/,     |rl(X  -2)}Asin»9=±(0ii„±O1)Ji (0) 

-'  -""'■'■'•-•     -  H  --iv,;;;"}1!1 * Ut-*)m> (7) 

where  all  the  upper  signs  are  to  be  taken  for  cos=-l,  and  all  the  lower  signs  for 
cos#=  +1. 

Thus  again  we  have  A^+A6*,  a  small  quantity,  as  vvc  should,  and  a  nearer  approxima- 
tion to  sili  H.  The  calculation  could  be  pushed  to  a  higher  approximation,  but  it  is 
needless  to  do  so. 

6.  Motion  of  a  Jlat  disk.  The  boomerang.  The  peculiar  motions  of  a 
light  flat  disk  depend  entirely  on  the  action  of  the  air.     If  a  card  is  held  by 


one  corner  in  a  suitable  inclined  position  to  the  vertical  and  is  set  in  trans- 
lational  motion  in  its  own  plant',  with  rotation  about  a  normal  to  the  plane, 
it  will,  if  thrown  adroitly,  seem  to  describe  a  parabolic  path,  but  on  an 
inclined  plane.  It  is  interesting  to  drop  cards  under  different  initial 
conditions  down  a  wide  sheltered  shaft,  and  note  motion  and  paths  [see 
Maxwell,  Sci.  Papers,  I,  p.  115]. 

In  what  follows  the  reference  will  be  mainly  to  the  Australian  aboriginal 
weapon  called  the  boomerang,  but  most  of  the  statements  made  can  be 
illustrated  by  the  flight  of  cards  or  of  thin  disks  of  wood  thrown  into  the 
air,  with  rotation  in  the  plane  of  the  disk   in  each  case.     No  doubt  the 

sliaj f  tie-  edge  of  the  boomerang,  which  is  very  different-  in  different 

specimens,  has  sonic  influence  on  the  path,  but  much  would  appear  to 
depend  on  the  dexterity  of  the  thrower. 

Tin-  boomerang  is  made  of  hard  wood,  and  is  generally  of  shape  similar 
to  that  shown  in  Fig.  74.  The  angle  between  the  arms  varies  greatly  in 
different  specimens.  In  section  it  is  slightly  convex  on  one  side,  and  more 
decidedly  convex  on  the  other,  as  shown  .also  in  the  figure.     It  is  held  by  one 
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Elevation  upon  a  vertical  plane 
through  AC 


end,  and  delivered  in  the  air  by  the  (right-handed)  thrower  with  the  nearly 
flat  side  vertical  and  the  more  convex  side  turned  towards  him.  The  missile 
is  set  into  rotational  motion  about  a  normal  to  the  mean  plane,  as  shown  by 

the  short  transverse  lines  in  Fig.  75,  which 
gives  a  plan  and  elevation  of  an  observed  path. 
The  transverse  line  in  each  case  is  the  normal, 
and  is  drawn  to  the  side  of  the  plane  from 
which  the  rotation  is  observed  to  be  in  the 
counter-clock  direction. 

One  side  of  the  boomerang  has  been  spoken 
of  in  what  precedes  as  nearly  plane.  But  in 
some  forms  the  two  arms  are  not  in  one  plane ; 
they  form,  in  consequence  of  a  slight  twist,  the 
two  blades  of  a  propeller,  which,  as  it  revolves 
about  a  normal  to  what  may  be  called  the  mean 
plane,  screws  itself  forward  in  the  direction 
in  which  that  normal  points  as  a  spin  axis. 
According  to  experiments  on  the  flight  of 
boomerangs,  which  are  confirmed  by  the  mathe- 
matical theory  referred  to  below,  the  return  of 
the  path  to  the  starting  point  depends  on  the 
existence  either  of  this  propeller  action  or  of 
the  greater  convexity  of  one  side  of  the  weapon ;  or  of  a  combination  of  the 
two.     Either  peculiarity  existing  by  itself  may  be  made  to  give  the  effect. 


A 


be 


7.  General  explanation  of  motion.  Specification  of  forces.  We  shall 
now  try  to  account  for  the  motion,  taking  as 'an  example  for  reference  the 
trajectory  shown  in  Fig.  76.  Suppose  first,  what  is  not  often  the  case,  that  the 
path  lies  nearly  in  a  vertical 
plane,  so  that  it  is  practically 
represented  by  an  elevation 
only.  We  have  two  cases  to 
consider,  the  front  of  the  plane 
of  the  disk  (a)  tilted  down, 
(6)  tilted  up  with  regard  to  the 
trajectory.  The  spin  keeps  the  - 
plane  of  the  disk  at  a  constant 
slope,  and  in  this  case  at  right 
ingles  to  a  vertical  plane  with 
which  the  path  nearly  coincides. 

In    case    (a )    the    forward 
motion  and  the  sideways  motion  combined  give  a  resultant  force  due  to  air 
pressure,  which,  in  the  upward  branch  is  directed  towards  the  under  side  of 
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fche  plane.     Fig.  76  shows  the  two  branches  of  the  path  and  the  direction 
of  the  air  pressure  force  F  and  of  gra^  ity. 

A  similar  diagram  for  case  (6)  would  be  like  that  obtained  by  interchang- 
ing tin1  branches  of  the  curve,  and  tilting  the  disk  the  other  way  with 
reference  to  the  path.  It  will  be  noticed  that  in  each  case  the  radius  of 
curvature  is  in  the  direction  of  the  total  force  at  righl  angles  to  the 
trajectory. 

To  specify  the  forces  in  the  general  case  take  as  axes  of  coordinates,  .it 
any  point  O  of  the  path,  the  downward  vertical  there,  a  horizontal  line  nt 
righl  angles  to  the  path,  and  a  second  horizontal  line  in  a  vertical  plane 
containing  the  tangent  to  the  path  at  0,  choosing  these  lines  so  that  they 
form  an  ordinary  system  of  axes  ( )(x,  y,  z).  Let  then/,  m,  n  be  the  direction 
cosines  of  the  normal  to  the  disk  drawn  in  the  direction  of  the  force  F,  and 
a,  ft,  y  the  direction  cosines  of  a  forward  element  of  the  path.  The  hori- 
zontal force  producing  drift  sideways  is  mF,  the  vertically  downward  force 
Z  is  M.g  +  IF  (in  the  case  illustrated  by  Fig.  "()),  the  force  along  the  path 
is  Mga  +  F(la+m,/3  +  ny).  The  latter  force  taken  with  the  reversed  sign, 
and  added  to  the  frictional  resistance  R,  is  the  retarding  force  along  the 
path,  that  is 

ta/ngi  ntial  retarding  force =R—  flLga  +  F(Ia  +  m3  +  ny)} . 

In  the  case  (b)  the  vertically  downward  force  is  M.g  —  IF,  and  the  force 
normal  to  the  disk  and  towards  the  upper  side  is  F  —  lMg. 

8.  Trajectory  of  light  disk  in  its  own  plane.  We  shall  now  try  to 
explain  moi'e  fully  the  form  of  the  trajectory  in  the  general  case.  First  let 
us  suppose  that  the  branches  give  no  trace  of  return  to  the  starting  point. 
If  the  disk  be  very  light  and  be  projected  so  as  to  move  very  nearly  in  its 
own  plane,  F  —  lM.g  may  be  so  nearly  zero  that,  though  the  effective  mass  of 
the  disk  is  also  small,  there  is  little  or  no  acceleration  along  the  normal. 
As  before,  the  aspect  of  the  plane  is  kept  constant  by  the  spin. 

The  force  however  in  the  plane  of  the  disk  is  M.g(  1  —  /-)'-',  that  is  the  disk 
is  a  projectile  in  the  gravitational  Held  (a  plane  inclined  to  the  vertical  at 
the  angle  cos  7)  of  intensity  //(  1  —/'-);,  and  the  trajectory  is  a  parabola. 
This  can  be  illustrated  very  easily  by  projecting  oblong  post  ends  or 
playing-cards  so  that  each  moves  accurateljr  in  its  own  plane. 

9.  Returning  boomerang.  PropeUer  action  of  twist  of  arms.  The 
class  of  cases  in  which  the  outward  and  return  branches  lie  nearly  in  the 
Bame  vertical  plane  is  sufficiently  dealt  with  above.  We  have  now  to  con- 
sider how  the  side-drifl  may  arise  and  the  projectile  be  made  to  return  to 
the  starting  point.  Let  the  boomerang  have  a  certain  amount  of  twist  of  its 
arms,  and  be  projected  as  indicated  in  Fig.  75,  with  its  mean  plane  vertical, 
so  thai  its  centroid  sets  off  along  the  tangent  at  A  to  the  branch  AB.     If 
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the  screw-propeller  action  is  such  as  to  give  propulsion  towards  the  left,  that 
is  along  the  normal  as  drawn  in  the  diagram,  the  trajectory  will  bend  round 
in  the  manner  shown.  The  spin  is  such  as  to  give  a  force  to  the  left,  and 
the  trajectory  swings  round  as  in  the  diagram.  The  translatory  speed 
and  also  the  spin  diminish,  and  the  plane  tilts  over  as  the  normals  indicate. 
The  propeller  action  also  falls  off',  but,  as  both  speed  and  propeller  action  are 
less,  the  curvature  in  the  plane  is  sensibly  the  same  on  both  sides  at  corre- 
sponding points.  The  propeller  action  on  the  now  slightly  tilted-over  disk 
contributes  to,  if  it  does  not  wholly  produce,  the  upward  concavity  of  the 
ascending  branch  and  the  straight  and  gentle  downward  slope  of  the  last  bit 
of  the  descending  branch,  in  which  the  axis  of  spin  has  no  lateral  projection. 


10.    Difficulties  of  complete  theory.    Approximate  constants  of  motion. 

The  theory  of  the  motion  of  a  boomerang  cannot  be  worked  out  with  any 
close  approach  to  accuracy.  The  action  of  the  air  on  an  element  of  the 
surface  of  a  body  moving  through  it  is  not  known  exactly,  and  therefore 
the  forces  and  couples  on  a  body  of  any  given  form  can  only  be  roughly 
estimated ;  and  the  figure  of  a  boomerang  is  so  complicated  that,  even  if  the 
action  on  an  element  of  surface  were  given,  the  calculation  of  the  resultant 
forces  and  couples  would  be  difficult.  Nevertheless  the  motion  has  been 
submitted  to  calculation  by  Mr.  G.  T.  Walker,  who  has  arrived  at  a  number 
of  interesting  conclusions.  We  state  here  the  most  important  of  these,  and 
refer  the  reader  for  Mr.  Walker's  analysis  to  his  paper  "On  Boomerangs" 
[Phil.  Trans.  R.S.  190,  1897]. 

If  q  be  the  resultant  speed  of  an  clement  of  surface,  and  a  the  angle 
between  the  normal  to  the  element  and  the  direction  of  q,  the  pressure  on 
the  element  is  taken  as  Xq^cosu,  and  the  couple  per  unit  area  as  having 
moment  icqvcos  a,  about  an  axis  at  right  angles  at  once  to  the  normal  and  to 
the  direction  of  q.  Here  X,  k,  /ul,  v  are  constants,  which  are  estimated  from 
experiments  on  bodies  of  different  forms  moving  in  air.  Mr.  Walker  takes 
fi  =  3  and  i/=2. 

Taking  the  plane  of  the  arms  of  the  boomerang,  or  the  mean  plane  if 
thriv  is  twist,  as  that  of  XY,  the  centroid  as  origin,  the  projection  of  the 
direction  of  q  on  this  plane  as  OX,  a  line  drawn  towards  the  more  convex 
side  as  OZ,  and  OY  to  suit  these  axes,  rectangular  components  of  linear  and 
angular  velocity  of  the  body  are  specified.  These  are  U,  V,  W,  and  Qlt  12.,. 
12...  where  W  is  small  compared  with  U,  and  Qx,  12.,  are  small  compared  with 
£lj.  £}x  is  positive,  i>o  negative,  12..  positive.  The  time  of  flight  is  about 
'.)  seconds,  the  greatest  distance  50  yards;  Qj  is  about  }.;,  Q2  about  .',, 
and  12;{  about  30,  in  radians  per  second.  U  is  perhaps  2000  cm./sec.  These 
quantities  give  the  motion  of  the  boomerang  with  reference  to  axes  tra- 
velling with  it  but  not  fixed  in  it.  Increase  of  twist  and  diminution  of 
round  increase  the  positive  value  of  Qv  and  the  negative  value  of  Q.,. 
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With  regard  to  axes  fixed  in  the  body  the  linear  and  angular  speeds  are 
".  v,  w,  c,.  &>2,  ws.  These  axes,  <  MA,  B,  C).  arc  chosen  as  in  Fig.  77,  with 
the  centroid  as  origin,  and  OA,  OH  as  the  mean  plane;  and  Euler's  equations 
of  motion  arc  available  when  the  couples  and  moments  of  inertia  are  known. 

It  will  be  seen  that  to  an  observer  in  front  of  the  boomerang,  looking 
from  X.  say.  towards  O,  the  turning  of  the  plane  about  OX  is  counter- 
clockwise, that  is  the  normal,  which  is  towards 
the  observer's  right  at  the  instant  of  projection 
with  plane  of  the  boomerang  vertical,  begins  to 
tilt  upwards.  The  progress  of  the  tilt  can  be 
traced  front  the  diagrams.  The  normal  being 
drawn  towards  the  more  convex  side  the  reader 
can  see  how  that  side  is  situated  in  the 
trajectory. 

11.  Motion  with  change  of  direction  of 
plane.  The  effects  of  twist  and  "  rounding  "  (as 
Mr.  Walker  calls  the  greater  convexity)  are  so 
important,  and  the  latter  is  so  difficult  to 
focus  into  a  single  idea,  that  it  is  practically 

impossible  to  give  anything  like  a  complete  explanation  of  the  motions 
without  analysis.  Hut  an  ordinary  unreturning  boomerang  (such  as  is 
commonly  used  by  the  Australian  aborigines),  the  arms  of  which  are  in  one 
plane,  and  the  faces  of  which  are  slightly  and  equally  curved,  may  be  con- 
sidered. The  forward  and  sideways  motions  determine  the  pressure  forces, 
and  these  of  course  go  through  a  cycle  of  values  as  the  missile  revolves. 

But  upward  tilt  of  the  front  above  the  trajectory  gives  lifting  force,  and 
tilt  round  to  either  side  gives  side  thrust,  so  that  lateral  drift  from  the 
direction  of  the  initial  plane  of  motion  can  be  accounted  for.  Alteration  of 
the  aspect  of  the  plane  of  the  disk  is  due  to  the  couples  that  act  on  the 
surfaces.  There  are  two  component  couples,  one  due  to  the  position  of  the 
centre  of  effort  for  the  advancing  body,  a  position  that  changes  as  the  body 
revolves  in  its  own  plane,  so  that  we  have  an  average  couple  to  reckon,  and 
a  couple  due  to  the  different  speeds  of  different  surface  elements  through  the 
air.  These  couples  will  produce  precession  of  the  disk  by  the  turning  of  the 
axis  of  spin  towards  the  couple  axis  in  each  case. 

12.  Twist  or  "rounding"  essentialfor  return.  Multiple  loops.  Mr.  Walker 
finds  t  hat ,  as  stated  above,  unless  either  t  wist  or  "rounding,"  or  a  combinat  i<  »n 
of  them  exists,  the  boomerang  does  not  return  to  the  point  of  projection,  but 
describes  an  open  loop,  roughly  in  a  plane  inclined  to  the  vertical,  or  in  a 

vertical  plane  itself  according  to  the  throw.  Hut  by  properh'  shaping  the 
boomerang,  making,  for  example,  the  ends  of  the  arms  he  nearly  at  right 
angles,  and  properly  adjusting  twist  and  "rounding,"  it  may  be  made  to  remain 
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in  a  nearly  circular  path  for  a  considerable  part  of  the  time  it  is  in  the  air. 
Fig.  78  shows  the  trajectory  in  such  a  case.  The  last  figure  shows  the 
trajectory  of  a  boomerang  thrown  by  Mr.  O.  Eckenstein.  The  angle  between 
the  arms  was  greater  than  a  right  angle,  and  there  appears  to  have  been 
"rounding"  but  no  twist.  It 
will  be  seen  that  the  boomerang 
rises,  passes  round  a  consider- 
able distance  with  but  little 
change  of  level,  and  finally 
returns,  passing  over  the  head 
of  the  thrower,  and  comes  to 
rest  after  describing  a  series 
of  diminishing  loops.  A  pro- 
Elevation  on  vertical  plane 
through  AC 
E 


Fig.  79. 


fessional  boomerang  thrower  has  been  known  to  throw  the  missile  from  the 
middle  of  the  stage  of  a  theatre,  then  turn  his  back  till  it  passed  round  the 
front  of  the  upper  circle,  returned  over  his  head  and  gently  sank  in  a  final 
small  loop  to  his  hand  hold  out  to  receive  it.  This  apparently  could  be 
done  as  often  as  required,  with  perfect  safety  to  the  audience  and  exact 
repetition  of  the  motion. 

The  best  non-returning  boomerangs  of  the  Australian  blacks  are  made  with 
considerable  rounding  and  a  little  negative  twist.  They  are  thrown  with 
the  more  curved  surface  uppermost,  and  the  mean  plane  nearly  horizontal. 
The  upward  action  of  the  air  on  the  lower  surface  prolongs  the  flight,  so 
that  the  missile  may  be  thrown  twice  as  far  as  a  sphere  of  the  same  mass. 


CHAPTER   XV 

THE   SPHERICAL   PENDULUM.     MOTION   OF   A  PARTICLE   ON 
A    SURFACE   OF   REVOLUTION 

1.  Top  turning  about  <<  fixed  point  un<l  destitute  of  a.m.  about  axis  of 
figure.  The  spherical  pendulum  in  its  simplest  form  may  be  regarded  as  a 
symmetrical  top  without  a.m.  about  its  axis  of  figure.  This  a.m.  may  be 
zero,  either  because  the  moment  of  inertia  about  the  axis  of  figure  is 
negligible  or  because  there  is  no  angular  speed  about  that  axis.  For  the 
present  we  shall  suppose  that  the  centroid,  whether  the  pendulum  is  a  rigid 
body  or  a  massive  particle,  is  at  a  distance  I  from  the  point  of  suspension. 
The  question  of  rigidity  or  flexibility  of  the  pendulum  will  arise  when  we 
consider  the  forces  on  the  supporting  stem  or  thread. 

Let  A  denote  the  moment  of  inertia  about  an  axis  transverse  to  the 
length  of  the  pendulum,  and  <j>,  yjs  have  the  same- meanings  as  for  a  top. 
The  a.m.  about  the  vertical  reduces  to  AyjrsimO.     Thus 

^sin^  =  |  =  |,  (1) 

where  h  is  a  constant.  If  the  pendulum  consist  of  a  particle,  of  mass  m, 
hung  by  a  massless  thread,  we  have  A  =  ml2  and  G  =  mh.  Here  and  in 
what  follows  6  is  measured  from  a  vertical  drawn  upward  from  the  point 
of  support. 

If  C  be  the  centroid  of  the  pendulum,  so  that  OC  —  l,  the  horizontal  pro- 
jection of  OC  is  I  sin  6,  which  we  denote  by  p.  The  rate  of  turning  of  this 
projection  round  the  vertical  through  0  is  yV.  The  horizontal  speed  of  C 
i-  ,.>'/.  and  the  moment  of  this  motion  about  the  vertical  is  p2\js.  Hence 
we  have  i^'/  =  K (2) 

which  asserts  the  uniform  description  of  areas  by  the  radius  vector  p.     If 

./■.  y  be  the  coordinates  of  1*  referred  to  horizontal  axes  through  < ).  we  have 

yx-xy  =  phjr=}i (3) 

[f  there  be  no  turning  of  the  top  about  the  axis  of  figure,  —  yVeos  t)  =  <j>, 

and  therefore  ( 172 

/-v;sin'-tf=  --j-cos0 ,4) 
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The  energy  equation  is 

A  <t)2  +  \'/vsin20)  =  2( -»/£// cos  0  +  E),  (5) 

where  E  is  the  total  energy.     Hut  we  have  seen  that  \frsm26  =  h  I2.     Hence 

A&  =  2(-m!JUoH6  +  E)-I^d (6) 

If  we  write  a  for  2mgl/A,  b  for  2E/A,  c2  for  /r/74,  and  :  lor  cos  6,  we  get 

:-  =  (-as  +  6)(l-22)-c2 (7) 

From  (7)  we  obtain  t  as  an  elliptic  integral  in  terms  of  z,  and  z  as  an 
elliptic  function  in  terms  of  t.     For  we  have 

dt=  J±-  -r  =  — , (8) 

{(-az  +  b)(l-z2)-c2}h     {aZf 

In  this  equation  and  those  which  follow  as  derived  from  it,  the  radical 
may  have  either  sign  according  to  circumstances.  Examples  are  given 
below.  Equating  Z  to  zero,  we  get  a  cubic  equation  of  roots  zx,  -.,,  :3, 
fulfilling  the  condition  z^l^z.^z^*  The  roots  z2,  z3  define  limitations 
of  the  range  of  motion  of  the  pendulum.  The  centroid  cannot  rise  higher 
than  the  height  lz2  above  the  fixed  point  or  fall  below  lzs,  for  the  reason 
that  z1  cannot  be  negative,  and  Z  must  therefore  be  positive.  Of  course 
both  of  these  heights  may  be  negative,  that  is  both  limiting  levels  may  be 
under  the  centre  of  the  sphere  of  radius  I  on  which  the  centroid  moves :  we 
shall  see  that  the  second  is  always  negative. 

Writing  Z  in  the  form  (z1  —  z)(z2  —  z)(z  —  z.,),  and  supposing  t  =  0  when 

z  =  z.A,  we  obtain  ,        rz  dz  /n, 

a-t=  —. (v) 

\    \{-.x-:)(z.-z)(z-z^ 

Thus   /   is   given   as   an    elliptic   integral.      As  we    have    seen    above,  the 
integral  can  be  written 

mt=(* ^-  -r  =  F(fr,  <p), (10) 

JO(1-/CW0)4 

where  in  [not  the  mass  of  the  pendulum] 

=  {\a(zl-:,)\\  tair0  =  (s-::.)  <:.,-:).     and     //-  =  <:,-  :..)  (c,-:>. 
The  period  of  oscillation  T  is  2F(&,  \tt)  m  [see  also  el),  5,  XII]. 
We  thus  get   :  in  terms  of  t  by  the  elliptic  function  equations 

z-z.i  =  (:.,-:,)sn-in/.      z2—z  =  (z2—z3)(m2mt,        )  ]1} 

;,  —  z  =  ( :,  —  :..)(h\-inf.  Z=  :..sn "  ml  +  : ..en-  mi.  I 

Ret  iirniug  now  to  the  equation  Z  =  0,  we  observe  t  hat  the  sum  of  its  roots 

z,  + :.,-f- :..   is   ha,  and    that   the    sum    of    the   products   of    pairs    of    these 

roots,   :.,~,  +  £.{z1+  :, :..,  is— 1.      But   we  can    write  this  sum   of  products  as 

•The  order  of  the  roots  taken  here  is  the  <>pj>< >si t .-  of  that  used  in  4,  XII.  and  elsewhere, 
thai  is  •;,  and  Zj  are  interchanged.  This  was  not  observed  until  the  matter  was  in  type,  when 
ii  did  not  appear  to  I>e  worth  while  to  change  the  formulae. 
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:  Li  : .  +  :..)  +  -..:.....  bo  thai  we  have  :,(:._.+  ::1)=  —  I  —  '-■£...   The  quantity  — 1- 
ia  aegative  whatever  the  Bigns  of  :...  :..  may  be,  since  each  is  less  than   I. 
Hence,  as  :,  is  positive,  :.,+  :..  is  negative,  and  the  mean  of  the  values  of   :., 
and    :..   is  negative,  thai    is  the  horizontal   circle  on   the  sphere   midway 
between  the  circles  which  limit  the  motion  is  below  the  centre. 

2.   Calculation  of  azimutkal  motion.     We  can  now  find  the  time  in  the 
azimuthal  motion.     We  have  by  ( 1 )  and  (8),  1, 

dz 


d^=  72 


(1) 


p(l-^)(aZ)*' 

The  numerical  value  of  \fs  for  any  value  of  :,  and  therefore  of  the  time, 
is  best  found  by  the  process  of  21  and  22,  XII,  above. 

When  :  is  negative,  that  is  when  the  pendulum  is  descending,  we  must 
give  the  negative  sign  to  the  square  root  in  (8)  and  in  (9),  1.  Let  us  suppose 
that  the  pendulum  is  started  at  the  level  z  =  z0  [z.2>  z0>  zs],  with  some 
value  of  i;  then  of  course  Z  is  positive.  Take  i  negative  at  starting,  xj/  as 
the  simultaneous  angular  speed  in  azimuth.  At  starting  the  pendulum  has 
a.m.  about  a  vertical  axis,  and  since  this  must  remain  unchanged  we  have 
phjr  =  h.     This  equation  gives  Zpp^s  +  p2$  =  0,  or,  since  p  =  I  sin  6  =  1(1  —  z2)-, 

p     :  „       ZZ 


xls=-2'  \U 


-5 


1- 


JiY- 


(2) 


Thus  \if  vanishes   when   £  =  0,  that  is  at   each    limiting  circle.     It  also 
vanishes  when  2  =  0,  that  is  when  the  bob  is  passing  the  horizontal  plane 


i       ■' 


through  0  (if  it  does  pass  that  plane),  and  the  value  of  p  is  their 
stationary  as  :  varies.  The  path  of  the  bob  at  a  limiting  circle,  where  :'=0, 
La  a  tangent  to  thai  circle  on  the  sphere,  and  changes  at  the  point  (A,  or 
Bj,  Figs.  80  and  81  I  of  touching,  from  a  downward  or  upward  course  to  an 
upward  or  downward,  according  as  the  limiting  circle  is  the  lower  or  upper. 
There  are  two  cases,  fi/rst,  that    in  which   the   upper  circle  is  above  the 
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centre  of  the  sphere,  second,  that  in  which  both  circles  are  below  the  centre. 
The  projection  of  the  path  on  a  horizontal  plane  is  shown  in  Fig.  80.  It 
touches  three  circles  in  the  firsi   case,  the  projections  respectively  of  the 

upper  limiting  circle  at  AP  the  hori- 
zontal great  circle  of  the  sphere  at  E, 
and  the  lower  limiting  circle  at  Br  It 
is  easy  to  see  that  in  this  case  the 
projection  of  the  path  touches  the 
projections  of  the  limiting  circles 
externally,  for  clearly  the  path  must 
trend  outward  from  touching  either  of 
these  to  touch  the  great  circle,  and 
thence  trend  inward  again  to  touch 
the  projection  of  the  lower  circle. 

The    case    in    which    both    limiting 

circles  are   below  the  centre   is  shown 

in    Fig.    81.      The    projection   of   the 

lower  limiting  circle  is  shown  touched 

externally  by  the  path,  the  other  is  touched  internally.     It   is  clear  that 

the  path  must  trend  outward  from  touching  the  lower  circle  to  touch  the 

upper,  and  has  not  begun  to  turn  inward  when  the  latter  circle  is  reached. 

Fig.  82  shows  a  photograph  of  an  actual  path.  (See  the  appendix  to  this 
chapter  for  curves  obtained  by  experiment.) 

3.   Azimuihal  angle  described  from  <>>i<  limiting  circle  to  the  other >£?r. 

If  P,  P'  be  two  successive  points  of  intersection  of  an  intermediate  circle  by 
the  path,  and  A  the  intermediate  point  of  touching  a  limiting  circle,  say  the 
upper,  the  azimuthal   angles   .V,,A.  yVAI,.  arc  equal.     To  prove  this   we   _ 
luck  to  equation  I  I  ),  2.  and  obtain  easily 

h  r  dz  h  p         dz 

I  (1  -  z*)(aZf~  ~^(l  -z*){aZf 

Therefore  the  vertical  plane  through  the  centre  of  the  sphere  and  through 
any  turning  point  of  the  axis  on  a  limiting  circle  is  a  plane  of  symmetry  as 
regards  the  portions  into  which  it  divides  the  path  on  the  sphere. 

We  shall  now  prove  that  the  angle  \frBC,  traversed  by  the  projection  of 
the  radius  vector  from  a  point  of  contact  P>  with  the  projection  of  the  circle 
z  =  zz  to  the  next  point  of  contact,  C,  with  the  circle  ;  =  ;...  is  greater  than 
.',-  and  less  than  tt.  The  first  of  these  theorems  is  due  to  Puiseus  {Journ. 
des  M<itl>.  7,  1842),  the  second  is  due  to  Balphen  (Fonct.  EUipt.  t.  II). 

dz 
,Z, 
where  .//  =  </>-":  u  I  -  :"i-.--' =<m  :,-:  u  :..-:  x  : -:,) (3) 


+™=T*\  \i-'.-'u..Y,~=-r-\"    —  *  =  V'A' (1) 


We  have  >'',,=<'!  "  ,.  •  (2) 

J    (l-*)(oT 
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Hut  we  have  seen  thai  :,  -  -( 1  +  :..:.-..)  (:..+  :,>.  which  is  positive,  since  both 
numerator  and  denominator  are  aegative.     Thus 

1  +  :.-:::_.    .  _  \+z,::.  +  :\i.,+  ::))^ (  h 

which  also  is  positive,  even  if  z  =  l.     Also 

But  if  z  =  1,  aZ  becomes  —  c2,  so  that  we  have,  by  the  value  of  zx, 

-c*=     ''     (l  +  z2){l  +  zs)(l-z2){l-z3)  =  -^(l-z*){l-z*),...{6) 

which  is  negative,  inasmuch  as  z2+03  is  negative.     Thus 

<4=k;,"-^'-^ (7) 

and  we  obtain  from  (5) 

=   f(l-^)(l-2,8)l*p ^  (g) 

where  zx  =  — (l+2sZg)/(zs  +  2*)>  Now,  since  h{z.2  +  zs)  is  negative,  z3,  which 
is  always  negative,  is  numerically  greater  than  z%.  Hence  the  value  of  the 
expression  on  the  right,  which  is  positive,  is  diminished  by  giving  to  z,  in 
the  factor  zx-  z  under  the  square  root  sign  in  the  integrand,  the  value 
of  c3.  Similarly,  the  expression  is  increased  by  writing  zl  —  z.2  for  zx  —  z. 
Hence,  if  I  denote  the  integral, 

r — - — v 

)H  {{\-z"){z,-z){z-z.^ 
i    (1  -:/)(!  -zj)    \»  1     (1-^(1-^)    \» 

It  will  be  observed  that  both  1  +(zi+z3)zz+z2z3  and  1  +(z2+z3)z&+zzz3  are 
positive,  since  l+z2zs+z1(z2+z3)  =  0,  by  the  value  of  2r 
Now,  as  the  reader  may  verify, 

j=1       {(1-Z2)(l-S3)}*+{(1+*2)(1+S3)}*_l7r  A  +  B  (9) 

{(l-^a-V)}*  L'  {(i-v)(i--32)}- 

The  preceding  inequality  therefore  become 

A+B  .  A+B 

'-  r>YrB0>5'T  -  — i- 

<l+2:.,::!+:.,-)-J  (l  +  2¥,+z87 

It  is  easy  to  see  from  this  result  that   \fsB0  lies  between  two  limits,  both 

of  which  are  greater  than  \~.     For,  if  we  square  A+B,  we  diminish  the 

result  if  we  substitute  ::;"  for  :._.-  where  the  latter  occurs.  The  numerator 

.,1'   the   fraction  ( A+ I'.)- (  1 +2:,:..  + :,-)  still   exceeds  the  denominator  by 
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2(1  —  z.r)-\- 1  —  ;./-',  which  is  positive.  Similar]}'  we  can  show  that  (A  +  B)2 
exceeds  1  + :._,:..+  :.,( r.,  +  :;;).  Thus  we  have  the  result  stated.  [See  also  7 
below.] 

4.  Azimuthal  speed  very  great.  TAmiting  circles  nearly  coincident 
with  I h<-  horizontal  great  circle,  one  above,  the  other  below,  [f  the  azimuthal 
speed  be  very  greal  the  values  of  b  and  < •'-'  in  Z  arc  also  very  great,  and  the  cubic  Z  =  0 
reduces,  approximately,  t0  22=l  —  c2  b,  which  gives  for  ?2,  ::;  values  equal  but  of  opposite 
sign.  The  third  root  x,(>l)  as  b  is  increased  without  limit  tends  towards  infinity.  The 
inequality  found  above  shows  that  then  i^Bc  readies  the  value  rr,  while  the  azimuthal 
motion  very  closely  coincides  with  the  horizontal  great  circle  of  the  sphere.  When  the 
annular  speed  in  azimuth  is  \n  \  L,freat  but  finite  :..,  and  :..  are  opposite  in  sign,  and  very 
nearly  equal  to  1  in  numerical  value,  and  we  have,  to  a  first  approximation, 

To  a  closer  approximation  we  have  no  need  to  go  at  present  ;  it  may  be  worked  out  by 
the  reader. 

5.  Pendulum  nearly  vertical.  Theorem  of  Bravais.  When  the  pendulum 
is  only  slightly  deflected  from  the  vertical  and  is  projected  with  a  correspondingly  small 
azimuthal  angular  speed,  the  values  of  z2  and  ::;  will  have  the  same  sign  and  be  nearly 
equal.     The  limits  between  which  ^rBC  lies  become  approximately  equal,  and  we  6nd 

_    (l+3z22)*     "    (l-fsin202)*     " 
The  angle  63  might  equally  well  have  been  used  in  this  approximation  instead  of  0.,. 
Hence  a  somewhat  closer  approximation  would  be  obtained  by  writing  sin  0.,  sin  63  instead 
of  sin2#2  n|'  sin203.    Thus  we  get 

^c=Jir(l+|sin02sin03) (2) 

It  a,  (3  be  the  apsidal  distances  of  the  projection  on  a  horizontal  plane  of  the  path  of  a 
point  at  distance  I  from  O,  we  have 

VrBC=^r(l+|^) (3) 

which  is  Bravais'  result  [Journ.  de  Maih&m,.,  19  (1854)].  The  fraction.  |a/3  f-  of  .'.-,  by 
which  \!/KC  exceeds  \tt,  is  |  of  the  ratio  of  the  area  -«/i  of  the  ellipse  to  the  area  --!-  of 
the  hemisphere  below  the  point  <  >. 

The  result  may  also  be  obtained  as  follows.      By  (8)  of  3,  we  have 


f(l-g22)(l-*3s)l*f--a  dz 


•(-i) 


Now  since  ..,,  ;.  j3  are  all  only  slightly  greater  than  — 1,  and  \  is  therefore  approximately 

+  l(t'oi  .,  +  :^2=  -  1).  we  write 

32=-l  +  e2,     -3=-l+e3)     z=-l+e, 
when  .   e  are    small    positive  quantities.      In    the  approximations    which    follow   we 

neglect  products  and  highei  powers  of  ex,  e2,e3  than  the  first,  but  retain  square  roots  of 
products,  such  a  We  gel  first 

{"  ,;'    1  9    <» 

Now  considering  the  integral,  we  notice  first  that   I     .'-'    e(2    e) land zl-s=2—e.    Thus 
we  can  w  rite  the  integral  in  the  form 

de 1_ 

k«{(«t-«)(«-«^}*(2-«) 


I 
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and  this,  to  thf  degree  of  approximation  adopted,  can  be  written 

de 


Lf 

2  J«,e{(«a     i 


-r(l  I   to, 

1 13 


r«,<  ,V'  -«)(e  -<':i)!5 

so  that  we  have  two  integrals  to  evaluate.  By  the  substitution  e=l/u  we  gel  for  the  fit  I 
integral  the  value  -  («2«s)",  while  the  second  is  clearly  ';-.     I  [ence  we  ha  v  e 

*.-»**.  J  !  ,.;]- (6) 

2'        ley';,)4      i 
Bui  it"  a,  /J  be  the  radii  of  the  limiting  circles  (on  I  he  unit  sphere)  corresponding  to  :.,,  z3, 

we  have  approximately  a=(2eg)*,    /3=(2e3)^ (7) 

and  therefore  »/'i.(  =  lir(l  +fa/3),  (8) 

which  is  the  result  already  obtained  above. 

Lagrange  obtained  (loc.  cit.  infra)  \JfBc  =  7ra/3/(a2  +  /32),  and  it  is  very  curious  that  he 
should  not  have  suspected  that  his  calculation  was  in  error.  For,  as  he  remarks,  his 
result  gives  motion  in  a  curve,  consisting  of  repetitions  of  a  certain  number  of  spirals 
when  a/3  (a-  +  /3-)  is  rational,  or  a  kind  of  continuous  spiral  if  this  is  not  the  case.  But 
it  is  clear  that  the  motion  is  simply  that  of  a  conical  pendulum  slightly  disturbed  from 
steady  motion  in  the  neighbourhood  of  the  downward  vertical,  which  is  well  known  to 
have  as  period  of  disturbance  half  the  period  of  the  steady  revolution,  plus  an  interval 
which  tends  to  zero  with  the  inclination  of  the  pendulum  to  the  vertical.  This  interval 
causes  the  motion  in  an  ellipse  to  be  accompanied  by  revolution  of  the  axes  of  the  ellipse 
and  altri.it  ion  of  the  eccentricity  as  commonly  seen  with  an  ordinary  pendulum.  Bravais 
remarks,  '-'rant  il  est  vrai  que  l'erreur  est  tellenient  humaine,  qu'elle  [peut  se  glisser 
sous  la  plume  du  plus  illustre  gebmetre." 

6.    Period  between  the  limiting  circles  when  the  pendulum  is  nearly 

vertical.      Theory  of  Lagrange.     As  to  the  period  of  passage  from  one  limiting 

circle  to  the  other  and  back,  we  see  from  (10),  1,  above  that  the  period  of  disturbance  of 
the  pendulum  from  a  steady  motion  at  an  inclination  cos-1  {^(22+23)}  to  the  upward 
\  ei  ticil  is  ■)- 

But  as  :._,  and  : ..  approach  more  and  more  nearly  to  -1  it  is  clear  that  .:,  approaches 
more  and  more  closely  to  1.     For  the  roots  of  the  cubic,  Z  =  0,  give  z.^  +  z,^  +  :,:-  + 1=0, 

a,HlSO  ,1=-^±^  =  ^+^^=1+W3,   (]) 

if,  as  before,  we  write  z2=-\+e.1,  23=-l+e3,  where  e2,  e3  are  small  in  comparison 
with  1.    Thus  we  obtain  for  the  period 

■2ir  2ir 


■2- 


(2) 


(2a)*{l-|(sin20a+sin203)}* 
or,  if  ".  /-j  have  the  meanings  assigned  above  for  the  unit  sphere. 

Period=27r(^)  {l+M°-2+P*)} <3> 

If  the  pendulum  be  simple,  0=251  '■  otherwise  it  is  2mlg  A.     [n  the  former  case, 

Period    tt[(-)    [l  +  M«2+P*)\\ (l> 

This  result  was  given  bj   Lagrange  \M4c.  Anal.,  Sec.  Partie,  Section  VIII,  §§  21,  22]. 
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7.   Azimuthal  angle  from  one  limiting  circle  to  the  other  always>ir. 

When  :.,  ami  %  are  nearly  -1  the  value  of  precis  nearly  J,-  and  the  pendulum  passes 
from  the  upper  limiting  small  circle  to  the  lower  or  via    versa  in  slightly  more  than  a 

quarter  of  the  period  of  revolution.  The  path  has 
two  diameters  at  right  angles  to  one  another  at 
slightly  different  levels  ;  it  is  a  kind  of  ellipse 
traced  on  the  spherical  surface. 

The  proof  that  ^bc<^  is  more  difficult.  The 
following  process  l>y  complex  integration  is  due 
to  M.  de  Saint  Germain  (Bull,  des  Sci.  Moth.  IS'.jG, 
p  114),  and  is  based  on  the  substitution  of  an 
integral  between  limits  zx  and  x  for  the  integral 
taken  from  zz  to  z2.  The  same  idea  is  used  in  the 
demonstration  in  12,  V  above,  due  to  M.  Hadamard, 
of  a  property  of  the  top. 

From  the  centre  O  (Fig.  83)  describe  a  circle  of 

very  great  radius  R  in  the  plane  of  the  paper,  and 

through  the  centre  lay  the  line  X'OX  as  axis  of 

real  quantity.     On  that  line  lay  down  the  points  A,  B,  C  at  distances  -n  z2j  z3  from 

O  (B,  C  within  the  small  circles).     These  represent  the  roots  of  the  equation  Z  =  0.     The 

two  points  P,  P'  at  .r=l  and  ./■=  -  1  are  the  poles  of  the  integral 

f        ddz 

J(l-*»)(aZ)4 

Considering  now  z  as  a  complex  variable,  take  the  integral 

[F-afc 


Fig.  -:;. 


i 


■*)] 


(l-z^-zXz-z^ 

round  the  two  circuits  shown  in  the  figure,  that  is  round  the  circle  from  X  on  the  upper 
side  of  the  loop  shown  drawn  round  A  to  the  lower  side  of  the  loop,  and  then  round  the 
loop  to  X.  Then  take  the  integral  in  the  opposite  direction  round  the  double  loop 
enclosing  the  points  B,  C.  The  sum  of  these  integrals  is  equal  to  the  sum  of  the  residues 
for  the  poles  P,  F. 

Now,  if  R  be  very  great,  the  integral  round  the  circle  is  zero,  and  we  have  only  to 
consider  the  single  loop  XA  and  the  double  loop  BC.  The  integral  round  the  single 
loop  is  f-"i  (h 

J.(i-*M(*-*)(«-*«)F}4' 

taken  along  the  axis  of  real  quantity.     The  integral  round  the  double  loop  is 

dz 


fc 


i)(i-^F}*' 


taken  also  along  the  axis  of  real  quantity. 

By  (7),  3,  the  residue  with  respect  to  P  (the  point  z=\)  multiplied  by  2iri  i> 


2ir{ -(*»  +  -:.)!■* 


*{-(h  +  *J\* 


- 
c 


2{a(z,-l)(\-z3){:,+  \)(z3+\)}±     {a  (1 -**)(]  >' 

and  the  residue  for  P'  has  the  same  value.    Collecting  results,  we  find  by  (8),  3, 

'•  p-  '/; 

"J 


=  77  + 


"J  ,(!-- 


Since,   within    the   range  of   integration,    1 
negative,  and  therefore  \^n    is  less  than  -. 


:'-'  is  negative,  the   integral  on  the  right  is 


-);(:,.  ---)(-- -:3)(:,-:)} 
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By  substitutions  which  increase  the  value  of 


-  f  - 


and  transform  it  so  that  the  final  result  can  be  evaluated,  it  can  be  shown  that  this 
integral  is  less  than  \-,  so  that  ^bc>  ^t>  as  was  shown  before  by  the  method  of  Puiseux. 

8.  Possibility  <>/  mot  ion  of  rise  and  Jail  on  a  swrface  of  revolution, 

irith  <i. ris  vertical.  With  respect  to  the  motion  of  a  particle  under  gravity 
on  any  surface  of  revolution  S,  the  axis  of  which  is  vertical,  it  is  pointed 
■  •in  by  Routh  (Dynamics  of  a  Particle,  §550)  that  with  given  initial 
conditions  a  motion  of  rise  and  fall  can  only- take  place  on  certain  regions 
of  the  surface. '  Let  v  be  the  speed  of  the  particle  at  any  instant  when  the 
axial  coordinate  of  the  particle  is  z.     We  can  write 

v2  =  2g(R-z). 

Here  H  — ;  is  the  "head  "  which  gives  the  speed  v,  that  is  the  speed  is  that 
which  would  he  produced  by  fall  from  the  plane  s  =  H.  Now  if  h  denote 
y V/-.  the  a.m.  of  the  particle  about  the  axis,  the  horizontal  speed  of  the 
particle  is  //\V.  and  y\jr  cannot  exceed  v,  but  is  in  general  less  than  v. 
Hence  if  we  have  yhfr2  =  Zg (H  —  z),  that  is  if  y2(K  —  z)  =  h2/2g,  the  motion 
of  the  particle  is  horizontal.  In  general  however  y2(H  —  z)^>h2/2g.  Hence 
if  the  cubic  surface  of  revolution,  2/2(H  —  z)  —  h2j'2g,  be  described,  the  particle 
in ust  in  general  be  at  a  greater  distance  from  the  axis  than  the  points  of  the 
cubic  surface  corresponding  to  the  same  z.  The  cubic  surface  divides  the 
surface  S  into  zones,  and  thus  rise  and  fall  takes  place  between  the  two 
limiting  circles  of  intersection,  on  a  zone  of  S  which  lies  further  from  the 
axis  than  the  corresponding  zone  of  the  cubic. 

If  the  particle  is  started  horizontally,  the  cubic  surface  for  the  initial 
speed  is  obtained;  then  the  circle  on  which  the  particle  starts  is  the 
boundary  of  two  zones,  and  the  motion  lies  in  that  zone  of  S  which  is 
more  remote  from  the  axis  than  the  corresponding  zone  of  the  cubic 
surface. 

If  the  cubic  surface  touch  S  it  will  do  so  in  a  horizontal  circle, 
which  is  a  circle  of  possible  steady  motion.  No  motion  deviating  from 
that  circle  will  be  possible  on  S  if  the  neighbouring  parts  of  the  cubic 
on  the  two  sides  of  the  circle  be  outside  S,  but  will  be  possible  if  the 
reverse  is  the  case.  The  motion  in  the  circle  is  therefore  unstable  in 
the  Eormer,  stable  in  the  latter  case. 

9.  Motion  on  a  developable  surface  replaceable  by  motion  in  piano. 
With  regard  to  a  particle  moving  on  a  surface,  it  is  important  to  remark 

that,  if  the  surface  is  developable,  the  motion  on  the  surface  may  be 
replaced  by  moi  ion  in  piano. 

By  a   developable  surface   is   meant    one  generated   by  a  succession  of 
straight  lines,  each  one  of  which  intersects  the  line  which  precedes  it  in  the 
o.o.  u 
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series.  For  example  take  any  curve  in  space,  and  mark  a  close  succession 
of  points  Dii  the  curve  by  the  letters  a,  b,  c,  ...  in  order,  and  joining 
rib,  be,  cd,  ...  ,  extend  each  line  both  ways  beyond  the  points  which  define 
it.  The  lines  thus  drawn  mark  out,  or  generate,  a  surface  which,  by 
turning  about  the  defining  lines  in  succession,  can  be  brought  into  a  plane 
which  initially  contained  a  consecutive  pair  of  generators.  Any  curve 
on  the  surface  becomes  a  curve  in  the  plane  of  development,  and  the  curve 
on  the  surface,  which  gave  the  succession  of  points  a,  b,  c,  ...  ,  is  called  the 
cuspidal  edge,  or  edge  of  regression,  of  the  surface. 

A  cone  and  a  cylinder  are  examples  of  developable  surfaces.  In  the  former 
the  edge  of  regression  is  a  single  point,  the  vertex  of  the  cone :  the  cylinder 
may  be  regarded  as  a  cone,  the  vertex  of  which  is  infinitely  distant. 

I  f  a  particle  move  on  a  developable  surface  along  any  path  its  acceleration 
will  consist  of  two  components,  one,  .s  or  r</r  ,/s,  along  the  path,  the  other, 
v2/p,  along  the  principal  normal  to  the  path  towards  the  centre  of  curvature. 
Project  this  normal  on  the  surface  in  a  plane  containing  the  normal  and  at 
right  angles  to  the  curve ;  a  component  of  acceleration  along  the  surface 
and  at  right  angles  to  the  path  is  obtained,  of  amount  r'2sin  (3  p,  where  (3 
is  the  angle  between  the  principal  normal  and  the  normal  to  the  surface  at 
the  element  of  the  path.  The  other  component  is  along  the  normal  to  the 
surface.  If  now  the  surface  is  developed  into  a  plane,  the  latter  component 
becomes  unnecessary  for  any  motion  of  the  particle  along  the  path,  while,  if 
the  motion  along  successive  elements  of  the  path  be  the  same  as  before, 
tlif  accelerations  vdv/ds,  t>'2sin/3/p,  are  just  those  which  characterise  the 
motion.  The  curvature  of  the  plane  path  is  obviously  sin/3'p,  and  /)  sin  -> 
is  its  radius  of  curvature  at  the  point  considered. 

It  is  only  necessary  therefore  that  the  forces  acting  on  the  particle 
moving  in  the  plane  path  should  be  the  same  as  those  in  the  tangent  plane 
of  the  surface,  corresponding  to  the  element  considered,  to  ensure  that  the 
motion  at  each  element  may  be  the  same  as  before. 

If  the  surface  be  a  right  circular  cone  with  axis  vertical  and  the  motion 
take  place  on  the  inside  of  the  upper  sheet,  the  particle  will,  in  the  absence 
of  friction,  be  under  applied  force  towards  the  vertex  of  amount  mucosa, 
if  a  be  the  semi-vertical  angle  of  the  cone.  The  component  of  gravity 
normal  to  the  surface  is  balanced  by  the  reaction  of  the  surface.  Thus  the 
motion  can  be  discussed  as  a  case  of  the  motion  of  a  particle  in  a  plane, 
under  a  constant  force  directed  to  that  point  in  the  plane  which  represents 
the  vertex  of  the  cone.  A  particular  case  of  motion  on  the  cone  is  in  a 
horizontal  circle  with  constant  speed.  This  circle,  of  radius  a,  say, 
develops  into  a  circle  of  radius  a  sin  a,  on  the  plane,  and  the  acceleration  in 
it,  v2fa,  has  component  y2sina/a  along  the  generating  line  at  each  point. 
The  force  giving  the  former  acceleration  was  Hcos<<,  and  K  was  my  sina. 
Hence  the  force  required  in  the  plane  is  11  cos  a  sin  a,  that  is  mgcoa'a. 


\Y 
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10.  Motion  of  a  particle  between  two  close  circles  on  a  surface  of  revolu- 
tion. The  motion  of  a  particle  lid  ween  two  Dear  limiting  circles  on  a  surface  of 
revolution  under  force  axiallv  directed  can  be  discussed  in  the  following  manner.    Let 


the  equal  ion  of  the  surface  be 


•_'</.  \-mz-  =  )/ 


.(1) 


where  :  is  the  axial  distance  of  the  particle  from  the  point,  the  vertex  of  the  surface,  at 

which  //  =  ().      ('(insider    first    the    particle  as    in   steady    motion    in    the    circle    at   axial 

distance  :  from  the  vertex.     If  \p  he  the  angular  speed  of  the  particle  about  the  axis,  and 

the  mass  be  taken  as  unity,  we  have  for  the  components  <>f  the  reaction  of  the  surface, 

directed  respectively  outwards  from  the  axis  and  axiallv  from  the 

vertex,  m\j/h/=-Yi     mg=-Z, 

where//  is  the  force  per  unit  mass  (gravity)  applied  to  the  particle. 

We  shall  take  the  field  of  force  as  due  to  gravity,  and  the  axis  as 

vortical. 

If  the  particle  is  disturbed  very  slightly  from  the  steady  motion 
without  alteration  of  the  a.m.  about  the  axis,  we  have 

yH=K (2) 

where  h  is  a  constant.  Let  the  deviation  of  the  particle  from  the 
steady  motion  circle  be  s,  measured  along  a  meridian  in  the  direction 
from  the  vertex.  The  acceleration  along  the  meridian  is  s.  If  9  he 
the  inclination,  as  shown  in  Fig.  84,  to  the  axis  of  the  normal  drawn 
to  the  surface  at  the  position  P  of  the  particle,  the  force  along  the 
meridian  produced  by  gravity  is  #sin  9.  The  acceleration  towards 
the  axis  is  )/\l'\  which  gives  a  component  yxp'1cos9  along  the 
meridian.  But  since  yi\)/=h)  we  have  y\p2coad=h2cos  9/y3.  Thus 
the  equation  of  motion  is 


i'=^cos  6-q  sin  9. 


■(3) 


Fie.  84. 


Now  let  b  be  the  radius  of  the  steady  motion  circle,  and  a  the  inclination  of  the 
normal  to  the  axis  at  that  circle.  Then  y  =  b  +  s  cos  a,  9  =  a  +  s/p,  where  p  is  the  radius  of 
curvature  of  the  meridian  at  the  point.     Thus  we  get 


A2  cos  I  a  + 


1+3    cosa 


•//sin    a  + 


.(3') 


.Since  g  is  -mall  and  /j2cosu/63=//sin  u,  this  becomes 


8+  -|    (  5-3  sin  u+z/cos  (/.  j-f-3    jCOS2a  <s  =  0 (:>,') 


•(4) 


The  period  of  a  small  oscillation  aboul  the  steady  motion  is  therefore  given  by 

c  l  /  /  -                             \         /  -              t — " 
T  =  2-      (  ..,  sin  u+z/cos  a.  )  +  3      cos- 11  .      

If  /•   In'    the  length   of  a  normal   from  the   steady   motion   circle,  we  easily  find,  since 
il,i  dz     <ot  u  and  tana.  dr=(p  —  r)da,  that  (1),  the  equation  of  the  surface,  is 

/•'-'(cos'-'ii.     hi  sin'-'i! )  =  a2,  j 

,    .  a  y 

and  that  p=  -  — ,. 

(cos-'il   -  /,!  sill-d.)-  I 

Thus  the  period  equation  becomes  after  a  little  reduction 

T  =  27r( J  {(4 cos2 a     rosin2  a)  (cos2  a     »isin2a)*} ""■ 


.(5) 


.(6) 
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If  the  steady  motion  circle  lie  very  near  the  vertex,  that  is  if  z  be  very  small,  we  have 
approximately  cos2a  =  l  -  b-'^i-,  s\ri-a  =  b2/a2,  cosa  =  l-/<-  2a2,  where  //-'  is  small  in  com- 
parison with  "-.     Thus  we  get  for  the  period  the  approximate  value 

t-^V-^S) « 

or  if  &,,  b2  be  the  radii  of  the  upper  and  lower  limiting  circles, 

M^r'^) <'■> 

The  azimuthal  angle  turned  through  in  the  period  is  the  product  of  the  expression  on 
the  right  of  (6)  by  the  angular  speed  in  the  steady  motion,  that  is  by  (gr/rcosa)*  that  is 
by  {#(eos2a-»isin2a)-/acosa}-.     Hence  the  angle  specified,  \J/0,t  say,  is  given  by 

■^o.  T  =  27r(4cos2a-  m  sin2u)_- (8) 

In  the  special  case  in  which  the  steady  motion  circle  is  very  near  the  vertex  we  get 

,  /,     4  +  m  l>-\  /nx 


8      a 

j-i  i  /,     4+m  bJ>.,\  ,„,. 

or  more  exactly  •^0T  =  7r(l+  '.,-) (9) 

\  o         Or/ 

If  m=t=  —  1,  the  surface  is  a  sphere,  and  we  fall  back  in  (7')  and  (9')  on  the  results 
already  obtained  for  a  particle  moving  within  two  close  circles  near  the  lowest  point. 

If  m  =  0,  the  surface  is  a  paraboloid  of  revolution.  A  general  discussion  of  the  motion 
on  the  sphere  and  on  the  paraboloid  will  be  given  later  by  means  of  elliptic  functions. 

If  the  surface  is  a  right  circular  cone  with  axis  vertical,  the  semi-vertical  angle  of  the 
cone  is  \x  —  a.     Since  p  =  oo  ,  and  now  by  (1),  b=y=zm*  =zcota,  (4)  above  gives 

^(•iW^U/ah (,0) 

11.  Initial  motion  in  the  plane  of  t lie  horizontal  great  circle.  The  particu- 
lar case  of  the  spherical  pendulum  in  which  the  initial  motion  is  in  the  plane  of  the  horizontal 
great  circle  (the  "equator")  is  interesting.  It  will  be  instructive  to  deal  with  it  from 
first  principles  and  then  refer  it  to  the  general  theory.  We  take  the  pendulum  as 
"simple"  and  of  length  I,  with  bob  of  mass  unity,  and  put  y  for  the  distance  of  the  bob 
below  the  plane  of  the  equatorial  circle  at  time  /,  i/r  for  the  azimuthal  angle  described  in 
the  same  time,  and  v0  for  the  initial  speed  of  the  bob.  The  vertical  speed  at  time  t  is  ?/, 
the  radial  speed  is  d{(l2-y2)fydt=  -yy/(P-y2)-.  The  azimuthal  speed  is  then  (/'-'-//-)</. 
The  energy  equation  is  therefore 


.. ... 


We  have  also  the  equation  of  a.m., 

"oM^-y2)^ • (2) 

Substituting  from  (2)  in  (1)  and  reducing,  we  find 

fl*     2gy{l*-y*)-vfy\ 

I <  Li 

I-  -  //'-' 
But  from  (2)  we  have  also  dt=       ;    d^,  (4) 

so  thai  ,-,..  vn  •     dV  (4') 

{(l*-y»)2gy(l*-y*)-v0y}* 


A—        -iSS-         j (3) 
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[f  wt>  split  the  expression  on  the  right  into  two  parts,  as  shown  in 

[9gy{P     >r)     v^  ^-jr)^M^    y2)     vfy2}* 

[of  whirl,  the  first  is  /•„<//  21,  by  (3)],  it  will  be  found  that,  if  u*=v0y  2gy(l2-.y2), 

-    '  (1-tt8)* 


Eence  >//-  =     ,"/  +  sin-1         "•'       : (6) 


Thus  the  combination  \!r  -},t\/  I  of  elliptic  integrals  is  capable  of  being  expressed  in 
terms  of  ordinary  functions.     This  result  is  due  to  Greenliill. 
Referring  back  to  (9)  of  1,  we  find  that 

dt=—       —        -j, (7) 

{-aziz-z^-z)}* 

since  here  r.,  =  0.     But  in  the  present  case  also  a  =  2g/l,  and  so,  remembering  that  6  is 
here  measured  from  the  upward  vertical,  so  that  —  az(z  —  z2)(21  —  z)  is  positive,  we  get 

«ft—  -^-       -. (8) 

{-S&»(*-«i)(*lT*)}* 

By  (3)  above  we  have  o?<= — r  (9) 

|-.7~(l  -^V — g"      J 

andby(4')  cty=  -        ^-  -r (10) 

(i-^-¥(i-^)-V^ 

The  quantity  -2gz(}.—z2)  —  v^z2jl  is  aZ  '.     Thus  to  obtain  the  roots  of  Z  =  0  we  have, 
after  division  by  z,  so  as  to  get  rid  of  the  zero  root, 

+2glz2-v02z-2gl=0, 


and  therefore 


*=^W±W*"+V)*] 00 

Thus  if  v0  is  very  small,  the  huge  positive  root  of  Z  =  0  is  only  slightly,  greater  than 
1,  while  the  remaining  root  is  very  nearly  —  1.  The  range  of  motion  is  thus  from  the 
level  of  the  centre  of  the  sphere  very  nearly  to  the  lowest  point.  From  the  inequality 
given  in  3  it  will  be  found  that  the  range  of  azimuthal  motion  between  the  highest 
and  lowest  positions  lies  between  \tr  and  — /2*. 

When  <„  is  very  great  the  large  root  given  by  (11)  is  very  great,  the  other  root  is 
slightly  less  than  zero,  so  that  the  limiting  circles  are  very  close  together.  The  value 
of  V'bc  i*  then,  as  the  inequality  in  3  shows,  very  approximately  jr. 

12.  SimpU  pendulum  oscillating  through  finite  range.  We  shall  no^ 
consider  the  special  case  of  a  simple  pendulum  oscillating  through  a  finite 
range  in  a  vertical  plane.  The  problem  is  essentially  that  of  a  particle 
moving  without  friction  on  a  concave  circular  ring  in  a  vertical  plane 
or  along  the  interior  of  a  guide  tube  bent  into  a  vortical  circle.  If  /  denote 
the  radius  of  the  circular  path,  and  0  the  angular  deflection  of  the  radius 
from  the  lowest  position,  the  equation  in  both  cases  is 

0+|8in0=O    (1) 
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Multiplying  this  equation  by  0  and  integrating,  we  get 

J#=  -[|sin0d0=|cos0+C, (2) 

where  C  is  a  constant.     When  6  =  60,  0  =  0,  so  that  C=  — grcos0o  I,  and  we 

have  PQ2  =  <t?=2gl(cosd-coa60) (3) 

where  v  is  the  speed  of  the  particle  in  its  path  when  the  deflection  is  0. 

Equation  (3)  gives       ,    =(     ) (4) 

'^       V    {2(0080-00800)}* 

If  then  r  denote  the  time  taken  by  the  particle  to  pass  from  deflection  0  to 
deflection  0O,  we  have  /[-A  re0  ,10 

T~V  Jo   {2(cos0-cos0o)}- 

Since  the  pendulum  is  at  rest  at  the  instant  0  =  0O,  t  is  one  quarter  of  the 
period  of  the  motion. 

Writing  now  sin  19  =  sin  \ 0osin  0,   ( (i) 

where  <p  is  an  auxiliary  angle,  we  obtain 

d0  =  28in|0o     C0S^    .,  .7) 

"     (l-A-sin-^ 

where  /.:  =  sin  \60.     But,  by  (6), 

cos  '0.  0=2  sin  I60cos  (f> .  <j>, (8) 

and  the  same  relation  gives 

{2(cos0-cos'0o)}i  =  2sin£0ocos03  (9) 

so  that,  if  n2  stands  for  g/l,  we  obtain  from  (4) 

0  =  2?isin^0ocos0, (10) 

and  by  (8)  <p=ncoa$d (11) 

Thus  we  have  by  (6) 

dt  1 

d<f>     (l-j^jgin^}*' 

and  nr=  f**       -^ r=K (12) 

Jo   (1-Wrin«0)* 

Also,  of  course,  we  have 

*_(* ^_ (13) 

The  integral  K  is  the  complete  elliptic  integral  of  the  first  kind,  of  which  k 
is  the  modulus  and  </>  is  the  amplitude. 

The    time    t2— -^   for    any   arc   from   <}>  =  <f>l   to    <p  =  (po  described  by  the 
pendulum  is  given  by 

»(t,-tl)  =  F(k,  0,)-F(/..  0x) (14) 
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It  is  clear  from  (12)  that,  if  &  (thai  is  sin|0o)  is  \  ery  small,  we  have 

-=!<|. T-ftr^' (15) 

the  resull  that  we  obtain  at  once  if  we  suppose  0  so  small  that  we  can  write 
6  i list  rail  of  sin  6  in  the  fundamental  equation  <  I  >. 

Since  /--<l,the  factor  (  1  —  /'-'sin-</>)  u  can  be  expanded  in  a  converging 
series  and  the  integration  performed  term  by  term.      We  obtain 

T=|(|)i{1+(i)^+(ii|)V+(2L^)V+...} (.0) 

For  a  good  many  purposes  the  first  two  terms  of  this  series  form  a 
sufficiently  close  approximation.  By  taking  a  sufficient  number  of  terms 
ol  the  series  we  can  calculate  K  to  any  desired  degree  of  exactness.  Tables 
of  the  values  of  K  for  values  of  the  modulus  proceeding  by  small  steps 
have  been  constructed  by  various  methods  (more  expeditious  than  that  here 
indicated),  and  the  results  are  available  for  practical  calculation.*  [Refer 
to  20,  21,  XII] 

13.    Discussion  of  force  along  the  supporting  cord  or  >'<><!  of  pendulum. 

If  the  pendulum  start  from  rest  in  a  position  making  an  angle  60  with  the 
downward  vertical,  the  force  toward  the  centre  applied  by  the  cord  when 
the  deflection  00,  from  the  downward  vertical,  has  been  changed  to  0,  is 
mlOP+mg  cos  6,  or  by  the  value  of  62  given  by  (3),  1 2,  mg(3  cos  6  —  2  cos  0O). 
This  gives  mg  cos  00  for  the  central  force  when  the  pendulum  is  in  a  limit- 
ing position,  and  cos  0O  is  negative  when  0o>-i-7r.  But  if,  instead  of  a  bob 
-u^p.iided  by  a  string,  we  have  a  particle  moving  on  a  guiding  curve,  or  in 
a  tube,  in  the  form  of  a  circle  of  radius  /  in  a  vertical  plane,  the  amplitudes 
may  have  any  value  from  0  to  tt.  Or  if  the  bob  be  attached  to  a  rod,  or  a 
wire  capable  of  bearing  thrust  along  its  length,  the  tube  may  be  dispensed 
with.  In  this  Latter  case  however  the  centroid  will  be  at  distance  I  from 
the  point  O  of  support,  and  if  A  be  the  moment  of  inertia  of  the  whole 
about  the  axis  through  O  at  right  angles  to  the  plane  of  motion,  the  length 
of  the  equivalent  simple  pendulum  is  A/ml.  The  outward  force  applied  to 
()  is  still  m i/ C.)  cos  6  — 2  cos  00).  The  pull  in  the  pendulum  rod  varies  from 
point  to  point  and  depends  on  the  distribution  of  the  mass. 

Considering  however  the  simple  pendulum,  we  have  seen  that  the  out- 
ward force  applied  through  the  bob  to  the  cord  is  negative  at  a  turning 
position  when  for  thai  ^0>J,-.     It  is  clear  that  3  cos  0—2  cos  6Q  is  positive 

when  H,,<  J.-  and  also  when  #0>!-  Tor  all  values  of  6<C\~.  HenCe  the 
reversal  of  the  force  takes  place  when  6  has  the  value  COS  '(  H  cos#0)(>  J.tt). 
It  is  impossible  therefore  for  a   particle  unless  constrained  by  a  tube  or 

the  tables  of  Legendre,  Exerc.  </■  Cal.  Int.  t.  HI,  also  the  Smithsonian  Physical  Tables 
and  the  Funktionentafeln  of  Jahnke  and  bSmde  [Teubner]. 
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a  rigid  stein,  to  vibrate  if  }-<#„<  —      The  motion  is  nevertheless  possible 
if  the  pendulum  makes  complete  revolutions  in  a  sufficiently  short  period. 

In  this  latter  case  let  the  particle  have  speed  v0  when  at  distance  /A,,  along 
the  circle  from  the  lowest  point ;  then  at  deflection  6  the  speed  is  given  by 

'•'-'  —  v,~  =  2gl  ( cos  0  —  cos  60), 
and  the  pull  P  in  the  thread  is  then  mg  cos  0  +  rn  /•'-  /,  that  is 

//',-/( 3  cos  0  —  2  cos  60)  +  in  Vq2/1. 
Eence,  if  the  particle  goes  completely  round  the  circle,  we  have,  when 
Q  —  tt,  P=iii</(  —  3  —  2coaQ0)  +  mv02  I,  and  therefore,  if  the  value  of  P  is  uol 
to  change  sign,  we  must  have  r02 > gl ( ;}  -f  2  cos  60),  and  so  if  60  =  ~,  '1->,'//- 
If  this  condition  be  fulfilled  the  particle  may  be  suspended  by  a  string. 
[See  also  16  below.] 

14.  Graphic  representation  of  finite  pendulum  motion.  The  motion  of 
the  pendulum  is  illustrated  by  t lie  diagram  of  Fig.  85.  The  horizontal  line  CT0  repre- 
sents the  level  to  which  the  bob  rises,  the  circle  AP0B  is  that  of  the  motion,  and  La 

A 


therefore  of  radius  /,  the  circle  <  TP>  is  described  on  (T>  as  diameter.  As  wc  shall  show, 
the  angle  I  X'O  is  the  amplitude  </>  fur  the  position  1'  of  the  particle  on  the  horizontal 
line  DQ.     We  join  AP,  OP.     Then 

_I,.OP=0,     ^BAP  =  40,     JiAl^^, 
By   the    diagram    CB=2lsm2$d0,    aml    therefore    CD=2Jsin2£0ocos2BCQ.      Thus,    we 
have  k-  =  CB/2l,  the  ratio  to  21  of  the  height  <T'  of  the  turning  points.     But   also   if 

CD     I     A(  '  +  OD-((l  -2cos2i0o+cos0)=2Z(cos2£0-cos2$0o)=2&&2cn2tt (1) 

Ity  (!>),  1±     Equating  these  values  of  <l>  and  reducing  we  obtain 

sin  BGQ    sn  u (2) 

llenee    BCQ  =  <£. 

\lso  A=sin^0=CP0  AI'M.      It"  we  write  /■-  +  /•' -  =  1 ,  //  is  the  co-modulus,  and  is  there- 
fore represented  by  A.C  AP0. 
The  construct  ion  in  Fig.  85  replaces  the  turning  of  <>I\  with  angular  speed  6,  by  the 

turning  of  CQ  with  angular  speed  >/.,  and  the  motion  of    P  by  that  of  Q.      Q  starts  from 


Jo(l-4«8in»^)4     J0  1-sin-c/, 


.  1+S1I1(/j 

log  i  l 

°  1  —SHI  </> 
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C  when  P  starts  from  P0  and  coincides  with  Pal  !'>.     If  the  particle  jus!  goescompli 
round  in  the  guiding  tube,  that   is  if  P0  is  infinitely  Dear  to  \.  the  Larger  and  smallei 
circles  coincide,  ami  <f>=  £0,  60=7r}  so  thai  /■     l. 

When  dfj—ir  ami  the  particle  just  completes  tin  circle  in  the  guide  tube,  the  time 
required  is  infinite,  fori  being  1,  wo  have 

i       f**         dd>  &    msc/.     ..     ,    .        +sini    '" 

=  °° (3) 

ii 

For  a  range  however  from  a  deflection  of  89  on  one  side  of  the  vertical  to  a  il<-M<->- 
tion  of  89  on  the  other,  the  time  required  is  :'.- 1  times  that  required  for  a  very  small 
-w  inur  from  one  side  of  the  vertical  to  the  other. 

The  equation  (g  /)-  cos\$  =  (j\  or  (<//)'diw  </>,  shows  that  the  period  always  lies 
between  the  limits  2-  it  and  2—sec ',#„  it.     For  l~>  i-#„>o#,  and  SO  cos|#>cos£#0.     Tims 

■In  >2<f>>2n  cos£0o, 
and  the  same  inequality  holds  for  the  mean  angular  speed  of  Q.     Hence 

—  <  Period  <  —  sec  i#„. 
n  n 

15.  Pendulum  making  complete  revolutions.  Now  let  the  oscillating  particle 
in  the  circular  guiding  tube  make  complete  revolutions  under  gravity.  The  time  of 
revolution  and  the  time  of  describing  any  part  of  the  circle  required  may  be  given,  or 
we  may  be  given  the  speed  at  top  or  bottom  of  the  given  circle  and  be  required  to  find 
the  period  of  revolution,  the  speed  at  any  point,  and  the  time  of  its  describing  any  part 
of  the  circle.     If  the  speed  at  top  of  the  circle  is  known  that  at  the  bottom  is  also  known, 

and  vice  versa.     For  we  have  ri--=  -  g  sin  6 .  W  ;    (1) 

and  therefore,  at  any  point, 

v-  =  -2gl  cos  6  +  C  =  i\--  2gl(l-  cos  0), (2) 

if  v{  be  the  speed  at  the  lowest  point.     Thus  at  the  highest  point  where  v=v2,  we  have 

'V=<V-V,  (3> 

so  that  for  the  motion  to  be  possible  we  must  have  v\2>4gl. 

In  order  that  a  bob  suspended  l>y  a  thread  may  go  completely  round  it  must  have  at 
the  tojj  of  the  circle  such  a  speed  thai   the  thread  is  kept  taut,  that   is  we  must  have 
^ gl,  or  vt2>5gl,  as  we  have  already  shown  in  L3  above. 
Returning  to  equation  (2),  we  write  it  in  the  form 

l*  =  rl-      l.//sin-</>, (4) 

if  <f>  stand  for  .10.     Hence  v  =  -2l(}>,  and  so  we  have 

*__     _!"*  «f &__, (5, 


2ld<j>  _21C  d$ 

(v 2  -4gi  sm2  <£)i     vi](l-k2sin2<f>fi 


where  h-  =  \gl  *•,'-'.  which  we  know  is  less  than  unity.     Thus,  for  the  time  from  the  lowest 
point  to  the  inclination  0,  we  have 

•■>]. ,(i-A--«ii,-./,5    'i      L     wj  J 

Th.-  time  for  any  arc  from  </>  =  </>,  to  <j>     </).,  is  thus 

t,   /,    -  !//(</Ja)- //(./.,): (7) 

'  1 
This,  by  (14),  12,  above,  stands  in  the  constant  ratio  21/vx.ig/l)*--   2(>//y-  /-,  to  the  time  of 
descril»iii"  the  corresponding  arc  in  the  oscillatory  motion  in  a  vertical  circle  of  the 

same  radius. 
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From  the  lowest  point  to  the  highest  the  time  t  is  given  by 

T  =  fx.     [k  =  2{gl)^rx.-\  (8) 

The  value  of  t  can  hi-  calculated  hv  the  series  (16),  1-  with  the  value  (2//'')-'  Dr  of  k. 

We  can  now  solve  various  problems,  making  use  of  the  tables  of  complete  elliptic 
integrals  which  have  l>een  calculated  for  a  succession  of  moduli  [see  13  above].  Let  us 
suppose  for  example  thai  the  period  of  revolution  2t  and  the  length  /are  given,  and  it  is 
required  to  find  vx.  [By  a  curious  inadvertence  this  has  sometimes  been  set  as  a  problem 
in  elementary  dynamics!]     We  have  from  (8),  (g  /)-r  =  /'K.    [k  =  2 (///)- .»-,.] 

Let  the  circle  be  2  feet  in  radius  and  be  traversed  once  in  half  a  second  by  the  particle. 
This  gives  t  =  0-25,  and  therefore  r(g  /)' =1.  Now  if  £=sin35  ,  /tK  =  0-993,  about  07  per 
cent,  short  of  1.  But  this  makes  v1  =  2(gl)»/k=  1<>  0"5736=28,  nearly.  Thus  at  the  lowest 
point  the  speed  is  ^s  ft. /sec.,  at  the  top  it  is  23  ft./sec. 

The  circumference  of  the  circle  is  L2'57  feet  nearly,  and  this  space  is  described  in  half 
a  second.  Hence  the  average  value  of  the  speed  required  is  25*14  ft.  sec,  so  that  the 
result  obtained  is  not  very  far  from  the  truth. 

The  leader  may  verify  that  a  more  exact  result  is  obtained  by  interpolation  between 
the  values  of  K  for  £  =  sin35°and  £  =  sin36°.  For  /f,-  =  sin35°  12'  we  have,  to  less  than 
,',,  percent,  of  error,  £K  =  1.  This  makes  &=0'576  13,  and  therefore  <-,  =  2(gr£)'/0-5764,  that 
is  the  speed  at  the  bottom  of  the  circle  is  27"7(>  ft./sec.  At  the  highest  point  the  equation 
rr  =  rl--2gh  gives  i>2  =  22-66,  in  ft./sec.  In  this  case  the  particle  might  be  supported  by 
a  thread,  as  the  condition  v12>5gl  is  obviously  fulfilled.  In  these  calculations  g  has  been 
taken  as  32  in  ft.  sec.2  units. 

This  may  be  regarded  as  the  limit  of  the  case  of  the  spherical  pendulum  in  which  the 
terminal  circles  are  very  small  circles  at  the  zenith  and  nadir  of  the  sphere,  and  the  bob 
passes  from  the  left  of  one  to  the  right  of  the  other,  thus  giving  an  azimuthal  turning 
of  amount  ir. 

16.  Reaction  of  surface  on  a  particle  moving  on  if.  or  force  applied  at 
the  point  of  support  to  a  spherical  pendulum.     We  now  consider  the  stress 

in  the  suspension  cord,  or  the  force  applied  at  the  point  of  support.  When  the  particle  is 
unsuspended,  but  moves  on  a  spherical  surface,  the  force  found  measures  the  reaction  of 
the  surface.  In  this  latter  case  we  suppose  that  no  friction  exists.  By  (5),  1,  we  have  the 
equation  A(<92  +  <A'-'sin20)  =  2(  -  w^cosfl  +  E), 

which  we  may  write  also  in  the  form 

ml(02+  ftsm26)=^(-mgl cos  0  +  E) (1) 

The  expression  on  the  left  is  the  mass  acceleration  of  the  pendulum  towards  the  point  of 

support,  due  to  the  motion.    The  equivalent  expression  on  the  right  can  be  written  in  the 

form  2l2m2g(coad0  —  cos0)  if  we  put  E  =mglcos$i). 

But  the  gravity  force  -mgcosd  must  also  be  balanced  by  the  action  of  the  point  of 

-uppoit  on  the  pendulum,  and  therefore  if  the  force  along  the  axis  applied  by  the  support 

be  R,  we  have  2/-V-V       a  ;,  a  ,_. 

R  =  — -r-^-(eos  0o-co8  0)-  mg  cos  H (2) 

For  a  simple  pendulum  A=  ml2,  and  so  we  obtain 

I;     msr(2cos0o     3cos0) (3) 

|  It  is  to  be  remembered  that  $  is  here  measured  from  the  upward  vertical.]  For  a  particle 
nit >v in"  on  the  interior  of  a  surface,  this  is  the  normal  force  which  must  he  exerted  on  the 
particle  by  the  surface,  and  6  is  the  angle  which  the  normal  at  the  point  of  contact  makes 
with  the  upward  vertical. 
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Now,  with  the  values  of  a,  /-,  c  stated  in  I,  we  have 

i*=(-az+b)Q  -z*)-c*,  (  i, 

ami  tlif  roots  of  Z  ■<>  arc  ,  as  explained  above.     The  two  Latter  roots  define  the 

circles  which  limit  the  motion,  while  :,= -(1 +r..:..)  („-.,+ :;;i,  so  that  since  z.,-\  native, 

«,  is>0. 

In  the  genera]  case  A"R=2m2l2g(z0  —  z)  —  Amgz (5) 

so  that  in  order  thai  B  should  vanish  we  must  have 

2mP(z0-z)  =  Az (6) 

But  by  ( 1 )  the  quantity  on  the  left  is  A.(di+\J?sm2&)l  g,  and  so  -  must  be  positive.  Thus 
the  force  cannot  vanish  and  change  sign  unless  the  pendulum  be  above  the  level  of  the 
point  of  support.     This  holds  whether  the  pendulum  be  simple  or  not. 

[f  R  is  to  be  zero  in  the  course  of  the  mol  ion  we  must  have  by  (5)  and  the  value  },Ab  of  E 

AM  „        M.I 

:i>(-wl-  +  A)<f     h<(2mP+A)gy 
and  these  also  show  that  the  force  cannot  change  sign  it  the  motion  is  wholly  below  the 
point  of  support,  for  then  both  -\,  and  ...  are  negative. 

To  carry  this  discussion  further  we  suppose  the  pendulum  to  lie  simple,  and  get  as  the 
conditions  required  c._,>  lfil/g,  ~3<  %bl  g,  or 

2  6  -2b 

-      3  o        '     3  a 

But  b/a  is  zt  +  z.2  +  z3,  and  so  we  are  to  have 

--■  >  !i  Cm  +  ~-2  +  zz)i     h  <  §  (-1  +  H  +  h)- 
The  value  of  zx  given  above  converts  these  inequalities  into 

2  zf  +  z3*  +  z*z3-l  . 2  z*2  +  z39-  +  Zjjz,, -  1 

The  second  inequality  is  satisfied,  for  we  can  write  it 

1  2  -y-1 

3  "::<3  :.,  +  z3' 

The  numerator  on  the  right  is  negative  and  so  also  is  the  denominator,  so  that 

|fo,»-i)/fc+j  i 

is  positive.     But  z3  is  negative,  and  thus  the  inequality  is  satisfied. 
The  first  inequality  can  be  written 

-  2_i_  -  -         O-  2   i    O 

-J    +-2i3^ff3_+f  >  q 

The  denominator  is  negative,  and  for  the  fulfilment  of  the  inequality  we  have  so  to  choose 
z.2  that  the  numerator  is  also  negative.  This  will  be  the  case  if  ;.,  lie  between  the  roots  of 
the  quadratic  in  Zo,  -j---  _•">-•-' i  o  —  n 

1  Z!  -o    T-..-3        — ^3    T  —  — v/, 

for  only  for  values  of  :._,  in  that  region  is  the  expression  on  the  left  negative.  Solvingthe 
equation  we  find  the  roots  (",  £'  given  by 

i}=-ih±i(*t-*)1 (v; 

The  roots  must  be  real,  and  therefore  '■'- :  '.8.  This  gives  for  the  limiting  ease  of  equal 
roots:.  0*942809,  and  therefore  the  pendulum  when  on  the  lower  limiting  circle  cannot 
make  a  greater  angle  with  the  downward  vertical  than  L9  28'  16". 

If  this  condition  is  fulfilled  .,  must  lie  between  —\z$  ■  U'->::-:-8)-.  At  the  limits  when 
:.,  coincides  with  the  root-  we  have  //«  =  ::(*,  or  b  a=  |f,  and  between  these  values  b  a  has 
intermediate  values.  \-  53  diminishes  from  -(8)'/3  to  — 1,  f  increases  from  2*/3  to+1, 
while  f  diminishes  from  2*  3  to  zero. 
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Winn  ;.  reaches  the  value  -  1  we  have  the  case  of  an  ordinary  pendulum  vibrating  in 
;i  vertical  plane,  and  then  the  values  of  £  and  f  are  1  and  zero.  Thus  the  value  of  b  " 
must  lie  between  zero  and  ;_:. 

By  ( I )  the  velocity  at  the  height  corresponding  to  :.:  is  given  by 


%r*(£-*«)» (8) 


so  that  we  may  regard  the  kinetic  energy  as  generated  by  a  fall  through  the  difference  of 
Levels  l(b  a  -  :.,),  that  is  through  /( ':,  +  :3).     Thus  we  have 


.3  -'  .5 

The  required  condition  of  inequality  is  thus  fulfilled  it' 

r- 
z.,>-r 

The  foregoing  discussion  is  based  on  a  paper  by  M.  de  Saint  Germain  [Bull,  des  Sci. 
Math.  1901). 

17.   Motion  of  boh  referred  to  rectangular  axes.     Discussion  of  the 

mot  ion  by  elliptic  functions.     If  we  take  now  x,  y,  £  as  rectangular  coordinates  of 

the  pendulum  bob,  x, y  being  drawn  horizontally  from  ( »,  and  ('downward from  O,  we  have  as 

the  equations  of  motion  p  ..  > 

}».;'•= -R'.-,     mjj=-\\-r     m^=—'Rj+mg (1) 

Now,  as  we  have  seen,  xy-yx=h    (2) 

is  the  equation  of  a.m.  about  the  vertical.     Also  we  obtain  by  (1) 

m($x-±y)=-  j-{xif-yx)=-jh (3) 

If  then  K  vanishes  at  any  point  P  on  the  trajectory,  x=0,  //  =  0,  and  there  is  zero  curva- 
ture of  the  horizontal  projection  of  the  path  at  P,  which  is  thus  a  point  of  inflexion,  and 
the  osculating  plane  is  there  vertical. 

N..W   .  denoting  cos  (J  as  before,  we  have  seen,  (11),  1,  that 

i         ,)sn2m£,     :.,-:=(:..     z^catmt,     tl—z=(zl  —  z3)dn2mt. 

Msowehave  (P-fll^*.    or    P(]  -z*)j,=A (4) 

The  angle  turned  through  by  the  radius  vector  of  the  horizontal  projection  in  any  time 

+-m  ¥) (5) 

When  for  :'-'  is  substituted  its  value  in  terms  of  elliptic  functions,  the  integral  can  be 
fouud  ami  i'V  determined.    Thus  determined  \ft  can  be  used  to  give  x  and  y  by  the  relation 

w  =  x  +  iy  =  peW (6) 

The  integral  \j/  given  !>y  (5)  has  two  critical  points  b=1,  z=  —  1,  but  x  and  y  are  uniform 
functions  of  the  time. 

Now  .'•-+//-  +  £-  =  '-.  mid  therefore 

■:' +;f  +  i- +  ■>■■>■  +  >/;/  +  ({= "■ 

Hence  (1)  gives  m(x*+f+&)=  -m(xx+yy  +  £l)  =  -Bl+mff£. (7) 

But  we  have  seen  [(8)  and  (3),  L6]  that 

&+f  +  (*=2gl(l-z),     B,=mg(£-Zz) (8) 


is  thus  f     //  ,lt 
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Now  by  (1)  we  get  also  "'"'        '/        ""'{■i'    :v.) (9) 

Putting,  to  avoid  confusion  with  the  mass  m  of  the  bob,  /'  instead  of  m  for  !  1"(.|     •;)!'■  and 

'«=('/')',  we  find,  since  ,  /         \     ■>    .        ,  /  ,  /-ms 

■     ''  :  =  :3  +  (:.1  -  ::.)sn-/;7  =  .-:!  +  (  >^\-n (10) 

where  u  =  /it, 

^=(6k*sn*u+h)w (11) 

w  lu-if  /.'-'  =  (--o  —  :3)  (:,  -  :::)  as  before,  and  h     2(3^     -l>  a)/(zj     ..;),  a  constant. 

Equal  ion  (11)  of  course  splits  into  two  equations  of  the  same  form,  one  in  which  w  is 
replaced  by  a?,  and  the  other  in  which  w  is  replaced  by  //.     The  equation  is  a  particular 
of  tliat  know  n  as  Lamp's  equation,  which  is  of  the  forin 

'i/~^  =  {n(n  +  \)L--sn-u  +  /<\ir (12) 

If  >i  =  2,  this  reduces  to  (11). 

Equation  (12)  may   be   put   in   the   Wcicist  i  assian  form  by  means  of  a  new  variable 
given  by  z_z     pu'-e3  ,.~ 

and  with  a  view  to  the  discussion  in  L8  and  li)  below,  we  write  s  =  Mpw'  +  N,  where  M,  N 
are  constants  which  are  determined  in  18.      We  get 

./.     Mjp'u'du', 
and  zx— z=M(e1-@u'),     :.,-z  =  ~M(e.,-pu'),     z  -  z3  =  M(pu'  -  e3), 

so  that,  since  Z  =  (:l -:)(:.,- z)(z- z3), 


!M  ^o)l5 


['/;=2M-if2-  -&-       1, 

J   ■/>■  JesH(K-ei)(K-«2)(^'-e8)P 

f  ">2M-* 
J  /- 


i: 


where  (ol  is  the  half-period  of  u',  corresponding  to  the  variation  of  $u'  from  e3  to  e2.     But 

*»  dz  _      -1 K 
\^~(h-z3f 

and  therefore  m,b   M  K   = (14) 

Thus,  as  may  be  seen  otherwise,  the  variational  has  the  value  du'.(eT—e3)*.     Hence,  since 

pan2u=elZh  ^zhJ&LJZ%,  (15) 

el  ~  «3  Z2  ~  h        el  -  e:i 

dho 
we  have  instead  of  (11)  j-^={6^'-6e3+A(e1-c3)}wJ ( 16) 

and.  instead  of  (12).  the  general  Lame  equation 

i///..,-\ii(n  +  ])^u'  +  A\ir (17) 

where  A  isa  constant.     In  what  follows  we  use  the  new  variable  »',  writing  it  however 
w  ithout  the  accent. 

18.    Calculation  of  8   in  terms  oft.     For  the  calculation  of  0  in  terms  of  t,  oi 

versa,  we  have  the  relation 

p=(b-az)(]-z*)-<*} (1) 

where  a,  6,  c2  are  positive  real  quantities,  and  l>z>  —  1.    This  equation  has.  as  we  have 
en,  three  real  roots ;  one  zt  between    •  -a   and  I,  one  between  1  and  r0  (the  initial  value 
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of  :,  for  which  of  course  z2  is  positive  if  it  is  not  zero),  and  a  third  between  z0  and  — 1. 
Now,  transforming  as  above  from  (1)  to  the  Weierstrassian  form,  we  get  (from  the 
substitution  s  =  Ms  +  N)  lds\2 

\di)  =4s3-^s-y*> (2> 

The  roots  of  the  Weierstrassian  cubic  obtained  by  equating  the  expression  on  the  right 
of  (2)  to  zero  are  given  by 

_V-N          _2a-  N          _z3-N  /4v 

ei-     M    ,     e2-     M     ,     e3-    jj-, w 

and  fulfil  the  condition  el+e.1  +  ez  =  0,  since  .-]+4.,+i3  =  6/a  =  3N. 

If  we  construct  the  Weierstrassian  function  pu  with  ^r2,  ^3  as  invariants,  we  have 

&ht=4%Pu-g$u-g3 (5) 

(7       \    9 
V  "  '  ,"  J  =  mPv,-g$>u-g3 (6) 

Identification  of  this  equation  with  (5)  shows  that 

dt)=1>   or   7^=±1 <7> 

We  shall  suppose  that  du  and  dt  have  the  same  sign,  as  it  is  always  possible  to  change 
the  sign  of  u  without  altering  the  value  of  <pu.  Thus  z  and  pu  increase  and  diminish 
together.  As  z  increases  from  z3  to  z2,  <pu  increases  from  e3  to  e.,  in  the  real  semi-period 
wx,  and  for  any  instant  we  may  write 

ii  =  t  +  (D3, 

where  w3  is  the  imaginary  semi-period  and  t  is  real. 

In  1  above  we  have  seen  how  t  may  be  expressed  in  terms  of  cf>  [  =  tan~i{(z  —  z3)^J(zr>-z)->] 
as  an  elliptic  integral  of  the  first  Legendrian  type  to  modulus k ={(23— z3)\{zx  —  z3)$. 

Now  let  pa,  \>/-)  be  so  chosen  that 

M$ta+N  =  l,     Mp/3+N  =  -1 (8) 

Then  we  have  M=       2 ,„Q,     N=-f^±J§,   (9) 

po-p/i'  P«-p/3  v  ; 

and  of  course  a,  ft  are  imaginary.     By  (1)  and  (2)  above  we  have  M2|p'2a=M2p'2/3=  -c2, 

and  therefore  c 

^«=  ■  W>     iH (10) 

With  these  values  of  M  and  N  we  calculate  the  term  h(e1  —  e3)  in  (16)  <»f  17.    The 
value  assigned  t<>  It  in  (11),  17,  gives 

Hence,  by  (9),  h  (e,  -  e3)  =  6e3  +  3($>a  +  p/3), 

and  (Hi),  17,  becomes  '^'^     [6pu+3(pa+p/S)}w •••(11) 

The  values  of  M  and  N  in  (9)  give,  it  may  be  noted, 

S1U"    "    2    "f 3'     '"^        2    -fC=pj5', 

,2g>M -pq-^/j 


—  '   J 


19.    Calculation  of  the  azimuthal  mot  ion  by  means  of  Lam&s  equation. 

We  can  now  consider  the  solution  of  the  Lame  equation,  that  is  the  determination  of  yfr 
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in  terms  of  the  time.  The  theory  of  the  subjed  has  been  fully  discussed  bj  Btermite 
and  by  Salphen.  The  process  we  give  here,  though  restricted  to  the  dynamical  problem, 
is  complete  in  essentials,  and  differs  in  some  respects  from  the  usual  form.  Firsl  we 
Buppose  thai  the  functions  v'".  P/8  fulfil  the  condition  \*rr  (10)  of  L8] 

\>'n  +  y'/3^) (I) 

tfexl  weassumethat  wC^^ffl^i-'^tg) (2) 

iru  (r/j  <r-// 

Taking  logarithms  and  differentiating,  we  get 

by  tlif  addition  theorem  for  the  f-functions. 
Differentiating  again,  we  obtain 

By  the  addition  theorem,         p(«  +  <')  =    (  v  J  -p«-pr, (4) 

this  last  result  becomes 

But  the  value  of  (dw/du)  w  given  by  (3)  converts  (5)  into 

1  '/J-    ^..p.njpi^-^^-^ (5') 

M,^-4^+^a+«i'P  +  2^-pa    fpu-p/3  K    ' 

In  the  differential  equation  (1 1)  of  18  the  left-hand  side  of  (5')  has  the  value 

6pw+3pa  +  3p£. 
Hence,  in  order  that  the  right-hand  side  of  (5)  may  reduce  to  this  value,  we  must  have 

H^+pa+m=^-^^±§ (6) 

P"  -  POL      fill  -  p/S 

We  have  therefore  to  find  the  condition  which,  with  (1),  must  be  satisfied  by  pa,  p/3  in 
order  that  (6)  may  hold. 

By  (1)  the  product  on  the  right  may  be  written 

p,2?t-p'2a 

and  therefore  (6)  becomes 

-KV"    £>«  >(#>«  -  $>0)(pu  +  ^a+p/3)  =  p'2«  -  p'-« 

=  4p3«  -  g2pu  -  g3  -  (4p3a  - #2pa -#,),  (7) 

by  the  well-known  property  of  the  p- functions. 

The  coefficient  of  p«  on  the  left  and  on  the  right  must  be  the  same,  and  so  also  must 
be  the  absolute  terms.     Kadi  of  these  conditions  givrs  the  relation 

p*o+p»j8+pafl8-&,=Q, (s) 

the  fulfilment  of  which  renders  (7)  an  identity. 
Now  consider  the  quadratic  equation 

gt-kg+tf-  {!h  =  0 (9) 

Lei  ;-'..  :-'_.  be  its  roots.     Then 

thai  Is  £r  +  ^-  +  £i£.-i^  =  0, (10) 

which  is  exactly  the  relation  (8)  fulfilled  bj  pa,  \->/L  The  conditions  fulfilled  by  pa,  p/J 
are,  therefore,  thai  they  should  be  the  root.-  of  an  equation  of  the  form  (9),  and  thai 
p'u,  p'/i  should  have  the  opposite  aigns. 
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20.    Calculation    of  azimuthal   motion    continued.     Let  us  now  suppose 
that  w=x+iy  [  =  pe^,  see  (6),  17],  so  that  by  (2),  19, 

,.  +  ;v=C^^Mr^-^i (1) 


im 


IT fi  IT- II 


.:. - a'~  ± ■"'  -  K  <r(u-a)<r(n-p)e"<£«+&)  , 4 


172 


<r(  //  +  (/.)  ,        ,  „         iTii.iT" 

We  know  thai  A__V«<r«=(«Pa  -  ^)^__^, 

0"pV«  <r(u- f5)e«<>P 

so  I  li.it  we  obtain 

.+fr-c(p.   fWg-f)^.,^^^, - 

Hence,  if  we  can  take  xi+y2=K($>a-pu)(pl3-pu),  (3) 

where  K  is  a  constant,  we  get 

x+iy      C  (racr/jc-K 

Now,  by  the  equation  of  the  sphere, 

and  so  by  (12),  18,  we  gel 

a*+tf=-M?P(fia-pu)(p0  -pu) (5') 

where  M  =2  (%>a-®fi)  as  found  in  (9),  is.     Thus  K=  -M2<2  =  -  1/-  (#><*  -9/3)2- 

For  the  sake  of  symmetry  we   might   choose  a  new  constant  E,  such  that  C=EM£ 

We  should  have  then  for  (2)  and  (4), 

_,..7o-(M  +  a)o-(tt+/3)        ,.  ,  .„,  1 
x+ty=TZMl  n    ., — —  e-«(4a+#), 

(jaapiT-n  | 

X-1V=  -    „     — 0      „ —  (?w(S*-rS0). 

Multiplying  the  two  equations  together,  we  verify  that  they  give,  as  they  ought, 

fl!«+y«=_MV(p»-po)(j>»-pj8). 

Also,  by  the  addition  theorem, 

<r(u+v)<r(u     '•) 

p»-f»=-    XX    • 

and  therefore  the  value  of  M  in  (9),  18  gives 

m  .-a  j  ;;;,rf   ... (7) 

cr(u+ p)<r(a-  fi) 
Dividing  the  first  of  (6)  bj  the  second,  and  supposing  thai  x    pcos  >.'/■,  y=psva  \fr,  wi 

e^=_E2^±£M^±|)1  (8) 

.n  ■     a)o-(«   -  p) 

by  which  */'  can  be  calculated.     The  value  of  !•'.-'  falls  to  be  determined  from  the  initial 
circumstances  of  t  he  case. 

21.    Diml  determination  of  azimuthal  motion.     We  have  thus  found  the 
azimuthal  motion  of  the  spherical  pendulum  as  a  solution  of   Lames  equation.     The 

following  direct  process  lead-  to  the  same  result,  and  we  uri\e  it   hero  for  the  sake  of  the 


.(6) 
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conclusions  to  which  it  leads  as  to  the  angles  turned  through  in  successive  half-periods  of 
the  motion.     I  n  2  abo\  e  we  obtained 

*  Jrb  Kii-.+rb>  f-w (« 

Writing  Mptt+N     -  Mpa+N     I,  Mpj3+N=  — 1,  and  remembering  thai  du    eft,  we  gel 

d±      •  ■  -        1  1\  /2n 

rf«     2M\#>w    \V>    Pu-Pa/' 

No*  i2  =  (^)a=  A,V""    (     «+&)(!-*)-*.   (;J) 

and  »:   a  or  /?  according  as*     1  or  -I.     Hence 

pfla-f^j8--^, (4) 

and  p*o,  v'/^  may  have  the  same  or  contrary    signs.     In   accordance   with  the  choice 

already  made  above  we  take  c 

^--^-ig.    (5> 

Equation  (2)  becomes  _tf^«  J^+jJ^r- (6) 

By  the  addition  theorem  of  the  ^-functions,  we  have  from  this, 

-*U--««+j8)+««-jS)+sfi8 

-f(tt+a)+C(«-a)+2t« (') 

Integrating  we  obtain  «*=  - E»^*+tt^*+ffig-ft'<fr+flW (8) 

o-{u-a)a(u-  fi) 

From  this  and  the  equation  of  the  sphere  we  can  deduce  .v-H'y,  x-iy  ;  but  the  values  of 
these  quantities  are  given  above. 

22.  Proof  of  Bravais'  theorem  by  elliptic  functions.  In  this  connection 
the  determination  of  what  are  called  the  complete  integrals, 

,-lu>  r2u>  i 

£(u+v)du,  £(iu+v)du, 

Jo  Jo 

is  important.     For  the  present  we  take  only  the  first.     We  have 

[      f(«+i>)rf»-'log    ^      (") 

But  o-(2o»+v)=  -  e2TK»+u)on>, 

and  thus  log  [o*(2w+  i>)]     2(w+v)77+(2?/i+l)iri+log(o-») (2) 

Now  let  the  step  of  azimuthal  angle  described  by  the  spherical  pendulum  when  u  is 
altered  by  2a>]  be  -'.'',.•     Applying  (2)  to  (8),  21,  we  get 

that  is  <•>,(£* +  £3)  +  ?h(a  +  /3) (3) 

Following  a  process  due  to  Greenhill  [Elliptic  Fu/nctions,  A  pp.],  we  find  an  approxima- 
tion to  the  value  of  the  expression  on  the  righl  of  (3).  We  divide  the  expression  into 
two  part-  I.'/,  and  yfrt,  bo  that  we  have 

',    '"/i  -"»iC«.   ''^=^'/i-'"iC^ (4) 

Now  Wj  corresponds  to  the  largesl  root  \  of  the  cubic  equation  in  ..and  <•>.,  to  the  smallest 
root   :  .     Let  the  two  roots  orresponding  to  «>■  and  aj1-f-w3,  between  which  the 

variation  of  u  takes  place  in  the  half -period)  be  both  approximately  equal  to  —  1.    The 
variation  of  "  in  the  integration  considered  is  through  the  whole  period  -"v  so  we  now 

suppose  (..>,  written  for  ui  in  (  1 1,  and  '/■  written  for  <\  to  correspond. 
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The  value  of  u  for  z=  +1  is  o,  and  for  z=  -1  is  ft  [see  (8),  18].  If  then  q  and  8  be 
small  quantities,  we  get  by  a  period-rectangle,  reckoning  arguments  from  the  upper  circle, 

a  =  w3(l  -s),     ft  =  wl  +  qb>3 (5) 

developing  (a,  (ft  by  Taylor's  theorem  and  using  the  values 

we  find  (ft  =  m-qw39<Jii  =  Vi-ei'JM.',>    £«='73+sw3#,w3=7?3+e3sw3!  (6) 

and  therefore,  by  (4), 

t\jf2  =  qio-^ii  +  ejwj,     ii^j  =  w37/i  -  w, »/.,  +  *a>3( >/,  +  e:;oji)  =  £mt  -  5w3(?h  +  e3wi) (7) 

It  can  be  proved  that  dn-  J  u  (e{  -  e3f >  =  ex~Hu  +  ^)^ 

e\  ~e3 

Multiplying  by  du  and  integrating  from  0  to  oj1?  we  get 

r\\x^{u{ex-e^)du  =  ,h  +  )h±^3,  (8) 

.'11  el       e3 

so  that  (e1  —  e3)*E=e1<i>1+r)1, (9) 

where  E  is  the  complete  Legendrian  integral  of  the  second  kind  to  modulus 

But  we  know  also  that  K(e1-e3)*  =  (e1  -e3)a>],  (10) 

where  K  is  the  complete  elliptic  integral  of  the  first  kind  corresponding  to  E.     From  (9) 
and  (10),  by  subtraction,  we  find 

(el-e3)^(E-K)  =  ih  +  e3wi (11) 

Equation  (9)  used  in  the  first  of  (7),  and  (11)  used  in  the  second,  give 

H'-'  =  q«h(e\-e?)-  Ei  ) (12) 

2"Vrl  —  hl7r  +  SW3 (Cl  ~~  e3T  ( K-  -  E).  J 

Now,  in  17  above,  we  have  seen  that  M#>a+N  =  l,  M^/i  +  N=  -1,  Mjp»+N=z.  Hence 
if  y„,  y3  be  the  angles  which  the  axis  of  the  pendulum  makes  with  the  downward  vertical 
when  in  the  positions  z2,  z3  respectively,  we  have  by  (12),  18, 

^/2~?ft-e3-el-e3  +  hr<o^\ol  +  ... <  '} 

But    9"w3  =  2(e,-e3)(e2-e3),    /-2  =  (e2 - e3)/(el  - e3),    k"i  =  {el-e,)j{el-e3).      Hence    approxi- 
mately, by  (13),  CotHr2=-(e2-c3)«V=-^V(ei-e3) (14) 

Similarly,  cotHy  z=%$±  =  elZ%J*L (15) 

Thus  we  find  by  multiplication, 

(e1-e8)s2o)82=-p  cot2^y2cotHy3J  (16) 

and  by  substitution  in  (12), 

^i=l~  +  ,!,<K       E)cot  ^72cot  -j7:; (1T) 

Again,  by  (1)  of  l(.»  above,  which  relates  a  to  ft. 

j  =  _  £7? _^  _  V'(<»i+9«i>a) ^'/Vv'«i     7  '  1      e?     7  ^ 

W"  fP^- **w3)         V"':;        8    f<2 —  e3       s   ^'" 

/- 

11  "»ce  ?=  */•'-'  (|s) 

and  therefore  by  (12)  &i^2=*a>3(«,  -e3)$  ,,.,K (19) 
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l'.ut  [( Hi),  almvt'J  we  have  aeftn  that 


(■I    i  i)*aw3    '' ,'.J,,"t  -jy'.'''"1  ->y:i, 


/ 


I 


and  thus  we  get     ^=^,+^g=$ff+TST-,{*'8(K-E)+#,E}cot  fcy2cot  .ly, (20) 

Substituting  now  from  the  expausions  of  K  and  E  in  ascending  powers  of  /'-',  putting 
I     /•-.  1  #=1+$**   we  gel  easily 

f=-fI+f8=|7rU+(t+^F+-)cot  Ay, rot  |y8] (21) 

A  rougher  approximation  is 

^■=$Tr(l  +  gcol  .ly,.-Mt .}.y:t) (22) 

which  may  als«.  be  obtained  by  noticing  that  as  &  approaches  zero,  /•'  approaches  L,  without 
limit  of  closeness,  and  that  the  limiting  value  for  k  =0,  of  (K-E)X-- is  ]tt,  while  that  of 

E  is  \~.     Thus  i/r=  .^77(1  + :j  rot  iy2COt  .\y:!)  =  .j~(l+;;sin  y._,siny:t) (23) 

This  is  Bravais1  result,  which  was  found  above  by  another  process,  not  involving  the  use 
of  elliptic  functions. 

If  we  replace  the  factor  1  in  the  value  of  \jr2,  found  from  (19)  and  (16),  by 

_(<;_<V)(<;+('/i), 

we  obtain  4/<>  =  \t-< — ,.    )  ",  <-ot  iy.,  cot  Ay, ; 

T  -     \(jr+Cn/  2        -'  -       -'* 

which  with  (17)  gives  the  approximate  azimuthal  turning  for  the  corresponding  case  of 

the  motion  of  a  top.     (i  is  the  a.m.  about  the  upward  vertical. 

23.    Consideration  of  special  cases  of  the  spherical  pendulum.     Going 

back  to  the  exact  equation,   (3),   22,   we   may    now  reckon    arguments   from  the   lower 

limiting  <ircle   so   that   a=<o1  +  q(o3,  /8=<u3(l-«),  da=ida'.     Thus   differentiating  with 

respect  to  a,  we  get  fM-  dti  n\ 

i/(/"     i^fa+rn+{io1^+7ll)-£ (1) 

But  we  have  here  to  take  $o.+$fi=0,  and  therefore  have 

pada+V'jidi}=0,     or     |*=      gg (2) 

Thus  we  find  v^<^)  =  (<o^a+,/l)v^--(<''iV^>+'y.)Vy'<'- <:^ 

Bui  direct  differentiation  of  the  fundamental  equation  of  the  ^-functions,  that  is  of 

giV(  V'  "      ,;V/J"       2#2i 

and  so  we  have  p"a=r.w-«     ._../..,    v'7j'  =  f¥"'A'     '«.'/■.- 

In  \  irtue  of  these  value,  of  v  o,  p"/?,  equation  (3)  takes  the  form 

-^v/^',',,(,iv'''w^"^/j>+,:'/,(v,'l+W:?) (4) 

N..u   we  have  Been  in  lit  that  pa,  #>/3  are  the  roots  of   i  certain  quadratic  equation 
which,  if  —  k  be  the  Bum  of  the  roots,  may  lie  written 

£-  +  k-;:  +  k- -]//.,  =  0. 
Substituting,  therefore,  in  (  1),  -k  for  v>"  +  VVi  :U1(1  K"~  ba  ''"'  Pa?A  we  get 

..;       6<».<»!-^  '." i:" 

A.lso  we  have  I  f-»c    0. 
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(6) 


By  the  addition  theorem  of  the  ^-functions  we  have,  since  p'a=  -y'fi, 

$>a.+pP+$>(a-0)=O,} 

bo  that  p(a  —  /3)=K.  I 

It  is  important  to  notice  that,  by  (6),  a+(3+a  —  (3,  that  is  2a,  is  a  period  of  the 
argument  u. 

We  know  that  p"(3,  fa  — pySare  positive,  and  it  can  be  pr«>\ed  [sec  Ifalphen.  Function* 
Elliptiques,  t.  i.  p.  315]  that  the  expression  (*'"'-  ,V/-_.)"Ji  -  >/,k-,  which  appears  in  (5),  is 
itive.  Thus  dyjrjda'  is  positive,  that  is  \jr0  increases  with  increase  of  a'.  The 
imaginary  part  of  a  is  ia',  and  «.'  may  have  any  value  from  0  to  the  full  half-period 
value  (o3/i,  so  that  u  lies  between  to,  and  <»,  -Ho.,  ;  also  (3  lies  between  0  and  w3.  The  values 
of  a  and  /j'  are  situated  as  indicated  in  the  inequalities 

Cj  >  pa  >  Co ,     e3  >$>/3>-ao, 

and  v'/i  readies  the  value  -x    when  (3  =  0.     Thus  we  can  write 

u  =  Wl  +  <7w,,     (3  =  (l-s)to3, 

where  q  and  s  are  proper  fractions.     In  each  of  the  extreme  cases  specified  in  the  table 
below  s  is  zero,  and  it  will  be  seen  that  p'a +  #>'/?  =  0,  and  that  2a  is  a  period. 

Again,  if  r  be  the  time  value  of  the  half-period,  and  t  (<t)  the  current  value  of  the 
time  reckoned  from  the  lower  limiting  circle,  the  equation  for  u  is 

t 


tl  =  U), 


■<o. 


A.S  an  example,  let  the  pendulum   very  nearly  reach  the  lowest  point  of  the  sphere. 


Then  we  have,  also  very  nearly,  q=0, that  is  pa  =  e1  and  a- 


■10, 


But  now  to  the  same 


de-ice  of  approximation  z3=  —  l,  and  so  also  :,=-l.     Hence  $>(3=e3  and  /i  =  w3,  that  is 
the  purely  imaginary  part  of  (3  is  zero. 

The  following  table  shows  the  values  of  a',  a,  (3,  when  the  azimuthal  angle  turned 
through  in  half  a  period  has  the  extreme  values  W  and  —  This  angle  has  been 
calculated,  from  (3)  of  22,  that  is  from 


a' 

a 

P 

\Z/„ 

I. 

0 

to, 

w:j 

fcr 

II. 

i 

to,fto.; 

„,.. 

— 

In  the  first  case  we  get,  by  the  values  of  /)  and  a, 

''"/',!= '/iw:i-'/:i"'i- 

and  in  the  second  case  ?'i//-0  =  2(//,o):(  —  >/::<"i  I. 

The  quantity  //,»-*.  »/;<.i,  is  -  ^Vr,  according  as  w^icoj  is  positive  or  negative.  Thus,  in  the 
present  case,  we  have  the  values  stated  in  the  table 

The   meaning  of  these  results  may  lie  shortly  slated.      When  a      CD,  and  /)'     to3,  that    is 

when  one  Limiting  posit  ion  of  the  pendulum  bob  is  at  the  lowest  point  of  the  sphere  and 
the  other  inliuitesiinally  higherj  the  azimuthal  angle  turned  through  in  the  passage  from 
one  limiting  level  to  the  next  is  kir. 
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In  tlic  other  extreme  case  we  have,  by  (6), 

bj  is)  of  L8.     Bui  a  -  /^  =  <»i .  and  so  we  have 

2N 

This  is  the  case  in  which  [see  15,  ahove]  the  Limiting  circles  are  shrunk  into  the  extremi 
ties  of  the  vertical  diameter,  when  \f/0    -1-. 

In  the  case  of  motion  described  in  4  above,  the  value  of  :,  is  infinite,  and  so  we  have 
w,  =  o,  as  the  defining  integral  for  o,  shows  at  once.     Bere  by  (10),  18,  fla=  t  . 

24.  Motion  of  a  particle  on  a  concave  surface  of revolution.  Now  lei  as 
suppose  that  a  particle  moves  on  a  concave  surface  of  revolution,  the  axis 
of  which  is  vertical.  We  suppose  that  the  origin  of  coordinates  (£  p)  is 
taken  on  the  axis,  and  thai  C  is  measured  upwards,  p  horizontally,  and  that 
^"=  f(n)  is  the  equation  of  the  surface.     The  energy  equation  is 

|m{p2(l+/,2)+PV2}=  -mgf(p)+h (1) 

For  clearly  the  expression  on  the  left  is  the  value  of  the  kinetic  energy, 
+  ;//'//'(/>)  is  the  potential  energy,  and  h  is  the  constant  sum  of  these  two. 

Since  the  action  of  the  surface  on  the  particle  is  always  directed  towards 
the  axis  of  figure  and  the  gravity  force  upon  it  is  parallel  to  the  axis  the 
a.m.  m p:\'r  is  constant.      We  have 


r- 


mp2yjr2  =  2{-7ngf(p)+h}-mp2(l-\-f2)=m    , (2) 

Thus  we  get       *-*0=±     pdp\ i 1J—Ti '  ,:!l 

and         ^0-±r,A>i        *+r-        ]*, (4) 

where  t  —  tQ  is  the  time  of  passage  from  the  distance  p0  from  the  axis  to  the 
distance  p,  and  \/r— \p-Q  is  the  angle  turned  through  by  the  horizontal 
projection  of  the  radius  vector  in  the  same  time. 

It  will  be  noticed  that  c2  lias  not  here  the  meaning  assigned  to  it  in  1. 
There  it  denoted  \fs !sin40,  here  it  denotes  \jripi. 

It  is  clear  that  the  value  of  c  is  vpsaia,  where  v  is  the  resultant  speed  of 
the  particle  al  any  in-taut  and  a  the  inclination  of  the  direction  of  motion 
to  the  meridian  (a  section  of  the  surface  by  a  plane  containing  the  axis) 
on  which  the  particle  is  situated  al  the  instant.     Thus  we  have 

c=  ypsin  a  =  y0/o0sin  o0 (5) 

[f  the  particle  describe  a  parallel  (a  section  of  the  surface  made  by  a 
horizontal  plane),  the  vertex  of  the  cone  the  generators  of  which  are  the 
normals  to  the  surface  drawn  from  points  of  the  parallel  must  be  above  the 
level  of  the  parallel.     This  is  necessary  in  order  that    the  read  ion  may 


:i2i; 
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balance  mg.     If  the  semi-vertical   angle  of  the  cone  be  /3,  the  condition 
necessary  for  equilibrium  is  clearly 

tan  B=% 

But  cot /3  =  dfldp  =/'(/>)•     Thus 

'■=l!Jpf'(p)}h (6) 

Thus  v  is  a  possible  equilibrium  speed  only  if /'(/>)  is  positive. 

If  the  particle  be  under  no  force,  except  the  reaction  of  the  surface,  we 
have,  putting  c"2  for  c-m  2h, 


t-L 


y. 


Vv 


(7) 


In  this  case,  since  the  force  on  the  particle  is  always  at  right  angles  to  the 
direction  of  motion,  the  value  of  the  resultant  speed  remains  constant,  and 
therefore  we  have  by  (5),  as  a  condition  fulfilled  by  the  path  on  the  surface, 
the  equation  p  sin  a  =  const. 

This  condition  is  characteristic  of  a  geodesic  on  a  surface  of  revolution,  that 
is  of  a  line  so  drawn  on  the  surface  that  its  osculating  plane  contains  the 
normal  at  each  point.  We  have  thus  obtained  a  dynamical  proof  of  this 
characteristic  property  of  geodesies. 

As  a  particular  case,  consider  the  motion  of  a  particle  on  the  interior  concave  surface  of 
a  hollow  right  circular  cylinder.  Here  p  is  constant,  and  the  inclination  of  the  path  to 
the  successive  generating  lines  of  the  cylinder  is  everywhere  the  same,  so  that  the  path  is 
a  helix  on  the  surface.  This  is  also  obvious  from  the  facts  that  whatever  axial  speed  the 
particle  may  be  given  initially  will  be  preserved  unaltered,  and  that  the  A.M.  of  the 
particle  about  the  axis  also  remains  constant.  Of  course  if  the  axial  speed  is  zero,  or  if 
the  angular  speed  about  the  axis  is  zero,  we  have  the  limiting  cases  of  the  helix,  a  circle 
about  the  axis,  or  a  generating  line  of  the  cylinder. 

25.  Motion  on  (t  paraboloid  with  axis  Vertical,  Now  let  the  surface  of  revolu- 
tion be  a  paraboloid  with  axis  vertical.  The  equation  of  the  surface,  if  the  vertex — the 
Lowest  point — be  taken  as  origin,  and  f  be  measured  upwards,  is 

^=4^.    (1) 

In  this  case,  if  m  be  taken  as  unity,  the  equation  for  I  becomes 

t-t-F      (a+cM     (2) 

J&(2Af-ty?         I    > 
This  ma\   lie  written  in  the  form 

t_to=V  (t+«)*C  

J&{(f+a)(a*f-W-c«/4^}* 

Let  £2,  £3  be  the  roots,  in  ascending  order  of  magnitude,  of  the  quadratic 


.(2') 


W-2AC+  t_=0, 


.(3) 
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t  li.it  is  if 


®-hM»-%)\ '" 

''"-{-v  hwt*>xt-o<t-& 

Now  let  f=M*+N (6) 

We  gel  for  the  cubic  expression  in  the  denominator  of  (5)  the  form 

IM»(« -«!>(«- «^(«-aa 

where                             -V    -     M    •    *=— 35      -    <S  =  — m~- 
Bence,ife1+e,+e3=0,  N="a+8&+&, <7) 

and  e»"  ::.M       '     e2-       3M       »     «s-       3al  v  ; 

We  suppose  that  £  lies  between  £,  and  £3,  so  that  s  lies  between  e2  and  e3.     We  have  now 

,_,0=(_?m)Y ^* J W 

Let  s=ptt.     We  get       *-*0=(--MJ  fipu-ejdii (10) 

To  determine  the  limits  of  integration  we  observe  that  as  £  lies  between  (z  and  £2  so  also 
a  ■■  must  lie  between  e.,  and  c3,  and  that  when  jp%=e3  we  may  take  u=ia3.     Thus 

<-<0=f--M>)  ^(^u-e^duU-  '~y\)~)-i»  +  Cu3-ei{u-o>3)\ (11) 

\    g     l  .y;  ^    9     ' 

The  value  of  M  may  be  chosen  at  convenience.     If.  for  example,  we  take  M=-l,  we 

have  ej>e2>^3,  Mid  get 

t-tv  =  (-)'"{  -fM  +  Cw3-c,0«-o)3)} (12) 

If  we  choose  M=  -(a  +  tij),  we  nave  ^i -''•.>  =  ("  + £>)("  + C3X  e1-es=l. 
In  (11)  and  (12)  f  is  the  Weierstrassian   function   usually  denoted  by  that   letter. 
Elsewhere,  unless  the  contrary  is  slated,  it  denotes  axial  distance  as  defined  above. 
For  the  azimuthal  motion  we  have  pidyjr=cdt,  that  is 

df=-^dt (13) 


Bui  we  have  just  seen  that         </'  =  (  -—    J  ({pu-e-^dn  ; 

and,  by  (6) and (7),         £=.Mv-     "     |    ^  =  M  (^"_"":m  ^} 

Thus  (13)  becomes  ^     ''■(-_;  )*  (y,t"g'^/%, (14) 

4a  V     gUJ  a     \       \ 

v  ::M 

w  hid  may  be  w  ritten  as 

*-&     &)VHg^-0-^E=t) (16) 

3M 
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Integrating,  we  find 


We  now  define  an  argumeni  a  by  the  equation 


pu 


du  \ 

:;.M 


•(16) 


pa 


_h 
_"- &-&_."     ft 


::.\1  3M 

and  calculate  p'a  by  the  relation 

p'2a  =  4  (pa  -  ex)(pa  -  e2)(pa  -  e3). 

c 
pi  a-- 


.(17) 


We  get 


(2^M3)S 


(18) 


and  therefore  by  (16), 

2  i(^r  — 1//"0)  =  —  2(«  -  cu3) 


I 


^a  o?« 


Now 


a(8^M)2     .'Pw-P» 

'  \>'i'^'a=2W^a  +  1(>S  °"^  ~  ^  ~  l0g  °"^ +  "  -*' 
where  {'now  denotes  the  Weierstrassian  {-function. 

Hence,  taking  as  limits  of  the  argument  u  and  w3,  we  find 


.(19) 


o-(w  —  a)cr(o)3  +  a) 

26.  Cases  integrable  by  elliptic  June/ions,     ft  is  stated  in  a  paper  by  Gustai 

Knlil,  [.I,/,/  .!/<///,.,  10,  1887]  that  the  integration  of  t he  motion  of  a  particle  on  a  surface 
lit'  revolution,  under  the  action  of  a  constant  external  force  parallel  to  the  axis  (e.g. 
gravil  \  ),  ran  lie  effected  in  terms  of  elliptic  functions  if  the  equation  has  one  of  the  five 
forms,  in  which  {denotes  axial  distance  and  /<  radial  distance  from  the  axis, 

P=>»1   r+C-'=«-,    p2=M, 

9rtp-2  =  £(£_  3a)2     2/o*+  3a2p2  -  2a% 
To  these  a  sixth,  (,/-'    a£-\a?f=a% 

was  added  by  Stiickel  [Mat//.  Annalen,  11,  1893],  and  this  was  supposed  to  complete  the 
list  of  algebraic  surfaces  for  which  the  integration  by  elliptic  functions  is  possible.  Vet 
another  integrable  ease  has  been  reported  by  Sal kowski  [Dm.  Jena,  1904].    The  equation  is 

p6-8a3fp2+2a6=0. 

27.  Ball  rolling  on  a  concave  spherical  surface.     We  now  suppose  that  the 
particle  moving  on  the  spherical  surface  is  replaced  by  a  ball  which  rolls  on  the  surface 

without  slipping.  Let  r  be  the  radius  of  the 
surface  (denoted  by  I  above)  and  a  the  radius 
of  the  ball.  Take  axes  drawn  from  the  point 
of  contact  <  >,  (1)  01)  drawn  towards  the 
observer  at    right    angles  to   the  vertical   plane 

containing  the  centre  of  the  sphere  and  the 
point  0,  (2)  OE  tangential  to  the  sphere  and  in 
the  vertical  plane  just  specified, and (3)  the  line 
0G  joining  O  with  the  centre  (J  of  the  sphere. 

These  axes  are  drawn  so  that,  as  ghown  in 
Fig.  86,  tlic.v  constitute  an  ordinary  right  handed  system  of  axes.  The  inclination  of  GO 
to  the  downward  vertical  is  0,  and  so  the  positive  (counter-clock)  turning  of  OG  about 
<>l>  is  it.     We  suppose  thai  the  vertical  plane  containing  the  centres  of  the  sphere  and 

ball  is  turning  in  azimuth  with  angular  speed  \p. 


00  is  drawn  towards 
the  reader. 


PlO.  86. 
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Let  the  azimuthal  motion  be  zero,  and  the  centre  of  the  ball  have  turned  through  an 
angle  6  aboul  an  axis  parallel  to  <  >l»,  draw  n  through  the  centre  of  the  sphere,  and  ■/.  be 
the  angle  (measured  of  course  the  opposite  way  round)  between  the  radii,  the  extremities 
of  which  were  in  contact  a(  the  beginning  and  end  of  this  turning.  The  ball  has  turned 
through  the  angle  «/>-#,  and  its  counter-clock  angular  speed  is  -(<j>—8).  But  clearly 
"./)    rtK  and  therefore  .      ■    ,•    a  ■ 

at—  u  =  —        V. 

'I 

The  rate  of  product  ion  of  angular  momentum  about  <  »l  >  due  to  this  turning  is 

-m(X?+a?)(r  -a)6/a. 

This  i-  the  part  due  to  acceleration. 

in.  the  components  of  angular  velocity  about  <  M  !  and  OE  are  \!  <-<><,H,  -  \f,  sin0(»"-a 
due  to  the  azimuthal  motion,  while  if  the  angular  speed  of  the  spin  aboul  <  ><  >  be  n,  the 
corresponding  components  of  a.m.  are  mF»,  -m(k?+a2){(r  -a)/a}^sin#.     The  rates  ol 
growth  of  a.m.  about  OD  due  to  the  motion  are  thus 

mk*mi  sin  0,     m(k2+a2) {(*"-«)  «}^2sin  0cos0. 

The  moment  of  forces  about  OD  is  mga  sin  8.     Hence  we  get  for  the  equation  of  motion 

(ifc2+a2)(r  -  a)  8-\p  sin  6{(k2 + a2)(r  -  a)ip  cos  6 +Z?na}+ go2  sin  6=0 1  I  I 

The  same  pi  ocess  yields  for  the  axis  <  >E  the  equation 

-  (h2 + a2)(r  -  a)  j^  sin2  6) -ak2n  sin  6.6=0 (2) 

The  constant  a.m.,  <i,  say.  about  the  downward  vertical  through  O,  is  given  by 

(k2+a2)(r  — a)  sin2  6$  — ak2n  cos  6= a—,  '■'>) 

■  ■  ;        aGi+akhi  cos 6  , ,» 

or.wntingG^G/m,  *=(]c2  +  a2){r-d)sin26 (4) 

Substituting  for  -d  in  (1).  we  find 

ox/         vo    («G,  +  akhi  cos  6)  (aG,  cos  6+ak2n)         „.    a 
(*+<*><•-  (/*  +  „*)(/- t,)sin'fl  -  -  +  ""-"  *  =  <>,    

which  we  call  the  0-equation  of  motion.     It  will  be  seen  that   it  is  of  precisely  the  same 
foi  in  as  thai  used  frequently  above  for  the  motion  of  a  top.' 

Multiplying  1 1 )  by  6,(2)  by  -J.  adding  and  integrating,  we  obtain 

(/•-  +  "-)(/•    a)(63+4>2sin26)-2ga2cos6=(^ni  -k2n2Ja 

where  E  denotes  the  total  energy  when  the  potential  energy  is  taken  as  zero  for  H-1-. 
and  therefore  ta  \\  hen  6    '  '■ 

*  The  ^-equation  of  motion  is  (it'  8  i~  measured,  as  here,  from  the  downward  vertical  i 

-  Afc»*-f- 1<         A  .  -     m  6      My'*  ain  ". 

B  il  if  <;  be  the  a.m.  about  the  downward  vertical,  we  have 

i .         (      cosfl     AC  sin-0. 

.  G     ('"  cosfl       .  ;         ,     , .       G  cosfl     l 

this  gives  \l/aind— — j — : — - — ,     A\l/cos8     Ln      r-s^ 

Asintf  sin-" 

Eence  the  equation  of  motion  becoi 

i.     i  Incos0)(<  Cn)     ..    .    .    .    n 

A  -in  " 

which  is  exactly  of  the  same  form  as  5  . 
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If  we  write  :     COS  0  and 

a(2E-mkW)        R_          aG1                             ak* 
°     »i(P+a2)(r-a)'     /j     (/•-'  + a2)  (r-«)'     6~(£2+a2)(r-a)' (,) 

and  give  a  the  new  meaning  2ga?  (/■-  +  «-)(/• -<-/),  the  equations  of  energy  and  momentum 
may  be  written  J2+^2(l-22)2=(a+a*)(l-*2V| 

ii(l-^2)  =  /3  +  ^:.  I  N 

Eliminating  \l,  we  get  from  these  equations 

52=(a  +  a2)(l-«2)-(/?+M2=/(2) (9) 

In  accordance  with  the  notation  of  Darboux,  followed  by  Greenhill,  we  can  write  (4) 
in  the  fonn        ;     _o_  Gi+GT1CO8_0_     h-h'  h  +  k' 

*    r-a(£2+a2)sin20~l+cos0+l-cos0'   {     ' 

where  G\=k*n,    h=\  (-    J^,     ^  =  \  (l.  ^^  +  ll,) (") 

Thus  we  have  (since  $  is  measured  from  the  downward  vertical) 

'         {''-'(){{-  + a-))        (r  — «)(X-  +  '/-)sin-0 

thatis  4>  =  2  \y—    -^ l-i]/i'  +  — 3  +  ^—     —?, (13) 

[  ah-  I         l+cos#      l-cos# 

From  (10)  and  (1-2)  we  obtain 

WtA_{fe=^±^_1U+*±*,i 

•  "/-  J         l-cos0    |  /■( 4) 

2V^     r/      I.  "/-  J         1 +  COS0   J 

The  motion  of  the  point  of  contact  is  thus  exactly  similar  to  that  of  the  motion  of  a 
point  on  the  axis  of  a  top.  In  comparing  the  equations  here  found  with  those  given  in 
4,  XII,  above  for  the  top,  it  is  to  be  remembered  that  here  we  have  supposed  6  measured 
from  the  downward  vertical,  which  accounts  for  the  appearance  of  a  +  a:  and  fi+bnz 
in  (s),  instead  of  a-az,  fi*-bnz  [he.  n't.'].  The  calculation  of  t  and  of  \//  in  terms  of  6  (or 
in  terms  of  : )  can  be  carried  through  by  the  same  ellipl  ic  function  analysis  as  for  t  be  top 
[see  is  and  19,  XII]. 

28.  Reaction  of  the  surf  ace  on  the  rollingball.  The  spherical  surface  reacts 
on  the  ball  with  a  thrust  i;  which  balances  the  normal  component  mg cos 6  of  gravity, 
and  supplies  the  force  mi*/- +  r-)  (r -a)  required  to  give  the  acceleration  («2  +  »2)/(r—  a) 
towards  the  centre  of  the  surface.     But  u    (>■    a)0,  v=\p(r  —  a)sin0,  and  thus  we  get 

R=»i0CGS0+m(r-a)(02  +  ^2sin20) (1) 

But,  by  (6)  of  -11.  this  becomes 

R  =  }hQ/cus  0+  |  (  —     k*n2) a +2ga? cos  flKa      2j, 

R    9cos0(*2+3a2)+2Ha  .  ,. 

or  -=•—  ,  {-) 

in  !,-  +  <(- 

where  B   is  the  total  energy  per  unit  mass  of  the  ball  apart  from  rotation  about  the 

radius  <  Hi. 

We    infer  that    the   reaction   along,  the   axis  of  a   top,  or  gyroscopic   flywheel,  which    is 

constrained  to  move  about  a  fixed  point  in  its  axis  of  figure,  is  given  by  (2)  adapted  to 
suit  this  case,  by  the  supposition  that,  while  /■  is  the  radius  of  gyration  about  any  axis 
through  the  centroid  of  the  top,  at   right  angles  to  the  axis,  a  is  now  the  distance  of  the 
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fixed  point  from  the  centroid.  It'  we  write  I  for  the  length  of  the  simple  pendulum 
equivalent  to  the  compound  pendulum  formed  by  the  top  or  gyroscope  turning  about  ;i 
horizontal  axle  at  the  fixed  point,  we  have  /    (£a+aa)  a,  and  therefore 

ii- 

R=q  cos  e  +  -2,.,~    gOCOS0  +  2H,,  ,      . 


gcoaQ — J — I  -  -,  ■ 


,(3) 


The  problem  of  the  spherical  pendulum  and  of  the  raoti f  a  particle  on  a  surface  of 

revolution  is  of  much  interest,  and  more  space  lias  been  given  to  it  here  than  is  perhaps 
consistent  with  the  plan  of  this  work.  The  reader  will  find  the  elliptic  function  aspect 
of  tin'  subject  studied  very  fully,  with  a  wealth  of  results,  in  Greenhill's  Report  on 
Gyroscopic  7%<  ory. 

APPENDIX   TO  CHAPTEB   XV 

hi  Figures  87,  89  are  shown  reproductions  of  photographs  of  curves  actually  described 
by  the  bob  of  a  spherical  pendulum,  in  experiments  made  by  Professor  A.  G.  Webster,  of 
Worcester,  Mass.     A  small  glow  lamp  was  attached  to  a  brass  ball  which  formed  the  bob 


Pig.  88. 


Fro.  87. 

of  the  pendulum,  and  cameras  were  placed  directly  under  and  to  one  side  of  the  swinging 
lamp.  The  experiments  were  made  in  a  dark  room,  so  that  the  cameras  were  without 
Bhutters,  and  the  light  was  kept  on  only  for  a  sufficient  number  of  swings  to  give  a 
complete  cun  e. 

In  this  way  the  plan  (already  shown  in  Fig.  82) and  the  elevation  (  Fig.  88)  were  obtained. 
Figure  s7  Bhows  for  comparison  a  plan  calculated  from  Fig.  82  1  ►  v  measuring  the  maximum 
and  minimum  radii,  finding  the  roots  of  the  cubic  equation,  and  calculating  values  of  $. 
It  will  be  seen  how  closely  the  curves  agree. 

A  comparison  elevation  was  also  calculated  which  agreed  very  closely  with  Fig.  vs. 
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DYNAMICS  OF   A   MOVING  FRAME  CONTAINING    A   FLYWHEEL 


1.   General  equations  for  moving  origin  and  axes.     We  have  dealt  with 
a  considerable  variety  of  problems,  using  in  each  case  the  system  of  axes 

which  seemed  most  convenient  for  the 
particular  purpose,  and  establishing  the 
equations  of  motion  by  a  direct  appeal 
to  elementary  first  principles.  It  is  how- 
ever desirable  to  set  up  formal  equations 
of  motion  applicable  to  most  of  the  gyro- 
static  combinations  that  occur  in  practice. 
Let  a  frame  of  rectangular  axes. 
O  (x,  y,  z)  [see  Fig.  89],  be  drawn  from 
an  origin  O  which  is  in  motion  with 
speeds  vv  v2,  vz  along  the  instantaneous 
positions  of  these  axes,  and  let  the  frame 
have  angular  speeds  <,<,,  n\,,  a>..  about  these 
positions.  A  straight  line  OP  is  at  the 
instant  inclined  to  the  axes  at  angles 
the  cosines  of  which  are  /.  m,  n.  These 
cosines  are  clearly  the  coordinates  of  a 
point  A  on  OP  at  unit  distance  from  0. 
Then,  apart  from  the  motion  of  O,  the 
components  of  the  velocity  of  A  in  space, 
with  respect  to  the  tixed  axes  with  which 
0(.'\  y,  : )  coincide,  are 


//'/  —  na^+l 


CO 


:;• 


ii.  .   39. 


I—  mtos-\-  na>2} 
it  —  lo\,+  miox. 
If  these  are  zero  the  point  A  has  only  the 
motion  of  (  >.  and  so  OA  remains  unchanged  in  direction.      For  this  the  con- 
ditions are         l=mco8—noo2,     m=nio1—ltas,     n  —  loo^—mw^ (It 

Now  take  a   fixed  origin  0',  and  let  axes  0'(r\  //',  :')  be  drawn  from  it 
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which  move  so  as  always  to  be  parallel  to  <  Mr,  y,  : ).  Let  m,,  in .,.  m ..  denote 
components  of  momentum  of  a  body  taken  parallel  to  the  axes  0'(x',y',  i  | 
in  their  instantaneous  position.     The  momentum  resolved  in  the  direction 

()1>  is  $l  =  lm1  +  mm2+nms (2) 

It'  OP  is  fixed  in  direction,  we  have 

dM     , 

,     =  /( mt  —  ('v.nij  +  &>2ma  >+ tn(  in.,  —  Wjmg+ajjittj )  +  n{  m..  —  c\,m,  +  t^m,),  . ..(3) 

since  the  total  time  rates  of  variation  of  I,  m,  n  are  zero,  according  to  I  I  >. 

Tims  if  X.  '\  .  Z  be  the  components  of  applied  force  along  the  axes,  the 
equations  of  linear  momentum  are 

m1  —  a>sm2+ft>2m3  =  X,  ihg— w1itts+ o>3i«1  =  Y,  rits  —  »2mi+ a>1m2=Z.  .  ..<  h 
It  remains  to  form  the  equations  of  a.m.  Then  we  shall  be  able  to  calcu- 
late in  any  tractable  case  the  motion  of  the  system,  and  the  reactions  on  the 
supporting  framework,  aeroplane  or  airship,  or  whatever  it  may  be.  Let 
\,  A.,.  I ..  he  the  components  of  a.m.  due  to  the  turning  about  the  moving 
axes  ( )(./•.  //,  ; ).     The  components  of  rate  of  change  of  these  are 

1 1 ,  —  c\Ji  2  +  o\Ji ., ,     h.,  —  ooji .,  +  o\Ji  j ,     h3  —  u\,li  l  +  ayji , . 

T<  i  these  we  have  to  add  the  rates  of  change  of  a.m.  arising  from  the  motion  of 
O.  Denoting  hy  ;-,  >/.  £  the  coordinates  of  0  with  respect  to  the  axes  0'(f,  >/,  O. 
and  by  ',.  <■.,,  v3  the  components  of  velocity  of  0  with  reference  to  fixed 
axes  with  which  ( )'(.<■'.  //',  :')  at  the  instant  coincide,  that  is 

and  the  whole  mass  of  the  body  by  M,  the  components  of  momentum  due 
to  the  motion  of  O  are 

M  y,  =  M  ( i-a>s*i  +  w2f),   M  y2  =  M'(  >)  -  oo^+a>&i),  Mv3  =  M  ( £-  a>.,£  +  a^ ).  .  ..(5') 

If  the  origins  coincide  "/  ihc  i nstaiit,  M'',  =  M£  M/'.,  =  M^  Mvs  =  M^. 

Now  taking  components  of  a.m.  about  parallel  axes  through  the  centroid  G, 
and  then  those  of  the  A.M.  arising  from  the  motion  of  G,  putting  X+£,  //  +  »/, 
:  +  (-  for  the  component  distances  of  G  from  ()',  we  find  that  the  A.M.  about 

"'   is  H^^+Mty^-^+^+^-^i+O}, 

Where   H.  ft,   y=Zc\,  —  jl(,y...   ,/y,v.  —  Cf.i,  ,   //C\—  ■'<".,.        H2,    11..    CMll    he   written    doWll 

by  symmei  ry. 

We  now  calculate  Hj  —  <»v.H.,  +  o\.ll ...  which  is  the  rate  of  growth  of  a.m. 
about  '»'.''.  To  find  that  for  ()./■,  we  have  only  to  put,  in  the  result,  £  tj,  C 
equal  to  zero  after  the  differentiation  has  been  carried  out,  and  equate  to  the 
applied  couple  1' :  and  similarly  for  <  )y,  < »:.     The  equation  for  Ox  is 

A,  —  o\.l'..  +  i'\, A..—  ,    .  (  M  '•.,: )—  M  '■  ..,•'•(":; 4-  M  ''i.'/1"-- 1 

+  |^(Mo/i-M'l>;rM^/(,.j  4-Ml  -^v3+yvi)  =  ?i  (6) 
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It'  the  bod}'  be  rigid,  r,  //,  :  do  not  change  as  the  body  moves,  and  therefore 
tin'  momentum  terms  affected  by  differentiation  simplify  to  —Mr.,:  +  M '■..//, 
with  similar  terms  for  the  other  equations. 

If  A,  B,  C  be  the  moments,  and  1),  E,  F  the  products  of  inertia  for  the 
moving  axes  at  the  instant,  we  have 

//  j  =  A(Oj  —  Fa>2  —  Ea>3 ,      //  2  =  Bii>2  —  1  )tos  —  Fa)j ,      // .,  =  Cct>3  —  Eoo,  —  Du\2 .  . . .  (  7  ) 

We  shall  find  below  some  applications  of  these  formal,  equations  to 
practical  eases. 

2.  Expanding  or  contracting  body.  Mam  axes.  When  the  body  is 
invariable  the  rate  of  change  of  a.m.  arises  only  from  angular  acceleration 
combined  with  variation  of  the  motion  of  the  centroid.  There  are  however 
cases  in  which  the  mass  of  the  body  or  system  undergoes  change,  or  in 
which  the  configuration  is  altered  in  consequence,  it  may  be,  of  heating  or 
cooling.  We  have  then,  in  forming  the  equations  of  motion,  to  equate  the 
total  time-rate  of  variation  of  a.m.,  from  all  causes,  to  the  sum  of  the  moments 
of  extendi  1  forces,  together  with  any  rate  of  change  of  a.m.  directly  due  to 
such  action  between  the  system  and  external  matter  as  the  interchange  of 
matter  bringing  or  carrying  with  it  A.M. 

In  the  case  of  a  body  changing  by  expansion  or  contraction,  or  in  any 
other  way,  the  equations  of  the  form  (6),  I,  hold,  provided  the  terms  in- 
voking differentiation  with  respect  to  the  time  are  properly  estimated.  As 
an  example,  consider  a  body  rotating  about  a  fixed  axis,  and  receiving  matter 
from  external  space  in  such  a  way  that  the  impacts  of  the  particles  have, 
either  individually  or  in  the  aggregate,  no  moment  about  the  axis  at  any 
instant.  Then,  if  6  be  the  angular  speed  about  the  fixed  axis,  and  l(inr-) 
the  corresponding  moment  of  inertia,  we  have 

•j{02(mr2)}  =  02(mr2)+0^2(mr2);    (1) 

and.  if  no  external  forces  which  have  moments  about  the  axis  act  upon  the 
body,  this  is  zero.  Of  course  if  we  consider  the  body  as  it  exists  at  any 
instant,  and  the  infinitesimal  layer  of  matter  deposited  upon  it  in  time  /,  we 
see  that,  to  the  firsi  order  of  small  quantities,  the  additional  layer  of  matter 
has  been  given  the  angular  speed  about  the  axis  that  the  body  has  at  time/, 
while  the  small  impulse  moment  required  to  do  that,  and  applied  by  the 
body, involves  a  read  ion  moment  on  the  body  which  produces  diminution  of 
the  a.m.  about  the  axis.  The  loss  of  a.m.  by  the  body  is  thus  equal  to  the 
gain  of  A.M.  by  the  mass  added.  We  have  then  to  reckon  H</(^//< /'-)'//  as  a 
retarding  moment  acting  on  the  original  body. 

In  the  case  of  a   body  changing  in  configuration,  in  a  known  manner,  we 

can  cl se  axes  of  reference,  0(£,i7,  £),  in  such  a  way  that,  if  the  body  were 

to  become  rigid  at  any  instant,  the  axes  would  during  the  subsequent  element 
of  time  be  fixed  in  the  body.      Thus  if  we  imagine  a   rigid   body  coinciding 
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with  the  changing  body  at  the  time  t,  and  having  the  same  moments,  A.  I ».  C, 
and  products,  I  >.  E,  V.  of  inertia  as  the  body  has  at  the  instant  for  any 
system  of  axes,  the  a.m.  about  each  axis  is  thru  the  same  Eor  the  imaginary 
rigid  body  as  Eor  the  changing  body. 

Lei  to, .  Wg,  ws  be  the  angular  speeds  of  the  axes,  and  £,  y,  f  the  coordinates 
of  a  point  ;  the  velocity  components  of  the  point  arc 

The  components  of  a.m.  are  given  by 

A ,  =  2|  m  | ri(£-(02i  +a>ii;)-  £(»/ - a>i^+ft>3l)} ] 

=  2{m(^-^)+Ao,1-Eft,3-FftJ2}   (2) 

and  two  similar  equations.  For  axes  Fulfilling  the  condition  stated  above 
the  quantities  :-".  >),  £  are  zero,  and  so  Eor  these  we  have 

h j  —  Acoj  —  Eft)8  —  Fa>2 ,  h2  =  Ba)2  —  Fcoj  —  D&)3 ,  // ..  =  <  !&>3  —  Da\2  —  Ew1 .  . . . (3 ) 
Such  axes  have  beeu  called  mean  axes  [see  Tisserand,  M dcanique  Gdleste, 
t.  2,  chap.  30].  They  are  not  uniquely  determinate,  as  may  be  seen  from  an 
instance  suggested  by  Routh  [Adrnncfd  Uiijld  Dynamics,  6th  edition, §22]. 
Let  a  body  be  initially  at  rest,  and  its  parts  be  set  in  relative  motion  by 
internal  changes.  The  a.m.  about  any  axis  fixed  in  space  is  zero,  and  so  any 
set  of  rectangular  axes  given  in  position  are  mean  axes.  If  then  the  body 
and  axes  be  given  both  the  same  motion,  the  axes  will  remain  mean  axes  for 
the  resultant  of  the  superimposed  movements. 

In  connection  with  the  subject  of  internal  changes  certain  special  cases  are 
of  importance,  and  we  give  here  the  equations  adapted  to  the  more  important 
of  these.  Denoting  by  f)1;  l)„,  (j3  the  components,  about  any  other  axes 
0(.'\  y,  :),  due  to  the  terms 

2m(^-&),     2m(f£-£f),     Zmdn-ni), 

we  have  with  reference  to  that  set  of  axes, 

hx  =  ljj + Atoj  —  Eft>3  —  F»2 .     h.2  —  [).,-\-]  $o>2  —  Fwj  —  Dws ,  |  , 

h  3  =  l)3  +  Cco3  —  Do)2  —  Ea^ .  J 
Here  <i)p  a>2,  a>3  are  now   the  angular  speeds  <>/  tin-  body,  as  it  exists  at    the 
instant,  about  the  axes  ()<.<•,  y}  z):    in  the  general  case  the  angular  speeds 
of  the  axes  are  distinct  from  these,  and  may  be  denoted  by  9l,62,6s.     A,B, 
C,  1 ».  E,  F  aU<,  refer  to  the  axes  0(x,  y,  :).     The  equations  of  motion  are 

'   di,  +  .W,  -  Ea>3-  1'V,)-(1)„  +  1V,-  1-V,  -  1  >w3)08 

+  ([,:;  +  »V,,;-lw,-lv,v^  =  P>    (5) 

with  two  similar  equations.  If  then  we  suppose  that  {61,  "...  0s)  =  {wv  w2,  w3) 
and  that  the  axes  are  mean  axes,  we  get 

,    (I),  +  AfOj  —  IV":;—  FoV,  )  — (   B  — (  !)t«)2ft)3—    I  »»  "'.'  -    r.v     I  —  IVry.\_,+  Fft)1OJ3=   P,  (»i  ) 

with  two  similar  equations,  if  the  axes  are  not  mean  axes  the  term 
—  IjofrVj  +  l);/"..  must  be  added  on  the  left  of  oh.  and  corresponding  terms  added 
in  the  two  equations  aot  here  written  down. 
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If  at  the  instant  considered  the  axes  of  reference  and  the  principal  axes 
of  the  body  coincide,  D  =  E  =  F  =  0,  and  the  equations  of  motion  <"> i  become 

j  ( k  +  Awj  i  -  Eo)3  -  Fo2 -  <  li ,  +  Bw2)03  +  ( I),  +  ( '<,v.)6,  =  P,  ( 7  ) 

with  t  wo  similar  equations.  The  terms  —  lv.'..—  Fw2  are  sometimes  omitted, 
Inn  ii  seems  necessary  to  include  them,  for  though  D,  E,  F  are  zero  at  the 
instant,  the  axes  of  reference  are  separating  from  the  principal  axes,  and  so 
I  >.  E,  !•'  arc  not  necessarily  zero. 

The  component  angular  speeds  u, ,  a.,,  «.,  of  separation  of  the  axes  <  )(x,  //.  :  I 
from  coincidence  with  the  principal  axes,  give  01  =  a>1  +  a1,  0.,  —  ax,  +  «., , 
0.,  =  („.,-\-u.,.     Then  (7)  becomes 

,  ( l)[  +  Afn,)  —  Eo.)..  —  Fo)2  —  (B  —  C)avt).{  —  Bft)2a3  +  C(t)3a2 

-$2(a>3+a3)  +  f)3(ft>2+a2)  =  P (8) 

An  important  case  is  that  in  which  the  axis  of  rotation  is  nearly  coincident 
■with  a  principal  axis,  say  that  of  <f,  for  which  the  equation  of  motion  is 

,  ( lj3+Cft>3)—  1 )«'.,—  Eo)j  —  (A  —  \'>)(^{<t\^—  A^y<._,+  I>ny<, 

-()1((oL,  +  a,)  +  l).,(^1+a])=K (9) 

Then  Wj,  co2  are  both  small.  If  the  internal  changes  are  small  and  take  place 
slowly.  a)v  o\,  remain  small,  and  1  K  E,  F  are  also  small.  For  a  set  of  axes 
nearly  coincident  with  the  principal  axes,  which  we  suppose  are  only  slightly 
displaced  in  the  body  by  internal  changes.  ax,  a2,  a3  are  also  small.  If  then 
ll,,  ll.,.  1)..  are  also  small  and  R  =  0,  (9)  becomes 

^)  =  0,    (10) 

to  quantities  of  the  second  order  of  smallness,  and  Co)3  is  approximately  a 

constant.     Calling  this  constant  h,  we  get  for  the  other  two  equations  of 

motion,  ,/  /p>_c  \ 

(  A«\)  —  y    ,».  s    n,  +  a3J  Kft>2+fta2=  r 


.11. 


Jt(Ba>2)-(-Q£  ft-a^A^-ka^q. 


Equations  similar  to  (8)  were  used  by  Sir  (ieorgc  Darwin  in  his  paper 
"On  the  Influence  of  Geological  Changes  on  the  Earth's  Axis  of  Rotation" 
[Phil.  Trans.,  1876];  equations  similar  to(ll)were  given  by  Lord  Kelvin 

in  an  appendix  to  that  paper. 

Let  the  motion  be  referred  i<>  the  axes  0(x,  y,  :)  drawn  from  the  fixed 
origin  0,  and  the  coordinates  of  a  point  at  unit  distance  from  0  OD  the  axis 
'»:  be  £,  fi,  I  (which  we  may  call  the  angular  coordinates  of  Oz),  so  thai  »>: 

nearly  coincides  with  <  >C.  and  i:,  >/  arc  small.  The  axes  (  >(r.  y.  :  )  arc  moving 
with  respect  to  the  axes  0(£,  >/.  p.  hut  slowly.  80  that  «(p  <(.,,  <<..  are  small, 
Clearly  we  have  a  -  -  ,h     a  -£  (12) 


- 
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Lei  now  the  body  be  symmetrical  about  Oz,  and  A,  B,  C  change  bo  Blowly 
that  terms  in  A,  B  may  be  neglected.  Putting  u  =/<(('  — A  i  < 'A,  and 
i ■=  —l>  A,  we  get  (11)  in  tin-  Eorm 

which,  it  will  be  observed,  are  equations  with  gyrostatic  terms  fi.i,\,,  —fioov 

We  come  now  to  an  Important  gyrostatic  application  of  these  results — 
the  investigation  of  the  motion  of  the  resultant  axis  of  rotation  of  a  body 
like  the  earth,  the  axis  of  figure  (practically  coincident  with  the  axis  of 
rotation)  of  which  is  changing  its  position  in  the  body  in  consequence  of  slow 
internal  changes,  the  effects  we  may  suppose  of  the  yearly  cycle  of  meteoro- 
logical phenomena  Let  us  suppose  that  the  angular  coordinates  of  OC  are 
given  by  ^=pcoamt}  »/  =  r/sin  mt,  so  that  the  point  in  question  moves  in  a 
small  ellipse  about  the  axis  0£,  the  mean  position  of  the  axis  of  figure. 
Putting  P  =  Q  =  0  in  (13),  we  get 

(o1+/zft)2— "P™  sm  "//  =  0,     ft»2— fia>1+vqinco8mt=0 (14) 

It'  we  differentiate  the  first  of  these  with  respect  to  t,  and  substitute  for  d\2 
fri  'in  the  second,  we  get 

wj  +  /rAoj  -  vm  (mp  +  mq)  cos  mt  =  0,    (15) 

of  which  the  complete  solution  is,  with  K  and  e  as  arbitrary  constants, 

^n(mP  +  ^)coam       K  t  +  e) (16) 

1  /x2—m2 

Thuswehave         w,  =  —  .,        .,       sin  mt  —  /uiKsm  (fxt  +  e),   (1/) 

which,  by  the  first  of  (14),  gives 

«.=• :''+""''  »».i+K.i,M»(+«) as) 

fl  —  M> 

Now  the  angular  coordinates  of  the  instantaneous  axis  are  £+o\  n>, 
>]  +  o\,  ii,  where  n(  =  a>z)  is  the  angular  speed  of  the  earth  about  OC.  We 
get,  since  //  =zV  —  fxt 

i  C  \  1  " 

£4-^=— Afiip+mfxq+—  ( fjpq  +  mfipn cos mt+  -cos(/tti+'e),  ...(19) 

a      u     /J.-—  in- 1.  "  )  n 

where  K  and  e  are  the  constants  of  integration. 

Similarly  we  obtain 

,)  +  "-=    J  ,^y  +  ,/,uy,  +  //\,t-/, +  ,,,„,,)}  8inm<+  -amhit+e).  ...(20) 

a      /Li-  —  m-\  a  I  " 

These  results  are  due  to  Helmert  [Astron.  Nachr.,  Bd.  L26].     It  is  to  be 

observed   that    /x    is   small   compared   with    i,  and    that    m  {v—ft)   is  small. 
Hence  the  second  term  of  the  multipliers  of  cosmt  and  sin  mt  in  (19)  and 
cJO)  may  be  omitted.     For  the  earth  (supposed  unyielding)  2x  a  is  about 
30(j  days,  or  10  months,  and  2-  a  is  a  year,  while  2v/v  is  about  a  day. 
o.o.  * 
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The  effect  of  the  terms  (K/?i)cos(^  +  e),  (K/n)sin(/u^  +  e)  has  been  dis- 
cussed in  Chapters  X  and  XI.  They  form  what  is  called  the  free  precession, 
which,  if  there  were  no  yielding  of  the  earth,  would  be  accomplished  in  a 
period  of  306  days. 

3.  Expanding  or  contracting  l><><lu  unacted  on  by  force.  If  an  expand- 
ing or  contracting  body  is  not  acted  on  by  any  force  the  Eulerian  equations 
of  the  motion  are  of  the  form 

d  d 

//(Aa)1)-(B-C)w2(o3  =  0,     ^(Bft)2)-(C-A)(o3a)1  =  0, 

T7(Ca)3)  — (A  — B)w1ft)2  =  0, 1 1 ) 

since  A,  B,  C  vary  with  the  time.     Let  us  suppose  that  A,  B,  C  fulfil  the 

condition  A,  B,  C  =  (A0,  B0,  C0)/(f) (2) 

The  equations  of  motion  become 

AoP/(0-(B0-C0)?r  =  0,  etc., (3) 

where  p,  q,  r  =  (w>1,  <o2,  <o3)/(0-  If  then  we  take  a  new  independent  variable  t, 
such  that  i/r  =  dt/f(t),  we  obtain  for  the  equations  of  motion 

K-£~^-O,)qr  =  0,  etc.,  (4) 

which  are  of  the  usual  form. 

We  observe  that  the  A.M.  of  the  body  remains  unaltered  while  the  body 
changes,  but  that  the  kinetic  energy  increases  or  diminishes  according  as  /( f  | 
diminishes  or  increases  with  t.     The  first  result  follows  from  the  fact  that 

AV  +  BV  +  CV  =  A0^  +  B0V  +  C0V-, (5) 

the  second  from  the  relation 

KA<2  +  Bw./  +  Cc,V2)  =  i^^^:^r-,  (6) 

since  from  (4)  it  follows  that 

Ao?i>  +  B07rj  +  C0<7v  =  0, 

so  that  the  numerator  on  the  right  of  (6)  is  constant. 

The  remark  made  above  as  to  regarding  terms  arising  from  changes  of 

configuration  as  moments  of  forces  is  illustrated  here.     We  can  write  the 

equations  of  motion  in  the  form 

fit) 
Ao)1-(B-CV,a)3=  —Aw1=  —Acoi  7f('  etc (7) 

They  are  therefore  the  equations  of  motion  of  a  body  acted  on  by  couples 
(about  the  principal  axes)  which  are  equal  and  opposite  in  sign  to  the  corre- 
sponding components  of  A.M.,  each  multiplied  by /'</ >/(/).  The  couples  are 
actually  equal  to  the  components  of  a.m.  if  /'(/  )  =  e~',  anil  to  these  components 
with  the  sign  changed  if  f(t)  =  et. 
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[f  we  Buppose  thai  f(t)=e~M  and  that  t  and  /  start  from  zero  together, 

we  u«'t  1 

t-H^-1) (8) 

A 
Tin-  equations  of  motion  arc  then 

A«\—  (15  —  C  W,i.{  =  AAft)p  etc (9) 

If  y\/)  =  1 —<</,  so  that /(£)  =  ]  when  t  =  0,  we  have,  supposing  t  =  0  when 

c=0,  1     • 

uT  =  log  and     at=l  —  e~aT (10) 

Finally  we  may  take  f{t)  =  1  —  aH2,  so  that,  if  t  =  0  when  t  —  0, 

T=lw3L±^ (ii) 

In  this  latter  case  ct£  =  tanh(aT) (12) 

4.  Rigid  body  containing  ajlywheel  and  turning  about  an  a.vlc.  We 
now  consider  some  applications  of  the  system  of  equations  set  forth  in  1 
above.  The  most  important  practical  case  is  that  of  a  rigid  body  turning 
like  a  pendulum  about  an  axle  in  any  position  while  the  axle  is  turning 
about  a  fixed  vertical.  Let  6  be  the  inclination  of  the  axle  to  the  downward 
vertical,  and  0  the  angle  which  a  plane  containing  the  axle  and  fixed  in 
the  body  makes  with  the  vertical  plane  containing  the  axle.  Denote  the 
length  of  the  common  perpendicular  to  the  fixed  vertical  and  the  axle  of  the 
pendulum  by  a,  and  the  distance  of  0  along  the  axle  from  that  perpendicular 
by  r.     Figure  89  (or  Fig.  12  and  (2),  3,  III,  with  w  increased  by  W)  gives 

Wj  =  0  cos  0  +  \is  sin  6  sin  0,     w2  =  —  0  sin  0  +  \jr  sin  0  cos  0, 

o>3  =  n  —  \js  cos  0  +  0 ( 1 ) 

Also,  by  the  figure,  the  coordinates  of  O  with  respect  to  0\x,  y',  z)  are 

given  by  f=«cos0,     //= -a  sin  0,     £=r (2) 

Thus  we  obtain  for  the  component  velocities  of  the  moving  origin  O 
''i  =  ^~(,y/  +  ft,-2i=  —?•()  sin  0  +  \/r(r  sin  0  cos  0  +  «  cos  0  sin  0),      j 

''..  =  >)  —  «\£+i03£=  —  r6  cos  (f>  +  \js(  —  ?*  sin  0  sin  0  +  «  cos  0  cos  0),  f (3) 

'■..  =  ^  —  oj.2^+a\r]=—(ifxSm6.  I 

Since,  besides  the  motion  due  to  the  turning  about  the  axes  0(x,  y,  z), 
the  whole  body  has  the  component  velocities  i\,  v2>  vs,  we  get,  writing 
X,  //.  :  as  before  for  the  coordinates  of  the  centroid  with  reference  to  these 
axes,  the  equations  of  motion  [see  (6),  1] 

/^-/o-v.-f/'^  +  M  !  Vzy  -  r.z-(>\:  -  r.J)(,h-\-(r.,x-vly)w,-(3v.i-\-yV:,}='P,  (4) 
with  two  similar  equations.  If  A,  B,  C  be  the  moments  and  D,  E,  F  the 
products  of  inertia  with  respect  to  0(x,  y,  z), 

/'^Awj-  Fo v,  —  Ewy ,  A  o  =  1  nt\,  —  Dcoj  —  Fwl ,  h 3  =  C<i>3  —  E^!  —  Dwj .  ...<•'» 
We  consider  the  third  of  the  equations  typified  by  (4)  in  its  application  to 
the  case  in  which  the  system  is  turning  with  uniform  angular  speed  ^  =  /x 
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about  the  fixed  vertical,  while  a  and  r  remain  unaltered  in  length.     Thus 

we  get 

C0  -  h  ( A  -  B)/i2sin2  6  sin  20  +  F/x2sin20  cos  20 

—  ft2sm  0cosO{(D  +  M//r)sin  0  — (E  +  Moir)cos0}  +'M[x2a(x  sin  <j>+  ycoscp) 

=  —  Mg  sin  0(x  cos  0  — //sin  0) (6) 

If  the  body  contains  flywheels  in  rotation,  unretarded  by  frictional  couples 
at  the  bearings  or  elsewhere,  terms  must  be  added  on  the  left  in  (4)  arising 
from  the  components  Kp  K.,,  K3  of  a.m.,  about  the  axes  0(x,  y,  z),  contributed 
by  the  flywheels.  The  groups  of  terms  to  be  inserted  in  the  respective 
equations  are      TT.  Tr  T,  T^  rr       ,  T^ 

for  the  terms  Kx,  K2,  K3  are  zero.     Thus  on  the  left  of  (6)  we  must  add  the 
expression  _  KlM  sin  6  cos  0  +  K2iu  sin  0  sin  0. 

Of  course  the  fulfilment  of  the  condition  that  /u.  and  6  should  be  constant 
requires  the  application  of  constraint  to  the  pendulum,  and  this  constraint 
will  give  a  reaction  on  the  supporting  system,  to  be  calculated  with  the 
other  reactions  due  to  the  motion. 

When  the  two  axles  intersect,  and  the  origin  O  is  at  the  intersection,  the 
values  of  a  and  r  are  zero,  and  (6)  reduces  to 
C0  - 1  (A  -  B)/A2sin20  sin  20  -  jx  sin  0(  Kxcos  0  -  K2sin  0) 

+  F/x2sin20  cos  20  —  /u2sin  6  cos  6(D  sin  0  —  E  cos  0) 

=  —  Mgrsin  0(iccos  0  —  //sin  0) (7) 

If  the  axis  Oz  is  a  principal  axis,  F  =  0,  and  by  turning  the  other  two  axes 
round  Oz  we  can  cause  D  and  E  also  to  vanish,  so  that  (7)  becomes 
C0—  i(A  —  B)yu'2sin2#sin  20  — //sin  ^(KjCOS^  —  K2sin  0) 

=  —  M'/sin  Q(x  cos  0  —  7/  sin  0) (8) 

If  /ur  be  very  small,  this  becomes 

C0  —  yusinO(K1cos0  —  K2sin0)=  —  Mgrssin  0 (8  I 

where  s  =  a;cos  0  —  //  sin  0. 

As  an  example  we  take  a  flywheel  pivoted  within  a  ring  or  case  i  which  is 
|z  symmetrica]  about  the  axis  Oz),  with  its  rotation 

;i\is  inclined  to  Oz  (not  in  general  the  vertical) 
at  an  angle  a.  The  centroid  is  a  point  <i.  below 
O,  on  the  axis  of  rotation,  and  the  distance  of  G 
,A\\  \  from  ( >  the  common  centre  of  the  wheel  and  case 
taken  as  origin  is  h.  We  measure  0  Erom  the 
position  of  the  Bystem  when  Oz  and  OZ  (the 
vertical)  are  in  plane  with  the  axis  of  the  flywheel. 
We  have  then,  by  Fig.  DO,  .7  =  0,  y=  —  A  sin  a. 

1 E  the  moment  of  inertia  about  an  axis  through 
the  centre  of  the  wheel,  at  right  angles  to  the 
rotation  axis.be  A.  that  about  the  rotation  axis  be 
0,  while  C  and  A'  are  moments  of  inertia  of  the 
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case  aboul  ( >:,  and  about  an  axis  through  ( )  at  right  angles  to  Oz,  the  moment 
of  inertia  about  O:  of  the  whole  system,  with  the  flywheel  clamped  so  as  t<> 
be  in  one  rigid  piece  with  the  ring  or  case,  is  Cco32a  +  Asin2a  +  C.  The 
moment  oi'  inertia  about  Or  in  the  same  circumstances  is  Cshru  +  A  con'-h  +  A', 
and  that  ahout  OY  is  A  +  A'.     [Thus  the  meanings  of  A  and  C  are  altered.] 

But  if  the  flywheel  be  undamped  and  free  to  rotate  about  its  axis,  the 
moment  of  inertia  about  Oz  is  Asin2a  +  C,  while  that  about  Ox  is 

A  cos2  a  +  A'. 

As  to  the  products  of  inertia,  these  are  zero  for  the  case  and  axes  0(x,  y,  z) 
I  fence  only  products  of  inertia  arising  from  the  wheel  have  to  be  considered. 
From  what  has  been  stated  above  as  to  the  reckoning  of  <£,  we  see  that  E 
and  F  are  zero.     The  product  D  arises  from  the  flywheel  alone,  and  is  given 
at  once  by  the  theorem,  that  for  any  given  origin  the  expression 

AB  +  BC  +  CA-D2-E2-F2 

does  not  depend  on  the  axes  chosen,  taken  along  with  the  fact  that  E2  =  F2  =  0. 
Thus  we  have  for  the  flywheel  free  to  rotate 

D2  =  A2 sin2 a  cos2  a (9) 

[If  the  flywheel  is  clamped,  D2  =  (A  — C)2sin2acos2a.] 

If  K  denote  the  a.m.  of  the  flywheel  about  its  axis,  the  equation  of  motion, 
(7)  above,  becomes 

(A  sin2 d  +  C)  if  +  h A/x2 sin2 a  sin2  9  sin  2<£  —  A/ursin  a  cos  a  sin  $  cos  6  sin  (j> 

-f  (Mr/7t  —  Kyu)  sin  a  sin  Osin0  =  O,  (10) 

or,  if  we  neglect  C, 

A  sin  a  .  0  +  ^Ayu2sinasm2(9sin2(£  —  A/*2 cos  a  sin  (3  cos  0  sin  <J> 

+  (Mgh  -K/u)  sin  6  sin  <£  =  0 (11) 

For  small  values  of  fx,  for  example  that  of  the  earth's  rotation  about  a 
given  vertical,  (10)  gives  small  oscillations  of  the  period 

g     f  Asin2a-fC  1  * 

'  \(M(jh  —  K/x)  sin  a  cos  6  J 

or,  if  C  be  neglected,  in  the  period 

f  A  sin  a  V 

~l<.M;//t-K/x)sin(9/  * 

It'  Ku>M</A.  this  period  is  imaginary.  But  then  if  the  flywheel  were 
turned  through  180  ,  oscillations  in  the  shorter  period  given  by  these 
expressions  with  the  sign  of  K/u.  reversed  would  be  performed.  With  the 
flywheel  thus  directed  it  would  then  be  possible  to  invert  the  pendulum, 
and  the  period  would  be 


Z7T 


2--, 


f  A  sin 


I  (  k>  -  Mr//' 

where  K/x  is  taken  with  the  positive  sign 


in-a  +  O V 

-/A  (sin  a  cos  a  J 
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For  the  relative  equilibrium  of  steady  turning  about  the  vertical  we  have, 
by  (11),  either  sin  0  =  0,  so  that  </>  =  0,  or  <p  =  7r,  or 

A/U.-COS  a  cos  0+  Mgh  —  K/u 
Ajursin  a  sin  6 


COS(J> 


.(12) 


/ 


5.  (filberfs  barorjyroscope.  As  an  example  of  steady  motion  and  relative 
equilibrium  we  apply  (11)  or  (12)  to  give  the  theory  of  Gilbert's  barogyroscope,  which 
we  have  already  discussed  from  first  principles  in  6,  VII.  At  a  place  P  in  latitude  A  the 
apparatus  (see  Fig.  33  above)  is  supported  on  trunnions,  or,  better,  on  knife-edges,  the 
line  of  which  is  horizontal  and  inclined  at  an  angle  ft  to  the  east  and  west  horizontal  line 
through  P.  The  axis  of  the  gyroscope  is  in  plane  with,  and  at  right  angles  to  the  line  of 
knife-edges,  and  contains  the  centroid.  It  is  inclined  at  an  angle  <£  to  the  vertical  at  P. 
We  have  by  (11),  since  /a2  is  small, 

Mgh  sin  </>  -  K/x.  sin  <f>  =  0 (1 ) 

Here,  by  the  theory  given  above,  /xsin</>  is  the  rate  of  turning  about  a  line  AB 
at  right  angles  at  once  to  the  axis  of  the  flywheel  and  to  the  line  of  knife-edges. 
Also  M^/;sin</)  is  the  couple  about  the  line  of  knife-edges  and  is  the  rate  of  production 

of  a.m.  about  that  line,  while  K//sin  </>  is 
the  same  rate  of  generation  of  a.m.  due 
to  the  rotation  of  the  ep.rth  about  the 
polar  vertical  with  angular  speed  w  and 
the  consequent  angular  speed  about  AB. 
We  have  thus 

to  cos  y  =  fJ.  sin  <f>,  (2) 

where  y  is  the  inclination  of  the  line  AB 
to  the  downward  polar  vertical. 

To  find  cos  y  we  proceed  as  follows. 
A  unit  distance  along  AB  (see  Fig.  91), 
taken  in  the  direction  from  A  to  B,  has 
projection  cos</>  on  the  horizontal  and 
sin  (f>  on  the  vertical.  The  projection  of  the  first  component  along  the  meridian  is 
cos<£cos/3,  and  the  projection  of  this  on  the  polar  vertical  is  cos  <f>  cos  ft  cos  A .  The 
projection  of  the  other  component  of  this  line  on  the  polar  vertical  is  sin  c^  sin  A  ;  and 
thus  the  total  projection  is 

sin  </)sin  A  +  cos  <£  cos /?  cosA  =  cos  y. 

The  angular  speed  w  cos  y  is  therefore 

(.J  (sin  </>sin  A  +  cos  c£cos/3cos  A). 

If  now  K=-Cw,  the  rate  of  production  of  a.m.  about  the  common  perpendicular 
at  P  to  AB  and  to  the  axis  of  the  flywheel  ia 

—  (  V  <.i(sin  </isin  A+COS  </>eos  /jcos  A)=  -  K/'  sin  </>, 


Fig.  91. 


that  ia 


Cnw  coa  B  co8  A 

t;U"/>        M.,;, 


M.gh     ( 'n  wain  A 

The  directiona  of  turning  ahown  in  Fig.  91  lit  this  equation 
the  oppoaite  waj  the  equation  will  be 

tan  </>  = 


■(3) 


f  the  gyroscope  rotate 


Cnta  coa  ft  cos  A  /^^ 


M<i/i  +('/>  a) sin  A 


with  tlie  gyroscopic  axis  on  the  opposite  side  of  the  vertical  at  P. 
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6.  Relative  equilibrium  of  rigid  body;  oscillations  about  steady 
motion.  Returning  t"  I  above,  we  sec  that  if  the  relative  equilibrium  is  stable  in  the 
steady  motion  we  can  find  the  period  of  the  oscillatory  deviations.     We  bave,  writing 

V  fw  ,/«/>_  1  .. 

ffence,  from  (10),  4,  by  differentiating  with  respect  to  $,  treating  8  and  //  as  maintained 
constant,  we  get 

(A  sin-u  +  C')7 

+{(Mgh  -K/i)cosc£  +  A/i2(sinasin  6  cos  2<f>  -  cos  a  cos  6  cos  tf>))  sin  a  sin  d.q  =  0. 
Thus,  if  we  write 

,_  {(Mgh  -  K/u)eos  <ft  +  A/z2(sin  a  sin  6  cos  2<ft  -  cos  a  cos  6  cos  </>)!  sin  ft  sin  6 
P'=  Asin-a  +  C 

we  have  for  the  period  of  a  small  oscillation  2irjp. 

For  a  position  of  relative  equilibrium  in  which  <f)  =  0  or  <f)  =  2ir,  that  is  when  the  axis 
of  the  pendulum  and  the  vertical  are  in  one  plane,  and  6  is  positive,  as  shown  in  Fig.  89, 
we  have,  if  M.gh  -  K/z  be  positive,  'Mq/i  —  Ku 

P  =As'in2a+C" 
and  the  equilibrium  is  to  be  regarded  as  stable.     When  however  <^  —  ir  and  M#/<  -  K/l  is 


positive, 


„_       Mir//<-Ku 
P~~~  ~Asin2a  +  C" 


and  the  relative  equilibrium  is  unstable.  This  configuration  is  stable  and  the  other 
unstable  when  Mgh  -Js.fi  is  negative.  The  stability  therefore  depends  on  the  magnitude 
and  sign  of  K/i. 

,_      A/z-sin'-'asin-rj 
Asin2u  +  C    ' 


When  4>  =  h~  we  have 


P* 


and  when  </>  =  :]-,  p-  has  the  same  value.     Hence  the  relative  equilibrium  is  unstable  in 
these  cases. 

7.    Example:   Watts  steam-engine  governor.    In  his  Report  on  Gyroscopic 

Theory,  p.  204,  Greenhill  considers  a  Watt's  steam-engine  governor  as  a  case  of   this 

arrangement  of  a  rotating  pendulum.     It  is  shown  in 

Fig.  !•-,  and  consists  of  two  equal  arms,  a,  ",  carrying 

two  equal  massive  balls,  and  connected  near  their  lower 

ends  by  two  rods,  b,  b,  attached  to  a  short  sleeve  free  to 

move  up  or  down  on  the  vertical  spindle,  which  supports 

the   joint    (>.     The   arms   are   equally   inclined    to  the 

spindle  on  opposite  sides  of  it,  and,  when  the  spindle  is 

driven    round,    the  anus   with   their  balls  are   made  to 

revolve  about  the  vertical  through  the  joint,  and  the 

rise  and   fall   of  the   latter  Is   made  to   regulate   the 

admission  of  steam  to  the  engine 

Putting  aside  this  use  of  the  arrangement,  which 
depends  on  variation- of  speed  about   the  vertical,  we 
may  suppose  the  relative  equilibrium  when  the  apparatus 
is  running  in  Bteady  motion  to  be  slightly  disturbed,  subject  to  the  condition  that  the 
angular  speed  /<  al t  the  vertical  is  kept  unaltered. 

Take  three  axes,  one  < »:   towards  the  observer  through   the  joint   <>  (Fig.  92),  the 

- nd  « >'  along  the  arm  on  the  left  in  the  diagram,  and  a  third  <  >//  in  the  plane  of  the 

paper,  and  (neglecting  the  moments  of  inertia  of  the  rods  6,  b)  let  A,  B  be  the  moments 
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of  inertia  about  Ox,  0>/,  -mh-  that  about  ():,  where  m  is  the  mass  of  an  arm  and  attached 
ball.  Let  <£  be  the  inclination  of  the  arm  on  the  left,  in  Fig.  92,  to  the  downward 
vertical.  Calculating  the  rate  of  production  of  a.m.  about  Qz  for  the  left-hand  arm,  we  have 
lii  st  the  term  -  mk2$,  which  is  affected  with  the  negative  sign,  since  the  positive  direction 
of  rotation  about  Oz  diminishes  <f>.  The  angular  speed  about  Oy  is  /* sin  «£,  and  about  0.<-  is 
/xcos</>.  The  a.m.  aboui  <  >//  is  B/xsin  <f>  and  about  O.r  is  A/xcos<£.  By  the  turning  about 
Oy  and  the  consequent  motion  of  Ox,  a.m.  about  <  >:  is  produced  at  rate  —  A/x2cos  <£ sin  <£, 
and  by  the  tinning  about  Ox  and  the  consequent  motion  Oy,  it  is  produced  at  rate 
B/x2 sin  </> cos</).  The  total  rate  of  production  of  a.m.  is  thus  -mh-<f>-  (A  -B)/x2sin  <f>coscf>, 
and  the  couple  acting  is  mgh  sin  tf>.     Thus  we  get  the  equation  of  motion 

vxk'tji  +  ( A  -  B) /x2 si n  (f)  cos  <f>  +  mgh  sin  </>  =  0, ( 1 ) 

or,  since  in  the  case  of  symmetry  about  Ox,  B  =  jh /•'-', 

cf>-\ ^—  /x2shi(£cos(/j-K^sin</>  =  0 (2) 

If  we  differentiate  (2)  with  respect  to  (/>,  on  the  supposition  that  /x  does  not  vary 
with  cf>,  we  get,  putting  q  for  cj>, 

-  q-\ =     /x2(cos2<£-sin2t/>)-|-',.!cos<£  =  0 (3) 

Q  Sj  A*~ 

Now  let  this  value  of  §  be  that  for  which  <£  =  0,  the  value,  in  fact,  for  relative 
equilibrium  ;  then  from  (2)  we  get 

B-A    .,  gh     mgh  ,.x 

-g-  /x-cos^  =  ^=-B-, (4) 

B-  \ 

and  so  (3)  reduces  to  q-\ p — /x2sin2<£ .q  =  0 (5) 

Thus,  if  B>  A,  the  motion  is  stable,  and  small  oscillations  are  performed  about  steady 
nmtion  in  the  period 

(u     a  )  — =—7ii     or     — r-g,  if  A  be  negligible. 

If  the  ball  revolve  about  the  arm,  or  contain  within  it  a  flywheel  with  its  axis  along 
the  arm,  the  equations  can  easily  be  modified  to  take  account  of  the  additional  a.m..  K. 
say,  involved.     We  have  only  to  alter  the  expression  A/x2sin  <£cos  </>  in  (1)  and  in  (2)  to 

(A//  eos  </)  -  K)/x  sin  </>,  so  that  (2)  becomes 

4>  +     ~     /x2sin  4>  cos  <\>  +  ™!' '  ~  V/'sin<£  =  0 (6) 

The  alteration  here  specified  determines  the  sign  attributed  to  the  a.m.,  K.  Thus  tin- 
period  of  oscillation  about  the  configuration  of  steady  motion  is  not  altered  by  the  rota- 
tion of  the  ball  or  flywheel.  The  moments  of  inertia  are  of  course  those  for  the  whole 
mass  moving  about  the  axe-. 

A  flywheel  placed  with  its  axis  at  right  angles  to  the  arm,  and  in  the  plane  of  the  two 
arms,  produces  a.m.  about  a  horizontal  axis  at  right  angles  to  the  plane  of  the  arms, 
at  rate  K//cns</>,  but  has  no  other  effect  except  that  of  contributing  to  the  inertia  of  the 
ino\  ing  s_\  3tem. 

Returning  to  the  question  of  stability,  it  is  aol  difficult  to  show  that,  if  the  condition 
thai    /'   should    be   Constant    is   removed,   the  Bysteni    is   really   unstable   when    in    steady 

t ion.     We  shall  Buppose  thai  a  tl\  w heel,  of  moment  of  inei  tia  1,  is  fixed  on  the  \ ei  tical 

spindle,  and   turns  with  it.      Associating   >  |    with  one  of  the  arms,   \\ ,.  have  for  the  A.M. 

about  the  vertical  for  one  half  of  the  arrangement  (11  +  Bsins<£+  A  cos9 <f>)fj..  We  assume 
thai  when  ■/>  is  changed  from  the  value  for  steady  motion  [that  is  the  motion  for  which  /' 
and  (i  I  +  l'>sin-</.+ A  cos'-'</»)//   ate  constant,  and  therefore  <j>  is  zero]  by  a  small  amount 
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(i.  a  force     /a  is  called  into  play,  altering  the  a.m.,  and  thai  f\a  positive.     Putting  y  for 

tlic  steady  motion  value  of  </>,  we  gel  tin-  equations 

^(.U  I  Ksi,r\/,  +  Aens--\/,)M!=-^  1  (7) 

B</>-(B-  A) //'-'si n  (/x'lis  (j)+(mgh  -  K/')sin  <f>  =  0,  J 

with  the  steady  motion  condition  (B  —  A) /xa2eosy  =  mgh -K/< (8) 

If  this  condition  be  alightlj  deviated  from,  so  that  /z  =  /M0+f,  </>  =  y  +  a,  where  v  and  a 
are  small,  equations  (7)  become,  with  p  written  for  </'dt, 

(U  +  Bsiii-y  +  A,os-'7)/;r  +  {(B-A)/i,,sin2y.?)  +  /'}a  =  0,-| 
{(B-A)//„sin2y  +  Ksiny}l'-{(B-A)//ll-siii2y  +  By-2}a  =  0./  ' 
Eliminating  a  and  r  from  (9),  we  get 

(hi  +  Bsin2y  +  A  cos2y)Bp3+(B-  A)/x0sin  y[2-|(B- A)/*„sin  2y+Ksin  y}cosy 

+  (n  +  r.sin-y  +  Acos-y)/x(1.siny]y(5  +  /'{(B-A)/xllsin2y  +  Ksiny}  =  0.  ...(10) 

I'nless  1\  is  negative  and  |  Iv  [  so  great  that  |K|siny  is  greater  than  (B  — A)/x„sin  2y, 
the  last  term  on  the  left  of  (10)  is  positive,  and  the  product  of  the  roots  of  the  cubic  in  p 
is  negative.  Hence  the  real  root  is  negative.  The  coefficient  of  p,  by  a  similar  con- 
dition as  to  K,  is  also  positive,  and  so  the  other  two  roots  are  imaginary  ;  and  because 
the  sum  of  the  roots  is  zero  the  real  parts  of  the  roots  are  positive.  The  motion  is 
therefore  essentially  unstable  :  it  is  oscillatory,  but  with  increasing  amplitude. 

As  Sir  George  Airy  seems  to  have  first  pointed  out  (Routh,  Advanced  Rigid 
Dynamics,  6th  edition,  p.  73),  stability  may  be  obtained  by  connecting  the  opening 
or  closing  arms  of  the  governor  with  a  dash-pot  arrangement,  which  brings  into  play  a 
retarding  force  proportional  to  the  angular  speed  <j>.  If  this  force  be  k(j>  we  get 
an  additional  term  in  (10),         (|I  +  Bsin2y  +  Acos2y)/(y/J, 

which  is  positive.  Thus,  if  the  roots  are  all  real  they  are  all  negative,  since  all  the 
coefficients  in  (10)  are  positive.  If  there  are  two  imaginary  roots  the  real  root  is 
negative,  and  it  is  easy  to  see  that  if  k  be  sufficiently  great  the  real  parts  of  the 
imaginary  roots  will  be  negative.     The  motion  is  then  stable. 

Regulation  for  a  given  load  may  be  obtained  in  this  way,  but  if  the  load  is 
considerably  altered  a  new  setting  of  the  governor,  if  of  the  simple  form,  is  required. 
For  clearly,  if  the  load  is  diminished,  the  supply  of  steam  will  be  too  great,  and  the  arms 
of  the  governor  will  diverge  to  a  new  angle  for  steady  motion.  The  steady  speed  of 
revolution  must  then  be  greater  for  a  smaller  rate  of  supply  of  steam.  For  most  kinds  of 
work  a  certain  speed  is  required  and  must  be  adhered  to  within  limits.  Thus,  from  an 
important  point  of  view  the  unmodified  form  of  Watt's  governor  is  seriously  defective 
[see  Kouth,  lor.  cit.,  for  further  particulars]. 

8.  H  af/'s  governor.  Elliptic  function  discussion.  Referring  now  to  (6) 
of  7,  multiplying  by  </>  and  integrating  we  get,  with  //.  constant  as  before, 

</;-'=  -;/-',  os- 0  +  2«2 COS  </)  +  //, (1) 

where  now  y/-  =  (B- A  )//'-'  B,  /''-'  ={mgh     K//)  B,  and  fi  is  constant. 

If  we  can  put  cos  a  cos /3=  -//  p2,  and  cosa+cosj8=2»2/p2=2cosy,  so  that  [(6),  7]  y  is 
the  value  of  tfs  for  relative  equilibrium,  we  can  determine  two  angles  a  and  fi  (fi  <  (/>  <  a) 
between  which  the  inclination  of  the  arms  to  the  vertical  lies.     For  we  bave 

</>'-'-  p2(cos<£  — cosa)(cos/3  -cos  <j>),  (2) 

and  <f>  is  zero  for  4>  —  ".  and  for  <j>  =  fi.  Thus  a  point  at  unit  distance  from  <>  on  the  axle 
of  the  pendulum  vibrates  from  a  height  COSy  — COSa  above,  to  an  equal  vertical  distance 
below  the  position  of  relative  equilibrium. 
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From  equation  (2)  we  can  determine  the  time  t  in  terms  of  the  corresponding  angle  <f>. 
For  assuming  an  angle  x  given  by  the  equation, 

tan2in  cos2 x  +  tan- i/3  sin- x  =  tanH<£,  (3) 

we  are  able  to  reduce  (2)  to  the  form 

.o       o-oi          2ivj/i      tairia-tanH/?   .  2    \  /,,. 

X2=p-sin-incos2-i/^l tan-'^a  Sm"Xj (   } 

_,,         ..               .,           ,.,     tan2in-tan2i/?                   .     .            .  „  .  . 

Thus,  if  we  write       k-  = = — »-? — ,     m=psin  iacosi/j (o) 

tcll)-T5Ct 

(where  of  course  m  no  longer  denotes  the  mass  of  an  arm  of  the  governor),  we  obtain 

mdt=-   -^x-     I5 (6) 

(l-£2sin2x)* 

and  so,  starting  the  integration  from  <f>=a,  find 

mt  = 


cx     ^_    (7) 

Jo(l-Fsin2x)* 


If  T  be  the  period  of  the  motion,  the  time  of  passage  of  <f>  from  the  value  a  to  the 

value  B  is  iT,  and  we  get  /•**•  r/v 

AmT= ^ r  =  K,  (8) 

Jo  (l-^-'sin2^ 

where  K  is  the  complete  elliptic  integral  to  modulus  /-. 
The  frequency  N  of  this  finite  oscillation  is  given  by 

N=i=— (9) 

T     2K 

When  the  range  a  —  (3  is  very  small,  this  reduces  to 

N=l    p^1=  n  jnny     (10) 

T        27r         -^(cosy)* 

since,  with  n  and  8  very  nearly  equal,  m  =  i p  sm  1> (a+  fj)=j;p  *in  y  by  (5),  and  jo2  =  ?«2/cosy. 

9.    Watt's  governor.     Case  in  which  the  arms  reach  the  vertical.    If 

/3  =  0  the  arms  reach  the  vertical.     But  then  &8=1  and  K=  x  .     Thus  the  time  of  passing 

from  inclination  a  to  the  lowest  position  is  infinite,  and  the  position  is  asymptotically 

approached.     We  have  in  fact 

mde  =  -^Lj (i) 

cos  x 

which,  if  we  substitute  x  for  tan  x,  reduces  to 

mdt=— —    ; (2) 

(1  ■+*»)* 

Thus,  by  integration,  we  obtain        cosh  mt  =  —    -.    (3) 

J  °  cot  in 

Here  of  course  also  m  =  /<sin  in. 

In  the  case  in  which  (1 ),  S,  thrown  into  the  form  (2)  of  that  article,  gives  (cos  fi |  >  1,  we 
may  write  cosh  /;>,  instead  of  cos /i.      We  get  then 

coshh'  =  2    .,-cosn,     tanh-i/i  =    ,        .,   .    .,:    (4) 

Using  now  the  transformation      tan2^acos2x=tan8£<£,  (5) 

we  lind  mdt  = - r,  (6) 

(1-*WX) 

where  k«— tan^a  m*=<D* tanHn  +  tanh2i/? 
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The  equation  for  w»a  reduces  to  mi=ni—p2cosa (7  ) 

by  ( I),  as  the  reader  may  verify. 
Winn  cosh8/?=  x  and  />'-'=(),  so  thai  p8coshsj8  is  finite,  the  equation  for  •/>  reduces  to 

<f>2  =  2'.  (cos  <fi  -  cos  a), 
where  2g  !  has  been  written  for  ^cosb2^.    Tims  we  have 


w  oft  = 


rfx 


"(l-Fsin^)^ 

where  is=sin2^a,  and  m=p cosh j8/2* =(<j/£j*.    The  motion  thus  reduces  to  the  plain' 
vibration  of  a  pendulum  of  length  K  through  a  finite  angle  a  on  each  side  of  the  vertical. 

So  also  in  the  general  ease  in  which  p  is  not  zero,  we  see,  putting 


-p2cosa  =  T,     and     /- 


.2=„2. 


-jO*COSO  =  y, 


tan'-' J,« 


,  =  sinH<90, 


tan2£a  +  tan2i/^ 

that  the  motion  corresponds  exactly  to  that  of  a  pendulum  of  length  I = g j {n2  —  p2  cos  a), 

vibrating  through  a  finite  angle  6lt  on  each  side  of  the  vertical. 

There  remains  the  case  in  which  both  the  angles  a  and  ft  are  unreal.  This  corresponds 
to  the  motion  of  a  pendulum  performing  complete  revolutions  in  a  vertical  circle. 
Here  we  write  -cosh  a  for  the  quantity  which  takes  the  place  of  cos  a,  and  note  that  the 
motion  just  discussed  and  that  about  to  be  considered  will  agree  if  cosa=  —  cosh  a' =  —  1. 

We  have  </>-  =p2(coshfi- cos (f>)(cos(f>  +  cosh  u') (8) 

If  we  assume  that  tan  i</>  =  tanh  i/^tan  x,  (9) 


we  find 


m 


dt^ 


(l-Fsin2Xr 
where  k2  =  l  -tanhHa'tanhHft     ^2  =  (1  _  tanh2ia^!  _tauh^;j/ 

When  a  =  — ,  and  therefore  a'  =  0,  we  get  from  (4), 


/•-'  =  1, 


«i-  = 


P* 


■.n*+p*, 


.(10) 
.(11) 

.(12) 


l-tanh-'i/j 
in  agreement  with  (7'). 

Equations  (7),  above,  give  the  same  values  of  k2  and  m2  for  a=±7r.  Hence  the 
two  results  agree,  as  they  ought,  when  a'  =  0,  a=  ±7r.  In  this  case  of  the  motion 
complete  revolutions  are  just  achieved.  The 
angular  speed  at  the  lowest  point  is  then  given 

],y  <£2  =  4>n2tanh2A/i. 

10.    Example:    Z/iquid  filament  in   a 
revolving  vertical  circular  tube.     We  now 

consider  an  example  which  forms  an  interesting 

variant    of    the    problem    of  the  Watt  governor. 

A  filament  of  mercury  is  enclosed  in  a  uniform 

circular  glass  tube,  the  plane  of  which  is  vertical 

and  revolves  with  uniform  angular  speed  about 

tie-  vertical,  « >'/..  through  the  centre  of  the  circle. 

It  is  required  to  find  the  motion  of  the  mercury 

in  the  tube.     Let  (Fig.  93)  a  line  drawn  from  the 

centre  of  the  circle  to  the  centre  C  of  the  filament 

make  an  angle  <f>  with  the  vertical,  and  the  line 

drawn   to  an   element  of  the  filament  make  an  angle  <j>  +  6  with  the  vertical.      Let   m   be 

the  mass  of  the   filament   per  unit   of  length,  and  /  its   radius.     Take  three  axes  of 
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coordinates  OC,  OD,  drawn  from  the  paper  upwards,  and  OE  in  the  plane  of  the  diagram 
perpendicular  to  OC. 

If  \l  be  the  angular  speed  about  the  vertical,  we  have  ficoB<f>,  //sin<£  for  the 
components  about  OC  and  OE.  Calling  the  angle  subtended  by  the  filament  at  the 
centre  2a,  we  have  the  following 

'1.  About  OU=  -2ml3a(f>. 


Components 
or  A.M. 


2.  About  OC=l       mPp. cos  <f)S\n2ddO  =  mP[i. cos <£(a-isin  2a). 

3.  AboutOE=l      ?nr^sin<£cos2#CE0  =  »i(3/xsin</>(a  +  isin2a). 


•(1) 


Hence  the  rate  of  growth  of  a.m.  about  OD  is  -2ml3aif>,  due  to  the  time-rate  of 
increase  of  the  first  component,  -  mP^aiD  (/>cos  <£(a-isin  2a),  due  to  the  turning  of  the 
vector  OC  about  OE,  and  finally  0iZ3/izsin  (f>coscf>(a  +  i  sin  2«t),  due  to  the  turning  of  OE 
about  OC.     The  total  rate  of  growth  of  a.m.  about  OD  is  therefore 

-  mP(2a(f>  —  /z2sin  <£  cos  </>  sin  2a). 

The  moment  of  forces  about  OD  is  easily  found  by  integration  to  be  lamPg  sin  a  sin  ■ 

Thus  the  equation  of  motion  is 

I (2acf>  -  ji- sin  <£  cos  cf>  si n  2a)  +  2g  si n  a  sin  </>  =  0 (2) 

The  filament  will  be  in  relative  equilibrium  if  </>  =  0  and  </>  =  0.     When  this  is  the  i 
we  have 

u?=-, q- -7 (3) 

r      I  o  is  a  cos  q> 

As  a  particular  case  of  this  result  we  see  that  if  a  filament  of  angular  length  4a  be 
symmetrically  situated  with  respect  to  the  vertical,  it  will  (if  there  be  no  capillary  forces 
to  be  taken  account  of)  just  break  in  two  when  jt-  is  slightly  increased  beyond  the  value 
g/lcofi-u.  Or,  since  the  fluidity  of  the  filament  does  not  influence  the  dynamical  result, 
except  through  capillary  action  which  is  here  neglected,  if  two  curved  rods  of  the  same 
material,  fitting  the  tube  and  each  subtending  an  angle  2a  at  the  centre,  have  their 
adjacent  ends  in  contact  at  the  vertical  through  the  centre  of  the  circle  they  will,  unless 
prevented  by  friction,  separate  when  /i-  exceeds  the  value  given  in  (2). 
Moreover,  if  /*2  =  0,  the  equation  of  motion  become-* 

>•  ,  q  sin  a  .      ,      .  ... 

<b  +  j-        -iii<A  =  0 (4) 

la 

The  motion  is  therefore  one  of  oscillation  in  the  period  of  a  pendulum  of  length  la  sin  a. 
Supposing  ,"-  kepi  constant  while  the  motion  is  slightly  disturbed  from  one  of  relative 

equilibrium,  we  '_ret  from  (2),  since 

,/,/,     1  ./-'v 

,/./,"  "q  dt*' 
'  i  '■■  +/'"/  s>"  -'(((sin'-'t/j  -  cos2</>)  +  -2< i  sin  a  cos  (f>  =  0 

But  in  this  we  must  use  /'-'    g  £cosacos<£,  the  value  for  steady  motion.    Thus  we  find 

rfgg    gsinasin'6 

•  It-      I      acos</,      ' 

Small  oscillations  about  steady  motion  are  therefore  performed  along  the  tube  by  the 
filament  (or  circular  rod)  in  the  period  of  a    pendulum  of   length  ?acos<£/sinash 
Eence  no  steady  motion  can  exist  if  the  centre  of  the  filament  is  above  the  horizontal 
line  through  the  centre  of  the  circle. 
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W  e  may  take  a  vertical  circular  tube  erected  on  tin-  surface  of  the  earth,  and  burning 
with  it,  as  an  example.  If  w  he  the  angular  speed  of  the  earth  and  X  the  latitude  of  the 
place,  the  component  of  angular  speed  about  the  vertical  is  wain  A.  Then  in  order  that  a 
particle  may  not  be  in  stable  equilibrium  at  the  lowest  point  <>f  the  tube,  we  must  have 
(since  now  o=0)  ursin-'A  >g  I,  or  £>gr/u>28in8A..  Thus  the  lower  limit  of  the  radius  of  the 
tube,  set  up  at  either  pole,  would  be,  in  feet,  about  :V1±  x  Mil  (JO-/ 1--,  or  1,120,000  in 
miles.      In  latitude  A  the  radius  would  be  this  divided  by  sitrA. 

11.  Example:  Ball  containing  a  gyrostat  and  rolling  without  slipping 
on  <t  horizontal  table.  An  example  which  may  be  taken  here  of  the  motion 
of  a  body  containing  a  revolving  piece,  is  the  problem,  proposed  and  treated 
by  Moby  lev  [Moscow  Moth.  Rec.s  L  892],  of  a  hollow  sphere  containing  a  fly- 
wheel mounted  on  an  axis  along  a  diameter.  The  centre  of  the  flywheel 
is  at  the  centre  of  the  spherical  case,  which  is  also  the  centroid  of  the 
whole.     The  sphere  rolls  without  slipping  on  a  horizontal  plane. 

Let  a  be  the  radius  of  the  sphere,  A  the  moment  of  inertia  of  the  sphere 
and  flywheel  together,  about  any  diameter  of  the  sphere  at  right  angles  to 
the  axis  of  the  wheel,  C  the  moment  of  inertia  of  the  sphere,  not  including 
the  flywheel,  about  the  flywheel  axis  OC  (the  axis  of  symmetry),  M  the 
total  mass,  and  K  the  a.m.  of  the  wheel,  supposed  constant.  We  take 
two  sets  of  axes,  (1)  a  set  0(x,  y,  z),  of  which  Oz  is  vertical,  and  Ox,  O// 
horizontal,  the  former  in  the  vertical  plane  con- 
taining the  axis  of  symmetry,  and  the  latter  at 
right  angles  to  that  plane;  (2)  a  set  OD,  OE, 
OC,  of  which  OD  is  at  right  angles  to,  and  OE 
is  in  the  plane  COz.  The  angle  COz  we  denote 
as  usual  by  0. 

We  suppose  the  angular  speeds  about  Ox,  Oy, 
Oz  to  be  wx,  My,  coz,  and  those  about  OD,  OE,  OC 
to  be  r).  \jrsmO,  tf>+\jr cos 6  (  =  n).  Thus  \js  is 
the  angular  speed  about  Or,  and  0  the  angular 
speed  with  which  a  plane  fixed  in  the  body  is 
turning  with  reference  to  the  plane  CO~. 

The  arrangement  of  axes  are  as  shown  in  the  diagram  [Fig.  !>4],  and 
from  that  we  obtain 

a>x=nsmd— \js  sin.  6  coa  Q,    w,,-d,    ooz=yjr (1) 

The  horizontal  components  it,  r  and  the  vertical  component  w,  of  the  velocity 
of  the  ceiltroid  with  reference  to  the  axes  0(xyz),  are  given  by 

u,=owy,     y=  —  ao>x—  —  a<j>smQ}     w  =  0 (2) 

The  angular  momenta  about  0(D,  E,  C)  are 

At),     A\jramd,     Cn+K, 
so  that  the  components  about  < »(.'//: )  are 

/<x  =  (C/<  +  K-AV>cosfhsin6\     //„  =  Ar),     fcz=A^sin20+(C%+K)cose.    (3) 
Clearly  //.  is  a  constant :     in  what  follows  we  shall  denote  it  by  6. 
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(4) 


.(6) 


The  equations  of  motion  are 

M(w  -yjsv)  =  X,  M  I  v  +  yjm)  =  Y,       1 

hx  —  \fshy  =  a  Y.  hy  +  yphx=  —  aX.J 
Eliminating  X,  Y  we  obtain 

hx—\frhy=all(v+\fnb),  hy+\j/hx=  —aM.(u—\jsv),  (5) 

which  may  be  written 

jXhx+aW<faine)-yir(hy+aWe)=0, 

Equations  (6)  are  obviously  true.  The  angular  momenta  about  horizontal 
axes  parallel  to  Ox,  Oy  and  drawn  through  the  point  of  contact  with  the 
table  are  h x  +  Ma20  sin  6,  h^  +  Mo-d  respectively,  and  the  t<  »tal  rates  of  growth 
of  a.m.  about  them  are  the  expressions  on  the  left  of  (6),  which  are  zer<  >.  since 
no  couples  act  about  these  axes. 

The  second  equation  of  (6)  is  important,  and  can  be  establish^!  at  once  as 
follows.     Written  in  full  it  is 

(A  +  Ma-)e  +  (Cn  +  K  +  M«2>i)^  sin  0-(A  +  Ma2  )vV=sin  0  cosO  =  0.   ...i  7 ) 
If  we  write  the  second  and  third  terms  as 

(Cn  +  K  +  Ud-,/>  sin-'tf)x/r  sin  6- (Av'>  sin  0 -  M,/'-',/' sin  #  cos  Q)  \!'  cos  & 
we  see  at  once,  by  taking  axes  0'(D',  E',  C)  through  the  point  of  contact  O' 
parallel  to  0(D,  E,  C),  that  they  constitute  the  rate  at  which  a.m.  is  being 
produced  about  the  axis  O'D'  by  the  motion  ;  for  the  speed  of  the  centroid  at 
right  angles  to  the  plane  EOC  is  —  (topsin.6,  and  the  angular  momenta 
about  O'C  and  O'E',  arising  from  this  motion,  are 

Ma?<p  sin20     and      —  M«-</>  sin  0  cos  0 
respectively.     Besides  this  there  is  for  O'D'  rate  of  growth  of  a.m.  I  A  +  Ma2)0; 
and  the  sum  of  these  two  rates  must  be  zero  since  there  is  no  moment  of 
forces  about  O'D'. 

Equations  ((J)  give  by  integration 

(/<x+M(A/')siny)-'  +  (/^  +  M(r,^-H-,  (8) 

where  II  is  a  constant.     Expanded,  this  equation  is 

(A+Ma2)^2+{Cw+K+Ma2»-(A+Mas)^cos^8Bin85=H! (8  I 

I5v  ((!)  and  (7)  we  can  write,  making  t^  =  0,  that  is  Oy  coincident  with  OD,  when  #  =  0, 

A,+Ma80=  -  BsinVr,    kz+Ma2<f>ain  0  =  Hcosf, (9) 

and  so  obtain 

^[{C7i+K+Maa7i-(A+Mas)^cos^}sin^]=(A+Ma2)^ (1") 

or  Asm  i)  ^{(Cw+K+Ma%)sin0}-(A+Maa)cos0  ','<  [A  J  sin80)=O (11) 

But,  since  Ay'  sin2^=G  -((_'«  +K)cos#,  performance  ol  the  differentiations  gives 

;A('  +  M./-(.\>in'-^  +  Ccos-y);»-((V  +  K-A»)M"-^sin^cos^  =  0 (12) 
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Multiplying  by  Ctj  t  K   -Aw  and  integrating,  we  find,  putting  A(C+M<z2)E2  for  the 

(•(.nstant  of  integration,  :  for  cos#,  and  £  for  (A  -C)Mr/-'  A(('  t-M  "'-'), 

(j-tef  A-C    A-C(1_^ 

Also  by  (9) 


Hsin^cosV={(C  +  M(r)(l---)  +  A+v>1""  I     '] 


i' 


+  K(l-^  +  A±^2K,2-A-+AM^G, (.4) 

By  the  value  of  n  given  in  (13)  this  becomes 

A+Mo2        A+Ma2         C+Ma2     ,.     7  „ i  ,,.. 

Hsin  #eosi/<-  =  — r— ^-K -r Gz _  -,    E(l  -£-J)- (15) 

Again,  by  (8)  and  (it),  we  have 

^-^>=(SOT±),=(A^)V-oo^)(i-^)i oe, 

and  so  by  (15) 

-■■_/f       H      V-  r    K        G       C  +  M«2      E  i)'J  (17x 

or  [in  the  nutation  defined  by  a  comparison  of  the  two  forms] 

:--H'-(l-;-)-{K'-G'r-E'(l-/b2)^-  =  Z (17') 

Thus  t=f— (18) 

The  centroid  moves  with  the  component  velocities 

u=ae=-aB.'amyjr=  -a{-—^\,    I (19) 

v=  -au)x=  -(-a\p cos  6  +  an) sin  6.) 
By  (8),  (9)  and  (13)  we  get 


„       '  „,        ,   ,       A-C      E'sin0 

r  =-«H  cos y  +  a 7^-^-1, — r > 

C+Ma2(1_^2)i'  I 


where  E'  = C+Ma2         ,_  _/.,2\^ 

(A-C)(A  +  Ma^      +         A")U     A-)- 


.(20) 


12.    Rolling  ball  containing  a  gyrostat     Track  on  table  referred  to 
ji.ni/  a. res.     If  we  refer  the  motion  to  fixed  axes,  the  velocities  *,  y  with  respect  to 

these  are  .c  =  iicos-y(r-vsiu  \{r,     y=u sin \ff  +  vcos\js, (1) 

where  yfs  is  the  angle  which  the  plane  E()< '  makes  with  a  fixed  vertical  plane  in  which  is 
laid  the  ji.rnl  horizontal  axis  Ox,  here  referred  to,  which  is  not  the  moving  axis  Ox  of 
Fig.  94  [see  Fig.  12.  The  angle  is  that  between  the  planes  OCE'  and  <>:.<•  as  stated 
in  4,  IV].     We  have 

•  _      A-C    E'sinflsinVr  A-C     K  ,.,. 

aC+Ma2    (1_^2)i      -aC+M^W^Zj^  

by  the  first  of  (9),  11.    Again,  by  (19),  I L, 

„.        A-C    E'sin^cosi/r  /,\ 

y=-aH'  +  a  ~^; (3) 

K^  +  Ma-       /-i  _  y(.--.'\D 

or  if  we  solve  (15)  for  sin  d cos  yfr,  and  substitute  in  (3), 

._    (  A-C    E'2       A     ('     I!    K ■     <:., 

!'=  a\         c+Ma2  ii'+c  +  M-/-  ir(1_x.-2)ij 
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The  integration  of  (2)  and  (4)  is  direct.  It  is  carried  out  by  Greenhill  (R.G.T.  p.  216) 
as  follows:  First,  let  A-C  and  k  be  positive,  then  l-ifc=C(A+Ma2)/A(C+Ma2))  is 
positive.     Put  then  £=sin2a.     We  get,  writing  \ -k:-  =  {\-q1)-  (1  +<j-)2, 

zsina=~/„     </zsina  =  2..       .,v-,(fy (5) 

1+'/-  (1+7")' 

The  equation  for  &  is  at  once  integrable  ;  we  get 

A-=2c/-A^.,  ...K'     tan-ig (6) 

C+Maa  11  sin  a 

Now  by  (17'),  11,  we  lias  e 

(l+52)2Z=Q=H'2{(l+^)2_4sg_j_{K'(1+?2)_2i|_?-E'(l-52)}2J (7) 

and  therefore,  since  dzsin  a  =  2(l  -q2)dq  (1  +q2)2, 

sin  a  c/<  =  sin  a-4  =  —         -      j (8) 

z^    1+rr    Qi 

Finally,  from  (  I)  above,  since  smadt  =  smadzjZ-,  we  obtain 

1,       "     '* ■*""■[     tt>      A-C    E'  f         K'-G'i)i 
y    sina      zi  C  +  Ma2H'j        (i-fc2)*J 

— £-» -7— ir-"'(l-2s!)-,-.A^r..  li.lE'a-^-K'd+vO  +  ^G'^-jl.O) 

sina    (i  +  o2\nJL  y/    C  +  Ma3  H   I     v       1;  '  sinaJJ 

Thus  we  see  that  x  is  given  directly  by  (6)  and  that  /  and  y  are  given  by  elliptic 
integrals  of  the  third  kind. 

This  conclusion  is  true  also  in  the  following  case.     Let  C  —  A  be  positive  and  k  negative. 
Then  we  write  -£=sinh2o,     1  -  it  =  cosh2 a, 

and  obtain,  with  c=  -a(A-C)E7(C+Ma2)H'sinha, 

sinh-  =sinhacos  0, (10) 


(i-^z=Q=H4(i-^-4^}-{Kxi-72)-2Ji;;;a-Exi+r)]2.  ...(ii 


) 


Biahadt=sJ?^=2\±£fk (12) 

z*        [  -  r  q* 

We  take  some  special  cases.  If  the  spherical  shell  have  little  mass,  we  may  suppose 
thai  C=0,  and  that  A  depends  almost  entirely  on  the  enclosed  gyrostat.  Then  k=l, 
and  (7)  becomes 

q     B'2(l-$2)a-{K'(l+?2)-2G'3-E'(l-22)}s (14) 

Al-..  ly   (9) 

dy    2a    JSL    J-HXl-r)-.f.,  |b;'.{E'(l-r)-K'(l+2s)+2G'9}] (15) 

(l+g2)Q*L  Ma  H  J 

It'  c  is  do1  zero  bul  K  is,  we  have  a  spherical  case  with  a  rod  along  a  diameter,  round 
winch  therefore  there  is  symmetry.  If  both'  K!  and  C  are  zero,  we  have  merely  a 
diametrical  rod  supported  on  a  massless  spherical  shell.  The  equations  can  be  easily 
written  down  from  those  given  above. 

When  K  and  (i  vanish  but  not  necessarily  also  C,  jj  is  constant  and  &  is  zero 
if  A  -C=0,  and  the  ball  rolls  along  a  straight  line. 
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13.    Rolling  bail  containing  a  gyrostat.     Case  of  A-C  =  0.    If  A=C,£is 

■  PO  and  ( 12),  1 1  (fives  \  /  \    ■  m    >\  -,      t?-  m    -,]   ■     a        a  n  \ 

A  <  .\  \-Mu-)ii=  t\.M'i-(is\]\  a  cob  a vU 

Entegrating,  we  obtain,  since  .     cos  9, 

A  (A  +  M.r>  +  pi./-K:-     AF (2) 

a  constant.     In  tins  rase  we  have  also 

tt=  —  aH'sin  yjr,     v  =- aH' cos  \fr  +  a — '-——    , (3) 

A  +  M" 

which  give,  by  the  values  of  i,  $  in  (1),  12, 

.»'  +  a  ■  r  ~  =  const (4) 

ft  =  -  aH'  +  -r — ^y— .,  K  si  n  t)  cos  \\r (5) 

Now  by  11,  (14),  since  C=A. 

.    Q        ,       1    ((k+Ma?)n+K,.      ...     _,,    ,  An  +  K  .,  I 

or,  by  (2), 

Substituting  in  (5),  we  obtain 

„TT'-l         "K         /(A+Ma2)n+K  Aw+K.2\         m 

We  have  also  H'sin  #sin  i/r  =  i: (8) 

With  (6)  this  gives 

•A     7—TT'2n      -2\      f   F  +  K     ,  1       M«2Kg2         _,   |-  ,q, 

Z=Z=H  (1-2)-iA  +  M^+2A(A+Ma2)-G2/  (9) 

I'..  F.  and  Iv  are  constants,  and  we  can  write  the  equation  in  the  form 

z2=Z=E  +  F*-(a+j&+7s2)2,   (10) 

where  a,  {$,  y  are  constants. 

1  '.y  a  proper  choice  of  origin  (the  "  centre  of  the  elastic  forces  "  in  the  analogue  of  a  bent 
spring)  we  can  express  the  rate  of  variation  of  the  square  r2  of  the  radius  vector  of  the 
elastic  curve*  from  point  to  point  along  the  curve  by  an  equation  of  the  form 

O" = 4 !  r°~  ~~ (A'-4 + 2B'"2 + c)2}> 

and  so  find  -r-~ — -. ' — 

as  r- 

The  integration  of  the  differential  equations  of  the  curve  is  based  on  these  relations  [see 
Ealphen,  Fond.  Ellipt.  t.  II,  chap.  V,  and  Greenhill,  Math.  Ann.  52],  and  the  analysis  is 
available  for  the  present  problem.  We  shall  give  it  with  some  other  elliptic  function 
calculations  in  a  later  chapter  if  there  is  space. 

It  will  be  found  that  the  path  of  the  point  of  contact  lies  between  two  parallel  straighl 
lines  on  the  table,  and  consists  of  periodic  repetitions  of  a  certain  figure,  the  nature 
of  which  is  discussed  in  lf>  below.  I5y  covering  the  table  with  a  sheet  of  coloured  transfer 
paper  over  a  sheet  of  white  paper,  and  rolling  the  ball  on  the  former,  the  curve  can 
be  traced  out    The  weight  of  the  ball  is  enough  to  produce  an  imprint  of  the  path. 

*Tlie  form  of  a  uniform  elastic  wire  or  spring  under  terminal  couples  and  uniform  normal 

pressure  over  it-  whole  length. 

g.g.  z 
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14.  Rolling  ball   containing  a   gyrostat     Small   oscillations   about 

stead)/   motion.      From  the  equation  (7),  11, 

(A+Ma^d+(Cn  +  K  +  Ma2n)rp sin  6 -(A+Ma^fean  dcos 6=0,  (1) 

we  can  find  the  period  of  a  small  oscillation  about  steady  motion,  that  is  the  motion  for 
which  6  and  9  are  zero,  and  therefore  H  and 

<V  +  K  +  M><'-:/-(A  +  M«2)^  cos  #(  =  <!>) (2) 

are  zero.  We  denote  the  steady  motion  value  of  \p  by  \x.  For  a  slight  deviation  a  of  9 
from  the  steady  motion  value  we  have 

(A+Ma2)a  +  /isin0^f.a=O (3) 

a  =  0. 

Carrying  out  the  calculation  of  the  second  term  on  the  left,  using  (12),  11,  and  the 
constant  value  (C/?  +  K)cos  6  +  Aipsin-0  of  G,  to  determine  dnjdd  and  dxp'dO,  we  see  at 
once  that  the  group  of  quantities  obtained  vanishes  if  we  put  A=  —  Ma2,  and  that  in  fact 
the  terms  amount  to  (A +  M"-) //.'-'</..     Thus  we  obtain  the  vibrational  equation 

a  +  /x2a  =  0 (4) 

The  period  of  oscillation  is  thus  27vjfx. 

In  steady  motion  the  sphere  rolls  so  that  its  centre  moves  in  a  circle  with  angular 
speed  \x.  If  c  be  the  radius,  we  have,  by  Fig.  94,  v  positive  for  /x  negative,  and  so,  since 
u  =  a6=Q,  -c/x=v.     By  (2),  11, 

-  v=a(n  sin  Q  -  \l  sin  0cos  6), (5) 

so  that  c  =  a[  -sin  #-sin  #cos  6  )  —-  isin  6 (6) 

\{i  1      fx 

The  first  term  in  (5),  an  sin  0,  is  the  speed  with  which  the  centre  L  of  the  small  circle 
of  contact  on  the  sphere  is  moving  at  right  angles  to  the  vertical  plane,  and  an  sin  d  [i,  the 
first  term  in  (6),  is  the  radius  of  the  horizontal  circle  described  by  that  centre. 
Now  n/n=(A  +  Ma-)ncosd;!(Cii  +  K  +  ^l"'-ii),  and  therefore 

,,  A'' ^ '''  +  *?  sin  0  cos  0 (7) 

Thus  the  ball  will  roll  steadily  in  a  straight  line  if  K=  —  (On  +  Ma2»).  The  radius  is 
zero  if  K  =  (A -(')//. 

15.  Rolling  ball  containing  a  gyrostat.  Small  oscillations  about 
straight  line  motion.     Stability  of  straight  line  motion.     Now  let  the  ball 

roll  along  a  straight  line  with  the  axis  of  the  gyrostat  horizontal,  and  let  the  motion  be 
Blightly  disturbed  without  change  of  the  (zero)  value  of  the  a.m.  about  the  \  ertical  through 
the  point  of  contact.  The  result  just  obtained  is  inapplicable,  for  /x  now  vanishes,  and 
there  evidently  must  be  a  finite  period  of  oscillation  about  the  steady  straight  line 
motion  of  the  centre. 

Putting  then  the  a.m.  about  the  vertical  equal  to  zero,  we  get 

(Cn+El)cos0+Afisin20=O (1) 

where  6  is  very  slightly  different  from  \tt.  We  have  approximately  n—  —  (On  -f  K)cos  8  A. 
Bence  substituting  in  (1),  14,  which  now  is 

(A+Ua2)9+(On+K+Uain)ix=0 (2) 

we  find  A(A+Ma2)6'-(C7i+K+Ma2n)(O7i+K)cbsd=0 (3> 

Thus,  according  to  the  notation  adopted  above,  we  may  put  $=COS0,  since  the  terms  in 
dn  d&  which  occur  in  (/'!'  d8  are  all  affected  by  the  factor  COS  9,      Hence 

(/<I.  l/,)=-siu6  =  -1, 


c-- 
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since  6~ J7r  +  u,  where  a  is  very  small.     Equation  (3)  becomes 

..     (Cn  +  K  +  M«2«)< 

A(A  +  Ma 

Thus  the  period  of  disturbance  of  the  motion  is 


..  ,  (Q»+K+Ma*w)(On+K)  ... 

u  + A(A  +  M«»)  a=° (4) 


f            A(A  +  M«2)            1*  , 

^\(Cw+K+Ma8n)(Cw+K)J   ; 


L(Cw+K+Ma8n)(Cw+K)/ 
The  ball  is  rolling  forward  with  the  Linear  speed  na.     Hence  the  wave  length  A  of  the 
disturbance  as  traced  out  on  the  table  is 

These  expressions  for  the  period  and  wave  length  will  not  be  real  if  the  angular 
speed  u  and  the  a.m.  K  are  oppositely  directed,  and  also 

|(C+Ma2)ft|>|K|>|Ora|     or    |  K/(C  +  Ma2)|<|?i  |  <|K/C|. 
The  ball  cannot  in  this  case  roll  stably  in  a  straight  line. 

If  6  is  neither  zero  nor  i— ,  we  obtain,  from  (1),  14,  neglecting  the  term  in  i/--',  for  a 
slight  deviation  from  steady  rolling  along  a  straight  line  (at  right  angles  to  the  plane  of 
the  diagram  in  Fig.  94),  the  equation 

(A  +  M«-)£+(C>J  +  K  +  Ma2tt)/x sin  6  =  0 (7) 

Hence,  since  the  steady  value  of  \x  is  zero,  we  put  <i>  =  /x,  and  get 

(A  +  Ma2)a+(Cn  +  K  +  Ma2/0sin#.^a  =  O (8) 

d*    dj    (CH  +  KlBinfl-Ccogflgg 

d$     dd  A  sin2  0 

^  =  n 

.  ,     ,,  _.    , ,  dn     (Ctt  +  I<L-Aii)Ma2s'm  Ocosd  ,m 

and  by  (12),  11,  -jn=  »0  ,  Vr  ■>/  \    ■   ■>  a  ,  n ->1j\ '    ' 

-   v     n  du     AC  +  AL<(-(Asm-0  +  <Jcos-0) 

The  reader  may  verify  that  from  these  values  we  obtain 

..     (C?t  +  K  +  M«2«){(C  +  Ma2)C«  +  (C  +  Ma2sin2fl)Ki. 

a+  (A  +  M«2){AC  +  Ma2(Asin26>  +  Ccos2<9)}  K) 

Denoting  the  second  term  on  the  left  hy  p-a,  we  have  for  the  period  of  oscillation  2-  p. 

This  agrees  with  the  former  result,  if  6  =  \tt. 

In  the  present  case,  since  in  the  steady  motion  /x  is  zero,  we  have  for  the  speed  of 

advance  of  the  centroid  v=  —an  sin  0,  so  that  we  may  write  «=  —  vjasin  6. 

Thus  we  find 

|  K-(C+Ma2)  — L_U(C+Ma2sin80)K-(C+Maa)C  -£-*) 

2  _  J. '/sin  ti\  { ' a  sin  6) 

V'  (A  +  ]\WJ)  !AC  +  M«-(A  sin20  +  Ccos-'0); 

Hence  the  ball  cannot  roll  along  a  straight  line  unless  both  factors  of  the  numerator  have 
the  same  Bign,  or,  to  put  the  result  in  another  way,  it  will  not  roll  stably  along  a  straight 
Line  if  Kg  sin  0  C+Ma2sin20  Kg  sin  0 

C+Ma*<V<  C  C  +  Ma2" 

In  using  thi~  inequality  it  must  be  remembered  that  if  K  and  n  liave  opposite  signs,  we 
may  take  K  positive,  and  then  for  n  negative  we  have  v  positive.  When  K  and  n 
have  both  the  same  sign  //-'  is  essentially  positive. 

The  value  of  a  wave  length  of  the  small  deviation  from  the  straight  course  is 
■i-<ti>  Bin  6  p. 

The  reaction  against  side  slip  is  easily  found,  in  any  of  these  cases  of  motion,  from  the 
couple  producing  rate  of  change  of  a.m.  about  the  0  axis  (OD)  through  the  centroid. 
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16.  Boiling  baU  containing  a  gyrostat.  Method  of  solution  hy  direct 
reference  t<>  first  principles.  So  far  the  foregoing  discussion  follows  the 
mode  of  solution  adopted  by  the  proposer  of  the  problem,  and  by  Greenhill 
(R.G.T.)  with  some  differences  in  the  analysis.  Bui  the  reference  to  first 
principles,  suggested  in  11,  may  be  extended  so  as  to  give  all  the  essential 
equations  of  motion,  in  tact  practically  to  solve  the  whole  problem. 

We  note,  in  the  first  place,  that  if  the  motion  of  the  sphere  be  referred  to 
axes  0'(D',  E',  C)  parallel  to  0(D,  E,  C),  the  angular  momenta  about  these 
are  as  follows :  about  O'D',    (A+Ma2)0, 

about  O'E',    A\/r  sin  6  —  M"-0  sin  6  cos  6, 
about  O'C,     O+K+Ma20sin20, 

since  a  little  consideration  shows  that  the  speed  at  right  angles  to  the  plane 
EOC,  of  the  point  L  (see  14)  is  nasmd,  and  of  O  is  (n—xjr  cos  6)  a  sin  0, 
that  is  <}><i  sin  0.  There  is  no  couple  about  any  axis  through  O',  and  the 
rates  of  turning  of  the  axes  are  respectively  0,  \/rsin  9,  \js  cos  6.  Hence  the 
rates  of  growth  of  A.M.  about  the  axes  as  enumerated  above  are 

(Qn  +  K+Ma20  sin20)^  sin  d  -  { Axjr  sin  0-  Ma20  sin  0  cos  0}\js  cos  0, 
[or  (Cn+K+M.a2n)^sm  0-(A  +  Mu2)V>-sin  OcosO,] 

A0i/r  cos  6 -{On  +K  +  Ma20  sin20)0, 
(A+Ma2)&£  sin0-(A+Ma2) 0^-sin  0,  or  zero. 
Now  the  first  of  these  equated  to  zero  gives  the  O'D'  equation  for  steady 
motion,  and  thus  we  have 

(Cw+K+Ma2w)i/rsin0-(A+Ma2)^2sin0cos0=O, (1) 

as  that  equation. 

If  we  consider  the  a.m.  about  O'D'  when  the  motion  is  not  steady,  we  see 
at  once  that  the  complete  equation  of  motion  is 

(A+Ma2)0+(Cw4-K+Ma2u)x/rsin0-(A+Ma2)^2sin0cos0=O.  ...(2) 

This  is  (7)  of  11  above. 

The  magnitude  of  the  couple  about  01)  is  clearly 

A8  +  (Cn  +K)x/> sin  0-  A\j/2*m  0 cos  0. 
Eence  the  horizontal  force  applied  by  the  table  in  the  plane  EOC  is 

-{A$+(Cn+K)yj,  sin  0  -  A^-sin  0  cos  0}. 

This  gives  the  reaction  against  side  slip. 

Again,  the  a.m.  about  a  horizontal  line  drawn  to  the  left  through  0'  in  the 
plane  EOC,  [Fig.  !»4]  the  line  of  the  force  just  calculated,  is,  by  the  angular 
momenta  given  above, 

(On  +  k  +  Ma2  n  >sin 0-(  A  +  Ma2)^  sin  0  cos  0. 
Also  the  rate  of  growth  of  a.m.  about  the  positive  direction  of  this  horizontal 
line  [the  direction  to  the  right  from  O'  in  Fig.  94]  due  to  the  turning  of 
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the  axis  ()'|)'  [with  which  is  associated  a.m.  (A + Ma8) 6]  at  rate  \[/  aboul 
the  vertical,  is  (A+Ma2)d^-.  Since  there  is  no  other  rate  of  production 
of  a.m.  for  this  line  and  there  is  no  couple,  the  total  rate  of  growth  of 
a.m.  must  bo  zero.      Hence  we  <;et 

'J  {(Cn+K+MaPn) sin 0-(A+Ma8>£ sin0 cos 0}-(A+Ma*)&/r  =0,  ...(3) 

which  is  precisely  (10)  of  11.     From  this  we  find 

.  _  (On  +  K  -  An)  M  q2sin  6  cos  0  • 

™~AC  +  Ma2(Asin20+Ccos20) 
With  this  and  the  value  of  \]s  as  found  from 

G  =  (C»  +  K)  cos  0  + Ax/>  sin20 
we  have  all  the  equations  required  for  the  discussion  of  the  motion.     The 
discussion  of  the  different  cases  of  oscillation  about  steady  motion  proceeds 
as  in  14  above. 

17.  Example:  A  cylinder  containing  <i  gyrostat  and  rolling  on  a 
horizontal  jilatic. 

A'  ample.  [Problem  restated  from  Math.  Tripos  paper,  1908.]  The  ship  in  Fig.  50 
is  replaced  by  a  hollow  right  circular  cylinder  which  rests  on  a  horizontal  table,  and  the 
gyrostat  axis  b,  b  is  at  right  angles  to  and  intersects  the  axis  of  the  cylinder.  There  is  no 
gravitational  stability  of  the  gyrostat  ring  or  wheel,  and  the  cylinder,  supposed  in 
position  with  A,  b  horizontal  and  the  spin  axis  of  the  wheel  vertical,  has  an  attached  mass 
//*  at  tin-  centre  of  its  highest  generating  line.  A  is  the  moment  of  inertia  of  the  flywheel 
and  ring  about  the  axle  b,  b,  B  that  of  the  flywheel  and  ring  about  the  axis  through  the 
common  centre  parallel  to  the  planes  of  rotation  of  the  wheel,  I  the  moment  of  inertia 
of  the  cylinder  and  attached  mass  about  the  line  of  contact  with  the  table,  and  Cn  the 
a.m.  of  the  flywheel,  counter  clockwise  as  seen  from  above.  [As  we  suppose  all  angular 
detections  produced  in  the  motion  to  be  very  small,  B  remains  nearly  enough  constant. J 
Prove  that  the  time  of  a  small  oscillation  of  the  cylinder  is 

f    A(B+I)    \* 

~7r  {C-ii^-mgaAJ 

Let  the  cylinder  be  rolling  at  rate  <f>  towards  the  left  [Fig.  50].  This  produces  a.m.  at 
rate  (  '/k/>  about  an  axis  across  the  wheel  to  the  left.  Hence  the  top  of  the  spin  axis  turns 
towards  the  reader  with  acceleration  6,  and  we  have  A6  =  Cn<ji,  and  therefore  A6  =  Cn<\>. 
This  iii"ti"ii  of  the  spin  axis  produces  a.m.  about  the  cylinder's  line  of  contact  at  rate 
( \n8,  and  the  total  rate  of  generation  of  such  a.m.  is  (1  +  R)cj>  +  C)i0,  that  is,  since  A.p=(  '"</,. 
(I  +  B)4>  +  (  "-'/.'-'</>  A.     The  applied  couple  is  mgatj>.     Hence  we  have 

A(I  +  ~B)(f>  +  (Chi-  -mgaA)<f>  =  0. 

Thus   if  ('-/»->///;/  >A    there  is  stability  and   the  system  oscillates  in  the  period  stated 
abo\ .-. 


CHAPTER   XVII 

MOTION  OF  AN  UNSYMMETRICAL  TOP 

1.  General  equations  of  motion.  A  straightforward  process  of  analysis 
enables  the  equations  for  the  discussion  of  the  stability  of  a  body  of 
any  form  resting  on  a  horizontal  plane  to  be  investigated.  We  start  from 
the  equations  of  motion  for  moving  axes  established  in  1,  XVI.  Referring 
to  principal  axes  GA,  GB,  GC  drawn  from  the  centroid  G  we  suppose  that 
the  coordinates  of  the  point  of  contact  O  are  x,  y,  z  and  that  the  equation  of 
the  surface  of  the  body  is  f(x,  y,  z)  =  0.  The  components  of  linear  velocity 
of  G  will  be  denoted  by  u,  v,  w,  those  of  angular  velocity  about  the  axes 
by  a)v  G>2,  «3,  the  direction -cosines  of  the  outward  normal  at  O  from  the 
surface  of  the  body  by  p,  q,  r,  and  the  force  components  (arising  from  normal 
reaction  and  friction),  applied  to  the  body  at  O  by  the  supporting  surface, 
by  X,  Y,  Z.     The  equations  of  rotational  motion  are 


Aco, - (B - 0)^3  =  yZ -  zY  =  R {yy - (3: ) ,  1 
Bo>2  —  (C  —  A.)o)3wl  =  zX  —  xZ  =  R(  uz  —  yx ) ,  , 

Ccb3-{A-B)colco,  =  xY-yX  =  Ji{(3.r-a!/),) 


d) 


where  R  is  the  reaction  at  0,  and  a,  {3,  y  the  direction-cosines  of  its  line  of 
action  taken  outward  from  the  surface. 

For  the  motion  of  G  we  have,  taking  the  mass  of  the  body  as  unity. 

u  —  V(ds  +  it'co.,  =  gp  +  X  ,~\ 

r  —  UYoj  4-  U(o3  =  gq+ Y, ( -) 

w  —  ua>2+  vwx  =  <jr -\-Yj.  J 
The  direction  p,  q,  r  is  fixed,  and  so  we  have 

P~-  q<03+r<a2  =  O,     i'[—  ra)1+j?c«)8  =  0,     r—pw.  +  qci^  —  O (3) 

Equations  might  be  established  for  O  as  origin.  The  moments  of  forces 
would  then  be  (hose  of  the  forces  applied  at  the  centroid.  Further  the 
motion  of  0  would  have  to  be  brought  into  the  account. 

There  are  three  cases  to  be  considered:  (1)  do  sliding  at  the  point  of 
contact,  (2)  no  friction,  (3)  sliding  with  friction.  The  conditions  for 
case  ( 1)  are  clearly 

"  —  !/i>\;  +:r.v,  =  <>,     y— 2ft)1+ak»3  =  0J     w— X(a2-\-yoo1=0 (4) 
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In  case  (-J)  the  action  of  the  plane  on  the  body  is  a  normal  force  K,  so 
that,  since  here  a,  {3,  y=p-  7.  ''. 

X=-pK,    Y=-7K,    Z=-rB (."0 

The  minus  sign  IS  required  since  R  acts  towards  tlic  body  and  j>,  q,  r  are 
defined  for  the  outward  normal.  In  this  case  the  point  G  moves  parallel  to 
the  plane  at  uniform  speed.     If  PG  =  f,  we  can  write  the  single  equation 

?=+R-0      or     K  =  g  +  l  (6) 

Equation  (3)  holds  also  in  case  (2)3  since  the  direction  of  the  vertical 
docs  not  change. 

In  ease  (.'>)  the  resultant  of  the  forces  X,  Y,  Z  makes  an  angle  with 
the  normal  equal  to  tan-1/*  where  jx  is  the  coefficient  of  friction.     Thus 

(j>X+gY+rZ)2  1  m 

X3  +  Y24-Z2    =cos"(tan  V)  =  1,    •> o) 

Also  the  slipping  (of  components  u',  v,  iv')  must  take  place  in  the  opposite 
direction  to  the  horizontal  component  of  X,  Y,  Z.  The  direction-cosines 
of  a  line,  perpendicular  to  the  normal  and  to  the  resultant  of  X,  Y,  Z,  are 
proportional  to  qZ  —  rY,  rX—pZ,pY—qX.     Hence  we  have 

u'{rY  -qZ)+v'{pZ-rX.)+w'{qX-pY)  =  Q (8) 

2.  Stability  of  a  body  spinning  about  a  nearly  vertical  principal  a.ri*. 
Now  taking  case  1,  that  of  no  slipping,  let  the  body,  supposed  of  any  form, 
be  set  up  with  the  principal  axis  GC  vertical  and  its  extremity  C  in  contact 
with  the  horizontal  plane,  and  be  made  to  spin  with  angular  speed  n  about 
GC.     The  body  is  then  slightly  disturbed :  it  is  required  to  find  the  motion. 

Here  initially  p,  q  are  small  and  r=l,  nearly.  Also  ao3  =  n,  and  w1>  w.2, 
".  v,  w  are  all  small.  A  will  be  taken  as  less  than  B.  We  shall  suppose 
that  the  body  does  not  deviate  far  from  its  original  position,  so  that  these 
small  quantities  remain  small.  The  following  discussion  will  indicate  under 
what  conditions  the  supposition  is  justified. 

In  the  first  place  we  see  from  equations  (2)  that  X,  Y  are  small,  and 
thai  'A— —(j,  nearly.  Hence  to  the  degree  of  approximation  involved  in 
neglecting  the  squares  and  products  of  small  quantities  we  see  that 
(1),  (2),  (3),  (4)  become 

A.,\-(B-C)  >*<»,=  -gy-KY,  Bco,-(C-  AJwo^/tX+grar,     C?Y  =  0/ 

u,—nv=gp+X,  v+nu=gq+Y,  [       ns 

I '  +  c\,  —  nq  =  0,  q—  Wj  +  np  =  0, 

u  —  a  y  +  Iki\,  =  0,  v  +  nx  —  1aax  =  0. 

The  equation  of  the  surface  may  be  written  in  the  form 

■-*-&+¥+?)■ 2> 

where  a,  b}  c  depend  on  the  curvatures  of  the  principal   sections  of  the 
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surface  through  the  point  P.     We  have  from  (2).  neglecting  squares  and 
products  of  x,  y,  which  are  small, 


P  = 


dz  _x     1 1 
dx     a     b' 


q 


dz  _x     y 

(I : i     l>     c  '' 


r- 


.(3) 


(■*) 


Eliminating  ool,  w.2,  u,  v,  X,  Y  from  these  equations,  we  get 

(A  +  hyj  +  (A  +  B  +  2h--C)rip-{(B-C)lr  +  Lrj  +  l>-l,-\q 

+  {g+hn*)y-hnx=0, 

(B  +  ]r)i)-(A  +  B  +  2Ir-C)rnj-\(\-C)-u-  +  h</+h-,l-\I> 

+{g+hnz)x+hny  =  0. 

[To  take  account  of  the  mass  M  it  is  only  necessary  to  multiply  the 
last  pair  of  terms  in  each  equation,  and  every  h  or  A-  in  the  others,  by  M. 
It  is  a  good  exercise,  of  no  wry  great  difficulty,  to  account  for  all  the  terms 
in  (4)  by  first  principles  in  the  manner  often  exemplified  above,  and  in  that 
way  establish  the  equations.  The  evaluation  of  the  couples  requires  a 
little  care.] 

If  we  substitute  for  x  and  y  in  (4)  from  (3),  the  terms  affected  are 


/     .  7    <n       7     ■         cbU/  +  hn-)n  .       abhn  ...         .. 

(g  +  hv-),,-hn.r=-     ^_&2   >{bq-up)+  — — -2(bp-cq), 


(g+hn2)x+hny  = 


ab{g+hn2) 


nr  —  b'1 
If  the  equation  of  the  surface  be 


(bp-cq)-  ^p  ( bq  - <  vp ) 


.C) 


>(*) 


2\a      c 

a  and  c  are  the  radii  at  P  of  the  lines  of  curvature,  and  the  tangents 
to  these  at  P  are  parallel  to  the  principal  axes  at  G.  The  terms  written 
down  become  in  this  case 

c(g  +  hn-)<j  —  nhap,     a(g  + 1>  n-  )p  +  It  ncq. 

In  the  general  case  the  equations  are  intractable  :  but  when  the  terms  x,  //. 
.' ,  y  in  (4)  have  the  simple  form  just  found  the  equation  of  motion  (4) 
can  be  made  to  take  the  usual  form  for  a  gyrostatic  vibrator  possessing  two 
freedoms.     For  we  have  then 

{A+h?)q+(A+B-C+2h?-ah)np 

-{(B-C)y?+gh+h*n*-c(g+hn*)}q  =  0 

{B+h*)p-{A+B-C+2h*-ch)nq 

-{{A-CW+gh+hW-aig+hn^p^O.. 

If  we  assume  the  solutions 

p  =  aeM,     q  =  j3eM, 

and  substitute  in  (t>),  we  get  from  each  of  these  equations  a  relation  between 
a//S  and  A.     Eliminating  the  ratio  ,<  .-i,  we  find  the  quadratic  in  X- 

(L\2+N)(L  v,-fN')  =  ,\V'(.\l-/,/i(M-//r) (7) 


(6) 
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where      L=A  +  //-\     U=B+h*,     Ns(B-C)nl+(A-0)(fo»*+?), 
N  =(A-C)n*+(h-a)(hn*+g),     M=:A+B+2&2-C. 

|  [f  it   is  desired  fco  introduce  tlu*  mass  oi'  the  body  (here!  supposed  unit}-)  into 

these  formulae,  it  is  only  necessary  to  consider  A,  B,  ('  as  the  ratios  of  the 
corresponding  moments  of  inertia  to  the  mass.] 

The  roots  of  the  quadratic  (7)  in  X2  are  real  it'  the  inequality 

(LN'+L'N  — ?i2(M-a&)(M-cfc)}2>4LL'NN' 
is  sat  isfied. 

Lei  the  solid  be  of  revolution,  and  the  radius  of  try  rat  ion  about  the  axis 
of  figure  be  /.'.  and  that  about  an  axis  through  the  point  of  support  at  right 
angles  to  the  axis  of  figure  be  //.     Then  since  the  mass  is  taken  as  unity, 

£2=0,     //-  =  A  +  A-  =  B  +  //-,     L=L'  =  //-,     M  =  2/,/--/,-', 
N  =  N'  =  (//-  -  fc2  -  ch)  n?+(h-  c)g. 
Thus  we  obtain,  after  a  little  reduction,  for  the  expression  in  this  case  of  the 
inequality  stated  above,  (k2+ch)2n2^>  4>k'-(h  —  c)g,  or 

im-oM* (8) 

k--\-kc 

The  values  of  A2  which  satisfy  (7)  are  real  when  (8)  is  satisfied,  and  the 
condition  (<S)  also  shows  that  they  are  positive.  If  \x2,  A22  be  the  values  of 
\2,  each  gives  two  values  of  X  numerically  equal  and  of  opposite  sign. 

3.  General  case:  lines  of  curvature  of  surf  ace  at  contact  not  parallel 
ti>  the  principal  axes  through  the  centroid,  In  the  more  general  case  in 
which  1  /r2       >.,,     ,.2\ 

s  =  ''-5&+2f+") <'> 

we  have,  using  n  to  denote  the  angular  speed  about  the  principal  axis  which 
joins  the  centroid  with  the  point  of  support,  and  is  vertical  or  nearly  so, 

A  q-achknq+(D+abhk)np+ackg'p-  {(B'-C')n2+{h+bck)g'}q  =  0>}     ,0 
B,p+ac/ifcwp-(D+6c/i^)ri^+acV^-{(A/-C')^2+(fe+a6%/}^  =  0j'"^ 

where  (using  /,•  now  in  a  different  sense) 

A'  =  A  +  A-,     B'  =  B  +  //-,     C'  =  C+h2,     D  =  A'  +  B'-C'  +  A-. 
g'=g+hn2,     /:  =  />  (ac  —  b2). 

Let  us  suppose  that 

y,=  KeM,    q  =  LeiM (3) 

we  obtain,  by  substitution  in  (-), 

!  A',V-  +  (  B- <")„-  +  </,  +bck)g'+  iachnlfr  \ 

x  [B'\2+(A.'-C')n2+(h+abk)g'-iachnk\} 

+  [i(D+abkh)ri\+ackg'}{i(D+bcJcli)n\—ackg'}  =  <> I  1 1 
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If  h  =  x  ,  we  fall  back  on  the  simpler  case  in  which  the  terras  affected  by  the 
multiplier  acknh  are  zero,  that  is  (4)  becomes,  when  b  is  large,  approximately 

{A^\2  +  (B'-COnH(^  +  ^/.).'/'}{B'\-  +  (xV'-C')>r-  +  (A  +  «6%'} 

-(D  +  ablch)(D  +  bckh  )/>-'A2  =  0, (5) 

where  bck  and  able  are  approximately  —  c  and  —a,  respectively.     This  is  of 

the  form  A'B'A4-PA2  +  Q  =  0,  (5') 

where  P  and  Q  are  independent  of  X. 

Equation  (5)  corresponds  to  the  case  in  which  a  principal  plane  of 
moment  of  inertia  for  the  centroid  coincides  with  a  principal  plane  of  normal 
section  at  the  point  of  contact  0.  For  let  0  denote  the  (acute)  angle  between 
the  plane  GOA,  and  the  plane  of  normal  section  for  which  the  radius  of 
curvature  at  O  is  p1,  taken  positive  from  the  former  plane  to  the  latter 
(that  is  clockwise  in  Fig.  95),  we  have,  assuming  that  pj>  p.2, 

Hlr})Kin6eose ";> 

The  multiplier  ack  is  abc/(ac  —  b2),  and,  as  can  easily  be  proved,  is  negative 
if  h  be  positive,  as  b  is  on  the  supposition  that  px>  p.2-  For,  since  we 
suppose  the  two  curvatures  turned  the  same  way,  the  indicatrix  at  the 
point  of  contact  of  a  tangent  plane  with  the  surface  is  an  ellipse,  and  ac—b* 
is  negative.     The  multiplier  ack  is  zero  when  b  is  infinite,  that  is  when  0  =  0.' 

If  however  0  be  not  zero,  we  have,  omitting  terms  in  k2, 

A.rB,\i-¥\2+Q+iachnk(B'-A')(\2-n2)\  =  0 (7) 

The  roots  of  (5')  are  real  if  P2>  4A'B'Q,  and  are  positive  if  P  and  Q  are  both 
positive.     We  shall  suppose  that  these  conditions  are  satisfied.     The  roots 

'"V"iVenby  A^VlP^P^A'B'Q)*} (8) 

Let  a  root  of  (7)  be  \"2  +  k,  where    k    is  small  :  then  we  have  from  (7) 

{2A'B'\'2-'P)K  +  iachnl-{B'-A')(\2-rr)\  =  0 (9) 

Eence  k  is  imaginary;  let  it  be  ik'a.     Then 

(2A'B'\'---P)/c'  =  r/rA///,'(B'-A')(/r--A-) (10) 

and  by  (8),  if  A/2,  A.,'2  be  the  two  values  of  A'2,  and  ^'>  *$'  tne  corresponding 
values  of  k'.  we  obtain 

^-1'(P2-4A'B'Q)i  =  (/e/M./.(B'-xV)(//2-A12),  |     (ii) 

K2,(P2-4A/B'Q)4=ac&n&(B'-A/)(A22-7i2).J 

Bui  since    K    is  small  -.,     ,v,      •  ,xvj      v       ,.  , 

\   =  ( A-  —  IK  A)-  =  A  —  f,  I K  , 

;111,l  hence  p=Ke*'t=Ke<*,t'+*>';     (12) 

so  that  the  motion  would  increase  exponentially  if  k  were  positive.     Thus 
k  must  be  negative  for  stability.     Hence  in  (11),  ic/,  k2  are  both  negative. 
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Fig.  05. 


Now  we  suppose  that  B'>  A',  and,  in  ((!),  />,>  /)._,.  This  involves  taking 
/»  positive  and  therefore  /,'  negative  for  positive  0,  since  l>  is  Large  and 
ac— 6*<0.  Let  then  A,'J  >•  ri~  >  A./,  if  that  he 
possible  without  affecting  the  reality  of  the  roots. 
We  see  that  nk  must  be  positive,  that  is  that  n 
must  be  negative  in  order  that  (11)  may  be 
satisfied.  This  means  that  the  turning  must  be 
in  the  direction  shown  in  the  diagram  by  the 
arrow.     TSee  experimental  results  in  5  below.] 

L  r  J  O  Plane  of 

minimum  curvature 

4.  .1  body  spinning  steadily  in  one  direction 
on  a  horizontal  plane,  unsteadily  in  the  opposite 
direction.  If  n2< X22,  turning  in  either  direction  will  be  consistent  with 
one  of  equations  (11)  and  inconsistent  with  the  other.  The  turning  indi- 
cated in  the  diagram  will  be  accompanied  by  diminution  of  the  amplitude 
of  the  vibrations  of  period  2tt/\v  and  increase  of  the  amplitude  of  those  of 
period  2-  A.2.  The  reverse  will  happen  if  the  turning  is  in  the  opposite 
direction.  But  since  Ax2  —  n-,  X22  —  n2  are  of  very  different  magnitudes,  it  is 
manifest  that  there  will  be  much  less  increase  of  vibration  and  consequent 
unsteadiness  when  the  turning  is  in  the  direction  indicated  in  the  diagram, 
than  in  the  other  case.  The  effect  thus  of  a  small  value  of  k  might  be 
hardly  perceptible  for  spin  in  the  direction  taken  as  positive  in  the  diagram, 
that  is  from  OA  to  OB,  and  so  great  for  the  opposite  spin  as  to  render 
continuance  of  the  motion  impossible. 

5.  Experiments  with  a  top  supported  on  am  adjustable  curved  surface. 

The  results  found  in  3  were  first  given  by  Mr.  G.  T.  Walker  in  a  paper 
published  in  the  Quarterly  Journal  of  Mathematics,  28  (1896).  They  were 
confirmed  experimentally  by  him  by  means  of  a  simple  form  of  top,  which 
admitted  of  the  axes  of  least  moment  and  least  curvature  being  placed  in 
any  desired  relative  positions.  This  top  is  in  general  shape  a  flat  ellipsoid. 
In  it  a  circular  disk  is  embedded,  so  that  the  plane  upper  face  of  the 
disk  rests  against  the  face  of  a  cavity  cut  in  the  body  and  the  lower 
lace  continues  (but  not  exactly  except  in  one  position)  the  curved  contour 
of  the  lower  surface  of  the  top.  The  disk  turns  about  a  central  axle 
which  is  normally  vertical,  and  can  be  clamped  in  any  position.  In  one 
clamped  and  marked  position  the  disk  was  shaped  with  the  lower  surface, 
so  th.it  at  any  time  the  line  of  least  curvature  can  be  made  to  coincide 
with  the  longer  axis  of  symmetry,  or  be  placed  at  any  required  angle  to 
that  axis. 

A  massive  nut  which  can  he  screwed  up  or  down  on  the  axle  enables  the 
position  of  the  centroid  to  be  altered.  When  the  nut  is  removed  or  is  screwed 
low  down,  the  frequency  of  a  transverse  oscillation  is  greater  than  that  of  a 
longitudinal  one;  but  when  the  nut  is  placed  high  enough,  the  transverse 
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period  is  made  greater,  and  the  dynamical  behaviour  of  the  top  otherwise 
altered. 

The  following  are  some  of  the  results  obtained  with  this  apparatus. 
When  the  periods  were  adjusted  to  be  considerably  different,  the  disk  was 
turned  so  as  to  make  the  angle  0  about  2°,  and  the  top  was  then  gently  spun 
aboul  a  vertical  axis.  It  was  found  that  when  the  direction  of  spin  was 
opposite  to  the  angular  displacement  given  to  the  disk,  the  rotation  lasted 
about  four  times  as  long  as  it  did  when  the  spin  was  in  the  other  direction. 
The  rotation  was  stopped  in  the  former  case  by  the  glowing  up  of  oscillations 
of  the  slower  type,  in  the  latter  case  by  the  production  of  the  quicker 
vibrations,  as  explained  above.  With  only  a  very  small  angle  the  spin 
either  way  was  little  interfered  with :  when  it  stopped  however,  the 
top  was  found  to  be  oscillating  in  the  period  appropriate  to  the  direction 
of  spin. 

With  an  angle  6  of  4  ,  a  spin  in  the  direction  of  0  set  up  violent 
oscillations  which  stopped  and  then  reversed  the  spin.  It  will  be  observed 
how  this  took  place.  The  spin  energy  disappeared,  being  replaced  by  energ}* 
of  the  vibrational  motion.  But  in  the  oscillations,  forces  of  reaction  were 
brought  into  play  which  had  moments  round  the  line  GO,  which  joined  the 
centroid  with  the  point  of  contact,  and  these  reversed  the  rotation. 

When  the  spin  was  thus  reversed  the  motion  was  stopped,  though  more 
slowly,  by  the  growing  up  of  the  vibrations  of  longer  period;  then  these 
vibrations  reversed  the  spin,  and  another  cycle  similar  to  the  first  was  started, 
and  so  on,  with  proper  arrangements,  to  a  considerable  number  of  reversals. 

When  purely  longitudinal  or  transverse  vibrations  were  started  by  tapping 
the  edge  of  the  top  on  an  axis  of  symmetry,  the  top  began  to  rotate  in  the 
direction  for  which  such  disturbing  oscillations  would  die  out.  The  difference 
between  the  times  of  oscillation  with  and  without  spin  could  be  marked  as 
the  top  settled  down  into  oscillation  about  static  equilibrium.  Except  when 
the  angle  0  was  very  small,  one  reversal  or  more  occurred  before  this 
equilibrium  was  finally  reached. 

When  the  periods — transverse  and  longitudinal — were  nearly  equal,  a  tap 
given  at  a  point  near  the  edge,  from  :250  to  '><>  in  a/imuthal  distance  from 
the  longer  axis  of  symmetry,  produced  a  spin  the  direction  of  which  depended 
on  the  azimuth  of  the  point  struck,  but  not  on  the  value  of  6  or  the  difference 
of  periods.  The  direction  was  always  that  from  the  diameter  struck  to  the 
longer  axis. 

Mr.  Walker  found  that  similar  results  were  obtained  by  spinning  the 
celts."  or  stone  axes,  which  are  to  be  found  in  museums  and  private 
collections.  When  these  bodies  are  laid  in  equilibrium  on  a  table  it  is  found 
in  many  cases  that  the  principal  axes  of  moment  of  inertia,  which  are 
parallel  or  nearly  so  to  the  table,  do  not  coincide  with  the  lines  of  curvature 
of   the  surface   of   the    body  at   the  point  of  support.     In  such  cases   the 
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celt  can  be  made  to  spin  smoothly  one  way,  I mt  it'  it  is  made  to  turn  the 
other  way  it  begins  to  "  chat t er  "  as  it  turns  and  fche  spin  ceases. 

6.    Effect  of  oscillations  of  the  body  on  the  curved  surface  in  'producing 

azi in  ill  lml  turning.  We  Bhall  new  investigate  by  Mr.  Walker's  method  the  oscilla- 
tions of  the  solid  on  the  supposition  that  these  are  .small,  and  endeavour  to  trace  tlieii 
effect  in  producing  rotation  of  the  solid  in  azimuth.  Taking  <»,,  <■>._.,  <•>;.  ",  v,  10,  p,  7,  X,  Y, 
all  so  small  that  their  squares  and  products  may  be  neglected,  we  have  by  I, 

Ay        gy—hY,  —  Bp=g.v  +  hX,  Ca>3=0  or  C<i>3  =On (1) 

'The  mot  ion  of  the  cent  roid  is  given  by 

u=gp+X,     v=gq+Y,    w=g+Z=0 (2) 

But  u=—ho).2  =  /ip,     v  =  h<b1=hq\ 

and  so  we  obtain  X=Ap—  gp,     Y=kq—gq (3) 

The  equation  "f  the  surface,       :  =  h  —  (—  +  -,'    4- —  ), 

•2\a       b        c  J 

gives  j._a6(op-cg)  bc(bq-ap) 

Thus  the  first  two  of  the  equations  of  motion  above  become 

L'q+g(aq-l3p)=0,     Wp+g(yp- (3q)  =  0, (4) 

where  «  =  jr, h,     P  =  tt, ,     y  =  p, li •>) 

b-  —  ac  '       b--ac       '     bl  —  ac 

Let  p  =  KeiM,    q  =  Le'A( (0) 

Substituting  in  (4)  and  eliminating  K,  L  we  get 

(A'A?-ag)(B'X?-yg)-l3*g*=0 (7) 

Consider  the  roots  of  the  equation  in  A'-' 

(A'\--ag)(B'V-yg)  =  0 (8) 

These  are  V==&<fc     V2=X^ W 


But  if  A-  be  a  root  of  (8)  and  A"-'  +  k-,  where  k  is  small,  be  the  corresponding  root  of  (7), 

wehave  ;L'A'B'A'--i/(A'74-B'a)!K-/iy-  =  0 (10) 

There  are  two  values  of  k,  one  corresponding  to  the  root  A,'-,  the  other  to  the  root  A./J, 
given  in  (9).     Call  these  k-,,  k2.     We  get  by  (9) 


1     2 A'B' A/2  -  g(A'y  +  B'a)     A'y  -  B'a' 


K.,= 


•(H) 


2A'B'A2'*-5r(A'y+B'a)     B'a -A'y   J 
Thus  the  roots  of  (7)  are 

i  -•-  \  <i  .        f&9  \  j_A  '2  I*'!'  fi2l 

Ai    —  Ai"+       ,  .,    ,       A.,-  —  A., j-j =57— I'-/ 

1       Ay— Bo  "       Ay-Bu 

( lonsidering  now  the  third  equation  of  (1)  and  including  quantities  of  the  second  order 
of  smallness,  we  have  to  find  the  reduced  form  of 

Oh-(A-B)w1wa=xY  -yX (13) 

We  have  first  wl  =  (j  +  np,    wa=nq—pt    (14) 

"*  *V-&=^(b9-cp)Y-^(bq-ap)x] fl5) 

with  Y  =  V  -  </y,     X  =  u  -  gp.  J 
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Substituting  in  (13)  from  (14)  and  (15),  having  regard  to  (5)  and  (4),  we  find  to  the 
degree  of  approximation  adopted 

( \n  =  ( A  -  B)(  -  /«/  +  hpq  g)  +  1  \pq  -Aqp (16) 

If  we  assume  p  =  a1cos\1t  +  a2cos  Aotf  +  ^sin  A,/ 4-/'2sin  A._,<, (17) 

we  obtain  by  (4), 

g(fSq  -  yp)  =  -  B'{A,12(o1cob  A^  +  ^sin  A^)  +  A22(«2cos  \.,t  +  62sin  \J)'„  (18) 

\\  bich  gives  q. 

Let  the  initial  values  oip,  q,  q  be  zero,  so  that  t lie  body  is  oscillating  about  an  axis  parallel 
to  Oy.     We  get  then  by  (17)  and  (18),  and  the  values  of  A,'2,  X.r  in  (9), 

A'P'  R- 
«1=-a2  =  0,     A262  =  — x^-A^,,  (19) 

where  A(  =  -B'a  +  A'y)  is  supposed  great  in  comparison  with  f&g.  The  exact  denomina- 
tor in  the  second  of  (19)  is  A'-  +  ft2g.  Hence,  with  the  initial  conditions  stated  above,  we 
get  from  (18)  and  (1!)) 

p  =  MsinA,*H 2\/—  y'sin  A2M,     q=   ''    '  (-  A2sin  A,/  +  Ajsin  \,,t) (20) 

7.  Summary  of  results.  When  these  values  of  p  and  q  are  substituted  in  (16),  it 
is  found  that  the  mean  value  of  w3  is  proportional  to  1  (A,'-'  -  A.,'1'),  so  that  a  longitudinal 
oscillation  will  give  rise  to  rotation  in  the  direction  of  steady  turning  or  in  the  contrary 
direction  according  as  A,"2  -  A2'-  is  positive  or  negative,  that  is  according  as  the  period  of 
longitudinal  oscillations  is  shorter  or  longer  than  the  period  of  transverse  oscillations. 

Exactly  in  the  same  way  a  transverse  oscillation  will  set  up  azimuthal  turning  propor- 
tional in  mean  value  to  1,  (A2'2- A/'2).  The  turning  is  thus  opposite  to  that  produced  in 
the  former  case.  Here  of  course  p,  q,  p  are  supposed  to  be  initially  zero,  and  the  initial 
angular  speed  is  q. 

In  all  eases  the  rule  stated  above  holds,  that  the  azimuthal  turning  is  in  the  direction 
which  is  stable  for  oscillations  of  corresponding  frequency,  provided  corresponding 
oscillations  about  rest  and  about  steady  motion  are  each  of  greater  or  each  of  less 
frequeucy, 

For  the  general  case,  in  which  either  (3  or  A  may  be  numerically  small  and  initial 
angular  speeds  exist  about  the  axes  O.r  and  (_>>/,  the  reader  is  referred  to  Air.  Walker's 
paper  [loc.  cit.,  5,  mpra].  It  is  found  that  if  [3  be  small  compared  with  A,  the  direction 
of  the  spin  set  up  changes  sign  with  f3  and  with  A,  but  not  with  either  of  the  initial 
speeds  <>,,  L'._.  about  the  axes  Ox,  Oy.  If  1222/S2,2-a/y  be  small,  the  direction  of  the 
rotation  changes  sign  with  12,  or  il,  but  not  with  /i  or  A. 

8.  JIiss's  particular  solution  of  the  problem  of  an  unsymmetrical  f<>/>. 

An  interesting  particular  solution  of  the  equations  of  motion  for  the  solid  of  three  unequal 
principal  moments  of  inertia  may  be  given  here.  If  a,,  /:},,  yl  be  the  direction-cosines  of 
the  line  joining  the  centroid  G  and  the  point  of  contact  0,  these  cosines  are  proportional 
to  .,-,  y,  t,  the  coordinates  of  the  point  of  contact  0,  and  we  have  by  (1),  l, 

a,  A.wj  +  ft  1  '.(;>,,  +  y,<  '<:•;;  -  |a,(B  -  C^oj.w.,  +  /j, (C  -  A)w3w,  +  y,(A  -  BJwjCOj]  =0 ( 1 ) 

This  equation  expresses  the  fact  that  the  rate  of  growth  of  a.m.  about  the  line  fixed  in 
space,  with  which  GO  coincides  at  tin' instant,  is  zero. 

It  is  clear  without  analysis  that  this  quantity  must  be  zero,  for  the  resultant  of  gravity 
at  G' (the  projection  of  Q  OH  the  horizontal  plane)  and  the  reaction  at  <>  both  intersect 
t  he  line  0G. 
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1 f  further  the  pari  of  (1)  in  brackets  ; ;  is  zero,  we  ha>  e 

ajAoij  +fil~Buii+yli  '  >'.>..  =0 (2) 

This,  taken  by  itself,  means  that  the  rate  of  <f row tli  of  a.m.  about  any  Line  through  <  >  and 
fixed  in  the  body,  and  directed  1  > \-  cosines  «,,  /),,  yt  with  respect  to  the  principal  axes,  is 
zero.  [The  rate  of  growth  of  A.M.  for  an  instantaneously  coincident  line,  the  direction- 
cosines  of  which  vary,  and  which  therefore  is  moving  in  the  body,  is 

A-c^o)]  +  B/81ci)2+Cy1a)3+Ad1(i)1  +  B/Jxt^+Cyx^. 

If  this  is  zero,  then  for  that  line 

O]  A  (■)]  +  f3lB(a2  +  7iC(o:{  =  c (3) 

where  c  is  a  constant.] 

Equation  (.'5)  is  true  for  OG,  since  o1,  /i,,  y,  are  invariable.     Let  c  be  zero  ;  then 

u,  A (.),  +  f^Bo).,  +  y:( . V)3  =0   (  I ) 

States  that  the  a.m.  about  GO,  as  that  line  moves,  remains  zero.  If  then  the  second  part 
of  i  1  ).  with  the  minus  sign  prefixed,  is  equivalent  to 

Ad1w1  +  B/i1w2  +  0^,0^3, 
equation  (3)  will  hold,  and  also  the  particular  case  (4). 
The  expressions  (B-C)w2w3,    (C-A)w3Wj,    (A  —  B)o)1w2 

are  clearly  proportional  to  the  direction-cosines  of  a  normal  to  the  plane  in  which  lie 
both  the  vectors  (Aoj,,  Bw2,  Coj3),  (w,,  w2,  w3),  that  is  the  plane  of  the  axis  of  resultant 
a.m.  and  the  instantaneous  axis  of  rotation.     The  equation 

oq  ( B  -  C)  w2w3  +  fix  (C  -  A)  ovjO)!  +  y j  ( A  -  B) «!  w2  —  0  (5) 

thus  states  that  the  line  OG  lies  in  this  plane,  and,  if  the  equation  always  held,  OG  would 
always  lie  in  the  plane  specified,  and  be  at  the  same  time  perpendicular  to  the  resultant 

of  A.M. 

Equation  (5)  is  thus  the  condition  that  (3)  or  (4)  may  be  a  particular  solution  of  the 
equations  of  motion. 

Let  us  now  suppose  that  fix  is  continually  zero,  that  is  that  the  line  OG  lies  permanently 
in  the  plane  of  the  principal  axes  GA,  GC,  then  the  particular  solution  (4)  becomes 

tt,Aw,  +  y  1Cw3  =  0 (6) 

The  condition  (5)  is  in  this  case 

u, (B -C>3  +  y, (A -B) <„,  =  (),   (7) 

which,  if  (6)  is  to  hold,  may  be  written 

Aa12(B-C)=Cy12(A-B) (8) 

In  hitler  that  (8)  may  he  possible  we  must  have  either  A>B>C  or  A<B<C.  But 
since  "f +  y,2  =  l,  we  get  from  (8) 

,     C  A-B         ,_AB-C  ,,., 

a''"BA-C     ^'-BFC'   } 

SO  that  the  line  OG  is  fixed  with  reference  to  the  axes  GA,  GC,  and  moves  with  the  body. 
Then  dj  =  y,=0,  and  (3)  holds  with  fi  and  c  both  zero. 
If.--.  :  be,  as  indicated  above,  the  coordinates  of  O,  (8)  becomes 

^A(B-C)=22C(A-B), 

-G-iMH) Co 

Now  consider  the  ellipsoid  of  which  the  equation  is 

'--     7,-     ('- 
A+B  +  (-  =  1 (H) 

which  is  the  reciprocal  of  the  momenta]  ellipsoid, 

A£»+Bi|«+-Cf»-1. 
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Tie-  equation  of  the  surface  may  be  written  in  the  form 

Hence  if.!  >/,->C,  ?(^_  ^)-f(£  -£)-0   (12) 

represents  a  pair  of  planes  which  give  the  circular  sections  of  the  surface.  Comparing 
this  equation  with  (10),  we  see  at  once  that  the  line  OG  is  perpendicular  to  one  of  the 
planes  of  circular  section  of  the  reciprocal  ellipsoid. 

It  follows  that  in  this  case  of  motion  the  axis  of  resultant  a.m..  which  is  always  perpen- 
dicular to  the  line  OG,  lies,  as  the  body  changes  position  and  Ao,,  Bci>2,  ('w3  change  in 
amount,  always  in  a  plane  of  circular  section. 

The  particular  solution  (7)  of  the  equations  (1)  of  motion  which  has  just  been  discussed 
appears  to  have  been  first  given  by  Hess  in  Math.  Ann.,  Bel.  27,  1890;  it  was  also  given 
by  G.  Kolosov  of  Petrograd  in  1898  [Gott,  Nachr.  1898].  A  geometrical  account  of  the 
solution  by  Sommerfeld  follows  Kolosov's  paper  [he.  cit.].  The  reader  interested  in  the 
theory  of  the  unsymmetrical  top  may  also  refer  to  papers  by  Hess  [Acta  Math.,  37]. 

9.  Other  particular  solutions  for  cm  unsymmetrical  top.  Another  parti- 
cular solution  of  the  equations  [(1),  1]  can  be  obtained  when  the  top  is  symmetrical  in  a 
certain  special  way  about  an  axis  and  spins  about  a  fixed  point  O,  which  lies  in  the  plane 
through  the  centroid  G  perpendicular  to  the  axis  of  symmetry.  The  motion  is  referred 
to  axes  Oxyi  drawn  from  O  and  fixed  in  the  body  ;  of  these  O:  is  the  axis  of  symmetry, 
and  the  symmetry  is  such  that  A  =  B  =  2C. 

The  equations  are  applicable  with  the  meanings  of  A,  B,  C  proper  for  the  new  axes 
[which  arc  drawn  from  0  instead  of  from  G],  provided  x,  ;/,  z  are  now  the  coordinates  of 
the  centroid, p,  q,  r  the  direction-cosines  of  the  downward  vertical.  From  the  position 
assigned  to  the  fixed  point  O,  we  see  that  2  =  0.  We  can  also  so  choose  the  axes  that  y  =  0. 
The  equations  of  motion  are  then,  if  we  write  I.'  -  <  '     • , 

2ioj  -  co2w3  =  0,     2w2-l- w3(jd,= -c/-,     M3  =  cq (1) 

Multiplying  the  first  of  these  by  w1?  the  second  by  w.,,  and  the  third  by  w3,  and  adding, 

we  (ret  r.,     .    ,       .  \  ,  /  \ 

2  (to,  w,  +  0)2w2)  +  W3W3  =  —c  ()'w3  —  q  io3)  =Cp. 

This  gives  by  integration  2(w12+<i>22)-l-<i>32=2cp+/,     - 

where/ is  a  constant. 

Again  multiplying  the  first  equation  of  (1)  by  p,  the  second  by  q,  and  the  third  by  r 
adding  and  taking  account  of  the  values  of  p,  q,  f  as  given  by  (3),  1,  we  easily  find 

2  ^  (/»<»,  +  (/„)._,)  +  'd(  (o)sr)  =  0, 

80  that  2(/0(,)1+ry(o,)  +  w3r=2(',   <:i> 

\\  here  /  is  another  constant. 

Finally  we  obtain  by  multiplying  the  second  of  (1)  by  i  and  adding  to  the  first 

2 ( w, +  /o>2) +  >'<'>;j( oji +  «'«.,)=  -  icr  ;  (  ^ 

also  we  obtain  similarly  from  the  first  two  equations  of  (3),  1, 

p  +  /'/  +  ia>s( p  +  iq )  -  tr(u>]  +  icoj)  =  0 (°) 

Eliminating  r  between  (4)  and  (">)  we  get 

jfiogifa  +  WiY-C   p+iq)}]=-no3 (6) 
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In  the  same  way  we  find 

jt [  1- '!,'!( <->i  -''«"•..)"' -c(p-iq)\]  =  iia3 (7) 

By  addition  and  integration  (6)  and  (7)  give 

{(to,  +  /(.I.,)-  -  c(p  +  i(/)\  j  ((»,  -  i<<)..)2  -  c(p  -  iq)\  =  const | s ) 

In  (2),  (3),  (8)  we  have  three  integrals  of  the  equations  of  motion  for  this  special  case 
of  symmetry.  The  third  integral  was  discovered  by  Madame  Kowalevski{.4cta  Math.,  14]. 
Its  complete  discussion  is  not  of  sufficient  interest  for  the  theory  of  a  top  to  find  ;i  place 
here,  but  the  reader  may  refer  to  the  paper  just  cited,  and  to  papers  by  K6tter  [Acta 
Math.,  17]  and  Kolosov  [Math,  Ann.,  56], 

10.  TshapUguine's  integral.  For  a  symmetrical  top  turning  about  a  fixed 
point  O  under  gravity,  and  having  moments  of  inertia  A  =  B  =  4C,  about  principal  axes 
through  (),  and  its  centroid  G  continually  at  the  point  of  coordinates  h,  0,  ()  with  refer* 
ence  to  these  axes,  with  the  line  OG  directed  by  the  cosines  p,  q,  r,  a  particular  integral, 
subject  to  the  condition  that  the  a.m.,  N  say,  about  the  vertical  is  zero,  is 

(o3(w,2  +  g>22)  - 'p  w,r  =  const (1) 

This  can  be  verified  as  follows.     The  equations  of  motion  are 

4Cw,  —  3(.1co2ci>3  =  0,     4Cd)2  +  3Cw1<I>:J  =  r7/i/•,     Co)3=  —  ghq,  (2) 

it  the  mass  is  taken  as  unity,  and  p,  q,  r  be  the  direction-cosines  of  OG.     From  these,  if 

N  =  40)00),  +  4C<7w2  +  Or<a3  =  0,  (3) 

i  flh  i  ■      ■     '  •  \     $h  1 1  ,  a  \ 

we  nave  -r ;-(t'>i''  +  <lV')  =  77(4tl):>(*)3,"  +  (o^p  —  ayj-q) 

=  J^  w2N  +  £y  Ji w2co3?-  -  ((o,2  +  U).r)<l  \ 

=  2(o3((b2(o2  +  «,«,)  +  w3(oj12  +  <o22) (4  ) 

Thus  we  have  found  that 

2(03(10,(0,  +  (b.2co2)  +  (o3(o>,2+  w22)  -  "^(o),?-  +  wp')  =  0,    (")) 

and  hence  by  integration  obtain  equation  (1). 

This  particular  solution  is  due  to  M.  Tshapliguine  [Moscow  Collections,  1901.     See  also  a 
paper  by  Kolosov  {Mess,  Math.,  1902)]. 

11.  The  principal  invariants  of  an  unsymmetrical  top.  The  equations 
of  motion  of  an  unsymnietrical  top  spinning  about  a  fixed  point  O,  under 
the  action  of  the  gravity  Mg  of  the  top,  are  [see  16,  II,  where  the  notation 
is  explained  and  the  equations  established] 

Ap-(B-  C)qr=/3c-yb; 

Bq  —  (C  —  A)rp  =  y(t  —  uc,  (1) 

Cr-(A-V)pq=ab-pa.. 
For  brevity  p,  q,  r  are  used  instead  of  the  <*>,,  o>2,  <o3  of  16,  II,  and  a,  b,  c 
denote  Mr/(f,  >/,  £)t     Besides  (1)  we  have  also 

a-fir  +  yq  =  0,     $-yp+ar=Q,     y-aq+fip=Q (2) 

By  the  table  of  relations  at  the  top  of  p.  73  we  have 

a  =  —  sin  flcos  (/,,     /3  =  sin#sin</>,     y  =  cos#, (3) 

11      /9\   a   TV                       i      7sin  0  — /'('«>s'/'  ,±\ 

and  by  (3),  2,  I\  \//  =  '-       V^  (*) 

O.O.  2a 
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The  potential  energy  V  of  the  top  may  be  taken  as  given  by 

Vt=aa+bp+cy (5) 

The  equation  V  =  E-T,  (6) 

where  T  is  the  kinetic  energy,  that  is 

T  =  $(Ap*  +  Btf  +  Ci*), (7) 

expresses  the  conservation  of  energy  if  we  take  E  as  a  constant. 
There  is  constancy  of  a.m.  about  the  vertical  through  0,  that  is 

G=aAp+pBq+yCr, ; (8) 

where  G  is  a  constant. 

Two  other  quantities,  S  and  U,   may  be    here    introduced.     They  are 

defined  by 

S  =  aA2)  +  bBq  +  cCr,     U  =  HA2p2+By+CV!) (9) 

Clearly  S  is  the  product  of  the  a.m.  about  the  line  joining  the  fixed  point  O 
with  the  centroid  G  by  Mr/A,  where  h  is  the  length  of  that  line,  and  U  is 
half  the  square  of  the  resultant  a.m.  S,  T,  U  have  been  called  the  prin- 
cipal invariants  of  the  top. 

From  (7)  and  (9)  and  the  fundamental  equation  (1)  we  can  find  a,  /3,  y. 
Thus  we  obtain,  writing  I2  for  a2  +  62  +  c2, 

(2^U-S2)a  =  V(2aU-ApS)  +  G(r2Ap-((S)  +  U(fjCr-cBg), (10) 

with  two  similar  equations  which  can  be  written  down  by  symmetry. 
Further,  we  find 

S  =  (B-C)aqr  +  (C-A)hrp  +  (A-B)c1>q,    \ 

(2r2U-S2)t  =  (SV-Gr2)S  +  {2Z2T-(r^  +  ^  +  er)S}U, (1]) 

U2  =  r2(2U-G2)-S(S-2GY)-2r\"-.  I 

Equations  (1)  give  alco 

il  =  a(bCr-cBq)  +  ^(cA2^-aCr)  +  y(aBq-bAi^ (IF) 

12.  Tlic  II<ss-Sehi(f  equations  of  motion  of  atop.  Equations  (10)  and  (11) 
arc  equivalent  to  the  relations  derived  by  Hess  in  1882*  and  by  Schitf"  in  1903, t  and  may 
be  called  the  Hess-Schiff  equations.^  By  the  first  of  (9)  and  the  first  and  second  of  (11) 
we  can  determine  p,  q,  r, and  from  the  three  equations  of  which  (lo)  is  the  type  find 
a,  (i,  y.  The  question  then  arises  whether  the  values  of  />.  q,  i\  a,  /:>,  y  thus  obtained 
satisfy  (I)  and  (2)  in  all  cases,  that  is  whether  (10)  and  (11)  may  be  regarded  aa  always 
an  exact  substitute  for  (1)  and  (2).  This  question  was  discussed  by  Stackel  in  an 
important  paper  in  the  Mathnnntixche  A  mutt  en,  07  (1909).  We  state  here  his  chief 
results,  with  indications  of  the  manner  in  which  they  are  obtained.  It  will  be  seen  that 
the  equivalence  of  the  two  sets  of  equations  is  by  no  means  unconditional. 

*  "  Uber  das  Problem  der  Rotation,"  Math.  Ann.,  20  (1882). 

■f  "  Uber  ili>'  Differentialgleiohuhgea  der  Bewegung  einea  aohweren  starren  Korpers,"  Moscow 
Math.  Coll.,  24  (1903). 

I  Also  equations  (1)  and  (2)  may  be  called  the  Kuler-Poisson  equations.  They  seem  to  have 
been  first  published  by  Poisson  in  his  Traitd  de  Micdniqw,  t.  II  (1811).  They  were  given 
by  Lagrange  in  his  Micaniqut  Analytique,  1815  edition,  but  they  do  not  appear  in  the  1811 
edition. 
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In  the  first  place,  it  is  clear  from  (10)  that  2PU     Ss  must  not  vanish.    Now  we  easily 

find  from  (9)  WV-8*=(bOr-cBqy+(cA.p-aCr)*+(aBq-bApf, (1) 

bo  that  the  right-hand  Bide  will  vanish  when  p  =  q  =  r=0,  or  when  p  :  q  :  r=a/A  :  b/B  :c/C. 
The  former  case  nerd  not  be  considered,  the  latter  is  that  of  motion  about  an  instan- 
taneous axis  fixed  in  the  body,  a  ease  in  fact  of  the  motion  called  by  von  Staude  a 
permanent  turning  [see  16  below]. 

Let  u>  now  write  L  =  Ap-(B-  C)qr  —  fSc  +  yb,\ 

M=By-  (C-A)rp-ya+ac,    -  (2) 

N  =  Of  -  (A  -  B)pq  -ab  +  fiaj 

so  that  L,  M,  N  vanish  when  equations  (1)  are  satisfied.     The  first  of  (11),  12,  becomes 

«L  +  6M  +  cN=0 (3) 

If  we  multiply  the  three  equations  of  the  form  (10)  of  11  by 

bCr-cBq,    cAp-aCr,     aBq—bAp 

respectively  and  take  account  of  (1),  we  get 

ApL  +  B?M  +  ON  =  0 (4) 

But  if  (10),  11,  be  multiplied  by  br  —  cq,  cp  —  ar,  aq-bp  respectively,  we  get 

/dJ  +  jM  +  rN  =  0 (5) 

Equations  (3),  (4),  (.">)  can  only  hold  if 

a,  b,  c 

L  =  M  =  N  =  0,     or    Ap,  By,  0=0 (G) 

p,  q,  r  ■ 

The  first  alternative  is  that  equations  (1)  are  fulfilled,  the  second  is  S  =  0.  Hence,  i/S  is 
not  constant  equations  (10)  and  (11)  of  11  are  equivalent  to  (1). 

Now  to  find  when  equations  (2),  11,  are  satisfied  we  write  A,  /a,  r  for  the  expressions 
&  -ftr+yq,  etc.     We  easily  find,  since  aa  +  f30  +  yy  =  O, 

uA  +  /?/x  +  yv  =  0 (7) 

Multiplying  the  thi"ee  equations  of  (10),  11,  by  a,  b,  c  respectively,  we  obtain  aa+fib+yc—  V. 
and  therefore  aa  +  b0  +  cy  +  T  =  O,  that  is,  by  (1),  11, 

ak  +  bp+cv=0 (8) 

Again  we  have 

Ap\  +  B<{n  +  l'n>  =  Apa  +  Bqf3  +  Cry  +  a(B-C)qr  +  (3(C-A)rp  +  y(A-B)pq. 
Also  by  (2) 

aL+PM+yX=Ap*+fyp+Cfy-a(B-C)qr-/3(C-A)rp-y(A-B)pq. 
Hence  by  addition  we  obtain 

ApA+Bgft+Crv+aL+j8M+yN=4(Apa+B5'j8+Oy)=G. 

But  (i=0,  and  so  ApA  +  BqtL  +  Crv  =  - (aL  +  /3M  +  yN). 

Now  we  have  seen  that  if  S  is  not  zero,  L  =  M  =  N  =  0.     Hence,  on  this  supposition 

Apk+Bqp+On>=0 

From  (7),  (8),  (9)  we  see  that  either  A  =  /x  =  v  =  0  or  the  variables  satisfy  the  deter- 
minantal  equation 

=0 (10) 


«, 

ft       7 

". 

b,       c 

A/'. 

Bq,    Cr 
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Now  (j  =  A->pp  +  w(J,j  +  (  •:■,.;.  =  Ap  .  Ap+Bq  .  Bq  +  Cr  A  \r 

=  AP\L  +  (B-C)rr  +  (3c-yb\  +  ..., (11) 

that  is  if  (10)  holds  U=ApL+B?M+ON (12) 

If,  as  we  suppose,  L  =  M  =  N  =  0,  the  satisfaction  of  the  defcerminantal  equation  (10) 
leads  to  U  =  0.  Hence  we  have  the  result :  If  neither  S  nor  U  is  constant  equations  (1)  and 
(2)  follow  from  (10)  and  (11). 

13.  The  Hess-Schiff equations  are  not  applicable  to  a  symmetrical  top 
under  gravity.  Under  the  conditions  found  above,  which  are  convenient  for  the  in- 
vest igation  of  special  cases  of  motion,  the  quantities  S,  T,  U  are  the  parameters  employed 
in  t he  Hess-Schiff  equations.  If  no  forces  act  on  the  top  we  have  S  =  0,  not  because  there 
is  zero  a.m.  about  the  line  <)G,  but  because  M.g—.0.  If  the  top  is  symmetrical  and  under 
the  action  of  gravity,  with  O  on  the  axis  of  tigure,  so  that  a  =  b=0,  we  have  S  =  C'c/-,  and 
r  is  constant.  Thus  S  =  0,  and  the  top  is  excluded  from  the  cases  for  which  the  equations 
in  terms  of  S,  T,  U  are  equivalent  to  the  Eulerian  equations. 

14.  Instantaneous  axis  fixed  in  the  body  and  resultant  angular  speed 
constant.  Standees  cone.  Let  now  S,  T,  U  be  all  constant,  and  the  top  be  unsym- 
metrical  and  under  gravity,  then  p,  q,  r  are  also  constant.  The  instantaneous  axis  is 
fixed  in  the  body,  and  the  resultant  angular  speed  is  constant.  The  motion  is  then 
what  O.  Staude  has  called  a  permanent  turning.     From  the  constancy  of  S  we  have 

(B-C)aqr+(C-A)brp  +  (A-B)cpq  =  0 (1) 

Thus  the  instantaneous  axis  may  be  any  generator  of  the  cone  of  which  the  equation  is 

(B-C)ai/z  +  {C-A)bz.v  +  (A-B)cxy  =  Q (2) 

Since  for  constant  values  of  S,  T,  U,  p,  q,  r  are  also  constants,  we  may  write 

p  =  e<a,     q=fo>,    r=go>,  (3) 

where  w  is  the  resultant  angular  speed  (and  g  is  no  longer  the  gravity  acceleration,  but  a 
coefficient).  Thus  e-+f2+g-  =  \.  Going  back  to  the  Euler-Poisson  equations  we  find, 
since  p  =  q=r=0, 

{C-B)fgM2  =  f3c-yb,     (A-C)gea>°-  =  ya-ac,     (B-A)e/a>a=ao-/?a,  (4) 

where  a,  /j,  y  are  now  constants.     But  since  now  by  (10),  11,  d  =  /j  =  y  =  0,  we  have 

a  :p:y=e:f:g, 

or,  since  «.'-  +  (3'-  +  y2  =  e2+fi+g2  =  1, 

«»  Ay  =  «i/i  9 (•"') 

Thus  the  axis  of  rotation  is  vertical,  and  there  are  for  each  instantaneous  axis  in  the 
body  two  speeds,  w  and  -  w,  of  rotation. 

As  regards  the  values  of  to  we  have  the  third  of  (11),  11, 

/•'(2U-G2)-S2  +  2GS(E-T)-2U(E-T)2  =  0 ((J) 

Substituting  in  this  the  constants 

S=  (aAe  +  6B/+cCtjr)to,    "\ 

T  =  i(Ae2  +B/8+(V)a>8,   -     (7) 

U  =  !( A2e2  +  B2/2  +  Cy)a»s,  J 

we  obtain  ail  equation  of  the  sixth  degree  for  to.     But  since  E  and  G  are  arbitrary  con- 
stants the  values  of  (o  are  only  given  by  the  roots  of  the  sextic  when  E  and  G  are  known. 
The  Kulei  inn  angles  6  and  <£  are  now  also  constant,  and  we  have  by  (4),  11, 

/sintfr-ecoscfr 

^  =  fo+ ^"g Mf  (8) 

if  t  be  reckoned  from  the  instant  when  \}r  =  \{f,l. 
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Tlie  hitherto  excluded  cases  are  p=q  =  r  =  o,  and  p  :q  :r=ajA  :  b/B:c/C.  No  doubt 
the  case  of  real  may  be  considered  as  a  permanent  turning;  l>ut  in  the  other  case  m  is 

OOt  constrained  to  be  constant,  though  if  it  varies  its  components  must  all  vary  iii  the 
same  ratio,  that  is  the  relatione  (3),  with  e,f,  g  constants,  must  hold.  We  shall  sec  that 
this  varying  motion  is  excluded  by  the  Kulcr-Poisson  equations. 

Tic  only  motions  possible  with  S,  T,  U  all  constant  ate  the  so-called  permanent 
turnings, 

15.  Case  of  resultant  A.M.  of  constant  amount.  For  the  case  in  which  U 
only  is  constant  Ave  must  refer  to  Stiickel's  paper  [Math.  Ann.,  67  (1909)].  The  conclusions 
arrived  at  are  however  as  follows  :  The  Eulerian  equations  (1)  are  a  consequence  o/(10)  and 
(11)  or' 11  above.  Poisson's  equations,  (2),  11,  however  are  not  satisfied  unless,  besides  (10) 
and  (11)  of  11,  the  supplementary  condition 

[2TJ(E-T)-(3S}{(<Jp+^+cr)S-2Z2T}-{S(E-T)-GP!}2=0 (1) 

is  fulfilled.  This  equation  of  course  exists  along  with  that  obtained  by  putting  U  =  0  in 
the  third  of  (11),  11.  It  forms  a  substitute  for  the  second  of  (11),  11,  which  becomes  an 
identity  when  U  =  0. 

But  it  is  to  be  observed  that  the  equation  obtained  from  the  third  of  (11),  11,  by  putting 
U  =  0,  that  is  ,-(2U-G2)-S2  +  2GS(E-T)-2U(E-T)2  =  0  (2) 

and  (1)  are  independent  equations.  If  for  all  values  of  A,  B,  C,  a,  b,  c  one  equation  were 
a  consequence  of  the  other,  then  this  should  be  true  for  the  special  values  a  =  \,  b  =  c  =  0. 
We  should  then  have  S  =  Ap,  and  (1)  and  (2)  would  become 

<2U(E-T)-GS}(S2-2A^T)-A{S(E-T)-G/:2!2  =  0,)  (3) 

Z2(2U-G2)-S2  +  2GS(E-T)-2U(E-T)2  =  0.  /  ' 

These  are  two  quadratics  in  E-T,  and  if  we  form  their  resultant  we  obtain  an  integral 
rational  function  of  S  of  the  eighth  degree,  of  which  the  first  term  is  A2SS.  This  is 
inconsistent  with  the  value  S  =  Ap.  Thus  the  equations  are  independent,  and  we  see  that 
if  the  values  of  A,  B,  C,  a,  b,  c  are  left  quite  general,  the  condition  U  =  0  involves  also 
S  =  0,  T  =  0.     Thus  if  U  =  const.,  the  only  motions  are  the  permanent  turnings. 

Next  considering  the  effect  of  supposing  S  =  0,  Stiickel  comes  to  the  conclusion  that  there 
are  two  possibilities,  according  as  the  plane  S  =  const,  cuts  Staude's  cone  in  a  curve,  or  is 
one  of  two  planes  represented  by  the  equation  of  the  cone.  In  the  first  case  the  second 
of  (11),  11,  is  rendered  an  identity  by  the  first  :  in  the  other  case  the  second  equation 
remains  independent,  and  the  motion  is  that  discovered  by  Hess  and  described  in 
9,   above. 

In  point  of  fact,  in  the  general  case  the  Eulerian  equations  are,  when  S  =  0,  not  a 
consequence  of  the  equations  (10)  and  (11)  of  11,  given  by  Hess  and  Schiff,  and  a  supple- 
mentary equation  is  required.  The  conclusion  reached  is  that  here  p,  q,  r  are  to  be  found 
from  the  equations 

App  +  Bqq  +  Or  =  f ,     aAp  +  bBq  +  cCr  =  0,     P/<  +  Q$  +  Br  =  0, (4 ) 

where 

P  =  (U  -  A)br  +  (A  -  B)cp,     Q  =  (A  -  B)cp  +  (B-C)ar,     R=(B-C)ay+(C  -  A)bp. 

16.  Case   Ml    which  S  =  0.      As  an  example  take  the  case  in  which  Staude's  cone 
breaks  down  into  two  planes  of  which  the  plane  S  =  0  is  one.     Then  two  of  the  principal 
moments  of  inertia  are  equal,  and  the  axes  may  be  so  chosen  that  a  principal  plane  pa- 
through  <  s  the  centroid.     The  equation  S  =  0  may  now  be  written  as 

■>\.r  +  bB>/^0 (1) 
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The  equation  of  the  cone  is  (B-C)«y  +  (C-  A)6.r  =  0,  (2) 

so  that  we  have  (B-C)a/B6  =  (C-  A)b  A«,  that  is 

A(B-C)a2  =  B(C-A)&-' (3) 

Equation  (1)  shows  that  the  vector  of  a.m.  is  at  right  angles  in  this  case  to  the  line  OG, 
joining  the  fixed  point  to  the  centroid. 

It  will  be  seen  that  this  is  the  case  of  motion  discovered  by  Hess  and  discussed  in  8, 
above. 

It  is  interesting  to  notice  that  the  second  of  (11),  11,  is  in  the  present  case  no  consequence 
of  the  first,  and  takes  the  form  UT  =  TU,  which  gives 

T=AU, (4) 

where  A  is  some  constant.     Using  this  relation  in  the  third  equation,  we  get 

U2  =  Z2(2U-G2)-2U(E-AU)2 (5) 

Thus  *=f <™ J,  (6) 

J  !  /-(2U  -  G2)  -  2U(E  -  AIT)2  J  * 

that  is  t  is  an  elliptic  integral  of  the  first  kind  in  U,  and  U  is  an  elliptic  function  of  the 
time. 

If  in  the  equations  aAp  +  bBq  =  0,     T-AU  =  0    (7) 

we  put  A  =  l/C,  we  obtain  the  distribution  of  matter  required  in  the  motion  discovered 
by  Hess,  and  the  first  equation  shows  that  the  axis  of  rotation  has  the  direction  which 
that  motion  requires.     The  equation  CT  =  U    (8) 

is  the  supplementary  equation  required  in  the  present  case,  to  render  the  Hess-SchifT 
equations  equivalent  to  the  Euler-Poisson  equations. 

17.  Motions  when  S  =  0.  When  S  =  0  the  only  possible  motions  are  the  motion 
discovered  by  Hess,  permanent  turnings,  and  permanent  or  continued  pendulum  motions. 
We  proceed  to  consider  the  pendulum  motions. 

Let  us  find  first  the  conditions  under  which  the  resultant  vector  of  a.m.  remains  in  a 
plane  fixed  in  the  body.  Going  back  to  14,  and  supposing  the  instantaneous  axis  01 
fixed  in  the  body,  we  havejo,  q,  r=(e,  f,  g)io,  with  e2+/2  +  <72  =  l.  These  values  of  p,  q,  r 
used  in  (1),  11,  multiplied  respectively  by  a,  b,  c,  give 

(aAe+5B/+c(^r)a>={(B-C)o/^+(C-A)65re+(A-B)ce/}a)2 (1) 

In  the  same  way,  when  the  equations  (1),  11,  are  multiplied  by  a,  /?,  y,  they  give 

(aAe  +  /3Bf+yCg)io  =  \(B-C)afg  +  (C-A)(3ge  +  (A-B)r/[or (2) 

In  order  that  (1)  and  (2)  may  hold  simultaneously  we  must  have  either  a>  =  0  and  w  =  0,  or 
(V,-C)afg+(C-A)bge  +(A-B)ce/,  aAe+bBf  +  cCg, 
(B-C)afr+(C-A)£ge  +  (A-B)ye/,  aAe+/3B/+yC&r, 

The  S4 ml  alternative  must  of  course  be  taken. 

But  also  we  have  >'<•■  + f ft +gy  =  0,  and  so 

ea+f[3+gy  =  K,  (4) 

where  k  is  a  constant.     The  direction  cosines  a,  /3,  y  satisfy  the  three  equations  (3),  (4), 
ami  u-' +  /}''-' +  y'J=  1,  and  are  therefore  constants.     Hence  by  (2)  of  11  we  have 

/fr~y/=0,     ye-ag  =  Q,     af-fie  =  0, 

and  therefore  a  =  e,  (3=f,  y=g,  that  is  01  is  vertical.     We  have  thus  a  permanent  turn- 
ing about  the  vertical  of  kinetic  energy  given  by 

T  =  l(Ae"-  +  Br-  +  Cg")io-. 


=  0 (3) 
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But  if  we  insert  the  values  of  <\  f,  g  in  (2)  we  get 

(Ae2  +  B/2-rC(72)(o  =  0 (5) 

This  result  is  obviously  true,  fur  since  the  body  turns  about  a  vertical  axis  through  I  *, 

fixed  in  tin'  body,  the  level  of  the  centroiil  (i  dues  not  change,  and  so  the  potential  energy 
is  constant. 

Again  from  (3)  and  the  vanishing  of  (B-C)afg  +  (C-  A)f3ge  +  (A-  B)ye/",  as  an  identity, 
by  the  values  of  a,  /j,  y,  we  get,  since  fg  =  qrfio'2,  ... ,    ... , 

(B-C)agr-f(C-A)foy+(A-B)cp2=0, 
that  the  axis  is  a  generator  of  Staude's  cone. 

These  results  are  independent  of  any  assumption  regarding  the  distribution  of  mass. 

18.  Motion  when  S  =  0.  Pendulum  motions.  Now  writing  p  for 
(B-C)afg  +  (C-A)bge  +  (A-B)ref  and  or  for  aAe  +  bBf+cCg  we  have  for  (3),  17,  the 

form  PiB-C)fg-pAe}a^oiC-A)ge-pBf}l3+W{A-B)ef-pCg}y=0 (1) 

If  we  put  k-  in  (4),  17,  equal  to  zero,  we  have  also 

ea  +  f(3+gy  =  0 (2) 

The  expression  on  the  left  of  the  last  equation  does  not  vanish  term  by  term. 

Equation  (1)  must  either  be  a  consequence  of  (2),  or  the  left-hand  side  must  vanish 
term  by  term.  Let  us  assume  the  former.  Then,  if  M  be  a  multiplier,  we  get  the  equa- 
tions 

e M  -  (B  -  C)fga-  +  Aep  =  0,  \ 

fU-(C-  A)geo-  +  Bfp  =  0,  (3) 

gM  -  ( A  -  B) efa-  +  Cgp  =  0.  J 
Thus  we  have  the  deterniinantal  equation 

B)2e2/2  =  0,  | 
which  gives  (B-C)fg  =  0,    (C-A)ge  =  0,    (A-B)e/=0.  J 

Hence  either  B=C  and  e  =  0,  or  e  =  f=0  and  g=\.  The  former  gives  a  symmetrical  top, 
which  we  need  not  consider;  the  latter  by  (1),  17,  gives  c  =  0,  and  therefore  o-  =  0.  It 
follows  by  (3)  that  M  =  0.  Thus  (1)  is  not  a  consequence  of  (2) ;  it  must  therefore,  by  (3), 
vanish  term  by  term.     Hence  we  get 

<r(B-C)fg  =  PAe,     o-(C-A)ge  =  PBf     o-(A-B)ef=PCg. 
Multiplying  these  in  order  by  e,  f,  g  and  adding  we  get 

p(A<r  +  B/2  +  Q72)  =  0, 
and  therefore  p  =  0.     It  follows  that  <r  is  also  zero.     Hence  we  get  the  equations 

- 1  Ae  +  bBf+  cCg  =  0,'\  ,  -}) 

(B-V)«fg  +  (C-A)bge  +  (A-B)cef=Q.f 
Tin-  first  of  these  shows  that  the  vector  of  a.m.  is  perpendicular  to  the  line  I  ><  i,  the  second 
that  the  instantaneous  axis  OI  lies  in  the  plane  containing  the  vector  of  a.m.  and  the  line 

Now  take  the  case  of  ,>=f=0  and  '.'  =  0.  Then  r=<o  and  the  a.m.  is  Co).  The  axis  OI 
and  that  of  a.m.  coincide.     The  third  equation  of  (1),  11,  becomes  [since  by  (2)  yCg  =  0,  so 

that  y^cos#=0]  ('„>=-  (a  sin  <f>  +  b  cos  <j>) (6) 

The  top  swings  as  a  pendulum  about  the  horizontal  line  through  <  >,  which  is  at  right  angles 
to  the  principal  plane  containing  the  centroid.  By  this  motion  equations  (1)  and  (2)  are 
satisfied. 

We  have  thus  obtained  the  theorem  :  //'  the  centroid  of  a  top  under  gravity  lies  in  a 
principal  plane  through  0,  the  equations  of  motion  (1)  and  (2)  of  11  are  satisfied  by  ordinary 


(B-C)!/Yl(C-A)^  +  (A-B)V,  (4) 
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pendulum  motion  about  "the  horizontal  normal  to  this  plane.  This  theorem  cxpi  (■->.•-  tin- 
results  arrived  at  by  Mlodzjejowskij,  who  investigated  these  motions  [Moscow,  Phys.  Sect. 
of  the  Imp.  Russian  Assoc,  of  Friends  of  Nat.  Sci.,  7  (1894)].  The  method  of  proof  here 
followed  is  <lne  to  Stackel  [Math,  Ann.,  67,  1909].  Stackel  completes  the  discussion  by 
proving  that  the  pendulum  motion  specified  in  the  theorem  just  stated  is  the  only 
I"  i  inanent  motion  of  this  sort.  Moreover  for  this  motion  it  is  shown  that  the  Hess-Schifi" 
equations  are  not  equivalent  to  the  Euler-Poisson  equations.  The  reader  must  consult  the 
original  paper  for  these  and  other  interesting  results. 

19.   Motion  irhen  S=0.    Distinctions  between  cases.    As  has  been  stated, 

the  three  motions  possible  when  S  is  and  remains  zero  are  the  permanent  turnings, 
the  continued  pendulum  motions,  and  the  case  of  motion  discovered  by  Hess.  To 
distinguish  between  the  different  cases,  Stackel  calls  a  top,  the  centroid  of  which  lies  in  a 
principal  plane,  a  planar  top,  if  Hess's  distribution  of  mass  is  not  fulfilled,  and  a  Hessi", 
top  if  the  condition  is  satisfied.  In  all  other  cases  of  trasymmetry  he  called  the  top 
a  general  top. 

For  a  general  top  Staude's  cone  is  a  veritable  surface  of  the  second  degree,  and  the  plane 
S  =  0  either  passes  through  the  vertex,  or  touches  it  along  a  generator,  or  cuts  it  in  two 
generators.  In  the  first  of  these  cases  the  top  is  at  rest,  in  the  two  others  the  motions  are 
permanent  turnings. 

In  the  case  of  a  planar  top  the  cone  splits  into  two  planes,  one  of  which  contains  the 
centroid,  while  the  second  is  perpendicular  to  the  first.  We  may  call  these  the  Staude 
planes.  The  plane  S  =  0  is  distinct  from  these  and  intersects  each  in  a  straight  line. 
The  intersection  with  the  first  plane  is  an  axis  of  permanent  turning,  the  other  line  of 
intersection  is  an  axis  of  pendulum  motion.  About  this  a  permanent  turning  of  infinite 
angular  speed  is  possible. 

In  the  case  of  the  Hessian  top,  the  intersection  of  the  plane  S  =  0  with  the  first  of  the 
two  planes  into  which  the  cone  has  degenerated,  is  again  an  axis  of  permanent  turning. 
The  second  of  these  is  however  identical  with  the  plane  S  =  0,  and  gives  therefore  an  infinite 
number  of  axes  of  permanent  turning  all  passing  through  O.  Further  the  plane  S  =  0  is 
perpendicular  to  the  principal  plane  which  contains  the  centroid,  and  therefore  contains 
the  third  principal  axis.  For  this  axis  the  angular  speed  of  the  permanent  turning  is 
in  Unite,  hence  there  exists  an  infinite  number  of  continued  pendulum  motions  about  it. 
Moreover  there  is  a  family  of  Hessian  motions,  for  which  the  instantaneous  axis  turns  in 
the  second  Staude  plane  about  O. 

Finally  the  equation  of  the  Staude  cone  is  identically  satisfied  by  the  line 

p  :  q  :  r  =  ajA.  :  b/B  :  c/C. 
Hence  every  unsymmetrical  top  may  have  a  motion  of  permanent  turningabout  this  line  as 
axis.     For  a  planar  top  c  =  0,  and  therefore  also  r  =  0  ;  hence  the  line  just  referred  to  is 
not  an  axis  of  pendulum  motion. 

20.   Steady  mof/on  of  an  unsymmetrical  top.     Vibrations  about  steady 

motion.  The  conditions  of  steady  motion  of  an  unsymmetrical  top  have  also  been  con- 
sidered by  Routh  {Adv.  Dynamics,  p.  164,  sixth  edition)-  He  finds  that  if  no  two  of  the 
principal  moments  "f  inertia  are  equal,  steady  motion  i.s  not  possible  unless  the  axis  of 
rotation  be  vertical  and  the  centroid  (coordinates  A,  /•,  /)  lie  in  the  vertical  straight  line 
of  which  the  equal  ions  are 

where  w  is  the  angular  speed  about  the  vertical,  and  the  mass  is  taken  as  unity.     This 
is  the  result  given  in  (4),  14.    To  construct  the  straight  line,  measure  along  the  vertical  a 
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length  OV  =#/<./-  [g= acceleration  due  to  gravity],  and  draw  a  horizontal  plain'  through  V 
to  touch  an  ellipsoid  eonfoeal  with  the  ellipsoid  of  gyration.  The  centroid  must  lie  on 
tin-  normal  at  the  point  of  contact 

The  investigation  of  the  oscillations  about  steady  motion  involves  an  equation  of  the 
form  u  ■-  eos(i'  +  r,,sin  nt  +  Vii-'os  jit  for  u,  and  similar  equations  for  ft,  y.  Substitution  in 
the  equations  (1),  (-),  11,  gives  twelve  linear  equations  for  eleven  ratios,  elimination  of 
which  gives  an  equation  for  /t.     For  stability  this  must  have  real  roots. 

The  reader  may  refer  to  Routh  (Joe.  cit.)  for  a  discussion  of  a  variety  of  other  problems 
connected  with  the  motion  of  unsymmetrieal  tops. 

21.  Homogeneous  ellipsoid  spinning  <>><  a  horizontcil  plane  A  homo- 
geneous ellipsoid  spins  without  friction  on  a  horizontal  plane,  with  a 
principal  axis  inclined  at  a  small  angle  0  to  the  vertical.  It  is  required  to 
discuss  the  stability  of  the  motion. 

Let  the  coordinates  of  the  point  of  contact  with  the  horizontal  plane 
be  .'■,  y,  :,  and  the  axis  of  z  be  the  downward  nearly  vertical  axis.  We 
refer  to  (1)  1,  as  the  equations  of  motion.     The  equation  of  the  ellipsoid 

t)  O  0 

gives  for  the  direction  cosines  of  the  normal  at  the  point  x,  y,  z 

73X         Q      cTTV  ,       T3Z  ,A . 

«  =  7^>    P  =  "p">    r=1  =  72' v1) 

where  Z3  is  the  length  of  the  perpendicular  from  the  centre  on  the  tangent 
plane  at  x,  y,  z.     But  here  rrr  =  c,  so  that 

au2  /362 

x=-^->  y=c'  z=c (2) 

b-  —  c2                         c2  —  a2                         a2  —  62 
Thus      yy  —  /3~=         —fit     az  —  yx=    a,     fix  —  ay  = a/3 (3) 

Now  when  0  is  small  we  see  from  (1),  1,  that  w.,w3  is  small.  Hence  we 
get,  approximately,  from  the  third  of  the  equations  of  motion,  (1),  1, 

o»o  =  0 (4) 

But,  adopting  here  the  arrangement  of  axes  and  angular  velocities  Wj,  a>.,,  a>s 
explained  in  4,  XVI,  we  obtain,  also  approximately, 


if 


=  *  +  V'»  (5) 


and  so  (l,l  =  Q(u>3  —  f/i)sin  0  +  #cos<£  =     0+aws,]  ,fi^ 

o).,  =  0(w3  —  <j>) cos  (j)  —  0  sin  </)  =  —  d+ /3o>3.  J 

Moreover,  since  Z  is  approximately  constant,  the  vertical  acceleration  of 
the  centroid  may  be  taken  as  zero,  and  so 

R=-Mflr (7) 
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By  using  (6)  and  (3)  in  the  equations  of  motion  we  find,  after  reduction, 

(8) 


A|+(A  +  B-C)W3«  +  {(C-B),3HM^}^0, 


Bu-(A  +  B-C)cv.J3+{(C-A)w.f  +  MgC-f—^\a  =  0; 

or  A/3  +  Dd  +  E/3  =  0,     Ba  -  D/3  +  Fa  =  0, (9) 

where  D,  E,  F  have  the  values  indicated  in  (8). 

If  we  assume,  for  an  oscillatory  solution  of  period  2ir/n, 

«  =  Ke"",     /3  =  Le"",  (10) 

and  substitute  in  (9),  we  get,  by  eliminating  K  and  L  from  the  resulting 
equations,  the  quadratic  for  n2, 

AB™4-(AF  +  BE  +  D2)u2  +  EF  =  0 (ii) 

The  roots  of  this  equation  are  real  if 

(AF  +  BE  +  D2)2>4ABEF, 
and  are  positive  if     EF>0     and     AF  +  BE  +  D2>0. 

They  must,  for  stability,  be  both  real  and  positive. 

We  consider  two  cases,  (1)  w3  very  small,  and  (2)  w3  as  great  as  may  be 
required  for  stability. 

It  is  easy  to  verify  that  in  case  (1)  the  first  inequality  is  satisfied,  and 
that  the  two  others  become 

(a2  -  c2)(b2  -  c2)  >  0,     A(«2  -  c2)  +  B  (b2  -  c-)  >  0. 

These  will  both  be  satisfied  by  taking  a^>c  and  b^>c.     Thus,  if  the  shortest 
axis  of  the  ellipsoid  be  vertical,  the  body  will  be  in  stable  equilibrium,  with 
no  spin  at  all  or  only  a  slight  spin  about  the  vertical  axis. 
In  case  (2)  a  little  analysis  shows  that  the  inequalities  are 

(a2  +  &2)2(^Y~ + 2  (a4  +  &4  -  2c4)^ + (a2  -  &2)2  >0? 


.(12) 


\5gJ  5g 

(a2-c2)(62-c2)>0, 

m2      c4  -a-//' 
bg  >ci  +  a1lr 

These  are  clearly  all  satisfied  if  the  shortest  axis  of  the  ellipsoid  is  vertical. 
If  the  intermediate  axis  is  vertical  the  second  inequality  is  not  satisfied,  and 
the  ellipsoid  cannot  spin  in  equilibrium  with  that  axis  vertical.  Finally,  if 
the  longest  axis  be  vertical  the  spin  must  be  great  enough  to  satisfy  the 
last  inequality,  and  must  also  be  such  as  to  satisfy  the  first  inequality.  A 
value  of  <u)32/5g  which  is  greater  than  the  larger  root,  or  smaller  than  the 
smaller  root,  of  the  equation 

(ai  +  b-)hi~  +  2{a*  +  bi-2ci)u  +  (a--ir)2  =  0 (13) 

will  satisfy  this  inequality.  Hence  a  value  of  cw^jog  which  satisfies  the 
third    inequality   and   does   not   lie   between   the  roots  of  the   quadratic 


(! 
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equation  just  written  will  enable  the  ellipsoid  to  be  stable  with  the  longest 
axis  vertical. 

The  roots  of  the  quadratic  (13)  are 

\ci-ai)h±(ci-biji\2 
tf  +  b2  J  ' 

It*  we  substitute  (e4  —  <t'262)/(c4  +  a262)  for  u  in  the  quadratic  we  obtain  an 
expression  which  vanishes  when  c4  =  0,  when  c4  =  ct4  and  when  c4  =  64,  and 
as  we  easily  see  can  be  written 

c4(c4-a4)(c4-64) 
(c4+a262)2      ' 

This  expression  is  essentially  negative,  and  hence  we  conclude  that  the 
limiting  value  of  coo.^J5g  lies  between  the  roots  of  the  quadratic.  To  satisfy 
all  the  conditions  necessary  for  real  and  positive  roots  we  must  therefore 
have  for  stability  with  the  longest  axis  vertical 

co, 2      f(c*-q*)*  +  (c*-6*)*  1 2 


M 


Bg^X  «2+62  J 

(5,9)*(c4-a4)*  +  (C4-64)*  (u) 

It  is  interesting  to  observe  the  dependence  of  the  minimum  value  thus 
obtained  for  the  angular  speed  upon  the  dimensions  of  the  body.  If  all  the 
dimensions  be  increased  or  diminished  in  the  same  ratio,  no  change  will  be 
produced  except  in  the  factor  l/(c)  of  the  expression  on  the  right  of  (14). 
Thus,  if  c  be  changed  to  kc  in  this  way,  <o3  will  become  wjk'-.  The  limiting 
speed  of  rotation  thus  depends  on  the  actual,  not  the  relative,  lengths  of  the 
axes  of  the  body. 

22.  Stability  of  any  solid  with  a  principal  axis  normal  to  the  hori- 
zontal surface.  The  foregoing  discussion  of  the  stability  of  a  spinning  ellipsoid 
follows,  with  some  modifications  of  notation  and  analysis,  an  important  memoir  by 
Puiseux  in  Liouville's  Journal  de  Mathematiques,  17  (1852).  In  the  same  memoir  Puiseux 
considered  also  the  problem  of  the  stability  of  a  solid  of  any  form  and  distribution  of 
matter,  consistent  with  having  one  at  least  of  the  principal  axes  of  moment  of  inertia 
normal  to  the  bounding  surface.     The  body  is  placed  with  that  axis  vertical. 

The  discussion  of  this  case  proceeds  on  the  same  lines.     We  have  as  before 

o)i  =  dcos(f>  +  \ps\n  6  sin  <£,     o>2=  -  6 sin  </>  +  ^  sin  0 cos  </>,"»  , ,,. 

a  =  sin  #sin  </>,     ft  =  sin  6  cos  cf),     y  =  cos#.  J 

Instead  of  the  equation  of  the  ellipsoid  we  have,  taking  the  origin  at  the  centroid, 

j=c-^(^  +  2m///  +  /v/-'),   (2) 

and  the  direction  cosines  of  the  normal  with  reference  to  the  principal  axes  are  given  by 

Ix + my  _  mx + ny  _  1  /  .>  > 

«  fi      ~7 
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If  we  give  to  y  its  approximate  value  1  we  get 


m(3-na  ma  — I  ft 

In  —  wi2  '    l  ~       in  -  m1 ' 


•(4) 


For  the  point  of  contact  we  have  approximately  z  =  c,  and  since  the  deflection  of  the 
axis  of  z  from  vertically  is  supposed  to  be  very  small  and  the  curvature  is  continuous, 
with  the  axis  of  .  normal  to  the  surface,  we  have  2  =  0,  and  so,  since  z  is  downward, 

R=-M.?. (5) 

Going  back  to  the  Eulerian  equations  of  motion,  we  note  that  now 


0        D     ma  - I  ft 

yy-ftz=cft+Ti 


2  ' 


az  —  yx  =  —ea- 


rn ft  -na 


(6) 


m* '  '  In  -  m- ' 

and  since  <aly  w2  are  both  of  the  first  order  of  small  quantites  m^o.,  is  negligible,  and  we 

li:m'  ci3  =  0 (7) 

Thus  the  equations  of  motion  become,  by  the  same  process  as  that  used  in  21, 

Aft +  T>a  +  E  ft -Ga  =  0,} 
Ba-V0  +  Fa-Gft  =  O,) 


(8) 


where 


m 


D  =  (A  +  B-03,    G-M^ 


K-iC-BW+Ug^ 


m- 


—  c 


NC-AW+M,^-.} 


.(9) 


If  p,,  f)2  be  the  principal  radii  of  curvature  at  the  point  of  support,  and  ^  be  the  angle 
which  the  plane  Gz.v  makes  with  the  principal  section  of  curvature  l/o,,  we  get 


—  cos2^  +  — sin2S-,     n=     gin2S-+—  cos2^, 


Pi 


P-2 


m- 


Thus  (9)  become 


\pl     p.J 


P\ 
sin  ^  cos  S^. 


P2 


•(10) 


.(11) 


•(12) 


E=(C-B)<l)32+M5r{(p1-c)Bin^+(p2-c)cosa^}/ 

F  =  (C  -  A)w.f  +  Mg{(Pl  -  c)  cos8«y+(p2  -  c)  sin-'*!, 
G=Mcf(p.,  -  />,)  sin  *  cos  *. 

For  (8)  we  assume  the  oscillatory  solution  a=hcosnt+k'ain.nt,  ft = k  cos  nt+ Vain  nt, 
and  substituting  we  get  by  equating  to  zero  the  coefficients  of  cos?;?  and  sin?;?  in  the 
two  resulting  equations  (An2-E)*  -Bnh'+Gh  =0  \ 

(Ah2-E)/F  +  D»/<  +GA'=0, 

(B»2-F)A  +~DnV+Gk  =0,  j 

(Bm2-F)A'-Dn*  +G#=0.J 

Solving  for  A'  and  i'  from  the  first  and  third  of  (1:2),  and  substituting  in  either  of  tin- 
other  equations,  we  obtain  the  relation 

(A?i--E)(B«2-F)-DV-G'J  =  0 (13) 

The  roots  of  this  quadratic  in  n-  must  be  real  and  positive  if  the  motion  is  as  assumed. 

For  this  three  conditions  must  be  fulfilled, 

( A  F  +  BE  +  D-)2  -  4AB(  E F  -  ( ;-)  >  0A 

AF  +  BE  +  D2>0,[  (14) 

EF-G2>0.J 
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These  inequalities  can  be  written  in  the  form 

C2(A+B    (')'-V+H„)3-+I><>^ 

(C-A)(C-B)o»34+H'o)3a+I'>0»   ('  r) 

;(('    A)(C-B)+AB}o)s8+K>oJ 

where  the  coefficients  II,  I,  H',  [',  K  do  not  depend  on  o>3.     From  these  it  is  clear  that  if 
the  principal  axis  which  is  made  vertical  l»e  that  of  greatest  or  of  least  moment  of  inertia, 
the  motion  ran  be  made  stable  by  sufficiently  increasing  the  value  of  w3. 
If  the  spin  be  made  very  small  the  conditions  of  stability  become 

I  >  0,     I'  >  0,     K  >  0. 

It  will  be  found  that  these  last  inequalities  can  be  written 

[( A  cos-*  +  B  sin^Xo,  -  c)  -  (A  sin2*+B  cos2*)(p2  -  c)]2 

+  4( A  -  B)2sin2*  cos2*(p,  -  c)(p,  -  c)  >  0, 
(pi-<')(P2-<')>0, 
(A cos2*  +  B sin-*)(p,  - c)  +  (A sin-*  +  B cos'-*)(p, - c) > 0. 

The  second  and  third  conditions  are  satisfied  if  p1  and  p2  are  both  greater  than  c.  Thus 
we  have  the  result,  which  of  course  could  have  been  established  by  a  more  direct  process, 
and  is  indeed  obvious  without  any  analysis  at  all,  that  a  body  placed  on  a  horizontal  plane 
with  the  centroid  on  the  normal  at  the  point  of  support  will  be  in  stable  equilibrium  if 
both  the  principal  radii  of  curvature  at  the  point  of  support  are  greater  than  the 
distance  c  of  the  centroid  above  the  plane. 


CHAPTER   XVIII 

THE  RISING  OF  A  SYMMETRICAL  TOP  SUPPORTED   OX   A 

HORIZONTAL   SURFACE. 


M    F      O 

Fio.  96. 


1.  A  top  supported  on  a  rounded  peg.  "We  now  consider  a  top  supported, 
not  necessarily  at  a  point  on  the  axis,  but  at  a  point  on  a  surface  of  revolu- 
tion about  the  axis  of  figure  as  shown  in  Fig.  96.     This  is  the  case  of  a  solid 

©  © 

of  revolution  spinning  and  rolling  on  a  horizontal  plane  under  the  influence 

of  gravity  and  frictional  forces,  in 
short  the  case  of  a  top  spinning  on 
a  rounded  peg.  At  first  we  introduce 
no  condition  as  to  slipping  at  the 
point  of  contact.  Let  G  be  the  cen- 
troid,  GC  the  axis  of  figure.  Draw 
a    vertical    through    G    meeting    the 

©  © 

horizontal  plane  in  M,  and  a  perpen- 
dicular from  the  point  of  contact  O 
to  the  axis  of  figure,  meeting  that  line 
in  N.  Denote  GN  by  z  and  ON  by  x. 
Let  F,  F'  be  the  components  of  friction  at  O,  the  former  acting  along  the 
intersection  of  the  horizontal  plane  and  the  vertical  plane  GOM,  and  the 
latter  acting  at  right  angles  to  the  vertical  plane  as  shown,  and  let  R  be 
the  normal  reaction  of  the  plane  on  the  solid  at  0.  What  is  called  pi  v.  A 
friction  (by  the  Germans  "boring  friction"),  the  resistance  due  to  spinning 
of  the  solid  on  the  plane,  is  here  neglected.  For  a  body  resting  on  what 
may  be  regarded  as  practically  a  point,  its  moment  is  very  small.  Let  $ 
be  the  inclination  of  GC  to  the  upward  vertical. 

Now  take  axes  at  G,  one  along  GC,  and  the  others,  GD,  GC,  at  right 
angles  respectively  to  the  plane  GOC,  and  to  the  line  GE  in  the  plane  GOC, 
all  as  shown  in  Fig.  96.  If  the  solid  turn  about  the  vertical  at  speed  \js, 
counter-clockwise  to  an  observer  looking  downward,  the  a.m.  about  the 
axes  just  specified  are  C11,  A0,  Ai/rsin  0.  Hence  for  the  rate  of  growth  of 
\.m.  about  GD  we  get,  by  the  process  used  above,  the  expression 

A0  +  ( Cn  -  A\j,  cos  0)\/r  sin  ft 
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But  the  moment  of  force  about  01)  is  clearly 

I ! ( :  sin  0— X  cos  0)  —  F(z  cos  6  +  X  sin  0). 
I  [ence  we  have 

k$+{Cv-A\j,  cos  6)\jr  sin  0  =  R{zsmO-xcofiO)-F{zCodO+XBm6).  (1) 

Again,  as  in  (2),  1,  VII,  we  see  that  the  rate  of  growth  of  A.M.  about  <  IK 
is  AyVsin  S  +  (2A\iscos0  —  Cn)6,  and  the  only  force  with  moment  about  OE 
is  F.     Hence  A^sin  6  +  {2AxjscosO-Cn)6  =  F'z (2) 

The  motion  of  the  axes  produces  no  change  of  a.m.  alxmt  GC,  and  there- 
fore  Cn+F'x=X) (3) 

The  force  F'  if  positive  thus  gives  a  moment  diminishing  Cn  ;  to  this  must 
be  added  in  actual  practice  the  couple  due  to  air  friction.  F'  will  be  positive 
or  negative  according  to  the  motion  of  the  point  O  of  the  top  [see  8,  below]. 

The  total  couple  given  by  F'  is  F'.  OG  ;  thus  besides  the  component  speci- 
fied in  (3),  there  is  a  component  couple  of  moment  F'.  GN.  The  axis  of 
this  is  in  the  plane  OGN  and  points  upwards  at  right  angles  to  GX.  The 
extremity  of  the  axis  of  resultant  A.M.  will  move  in  the  direction  in  which 
points  the  resultant  of  the  three  couples  which  have  now  been  specified. 
The  motion  due  to  the  first  and  third  has  a  vertically  upward  component 
and  a  horizontal  component,  and  hence,  unless  there  is  rapid  loss  of  spin,  the 
axis  will  rise.     The  motion  of  the  axes  may  now  be  discussed  in  detail. 

Let  u,  v  be  the  speeds  of  the  centroid  parallel  to  OM  and  perpendicular 
to  the  plane  GOC  respectively  when  the  rolling  is  pure.  Then  since  O, 
taken  as  a  point  on  the  top,  is  supposed  to  be  at  rest, 

u  =  ~MG .  6  =  (z  cos  6 + x  sin  6)8,     v  =  xd  —  \jsz  sin  6,  (4) 

where  v  is  taken  in  the  direction  DG.     Equations  (1),  (2),  (3)  hold  also  when 
there  is  slipping  of  the  point  of  contact. 

The  rates  of  growth  of  momentum  in  these  directions  and  along  MO  are 
given  according  to  the  equations  of  moving  axes  by 

M{u+vylr)=F,     mi-u^)-F',     Mf=R-]%, (5) 

where  <,"  is  the  vertical  height  of  the  centroid  above  the  horizontal  plane. 

Equations  (1),  ...  (5)  give  the  whole  motion.  A  relation  between  ./■  ami  : 
i-  of  course  given  by  the  form  of  the  surface.  For  steady  motion  6  =  0: 
0  =  i).  //=o,  <;=0,  \Jr  =  0.     Thus  if  \js  =  ju,  a  constant, 

F'  =  (),      -F  =  Nfx(/uLZsin6  -nx),     R  =  M//. 
Hence  (1 )  becomes 

{{C +  llr-) u -{A  +  y\ :-)/ucose} ju  sin  6  +  lLrz{vv  cos  0-/UL2 sin- 6) 

=  M//  ( g  Bin  0 — x  cos  0 ).  .. .(6) 

Of  course  F  is  constant  when  the  motion  is  steady,  and  (4)  gives 

V=xn  —  yV:sin#  =  F  Myix. 
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Tims  v  is  constant.     The  direction  of  v  turns  round  with  uniform  angular 

speed  fx,  and  therefore  G  moves  in  a  circle  and  M  in  a  parallel  circle  in  the 

horizontal  plane.     But  fxv  is  the  acceleration  of  M  towards  the  centre  of  the 

circle.     Hence  if  r  be  the  radius  of  the  circle,  fxv—i^\r  and  r=v\fx.     Thus 

//.'■ 
r = — —  z  sin  6 ( 7 ) 

This  result,  (7),  is  obvious  without  calculation.  For  in  the  steady  motion 
the  position  of  the  point  N  will  move  parallel  to  the  horizontal  plane 
with  speed  nx,  in  consequence  of  the  spin  n  about  the  axis  of  figure,  and 
the  fact  that  the  rolling  is  pure.  The  angular  speed  about  the  centre  of 
the  circular  path  of  N  is  /jl,  and  thus  the  radius  of  that  path  is  nx/p.,  and 
we  obtain  (7). 

But  from  (G),  if  p.  and  x  be  small  we  have  (including  the  a.m.  of  the 

flywheel)  (k  +  Cri)fi  =  Mgz (8) 

From  (7),  by  the  value  found  above  for  F,  that  is  Np,(nx  —  /uLZsin0),  we  get 

Ugk     gk     Jc(K  +  Cnf  (Q) 

:~H[j?-/i*~g~  M%2     w 

The  azimuthal  motion  has  the  counter-clock  direction  to  an  observer 
looking  from  above  on  the  solid,  and  therefore  the  circle  in  which  O  moves 
lias  the  position  shown  in  Fig.  98.  This  circle  and  the  projection  of  that  in 
which  G  moves  are  both  indicated  in  Fig.  98. 

2.  Varying  motion  of  a  top  on  a  rounded  peg.  Now  returning  to  the 
unsteady  motion,  we  notice  first  that 

x  =  p cos 6 . 6,     z=  —psinO.0,  (1) 

where  p  is  the  radius  of  curvature  at  O  of  the  section  of  the  body  which 
contains  0  and  the  axis  of  figure.  By  means  of  these  values  of  x,  :,  and 
those  of  u,  v,  £,  and  noticing  that  £=z  cos  #  +  £sinO,  and  that  by  (1) 
z  sin  B  +  x  cos  0  =  0,  we  find  easily 

M  (u  +  vyjr)  =  M  { (z  cos  0  +  x  sin  0)  0  -  (z  sin  6  -  x  cos  6)  fr 

+  (:cii  —  zs'm  0.\js)\js}  =F, 
M  ( v  -  uyjr)  =  M  { p  (n  cos  0  +  \j,  si n2  6)  6  +  xn  -  z  sin  6 ,  $ 

~(x  sin  0  +  22  cos  fyfajr)  =  F', 
M { g  +  P0- - {z  sin  0-x  cos  6)8}  =  &  ) 
Substituting  the  values  of  F  and  B  from  these  equations  in  (1),  1,  we  get 
{A+M(aj2+«2)}d"-Mp(»sin0-aJcose)d2-M{(22-a;8)sm0cos0 

-n-c(cos-0-sin-O}0--  {(A+M«2)  cos  0+  HLxz  sin  Q}yj/-  sin  0 

+  ~Mx(zcos  O  +  xsin  8)n\js  +  Cn\js sin  fi—Ng(z sin  6  —  xcos$)  =  0 (3) 

Again,  by  (2)  and  (3),  1,  we  get 

Czn+Ax  sin  0 .  i/>+ (2A  cos  0 .  \js  -On  )xd  =  0 (4) 

or  Cz(^  +  Aj'sin0<ly'  +  (2Acos6.\is-Cn)x  =  Q (5) 


(2) 
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J >\-  eliminating  \'r  and  F',  by  means  of  the  second  of  equations  (2)  above 
and  (2)  and  (3)  of  I,  we  find 

\.C  \  ii  • 

(*      +\.r-  +  C:-);i-A{.r-rsm0)j-sme.0\!s  +  ApXCO3e.iiti-Cn.rz0  =  l),  {ii) 

/AC  \(/ii 

< >r     i-^r-  4-  A./  -  +  (':-)  -^  —  A  (./•  —  p sin  0)sc  sin  fl.y-f-  Apxn cos 0  —  Crm  =  0.  (7 ) 

Finally  from  (2),  1,  and  the  second  of  ("2)  \\v  get  a  value  of  n  free  from  F', 
and  (ii)  gives  another  expression  for  the  same  quantity.     Equating  these 
\vt-  obtain 
/AC 


(~  +  A.r2  +  Cs2)  (sin  0 .  $  +  2  cos  0 .  ty) 


+  C{x-p  sin  0)zsm0.6\js-  Czp  cos  6 .  nd+      Jj?^  CnO  =  0 (8) 

We  may  of  course  divide  this  by  f),  and  write  d\js/d0  for  \js/d. 

It  will  be  observed  that  if  x  and  p  be  zero,  we  are  thrown  back  on  the 
equations  of  a  top  supported  on  a  point  and  spinning  without  friction. 

3.    A  top  supported  on  a  circular  edge  round  the  axis  of  figure.    From 

(3),  (4),  and  (G)  we  get  the  equation  of  energy,  but  further  integration  seems  only  possible 
in  particular  cases.  For  example,  let  the  body  be  supported  by  a  disk,  on  a  sharp  edge  of 
which  it  rolls.     A  smooth-edged  coin,  a  wine-glass  rolling  in  an  inclined  position  on  the 
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Fig.  97. 

edge  of  its  disk-shaped  support,  or  a  top,  as  shown  in  section  in  Fig.  97,  and  a  child's 
hoop  made  <>f  thin  but  rigid  wire,  arc  cases  in  point  In  such  a  case  as  this  we  have 
approximately  p  =  (\  and  ./•.  :  constant.     Then  (7),  2,  becomes  [(ireenhill,  R.G.T.,  p.  241] 

(j£  +  Ax*  +  (  &)%  -  A.>-sin  d.ip- Qnxz  =0 ( 1 ) 

Eliminating  ^  between  this  and  (5),  2,  we  obtain 

*J+«»»g-H(l+£«l_»)«-0 (!) 


xrhere  N  = 


<;.<:.  '_'  B 
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The  differential  equation  (2)  is  that  of  a  hypergeometric  series,  and  can  be  solved  by  the 
theory  of  such  series.     If  we  make  the  substitution  w—n(eih  #)-,  (2)  is  transformed  to 

sS-^+i0*')-*60*'-* (3) 

But  the  most  useful  substitution  is  that  which  holds  when  the  circular  base  on  which 
the  body  rolls  contains  the  centroid  G.  Then  z  =  0,  and  x  is  the  radius  of  the  circular 
base.  We  take  a  new  variable  £  defined  by  2£  =  1  —  cos  6,  or  £  =  sinH#.  Equation  (3) 
becomes  then  ,/■  ,;.. 

£(W)f|+(i-2£);|-N*=o (4) 

This  is  the  particular  case  of  the  differential  equation  of  the  hypergeometric  series 

apT     t(i-o     rff  £(i-$)y-v'-- {0) 

for  which  a  +  /?  =  l,  y=l,  a/3  =  N. 

It  is  well  known  [see  Forsyth's  Differential  Equations,  Chap.  VII]  that  if  /i  be 
positive  and  y>(3,  a  solution  of  (5)  is 

y  =  Br^-1(l-r)V-^1(l-^)-Vr, (6) 

Jo 

where  B  is  a  constant.     The  definite  integral  in  (0)  is  a  generalised  form  of  Euler's  first 

integral  n    , 

r'-l(l-r)"i-ltfr, 
Jo 

where  /,  m  are  positive  constants.     By  expanding  (1  -i'£)~a,  and  calculating  the  values  <>f 
the  coefficients  of  different  powers  of  £,  we  obtain 

SB/"V-1(l-r)?-'3-1tfr1 

vv,    ,  «     i   i    aP  t  i  a(a  +  l)/3(/?+l),.2  ,  a(a+l)(a  +  2)/3(/3  +  l)(^  +  2),.„1 

where      *  =  !  +  —  £  +    li2-y(y  +  1)    k  +  ~    i.2.3.y(y  +  l)(y  +  2)    -«  +-' 

the  hypergeometric series.     By  inserting  the  special  conditions  we  get  a  particular  solution 
of  the  top  problem  stated  for  these  conditions.     [See  Greenhill,  he.  cit.] 

4.  A  top  on  a  roundt  <l  peg  and  containing  <<  flywheel.  If  the  body 
contain  a  flywheel,  the  centroid  and  axis  of  which  coincide  respectively  with 
the  centroid  and  axis  of  figure  of  the  remainder  of  the  body,  the  equations  of 
motion  given  above  require  correction  by  the  substitution  of  K  +  C?<  for  Cn. 
where  K  is  the  a.m.  of  the  flywheel  about  its  axis.  M  then  denotes  the 
whole  mass  of  the  body,  including  the  flywheel,  and  A  the  moment  of 
inertia  of  the  whole  about  an  axis  through  the  centroid  transverse  to  the 
axis  of  figure. 

With  this  change  the  equation  (6),  1,  for  steady  motion  becomes 

{K  +  {C  +  ^\y')n  -(A+y\z-),ucos0}  /JLsmO  +  ^lvz{ii  fjLCOsO-  ^-sm-e) 

-M;/(:sint>-a-cos0)  =  O.    ...(1) 
This  may  be  written  in  the  form 

[2{(A+Mc-)cos^+^I.r:sinr)}Msin^)-{K  +  (C  +  3I.r-)/^lsin^4-^I.'':';cos0]•2 
=[{K+{C+Mf)n)  sind+Ma^cose]2 

-43b/l(A  +  M:-)cost)+M.':sinr);(:sin^-.'-'COS^)sinO.  (2) 
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The  quantity  <>n  the  right  iti  (2)  must  be  positive  for  steady  motion,  since 
the  first  line  is  a  perfect  square.  The  roots  of  the  quadratic,  (1),  in  /x  ate 
imaginary  when  the  quantity  on  the  right  of  (2)  is  negative,  and  steady 

motion  is  then  impossible. 

If  /»  denote  the  length  of  the  perpendicular  let  fall  from  the  centroid  on 
the  horizontal  plane,  and  q  the  distance  of  the  foot  of  this  perpendicular 
from  the  point  of  contact  O,  then 

2>  =  z  cos  0  +  x  sin  0,     q  =  z  sin  0  —  x  cos  0. 

The  a.m.  G  about  the  vertical  through  G  is  given  by 

G  =  (C»+K)cos0  +  A/>csin20,  (3) 

while  that  about  a  horizontal  line  drawn  through  G  in  the  meridian  plane  is 

H  =  (Cn+ K)  sin  0-A/x  sin0  cos  0 (4) 

Hence  the  equation  of  steady  motion  can  be  written 

Kn  +  M{n22)>'-gq)  =  0, (5) 

where  /•  denotes  the  radius  of  the  circle  described  by  G  in  the  steady  motion 
(see  above,  (7),  1). 

In  this  form  the  equation  is  obvious.  The  inward  radius  from  O  to  the 
centre  of  the  path  of  0  on  the  horizontal  plane,  about  which  the  a.m.  is 
H  +  Myurp,  is  turning  with  angular  speed  p..  The  rate  at  which  the  extremity 
of  the  vector  is  moving  in  the  horizontal  plane  is  (H  +  MyU7£>)/x,  which  is  the 
rate  of  growth  of  a.m.  about  a  horizontal  line  through  O  perpendicular  to 
the  radius,  the  line  towards  which  the  vector  is  turning.  The  moment  of 
tin-  gravity  forces  about  this  line  is  Ngq.     Hence  equation  (5). 

From  the  value  of  H  it  is  clear  that  when  6  is  small,  that  is  when  the 
axis  of  the  body  is  nearly  vertical,  we  have 

ffyr=gq (6) 

If  the  body  is  a  flat  disk,  or  to  a  great  extent  consists  of  a  flat  disk,  the 
edge  of  which  rolls  on  the  table,  p  is  small  when  6  is  small.  But  then  q  is 
large  and  therefore  p.  is  now  large.  This  can  be  well  seen  when  a  coin  is 
spinning  with  its  axis  nearly  vertical. 

If  the  body  is  spinning  upright  (like  a  prolate  ellipsoid  or  egg-shaped 
body,  with  its  longest  diameter  vertical)  supported  on  a  base  well  rounded, 
we  have  both  0  and  .'•  very  small,  and  x  =  ps'n\0.  The  equation  of  steady 
motion  becomes 

{K  +  Cn-(A  +  }l:-)p}p  +  Mp:np-M<j{:-p)  =  0,  (7) 

w  here  p  is  as  before  the  radius  of  curvature  of  an  axial  section  at  the  point 
of  contact.     Steady  motion  is  therefore  possible  if 

{K  +  (C-fM^)70->4M//(c-/,)(A  +  M:-) (8) 

This  condition  is  always  fulfilled  if  c<p;  hence  the  bod}*  is  stable  in  the 
upright  position  with  or  without  a  flywheel,  and  even  if  in  the  latter  case 
the  spin  is  vanishingly  small. 
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From  equations  (3),  (5),  7  we  might  find  that  of  small  oscillations  about 

steady  motion.     For  this  we  shall  suppose  0  to  represent  the  inclination  of 

the  axis  to  the  vertical  in  steady  motion,  and  0  +  a  the  same  angle  for  a  small 

deviation  from  the  motion.     Thus,  if  $  denote  the  quantity  on  the  left 

of  (1),  4,  we  may  write  the  general  equation,  (3)  of  2  for  the  latter  case, 

in  the  form  ;(k 

{A  +  M(.t2  +  z2)}«  +  -^«  =  0, (9) 

where  after  the  differentiation  the  values  of  the  quantities  for  stead}'  motion 
are  to  be  used  in  the  second  term  on  the  left  in  the  equation  just  written. 
This  term  involves  dfx/dO  and  dnjdO,  and  the  values  of  these  quantities  are  to 
be  inserted  from  (5)  and  (7)  of  4. 

5.  Problem  of  a  dish  or  hoop  on  a  horizontal  plane.  The  general  equa- 
tion thus  obtained  is  very  cumbrous,  and  on  the  whole  it  is  more  convenient 
and  instructive  to  deal  with  various  special  problems  separately. 

The  vibration  equation  for  the  case  of  ii  =  0  will  be  given  later  [(7)  below], 
but  we  may,  for  the  sake  of  illustration  of  what  precedes,  consider  the 
problem  of  a  disk  or  hoop  rolling  on  a  horizontal  plane  and  performing 
oscillations  about  steady  motion.  We  have  here  z  =  0,  and  x  =  a,  the  radius 
of  the  circular  edge,  and  the  equations  of  motion  for  the  disk,  with  a 
coaxial  flywheel  included  as  specified  above,  are 

A0+  {Cn  +  K  -  AV>  cos  0)  x/>  sin  0  =  -  a  ( R  cos  6  +  F  sin  0)A 
A<j>smO  +  {2Ayj,cosO-Cn-K)0  =     0,  0) 


Cn=-Wa. 

These  equations  can  easily  be  established  from  first  principles. 
With  equations  (1)  we  have  also 

M{u  +  vrjs)  =  F,     M(y-?n/,)  =  F',     M£=R-Mgf (2) 

If  the  rolling  is  pure  n  =  aO sin  0,     v  =  an . 

and,  since  £=asin  0,  we  get 

R = M#+ Ma(0  cos  0  -  02sin  0), 

M  a(0sin  04-0*€Os  0+ntjr)  =  F,     Ma(«  -  0\'r  sin  0)  =  F' (3) 

Hence  we  obtain  for  the  first  of  (1),  rejecting  of  course  terms  in  0'1. 

(A+Ma2)0+{(C+Ma2)  n  +  K  -  A^cos  0}  yj,  sin  B+Mga  cos  0  =  0.  ...(4) 
The  other  two  equations  of  (1)  are 

j  (AV,sin-tf)-(K  +  Cn)0sin  0  =  0,     (C+Ma2)  h  -  Ma-Oxjr sin  0=0.  ...(5) 

Now  let  the  motion  be  steady,  that  is  \U  =  0,  0  =  0,  0  =  0,  u  =  0,  ii  =  0,  v  =  0, 
7i  =  0,  and  we  get 

!K  +  (C  +  Ma-)H-A/ucos0}/Asin0  +  %«cos0  =  O, (G) 

with  /•  =  no. 
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[For  a  uniform  circular  disk  without  flywheel  C=|Ma2,  A  =  ^Ma*,  and 
tor  a  hoopC-Ma2,A=|Ma2] 

Let   //',  tY,  ,u  l>e  the  steady  values  of  n,0,  \h,  and  n'  +  v,  Q'  +  a,  /u  +  (i  be 
the  values  at  any  instant  for  a  slight  deviation  from  steady  motion.     Then 
equations  (4)  and  (5)  become  by  the  process  suggested  in  (9),  4, 
(A  4-.Mw)a+{K+(C  +  j\h/-)r-A/3cos0'  +  Aa/xsin^}yusin^  j 

+  {lv  +  (C  +  J\h/2)^-AMCOS0'}(/3sinO'  +  yuacosO')-M,7uasine  =  O,|      ,m 

A/3  sin  0'  +  ( 2  A^t  cos  6'  -  K  -  On)  a  =  0,  " 
(C  +  Ma2)  v  -  Ma2dM  sin  0'  =  ().. 
From  the  last  equation  we  get 

(C  +  Ma>  =  Ma2u/xsin0',  (8) 

since  the  constant  of  integration  is  zero.     Substituting  in  the  first  equation 
we  obtain 
(A  +  Ma2)d  +  (Sla-a/j.  sin  0'  —  A/3  cos  0'  +  Aa/x  sin  6')  /j.  sin  6' 

+  { K  +  (C  +  Ma2)n -  A/m  cos  6' }($  sin  6'+ /ma  cos  0')-Mgaa sin  0  =  0.  ...(9) 

Putting  now  a  =  ?'sin  (p£— /),     /3  =  scos  (p£  —  /), (10) 

and  substituting  in  the  last  equation,  we  obtain 

{ K  +  (C  +  Ma2)  ™  -  A/x  cos  0' }  yoi  cos  0' 
*      +  ( A  +  Met2)  (/a2 sin2 6' - p2)  - Mg a  sin  &  (n) 

r~z  {K+(C  +  Ma2)w-2Attcos0'}psin0'  [     ' 

Again  substituting  in  the  second  of  (7),  we  find 

s  _  2 At*  cos  0' — K  —  Cn  . .  0, 

r  Ap  sin  6' 

Equating  these  two  expressions  for  s/r  and  writing  L  for 

K+Oi-2A,ucos0', 
we  obtain 

L  ( L  +  Ma2 1 1 )  +  A  ( L + Ma2  n  +  AM  cos  0')  /x  cos  & 

+A(A+Ma2)At2sin20'~MAt7asin0'  ,1Q» 

P  = A(A  +  Ma2) (13) 

Here  0'  <  J,—,  and  therefore,  even  if  there  be  no  flywheel,  //-  is  positive  if 
tie  rotation  n  be  sufficiently  rapid.  The  flywheel  adds  to  the  value  of  M 
and  A,  but  nevertheless,  if  K  be  sufficiently  great,  controls  the  stability  of 
the  arrangement. 

6.  Coin  gpiiniimj  <m  (i  fnhlr.  As  one  example  let  n  =  0  and  6=Itt,  so 
i  hat  the  body  turns  in  azimuth  with  its  axis  horizontal,  as  a  coin  spins  with 
its  plane  vertical  on  a  table.     We  have 

.,_K2+A(A+Ma2)/i2-AM//./ 
''  '  A(A-f  Ma2) 

which  is  evidently  positive  whatever  u  may  be  if  K  be  sufficiently  great. 
If  there  be   no   flywheel    K  =  <).  and  we  have   /-'   positive  only  if  ^   be 
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sufficiently  great.  If  the  disk  or  coin  be  spinning  very  rapidly  p2  =  u2,  so 
that  the  period  of  an  oscillation  about  the  vertical  position  is  approximately 
the  period  of  the  azimuthal  rotation. 

As  another  example  take  n  =  0  and  K  =  0.  Then  for  any  value  of  9'  we 
have  by  (6),  5,  A/uFsin  6' =Mga,  and  (13),  5,  becomes,  with  A  =  M/,-, 

a_       ;;/,->,  ,.s2fl'  +  «2sin2fl'  ,,. 

P  -fja     Z;2(A;2  +  a2)sin6>'    '  (    } 

and  the  time  of  a  small  oscillation  about  the  steady  motion  is  2ir  p.  The 
reader  may  establish  this  result  directly. 

For  a  hoop,  equation  (13),  5,  for_p2  reduces  to 

„  _  8na  (n  —  fx  cos  &)  +  Sci/j.2  —  2g  sin  6'  ,~\ 

P  ~~  3«  '    

and  this,  if  n=0  and  0'=i7r,  that  is  if  the  hoop  is  spinning  about  the 
vertical,  is 

f=^-ll ,:!1 

In  the  steady  motion  of  a  hoop  the  radius  of  the  circle  in  which  the  cen- 
troid  moves  is  na/fi,  which  agrees  with  (7),  1,  since  here  z  is  zero.  The 
point  of  contact  with  the  horizontal  plane  therefore  moves  in  a  circle  of 

radius  na  ,  a       n  +  /ucos9  ,  n 

-  +  «cos0  =  «-  — {•*) 

This  also  holds  for  a  circular  disk  in  motion  in  the  same  way.  The  result 
here  obtained  agrees  with  that  of  (7),  1,  given  for  O  in  Fig.  9G. 

We  can  now  find  the  condition  that  a  disk  or  hoop  may  roll  upright  in  a 
straight  line.  It  is  only  necessary  to  put  in  (13),  5,  /m  =  0,  9'  =  W.  We 
obtain  for  the  case  in  which  the  disk  carries  a  coaxial  flywheel 

0_(K+Cn)(K+Cn  +  Mahi)-AMn<<  _ 

P"~  A(A+Ma2) 

The  condition  is  therefore  the  inequality 

(K+Cn)(K+Cn+Ma?n)>AMga (6) 

Let  us  take  K  positive,  and  consider  the  values  of   n   which  satisfy  the 

quadratic  (K+Cn)QL+On,+Ma?n)  =  AMga, 

that  is  C(C+Ma2)7i2+K(2C+Ma8)TO+K2-AMgfa=0 (7) 

If  AMga  >  K-  there  will  be  a  positive  value  of  n  and  a  numerically 
greater  negative  value  which  both  satisfy  the  quadratic.  For  the  satisfac- 
tion of  the  inequality  the  value  of  n  must  either  be  greater  than  this  positive 
value  or  less  than  this  negative  value. 

On  the  other  hand,  if  K- >  AMga  both  roots  of  the  quadratic  are  nega- 
tive, and  any  value  of  »  which  does  not  lie  between  these  roots  will  enable 
the  dist  fco  roll  upright  in  a  straight  line. 
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If  K  be  zero  the  condition  becomes  <n,a>> AMga/C(Q+Ma2),  which  Cora 

hooj)  is  n  >  (;/  4(0",  and  for  a  uniform  disk  is  ?i>((//!kf, 

Tims  the  hoop  is  more  stable  than  the  disk,  requiring  for  the  same 
radius  Less  speed  of  rotation  in  the  ratio  of  3*  to  2,  in  order  to  remain 
upright, 

7.  Rotting  of  a  disk  <>n  a  table:  calculation  from  fi/rst  principles.     We 

may  verify  (5)  from  first  principles.  For  a  .small  angular  deviation  «  from 
the  vertical  d  and  \f/  are  both  small.  Hence  the  total  rate  of  production 
of  a.m.  about  a  tangent  to  the  trace  of  the  point  of  contact  on  the  horizontal 
plane  is  approximately 

(A+Ma2)0+{K+(C+Ma2)tt}^=M0aa (1) 

Also  when  the  disk  is  rolling  upright  we  have  vY  =  0,  and  when  it  is  tilted 
over  through  the  angle  a,  (C  +  Ma2)n  is  changing  at  rate  Ma.2di/>  cos  a,  which 
may  be  neglected. 

We  have  also,  from  the  constancy  of  a.m.  about  the  vertical  through  the 
point  of  support  and  the  fact  that  \js  is  now  denoted  by  0, 

A0cosa  +  (2Afxa  —  Cn  —  K)d  =  0,)  /9% 

or  A/3-(C?i  +  K)d  =  0.J 

Now  writing  as  before  a  =  r  sin  (pt  —  f),  0  =  8  COS  (pt  —  /),  we  obtain 

-(A+Ma2)pV-  {K+(G+Ma2)n}sp  =  Mgar,}  (3) 

mi                 .          r         {K+(C  +  Ma2)n}»              Aw2  m 

Ihusweget  -=  —  *  ' ,l  =  —  — — ^        4) 

to  s         (A+Ma2)p2+M#a         (K  +  Cn)2> 

Therefore  2_(K  +  Cn)(K  +  Cn  +  Ma*n)-AMga  ,5) 

ineieiore  p  -  A(A  +  Ma2)  ' v  } 

which  agrees  with  (13),  5. 

8.  Rising  of  a  top  when  spinning  on  a  rounded  peg.    Elementary 

//isctissioi/.  We  see  by  experiment  that  a  top  supported  on  a  rounded  peg 
rises  under  certain  circumstances,  and  a  prolate  ellipsoid  of  revolution,  or  a 
hard-boiled  egg,  if  spun  as  described  above  [16,  I],  rises  from  a  lowest 
position  of  the  centre  of  gravity  and  spins  stably  on  one  end.  Initially  the 
top  is  spun  in  some  one  of  various  ways.  Generally  it  is  thrown  from  the 
hand  so  that  it  alights  on  its  peg.  As  a  rule  the  speeds  u,  v,  \js  are  small. 
and  the  speed  n  of  rotation  is  large.  The  result  is  that  the  friction  F'  is,  for 
the  counter-clockwise  turning  indicated  in  Fm.  !KS,  in  the  direction  there 
shown,  and  is  as  great  as  the  reaction  \l  can  make  it;  for  the  point  of 
contact  of  the  solid  owing  to  the  rapid  rotation  slips  back  on  the  plane 
and  the  friction  is  not  limited  to  that  required  for  pure  rolling. 

The  centroid  G  of  the  top  and  the  point  of  contact  O  in  the  supporting 
horizontal  plane  move  in  concentric  circles  which  slowly  change  with  the 
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inclination  of  the  axis  to  the  vertical.  Figure  99  shows  the  latter  circle  and 
the  projection  of  the  former  on  the  supporting  plane.  The  line  OG'  is  the 
projection  of  the  axis  of  figure  on  the  horizontal.  The  spin,  which  is 
counter-clockwise  when  regarded  from  a  point  outside  the  top  on  the  axis  of 

Couple 
Axis  i 


Fig.  98. 


figure  produced,  gives  a  velocity  v  of  slipping  of  the  point  of  the  top  in 
contact  with  the  plane,  represented  in  magnitude  and  direction  by  the  line 
marked  v.  Besides  this  motion  of  the  contact  point  of  the  top  due  to 
slipping,  there  is  a  component  of  amount  v,  due  to  precession,  indicated  in 
the  diagram  by  the  line  marked  >•'.  The  vector  v  is  at  right  angles  to  OG', 
and  the  resultant  vr  of  v  and  v'  is  inclined  to  OG'  at  an  angle  exceeding  (for 


Pig.  99. 


the  particular  case  dealt  with  in  Fig.  99)  a  right  angle.     The  directions  < 

and  ('(J'  are  parallel.  The  direction  of  the  resultant  friction  F  (not  the  F 
of  1  above),  due  to  the  action  between  the  top  and  the  plane,  La  opposed  to 
tins  resultant, and,  if  transferred  to  G  without  change  of  direction,  must 
p-ive  a  Eorce  towards  the  centre  of  the  circle  in  which  G  moves.  This  is 
only  strictly  true  in  the  case  of  Bteady  precessions]  motion. 

As   G    moves    in    a    circle    the    axis   OG    moves   on   a    hyperboloid   of 
one    sheet    coinciding   with    successive    rectilineal    generators,   and    if   the 
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bop    rises    or    falls    this    surface    varies    in    the    manner    described    in 
Chapter  XXI. 
The  couple  Fisin  d>,  where  (/>  is  the  inclination  of  the  whole  friction  F  to 

OG,  and  /  is  the  distance  OG,  has  its  axis  perpendicular  to  the  plane  of  ()<  '• 
and  F,  and  [  Fie'.  <><)],  when  n  is  great  enough,  acts  so  as  (in  the  usual  phrase) 
to  hurry  the  precession,  and  the  axis  of  A.M.  moving  towards  it  raises  the 
axis  of  the  top  towards  the  vertical.  The  top  rises  and  the  points  O,  C,  G 
approximate  more  and  more  to  coincidence  until  when  the  top  reaches  the 
upright  position  (which  it  will  do  if  the  spin  is  fast  enough)  it  turns  only 
about  the  axis  of  figure  and  "sleeps." 

The  couple  Y'x,  specified  in  1,  is  part  of  this  couple,  and  tends  to  slow  down 
the  rotation  of  the  top,  and  this  action  is  aided,  and  generally  exceeded,  by 
the  couple  due  to  air  friction.     The  rotation  diminishes,  hence  the  upright 


Mgk 


Axis  of 
Couple 


position  becomes  unstable  and  is  deviated  from.  The  speed  v  of  slipping 
i-  ii-iw  so  small  that  Fig.  99  has  changed  to  Fig.  100.  The  couple  which 
formerly  hurried  precession  now  delays  it,  and  when  the  axis  of  figure 
becomes  more  inclined  to  the  vertical,  the  top  falls. 

If  the  speed  of  rotation  is  not  great  enough  the  axis  will  not  rise  to  the 
vertical.  The  diagram  will  be  intermediate  between  the  rising  diagram  of 
Fig.  99  and  the  falling  diagram  of  Fig.  100,  that  shown  in  plan  and 
elevation  by  Figs.  101,  102,  in  which  the  centroid  G  is  above  the  centre  of 
tht.'  circles,  and  the  top  rolls  round  on  a  small  circle  of  points  of  contact 
symmetrical  about  the  axis  of  figure. 

The  theory  of  the  rising  of  a  top,  as  caused  by  slipping  of  the  rapidly 
rotating  peg  on  a  rough  supporting  plane,  seems  to  he  due  to  Archibald 
Smith  (Ca ml'.  Math,  Jowrn.,  1, 1.S47).  The  following  mathematical  theory  is 
in  the  main  t  li.it  given  byJellett  in  his  Theory  of  Friction,  .lellett  assumed 
that  tie'  top  rotated  so  rapidly  that  the  force  of  friction  might  be  taken  as 
perpendicular  to  the  vertical   plane  determined   by  the  centroid  and   the 
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point  of  support.  The  result  given  in  (3)  below,  however,  does  not  involve 
this  condition,  a  fact  pointed  out  by  Routh  [Adv.  Rigid  Dyn.,  5th  edition, 
p.  167]. 

9.  Centre  of  gravity  of  a  ?<>/>  raised  by  friction.  If  we  suppose  the 
rounded  end  of  the  axis,  the  "  peg,"  to  be  spherical  and  of  small  radius  p, 
with  centre  O'  on  the  axis,  we  can  trace  the  process  of  rising  of  the  axis. 
From  (2)  and  (3),  1,  we  have 

Ai£ sin-0  +  2AV> sinO cos 0.0-C?i sin  0.0=-Cn-,  (1) 

P 

which  is  an  exact  equation.     Denoting  O'G  by  h,  we  have  z  =  /< +  p  cos  0, 

and  so  the  equation  just  written  becomes 

Ayfr  sin-0  +  2A^sin  Q cos0.0-Cn sin 0 .  0  +  Cn cos 0  =  -Ch- (2) 

Thus  we  obtain  by  integration 

A^sin20+Crc(cos0+-)  =  N, (3) 

where  N  is  a  constant.     This  equation  is  also  exact.     It  can  be  obtained 
directly  by  observing  that  the  time-rate  of  increase  of  the  A.M.  about  the 
vertical  through  G  (that  is  of  the  quantity  A\jssin20  +  Cncos0)  is  FVisin  0, 
and  then  substituting  —Ch/x,  or  —Ch/psin  0,  for  F'. 
If,  initially,  n=n0  and  \is  =  0,  (3)  becomes 

A^sin20  +  C(?icos0-??ocosOo)=-/'  C(n-nQ) (3') 

P 
But  if  \f/  be  small  we  get  approximately 

C(ncos6—  nocos0o)=  —  Q(n—  n0) (4) 

P 

The  quantity  on  the  right  is  positive  since  n  <Cn0.     Thus  cosO>cos0o 

and  6  <  00.     The  axis  has  therefore  risen  through  the  angle  0O  —  6. 

If  c//o  =  20,   0O  =  6O  ,   which   are   possible   numbers,   since   we   may   have 

z  —  2  5  and  p=  I,  in  inches,  we  have,  very  nearly, 

2  cos  0  - 1  =  40(?i0  -  n)/v0 (5) 

Thus  0  will  be  zero  when  (n0  —  n)J7i0  is  1/40,  that  is  when  :iV  of  the  original 
spin  has  been  destroyed. 

The  percentage  loss  of  angular  speed  of  spin  required  to  bring  the  axis  of  the 
top  to  the  vertical  is  p(l  —cos  90)/H)0(p  +  lt),  and  is  thus  proportional  directly 
to  the  radius  of  the  peg  and  inversely  to  the  distance  of  G  from  the  point. 

On  the  SuppositioD  of  negligible  \/r  the  time-rate  of  variation  of  Ocan  also 
be  found  approximately.     From  (2)  we  have,  writing  k  for  h/p, 

6=  .  /' (»>) 

n  sine 


or,  since  n=  —F'p  sin  0/C, 


a         y  +  cosfl^, 

°- C^T"F^ (0 
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Thus  tor  a  given  value  of  F'  the  rate  of  diminution  of  6  is  Tor  any  given 

value  of  the  angle  proportional  to  p.  Hence  the  sharper  the  peg  the  slower 
is  the  rise,  ami  if  the  pee;  he  very  sharp  indeed  the  top  will  not  rise,  at  all. 
Also  for  various  applications  it  is  important  to  notice  that  if  Cn  be  great  the 
rate  of  rising  is  correspondingly  slow.  A  fast  spinning  top,  brought  to  the 
vertical  by  friction  alone,  is  thus  a  slowly  acting  contrivance. 

10.    Condition  of  minimum  kinetic  energy.     Equation  (3),  9,  means  that 

the  A.M.  about  the  line  OG  remains  constant  as  the  top  moves.     For  we  can 

write  the  equation  in  the  form 

.    •    .    apsinO     n    h  +  pcos6     XTp  ,-.. 

A\fssm6r    .      +Cn t-j—   -  =N'/, (1) 

where  2  represents  the  distance  OG.     The  components  of  A.M.  about  the 

axes  GC  and  GE  (Fig.  96)  are  On  and  A^sinfl,  and  p  sin  6/1,  (It +  p  cos  6)jl 

are  the  cosines  of  the  angles  GON,  NGO. 

Our  object  is  to  find  the  condition  that  the  kinetic  energy  may  be  a 

minimum.     One  condition  obviously  is  that  G  should  be  at  rest,  and  that 

6  =  0.     For  the  former  the  kinematic  condition  is 

np  sin  6  =  \}ssin  6{it-\-p  cos  6), 

n  \lr  sin  6  , _. 

or  =  -±- — ; .     (2) 

h  +  pcosd     psinO 

That  this  gives  minimum  kinetic  energy  subject  to  constancy  of  N  may 
be  proved  as  follows     We  have  the  expressions  for  the  kinetic  energy  and  N, 

T=HC^2-fA^2sin2e),  } 

p?s  =  A  pxj,  sin2  6  +  On  (h  +  p  cos  6).} ['  ' 

These,  with  the  condition  6  =  0,  give  for  T  a  minimum,  and  N  a  constant, 
Cn  dn  +  A\js  sin  6 d (\jr  sin  6)  =  0,  C(/<  +p  cos  6)dn  +  Ap  sin  6  d(\Js  sin  6)  =  0, 

and   therefore  the  relation  (2),  which,  it  will  be  noticed,  is  the  condition 

for  pure  rolling  about  OG.     When  (2)  is  satisfied  the  points  on  OG  are 

instantaneously  at  rest. 

Equation  (2)  can  be  written 

Cn  (h  +  Pcos6)_A\js  sin2  6 

C  (h  +  p  cos  6)2  =:z  p A  sin2 6' 

which  gives  for  each  ratio  in  (2)  the  value 

Cn(h  +  p  cos  6)  +  pAyjs  sin26  _  Np 


C{h+pcos6)1  +  p2Asiri-6     "IP* (4) 

where  I  is  the  moment  of  inertia  of  the  top  about  OG.     Thus  by  (1),  the 
common   value  of  the  ratio  in  (2)  is  the  product  of  the  ratio  of  the  a.m. 
about  OG  to  the  moment  of  inertia  about  that  line  by  the  multiplier  1/Z. 
Now  consider  the  energy  of  the  top.     Equation  (2)  gives  by  (4) 
n2  _   yV-'sin-'fl  C?i2  +  A^2sin2fl  _N/o 

n{h+9cos6)~  pj/sitf6~ On{h+pcos6)  +  Ap\\,sitf6~~  K2" 
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If  T  be  the  part  of  the  kinetic  energy  due  to  the  rotation  about  GE  and  the 
spin  about  the  axis  of  figure,  we  have  by  (1) 

2T=  C?i2  +  Ax/Asin2fl 

/oN  ~~  Cn  ( h  +  p  cos  6)  +  Ap  y>  sin2:0 ' 
Combining  this  with  (5)  we  get 

T-i^F' (6) 

so  that  T  varies  inversely  as  II2. 

Initially  T=  !<  '/>,,-,  for  \js  =  0  at  the  beginning  of  the  motion.  Then  also 
if  cos0o  =  so,  we  get  by  (3) 

pK  =  CnQ{h+Pz0) (7) 

The  potential  energy  may  be  taken  as  Mgh(z  —  z0)  where  z=cos6,  and  so 
the  least  energy,  Ew  say,  which  the  top  can  have  for  any  value  of  0,  is  given 
(with  this  value  of  N)  by 

Em=M!,!,(  =  -z0)  +  hp^ (8) 

The  kinetic  energy  here  taken  account  of  is  the  whole  kinetic  energy  with 

the  exception  of  hAd2,  that  due  to  the  rate  of  change  of  0. 

When  the  axis  of  the  top  has  become  vertical  the  minimum  energy  for 

that  position  is  the  whole  energy.     We  have  then  z  =  l,  and  B2=C(p+A.)2. 

Thus  (8)  becomes  ihA-mzY 

E  =  M0h(l-z0)  +  lC,/^;p (9) 

This  value  of  E  must  be  less  than  the  initial  value  '.<';/,,-.  and  thus  we 
have  the  inequality 

KV>  Mr/Ml _g+icv<-^t^ (10) 

If  hfp  =  Jc  we  can  write  this  inequality  in  the  form 

n°  >^    C    2/,-+l  +  r0 [     } 

When  p  is  small  compared  with  h,  as  it  usually  is,  /,-  is  great,  and  so  "/?02 
fulfils  the  inequality  through  the  preponderance  of  (&  +  1)2  over  2&+l+z0. 
If  p  be  extremely  small  the  initial  spin  n0  is  very  great,  and  tends  to  infinity 
as  p  is  diminished  towards  zero.  Thus  we  have  another  pn>of  th.it  a  sharp- 
pointed  top  will  not  rise. 

11.  Minimum  kinetic  energy  is  necessary  but  is  not  sufficient  for 
f/n  erection  of  a  f"/>.  We  have  thus  obtained  an  inferior  limit  for  m02, 
when  the  top  i1-  started  with  its  axis  at  inclination  cos-1  z0  to  the  vertical. 
Satisfaction  of  this  inequality  is  necessary,  but  is  qo<  sufficient  to  ensure 
that  the  top  will  rise  to  the  vertical. 

This  question  has  been  discussed  in  a  very  interesting  manner  by  Mr.  E.  G. 
Gallop  [Co mil.   /'hi/.   Trans.,  XIX.  1904],  from   the  point  of  view  of  the 
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variation  of  energy  which  takes  place  as  the  top  erects  itself.  As  we  have 
Been  [(8),  10],  the  minimum  value  <>f  E  for  inclination  O  =  cos-10  is  given  by 
the  equation  «-N2 

fc-MMtict^p^ (i) 

Suppose  a  curve  drawn  with  values  of  z  as  abscissae  and  the  corresponding 
values  of  F,,,,  the  minimum  energy,  as  ordinates.  The  energy  of  the  top, 
while  the  axis  is  rising,  will  be  greater  than  E  [(9),  10],  for,  in  order  that  a 
couple  •hurrying"  the  precession  may  exist,  it  is  necessary  that  the  top 
should  have  an  angular  speed,  as  explained  in  8,  over  and  above  the  angular 
speed  required  for  pure  rolling  about  OG.  Also  the  value  of  the  energy 
will  continually  diminish,  for,  since  there  is  dissipation  of  energy,  the  gain 


of  potential  energy  must  be  less  than  the  loss  of  kinetic.  The  curve  of 
variation  of  the  real  energy  must  start  from  some  point  above  the  curve  of 
minimum  energy,  and  only  meet  the  latter  curve  at  the  upright  position  as 
shown  in  Fig.  103.  For,  if  the  curves  met  earlier,  there  would  be  cessation 
of  loss  of  energy  at  the  point  of  meeting,  as  the  rolling  would  have  become 
pure,  and  the  top  could  not  erect  itself. 

For  consider  the  energy  E  for  any  point  on  the  line  QR  in  the  diagram. 
The  inclination  of  the  axis  to  the  vertical  may  have  any  value  between  that 
for  the  point  Q  and  zero,  and  the  top  will  oscillate  so  that  the  succession  of 
values  of  cos_1s  is  given  by  the  abscissae  of  points  in  QR,  As  the  process 
goes  on  more  and  more  energy  will  be  dissipated,  and  the  point  P  will  take 
position  in  the  line  QR'.  Finally  the  point  will  have  reached  B,  and  the 
top  will  be  at  constant  inclination  0  =  0. 

Thus  the  top  cannot  reach  the  vertical  unless  the  energy  E  — Ea  is  dissi- 
pated, where  Ea  is  the  minimum  energy  for  0  =  0,  and  it  is  clear  that  as 
energy  is  being  continually  dissipated,  owing  to  the  fact  that  pure  rolling 
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has  not  supervened,  the  erect  position  must  ultimately  be  reached  with 
reduction  of  the  energj*  precisely  to  Ea. 

The  energy  curve  must  be  above  the  curve  of  minimum  energy  as  shown 
in  the  diagram.  To  ensure  that  this  can  always  happen  the  minimum  energ}* 
must  also  continually  diminish  as  z  increases.     Now  from  (1)  we  have 

d^  _  A!7,/,       l  02TW'2   f'(z)  ( 2 \ 

-jz-Mfjh—.jp  J>    ,,,,,._>> \-> 

where  f{z)~C{h+pz)*+Ap*{l-z*) (3) 

f'(z) 
Hence  we  are  to  have  ^2X2  '  ,.v  vV>>  MgrA,, (4) 

\J\Z)}~ 
and  the  conditions  will  be  fulfilled  if,  when  2  =  1, 

-p2N2{Aw>%/t; (5) 

and  also  *  /'({%<0 (6) 

Hence  we  are  to  have 

{/w-*/(4n*)>o (>) 

/»  =  2(C-A)^  +  2CP/i,    /"(*)  =  2(C-A)p*j ' 

and  we  find  easily 

{/'(*)}2-4./W'(s) 

=  S(C-A)yz-  +  6C(C-A)pViz  +  C{SC  +  A)pVt2-A(C-A)p\  ...(9) 

On  the  right  the  coefficient  of  z2  is  positive.  The  whole  expression  will 
therefore  be  positive  if  the  roots  of  the  quadratic,  obtained  by  equating  the 
expression  to  zero,  are  imaginary.  The  condition  for  this  is  easily  found 
after  a  little  reduction  to  be 

C/r/r-(C-AV>0, 

or  with  k*=h?/.pz,  C/c2-(C-A)>0 (10) 

If  C  <  A  this  inequality  is  fulfilled,  if  C>  A  it  is  fulfilled  if 

/•->  1-A/C. 
Km-  ;ui  ordinary  top  /.-2>- 1,  so  that  the  inequality-  is  always  fulfilled. 

12.  Siniiiniirn  of' ronditiimx/or  tin  /-/'si  of' a  f<>]>.  Summing  up  we  have 
the  condition  (10),  11,  and  also 

Mj*-foOT^&<0 • (1) 

for  which  it  is  necessary  that  /'(I)  >  0,  that  is,  by  (8),  11. 

C(/.-  +  l)>A (2) 

and  also,  since  f(])  =  2p' {C(I:+\)- A},  f(\)  =  C(p  +  /i)-  =  Cp-(\ +k)-, 

^>^^0i • w 


xviii  THE  RISING   OF  A  SYMMETRICAL  Tor  390 

If.  initially,  the  motion  consists  of  a  spin  n0  about  the  axis  of  figure,  we 
hftVe  K  =  Cn0(k  +  z0), 

and  the  last  condition  becomes 

The  conditions  (10),  11,  and  (2)  refer  to  the  construction  of  the  top,  con- 
dition (3)  must  be  fulfilled  by  the  motion.  When  all  are  fulfilled  the  top 
can  and  will  reach  the  vertical,  provided  the  energy  has  been  reduced  by 
sliding  friction  from  the  initial  value  to  the  absolute  minimum  Ea.  The 
conditions  are  all  fulfilled  by  a  hard-boiled  egg,  or  by  a  nearly  egg-shaped 
ellipsoid  of  revolution,  as  in  the  experiment  described  in  16,  I,  above. 
Without  a  sufficient  amount  of  sliding  the  top  will  not  rise.  This  explains 
the  failure,  which  the  reader  may  verify,  of  an  egg-shaped  solid,  made  with 
a  very  rough  surface,  to  rise  when  spun. 

The  limiting  value  of  nQ  given  by  (4)  is  greater  than  that  given  by 
(11),  10.     For  the  ratio  of  the  former  to  the  latter  is 

H**1'  {C(k+l)-A}(k  +  zor 

Now,  by  (2),  C(k-\-l)  —  A  is  positive,  and  the  ratio  is  diminished  by  substi- 
tuting C(/t  +  l).  Also  it  is  diminished  by  substituting  z0  for  1  in  the 
numerator  of  the  fraction.  These  changes  make  the  ratio  (k+l)/(k  +  z0), 
which  is  greater  than  1.  Thus  the  ratio  though  diminished  is  still  greater 
than  1.  Hence  (4)  covers  also  the  condition  (11),  10. 
It  is  interesting  to  compare  (4)  with 

C2??2>4AM^, 

the  condition  found  in   17,  II,  above,  as  that  of  stability  of  a  top  in  the 
upright  position.     The  inequality  (4)  is  equivalent  to 

^8>^C(i++l)-A- 

The  limit  here  indicated  is  greater  than  the  former.     For,  neglect ing  the 
common  factor  Mc}h,  we  have 

_Cy/.  +  l)J       ,,_{C(*  +  1)-2AF 
C(fc  +  1)-A  C(£+l)-A    ' 

which    is    positive    since    C(/.-+l)  — A    is    positive.      Thus    (4)    covers    thr 
previously  found  condition. 

13.  Numerical  examples.  Mr.  Gallop (loc.,  pit.)  takes  as  a  numerical  example  a 
top  for  which  A=C  =  3M,  /<  =  4,  r0=0-866,  and  p  =  0-2  in  cms.  Thus  /=20.  Hence  the 
limiting  value  of  «,,-'  ia  214x981  x  4/60  x  20-866-,  or  //,,=-- 171,  in  radians,  verj  nearly.  The 
condition  (11),  10,  gives  «0=166,  in  radians, 
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If  we  take  the  initial  value  of  n  as  200  the  initial  energy,  when  the  potential  energy  is 
reckoned  from  the  starting  position,  is  60000M,  on  the  supposition  of  zero  precessional 
motion  at  starting.     At  the  vertical  the  rotational  energy  is,  by  (9)  of  10, 

Thus  the  rotational  angular  speed  has  been  reduced  from  200  to  200  x  4'1732/4'2,  that  is 
to  1987,  or  about  0'65  p.c. 
The  initial  energy  60000M  has  been  diminished  to 


/  4'1 732^\ 

M(981  x4x -134  +  60000         'yi    J, 


that  is  to  59763M.     The  diminution  is  thus  rather  less  than  0*4  p.c.  of  the  original  energy. 
When  this  small  amount  of  energy  has  been  dissipated  the  axis  has  become  vertical. 

Mr.  Gallop  gives  a  table  by  which  the  values  of  6  on  the  limiting  curve  of  minimum 
energy  can  be  traced  for  increasing  amounts  of  energy  dissipated.  Of  this  we  give  an 
abridgment  for  the  sake  of  one  or  two  points  of  interest. 


Loss  of  Energy. 

Value  of  z. 

Value  of  0. 

0 

.  0-8444 

32s  23'  [Initial  value  30°] 

■  UKo-E,) 

0-8593 

30°  46' 

^(Eo-Ej) 

0-8743 

29°  2' 

&(Eo-E,;) 

0-9048 

25°  12' 

i'(j(Eo-Ei) 

0-9359 

20°  38' 

^(Eo-E,) 

0-9676 

14°  37' 

E0-E, 

1  -ooo 

0°0' 

It  will  be  seen  from  the  table  that  at  starting  the  top  first  falls  a  little.  This  must 
happen,  since,  if  there  is  no  azimuthal  motion  at  the  starting,  the  large  couple  applied  to 
the  top  by  gravity  comes  into  play,  and  it  is  only  after  the  top  has  fallen  a  little  that  it  has 
a  precessional  motion,  compensating  the  production  of  a.m.  about  the  vertical  which 
arises  in  consequence  of  the  alteration  of  direction  of  the  axis  of  spin.  Also  the  frictional 
couple  comes  into  play  and  helps  to  check  the  fall. 

Thus  if  the  top  rise  very  slowly,  with  near  approach  to  pure  rolling,  it  will  follow  the 
curve  of  minimum  energy  very  closely  ;  but  the  curve  of  variation  of  energy  will  begin 
with  a  horizontal  part,  in  which  z  diminishes  without  perceptible  loss  of  energy,  until  the 
cinve  of  diminishing  energy  is  nearly  reached. 

Finally  it  is  to  be  noticed  that,  though  it  is  true  that  the  axis  will  have  reached  the 
vertical  when  the  energy  has  been  reduced  from  the  initial  value  E„  to  the  absolute 
minimum,  it  does  not  follow  that  this  energy  E0-E(l  will  be  dissipated  and  the  top  rise. 
I'm  if  the  plane  be  very  rough  the  top  may  be  brought  to  a  state  of  pure  rolling,  or 
nearly  so,  very  quickly,  and  the  axis  will  then  move  in  a  cone  round  the  vertical. 

In  all  that  has  been  stated  above,  no  account  has  been  taken  of  the  action  of  the  air  on 
the  top.  This  may  reduce  the  spin  below  the  necessary  limit  before  the  friction  couple 
aeting  at  the  peg  has  brought  the  top  to  the  vertical. 

14.   A  top  in  form  of  a  sphere  loaded  symmetriccdly  about  a  diameter. 

As  a  particular  case  let  the  top  be  a  sphere  loaded  symmetrically  about  a  diameter  ;  and 
let  it  be  placed  with  the  line  of  symmetry  horizontal,  and  spun  counter-clockwise  with 
speed  /i,t  about  the  upward  vertical  diameter.  The  a.m.  is  A/*,,,  and,  if/;  be  the  distance 
of  the  centroid  from  the  centre,  the  linear  speed  of  the  centroid  is  n/>,  and  the  initial 

e^rgy  E0  is  given  by  E0=i<A+A»)«0« (D 
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The  final  energy,  by  (9),  10,  is,  since  the  erection  causes  no  change  of  a.m.  about  the  vertical, 
The  condition  E0>  E,  leads  t<> 


E,=M,A+ic^p <*> 


l  (A  +  A»-(.    A+Jn„ j  „,?>Mg/< (3) 

It  is  tn  be  remembered  that  in  this  case  it  is  not  very  great.  Tlie  coefficient  of  «02is 
positive  if  the  condition,  (-),  12,  C(k+ 1)>  A  is  fulfilled,  and  we  see  that  the  top  mrisl  be 
started  so  that  2M  h 

V>  — p (4) 

The  condition  that  <IE  dz  should  be  negative  gives  [(3),  12] 

.     Mgh    0»(fc+l)«  , 

""~>~A*~C(k+l)-A'   (  ' 

and  this  includes  condition  (4).     The  condition  (10),  11  must  also  be  fulfilled. 

We  conclude  that  the  method  just  discussed  is  applicable  to  this  outwardly  spherical 
top,  if  C(£  +  l)-  A  and  C£2-(C  —  A)  are  both  positive  and  «,,'-'  satisfies  (5).  By  Fig.  103  it 
is  clear  that  if  the  energy  is  reduced  from  E0  to  E,  where  E  is  such  that  the  equation 

A2?;  - 

has  a  root  £  between  -  1  and  +1,  the  inclination  of  the  axis  to  the  vertical  is  less  than 
-  -1£. 

15.  Cni form  sphere  loaded  by  an  additional  spherical  distribution. 
In  an  example,  also  given  by  Mr.  Gallop,  a  uniform  sphere,  radius  II  and  mass  M,  is 
loaded  by  rej)lacing  a  spherical  portion  with  denser  material  giving  an  additional  mass  in. 
The  distance  between  the  centres  of  the  spherical  surfaces  is  c.  It  is  found  that 
( -k-  -  (( '  -  A)  >  0  is  satisfied  at  once,  and  C  (k  + 1 )  -  A  >  0  if  e/K  >  ?  (1  +  mr-/MR-). 

With  R  =  10,  r=2,  c  =  2,  density  of  load  21  times  that  of  the  sphere,  and  initial  angular 
speed  re„>  19*14  (radians  per  second),  permanent  rotation  with  axis  vertical  is  attained 
with  I '3  per  cent,  loss  of  spin.  For  proper  slope  of  the  guiding  curve  «„  >  24'8  is  required. 
With  /',,  =  30,  the  initial  energy  is  15865M,  and  the  final  15471M,  in  c.o.s.  units. 

Also  it  is  found  that  according  as  the  initial  spin,  30,  is  about  the  vertical  through  the 

c<ntre  of  the  spherical  surface,  or  about  the  vertical  through  Gr,  the  maximum  value  of 

$=cos~1  z  is  given  by 

0-82  z?  -  51  -38  z-  + 1 31 7  z  + 10-26  =  0, 

...  0-82  :3- 51-27  --  +  131-3  z  +  2-641=0. 

Roots,  relevant  to  the  problem,  are 

-  0*0756  =  cos  94°  20',      -  0'02  =  cos  9 1  °  9'. 
The  reader  may  verify  these  results. 

16.  Example  1.  Heterogeneous  sphere  with  outre  of  mass  at  the 
centre  of  figure.  The  principal  moments  of  inertia  at  <;  are  A,  15,  (',  and  the  angular 
speeds  about  the  principal  axes  <i>1,  b)2,  (o3.    Show  that  the  a.m.  about  tin-  vertical  is 

(  -  A<i>1cos</>  +  I'm. ...sin  </,)sin  6+C<i)3C08  6=  N, 

a  constant,  where  $  is  the  inclination  of  the  C  axis  to  the  vertical,  and  </>  the  inclination 
of  the  plane  through  the  A  and  C  axes  to  the  vertical  plane  containing  the  C  axis. 
G.G.  '-' 
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Show  also  that  the  minimum  value  of  the  energy  E  is 

N2 


.1 


2(Acos2<£  +  Bsin2<£)sin20  +  Ccos20' 
corresponding  to  a  motion  of  pure  rotation  about  the  axis  of  figure,  and  that  when  <\>  is 

allowed  to  vary  .  JJ2 

E  =  ^Asin20  +  Ccos20' 

Writing  x  for  cos20  and  denoting  the  quantity  on  the  right  of  this  equation  for  E 
by  y,  £N2/{A  +  (C-A).r}  by  F(.<),  show  that  the  curve  y=Y{x)  is  a  hyperbola,  and,  if 
C>A,  slopes  towards  the  axis  of  .>',  like  the  limiting  curve  in  Fig.  103. 

Hence  show  that  the  C  axis  will  be  brought  into  the  vertical  when  the  energy  is 
reduced  to  N2/2C,  so  that  sliding  friction  causes  the  axis  of  greatest  moment  to  approach 
the  vertical. 

When  the  energy  in  the  motion  considered  in  the  preceding  examples  has  a  given 
value  E,  show  that 

,  fN--2AE)* 
^<C0S     \2E((J-Ajj  ' 
and  verify  the  conclusion  in  the  last  example. 

17.  Further  examples.  (1 )  Writing  £  =  /<+/)  cos  6,ij  =  p  sin  8,  wx  =  ^r  sin  6,  show 
that  the  equation  of  energy  is,  if  there  is  no  slipping, 

{A  +  M(^  +  ,/2)!^  +  AWl2  +  C/(2  +  M(4-Wl  +  ,;;02  =  2(E„-V), 

where  E  is  the  initial  energy. 

(2)  Also  using  the  equation  of  a.m. 

-A?/oi1  +  C^«  =  />N, 
show  that  if  v  be  the  resultant  speed  of  G, 

Cff+A^     (  .     p*N*    \        A(C-A)         ^ 

Show  that  if  6  =  0  and  z  =cos  6 

V  _AC  +  p2{C(/fc+22)  +  A(l-22)}1    °     *Wh 
where  F(x)  =  Mgh(z-z0)  +  1,-^-^-^—^. 

(3)  Also  show  that  if  (4),  12,  is  fulfilled  Ey-F^'')  increases  as  the  top  rises.  Prove 
also  that,  if  (,(/+l)-A>0,C(yt  +  z)2  +  A(l-:2)  increases  as  x  increases.  Finally  show 
that  therefore  f2  is  greater  when  G  is  in  the  highest  position  than  when  it  is  in  the 
lowest. 

(1)  Deduce  conclusions  as  to  the  possibility  of  the  top's  attaining  a  state  of  steady 
motion  with  the  axis  vertical. 

[See  Gallop,  loc.  cit.  8Upra,  from  whose  paper  the  results  stated  in  the  preceding 
examples  are  taken.] 

18.  Energy  relations  for  a  top  spinning  about  <(  Ji<-<<t  point,  and 
tithing  up  sternly  motion.     As  we  nave  seen,  a  top  spinning  rapidly  about  a  fixed 

point  will,  if  left  to  itself  with  its  axis  of  figure  at  rest  inclined  at  sonic  angle  90  to  the 
vertical,  fall  away  from  the  vertical,  acquiring  at  the  same  time  a/.imuthal  speed  \p.  This 
azimuthal  turning  grows  up  to  a  maximum  and  the  speed  6  diminishes  to  zero,  and  the 

axis  then  begins  to  return  to  its  former  value,  which  it  reaches  only  to  begin  the  same 
variation   of    motion   again   at,  of  course,  a   new  azimuth.      We  may  consider  here  the 

energy  relat  ions  invoh  fi\. 
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It'  Ow  is  great  this  foiling  away  is  small,  the  maximum  azimuthal  Bpeed  is  twice  t h<- 
average  speed  with  which  the  axis  turns  round  the  vertical  [see  I.  VI,  above].  This 
oscillatory  motion  will  be  damped  out  by  the  resistance  of  the  air,  and  the  top  will  settle 
down  to  an  approximately  Bteady  motion  about  the  vertical.  We  shall  Buppose  thai  the 
average  motion  about  the  vertical  is  not  changed  (which  amounts  to  supposing  that 
tlic  a.m.  «>f  spin  remains  constant) but  that  the  oscillation  is  damped  out.  Let  286  be  the 
maximum  angle  of  dip  of  the  axis  from  the  initial  inclination  <>,,.  Bj  this  sinking  of  the 
axi-  potential  energy  2Mgh sin 6086  is  lost.  If  2if  be  the  azimuthal  angular  speed  taken, 
the  kinetic  energy  gained  is  ZA^sin2^.    The  energy  of  spin  is  not  altered,  and  so  we  ha\<- 

2A^Bini60=2MghBin60.86 

oi  kfeamid0=MghBm$0.8d. 

After  the  oscillation  has  been  damped  out  and  the  average  azimuthal  speed  \p  has  been 
taken  up  the  energy  E  of  the  top  will  be  given  by 

E  =  Eo  +  i  Af 2sin2  6  -  Ugh  sin  0O .  86, 

where  K    is  the  initial  energy.     By  the  preceding  result  we  get 

E=E0-$Mgham60.86. 

Thus  energy  equal  to  half  the  work  done  by  gravity  in  the  change  86  of  inclination,  that 
is  equal  to  the  kinetic  energy  added  in  the  azimuthal  motion,  has  been  dissipated. 

This  recalls  a  theorem  in  electrodynamics.  Let,  for  example,  two  mutually  influencing 
circuits  on  which  are  impressed  electromotive  forces,  say  those  due  to  batteries  in  the 
circuits,  be  left  to  themselves.  They  will  be  relatively  displaced  by  their  mutual  action, 
and  the  currents  in  the  circuits  will  in  general  be  changed.  The  electrokinetic  energy 
will  be  increased  by  an  amount  of  dT,  and  work  qTW  will  be  done  in  overcoming  the 
ordinary  inertia  of  the  circuits,  and  therefore  in  producing  molar  kinetic  energy,  or  in 
otherwise  doing  external  work,  or  in  both  ways.  The  batteries  thus  are  called  upon  to 
supply  energy  dT  +  dVT,  in  addition  to  that  consumed  in  heat  in  the  circuits  during  the 
displacement. 

If  the  circuits  move  from  rest  to  rest  again,  so  that  the  changes  in  the  currents  are  zero, 
and  the  molar  kinetic  energy  is  zero,  and  if  the  change  in  configuration  of  the  system  be 
one  which  excludes  change  of  form  of  the  individual  circuits,  the  whole  energy  furnished 
by  the  batteries  is  2y1yidM.,  where  ylt  y2  denote  the  currents  in  the  circuits,  and  d~Sl  the 
change  in  their  mutual  inductance.  But  the  change  dT  in  the  electrokinetic  energy  is 
now  yr/^M,  so  that  dT  =  d\X  =  yiy,dM. 

The  energy  furnished  by  the  batteries  is  thus  equally  divided  between  the  increment  of 
electrokinetic  energy  and  the  external  work  done  in  the  displacement. 

If  the  work  </\Y  is  done  against  external  frictional  forces  the  equivalent  energy 
yxyadM  will  be  expended  in  producing  heat,  while  an  equal  amount  goes  to  augment  the 
electrokinetic  energy,  and  we  shall  have  an  exact  analogue  of  the  gyrostatic  example 
discussed  above.    The  circuits  pass  from  a  configuration  in  which  a  certain  coordinate. 

aay,  has  a  value  .<-,,  to  another  in  which  it  has  a  value  .',,  and  initially  and  finally  i  l- 
zero.      In  the  gyrostatic  example  H  i>  initially  and  finally  zero. 

Tie-  descent  of  this  top  through  falling  off  of  spin  is  discussed  in  Chapter  X  I  V. 


CHAPTER   XIX 

GENERAL  DYNAMICS   OF  GYROSTATIC   AND   CYCLIC   SYSTEMS 

1.   General  equations  of  dynamics.    Holonomous  and  not  holonomous 

system*.  If  we  suppose  the  equations  of  motion  for  each  of  a  system  of 
particles  to  be  written  down,  we  easily  obtain,  by  combining  them,  the 
so-called  variational  equation,  which  forms  the  foundation  of  Lagrange's 
treatment  of  the  dynamics  of  a  connected  system  of  particles.  Three 
typical  equations  of  motion  are 

m./;  =  X,     nijj  =  X,     mz  =  Z, (1) 

where  X,  Y,  Z  are  the  total  forces  from  all  causes  acting  in  the  three 
coordinate  directions  on  the  representative  particle.  Multiplying  the  first 
of  these  by  Sx,  the  second  by  Sy,  the  third  by  Sz,  and  treating  similarly  the 
triad  of  equations  for  each  of  the  other  particles  of  the  system,  we  get 

2{m(xSx+y8y+z8z)}  =  'Z(XSx+YSy+Z8z) (2) 

This  is  the  variational  equation.  One  or  two  remarks  regarding  it  may  be 
made. 

(1)  Only  active  or  working  forces  appear  in  the  equation,  The  X.  Y,  Z 
on  the  tight  are  not  the  total  forces  acting  on  the  particles.  Groups  of  forces 
which  do  no  work  on  the  whole  have  disappeared. 

(2)  The  system  is  in  general  subject  to  kinematical  conditions  or 
"constraints,"  and  Sx,  Sy,  Sz  are  typical  of  displacements  which  are  possible 
wit  hout  violation  of  these  conditions,  as  they  exist  at  the  instant  t  considered. 
These  conditions  are  expressed,  we  shall  suppose,  by  m  equations  connecting 
the  coordinates,  and  it  is  clear  that  m<3??,  otherwise  there  would  be  no 
freedom  of  motion  for  the  system. 

The  kinematic  equations  enable  the  coordinates  to  be  determined  in  terms 
of  the  :\ii  —m  others,  so  that  there  are  3/)  —  m  independent  coordinates. 

(3)  The  kinematic  equations  may  or  may  not  involve  the  time  t  explicitly, 
that  is  they  may  be  either  relations  between  explicit  functions  of  the 
coordinates  alone,  or  of  the  coordinates  and  /.  Thus  in  the  general  case 
they  are  of  the  form 

,M''i .  //  r  '- 1 ,  .''.j,  //._>.  8j '',i .  ,'/,/,  -„.  t)  =  \) (  '-  ) 
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and  give  the  inteerable  differential  relations 


S^&i       'JiH  i<>t  =  0. 


dz 


dt 


(3) 


If  t  thus  appears  the  kinematical  condition  is  said  to  be  variable:   if  the 

coordinates  alone  appear,  so  that  df/dt  =  0,  the  condition  is  said  to  be  invariable. 
Such  a  system  of  equations  of  condition,  with  or  without  the  explicit 
appearance  of  (,  is  characteristic  of  what  is  called  a  holonomous  system.  If 
the  conditions  are,  however,  in  whole  or  in  part  non-integrable  relations 
of  the  coordinates,  the  system  is  not  holonomous.  As  we  shall  see  the 
Lagrangian  equations  of  motion  do  not  hold  without  modification  for  a 
system  which  is  not  holonomous. 

2.  Generalised  coordinates.  We  shall  now  suppose  that  the  3?i  —  m  (  =  k) 
independent  coordinates  have  been  chosen  by  means  of  the  equations  of 
condition.  Let  these  coordinates,  or  Jc  distinct  functions  of  them,  be  taken 
to  express  the  motion  of  the  system.  We  denote  them  by  ql}  q2,  ...,  qk. 
Now  let  the  variations  8x,  Sy,  Sz,  at  time  t,  of  the  Cartesian  coordinates  of  a 
specimen  particle  be  given  by  the  equations 

dq,  dq2 


+ 


+ 


dqk 

dqk 
d\fr 
Vq* 


.(■*) 


where  </>,  ^,  \Js  are  three  functions  of  qlt  q.,,  ...,  qk,  by  which  x,  y,  z  are  given 
for  the  representative  particle.  We  write  these  equations  more  concisely  in 
the  form  Sx  =  rtj ^  +(h8q2+ . ..  +  ajqk, ' 

8y=blSq1+bi8q2+...  +  bkSqk,  ■ <4'> 

82  =  <\oqx  +  c28q2+ ...  +  ck8qk. 
There  are  n  such  triads  of  functions,  and  3n  such  equations  for  the  expres- 
sion of  all  the  coordinates  of  the  system.     If  Sx,  Sy,  Sz,  ...  are  all  zero,  the 
quantities  07,,  Sq.,,  ...,Sqk  must  all  be  zero,  for  if  it  were  otherwise   the 
functional  determinant  of  any  k  of  the  equations  would  be  zero. 

We  now  denote  actual  displacements  of  the  system  in  the  element  of  time 
dt  by  dx,  dy,  dz,  so  that  we  have 

,/.;•  =aldqi  +".,(/(/.,  +  ...-^<iltlq,.+  adt,\ 

dy  =  b1dql+  bidqi+...  +  bkdqk+{Sdt\ 

dz  =  c1dql  +  cidqi+..,+  ckdqk+ydt,j 

or,  as  we  may  also  write  the  equations, 


C») 


y  =  &#,  +  />,'/,  + . . .  +  /','//.■ + ft  1 

~  =  C&  +  'V/.'-r-  •••  +  ''////.-I- y. J 


,:,  , 
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If  «,  f3,  y  are  zero  for  each  triad  of  equations,  the  actual  displacement  is  one  consistent 
with  the  conditions  fulfilled  by  the  system  at  time  t.     If  however  a,  ft,  y  he  not  zero,  then, 
if  we  suppose  &r,  8y,  Or,  ...  in  (4')  to  coincide  in  value  with  dj;  d>/,  d:,  ...,  we  get 
a i(cA/i  -  oyi )  +  'i-(d(/,  -  8qt)  +  — \-ak(dqk-  oqk)  +  a  dt  =  OA 

bi(dqi-hq1)+bi(dqi-$qi)+  —  +  bk(dq*  -8q*)+fidt=0,\ (6) 

<i(dql-8ql)+  c,(d>/-.-<v/j)A 1-  ck(dqk—Sqk)+y dt  =  0. J 

These  equations  cannot  be  satisfied  by  d<jl  =  8ql,  dq-2  =  8q»,  ... ,  unless  either  dt  =  0,  or  the 
functional  determinant,  formed  from  any  /•  variables  vanishes. 

Whether  or  not  the  kinematical  conditions  are  invariable,  we  have 

l{m(x  ox  +  jj  $y+z  oz)}  =  2(X  8x+Y  Sy+Z  8z)  =  8q12(alX+b1Y+c1Z) 

+^22(a2X+6?Y+c2Z)+...+^2(afcX+feiY+ciZ)=2(Q^),...(7) 

which  for  an  actual  motion  becomes 

V{m{xx+yy+'zz)}  =  ?,{Xx+Yy+Zz) 

=q12(a1X+b1Y+c1Z)+q22(a2X.+biY+cg) 

+  ...+&2(a!tX+6iY+ctZ)=2(Q?) (8) 

3.  Lagrange's  equations  of  motion.  We  can  now  prove  Lagrange's 
ci Illations.     We  have  for  any  parameter  q 

2(a1X+61Y+c1Z)=2{m(o1*+61y+c12)}  =  Q] (1) 

We  have  as  many  equations  of  this  form  as  there  are  parameters  q. 

It  will  be  observed  that,  since  any  Q  is  the  coefficient  of  Sq  in  the 
expression  for  the  work  done  in  a  possible  arbitrary  variation  of  the 
parameter  q,  Q  does  not  include  any  of  the  forces  such  as  those  due  to  guides 
and  constraints  which  are  invariable.     We  have  now  to  consider  the  equation 

2{m(ax  +  hjj  +  cz)}=Q (2) 

Here  it  is  to  be  understood  for  the  present  that  ((,  b,  c  are  the  partial 
differential  coefficients  dx/dq,  dyjdq,  dz/dq,  that  is,  we  suppose  that  the  system 
is  bolonomous.     We  can  prove  that 

..  dx     cl  ( .  ex  i          ./'■  /0> 

™  =  X^  =  dt\XTq)-XTq (o) 

,  .  dx     <l  /  .  dx  \      .  d  dx 

For  we  have  xdq=dt\X    q)~Xdt    7/ 

and  by  (5'),  2,  —  =  — , 

7        7 


' 


which  gives  the  first  part  of  (3).     Again  we  have 

d  dx_   d   dx  .        d   dx  .  d   dx  .      d     X 

dt  ^d^l^qi  +  d^,:ii'll^'''+d^kdqqk  +  2idq 

d  fdx  .         x  .  dx  .    ,  dx\        '  ,  ,x 

dqVdq^1     dq»2-  dq  dt/     dq 

which  proves  the  second  part  of  the  transformation  in  (3).     Similar  results 
can  be  obtained  for  by,  cz. 
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Considering  now  the  kinetic  energy  equation, 

T=*2{m(^+y2+i2)}, 

we  see  that  if  the  values  of  .r,  //,  :  be  inserted  from  (">'),  1,  we  get 

ddT     3T 

dtdq      dq  ~^' [b} 

which  is  a  typical  Lagrangian  conation  of  motion. 

There  is  nothing  in  the  proof  here  given  affected  by  the  presence  or  absence  of  t  as  a 
variable  in  the  kinematical  equations.  Tlie  equations  therefore  hold  in  either  case. 
When  tlu-  time  does  not  appear  explicitly  in  the  equations  of  constraint,  the  kinetic  energy 
is  a  homogeneous  quadratic  function  of  the  velocities  y,,  ().>,  ...,  y\,  with  coefficients  which 
are  functions  of  the  coordinates.  In  the  other  case  the  kinetic  energy  expression  consists 
of  three  parts,  T.  +  Tj  +  T,,,  a  homogeneous  quadratic  function  of  the  velocities,  a  linear 
function,  and  a  function  of  the  coordinates  alone.  The  reader  may  write  down  these  three 
puts  at  once  from  the  values  of  .<"-,  y}  :. 

The  distinction  between  the  two  cases  may  be  made  to  vanish  formally  by  regarding  t 
as  a  coordinate  like  qu  qa,  ...,  and  taking  a  new  independent  variable,  y_  say.  If  a  new 
variable  is  thus  introduced  there  is  of  course  a  corresponding  momentum  component 
9T/3x.     [See  6,  below.] 

4.  Condition  t<>  he  fulfilled  by  generalised  coordinates.  It  is  generally- 
stated  that  the  coordinates  chosen  must  be  such  as  to  define  the  configuration 
of  the  body  or  system  with  respect  to  some  fixed  axes  of  reference.  This  is 
true  but  not  quite  in  the  sense  in  which  the  statement  is  usually  understood. 
It  is  enough  to  assume  a  set  of  axes,  the  geometrical  relations  of  which  to 
the  axes  which  have  been  adopted  can  be  expressed.  If  this  condition  is 
fulfilled,  any  system  of  axes  will  serve,  even  a  system  which  coincides  at  the 
instant  considered  with  moving  axes,  say  the  principal  axes  in  the  case  of  a 
rigid  body,  to  which  the  motion  is  referred.  What  must  be  done  is  to  correct 
the  result  of  specialising  the  axes,  by  which  some  coordinates  are  rendered 
zero  and  others  appear  as  constants  in  quantities,  which,  in  consequence  of 
the  motion  of  the  axes  of  reference  with  respect  to  coincident  fixed  axes,  are/ 
subject  to  differentiation. 

An  example  will  make  this  clear.  A  rigid  body  turns,  with  centroid  O  fixed,  about  its 
principal  axes  G(A,  B,  C)  with  tin-  angular  speeds  p,  q,  r.  The  axes  of  reference  are  the 
principal  axes,  which  move  the  body,  and  there  is  nothing  to  fix  the  position  of  the  body 
in  space  al  any  instant.     If  A,  B,  C  be  the  principal  moments  of  inertia,  the  kinetic  energy 

ia  ~iv''"  ]'>'  T=i(A^2+Bg2+08) (1) 

Tlie  application  of  the  Lagrangian  rule  for  the  formation  of  the  equations  of  motion, 

without  precautions  to  take  account  of  the  motion  of  the  axes,  would  give  the  erroneous 

equations  A/,  =  L,    Bq=M,    Or=N, (2) 

where  L,  M,  N  are  the  applied  couples. 

Consider  now  a  second  system  of  axes  0(D,  E,  < '),  of  which  the  first  two  are  In  the  plane 
of  <>A  and  OB,  with  OA  between  <M>  and  <>K,  and  <>!>  on  the  aide  of  OA  remote 
from    OB   as   shown    in   Pig.   104,  while   OC   coincides    with    the    third    principal    axis. 
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Let  (,>,,  o,  be  the  angular  speeds  about  OD  and  OE  ;  the  angular  speed  about  OC  is  r  in 
both  systems.     If  <f>  =  LEOB  we  have 

p  =  Wj cos  </>  +  oj2sin  (j>,     q  =  -  u^sin  <f>  +  a>2cos  </> (3) 

Also  if  we  regard  OD  and  OE  as  fixed,  for  the  moment,  we  see  that  the  rate  at  which  OB 
is  increasing  its  angular  distance  from  OE  is  r,  and  so  obtain  the  equation  r  =  <j>. 

The  kinetic  energy  is  now  given  by  putting  (1)  in  the 
form 

T  =  i{A(«j1cos(£  +  w2sin  c/j)2 

+  B(-oj1sin(/;  +  oj2cos(/>)2  +  C</>2} (1') 

Hence  we  obtain 

3T 


3T 


'-/' 


=  (A-B)^. 


•(4) 


Fie;.    101. 


Thus  since  <j>  =  r,  the  equation  of  motion  for  the  axis 
OC  is  given  by  the  Lagrangian  process  as 

Cr-(A-B)pq  =  Ij,  (5) 

and  by  symmetry  we  have  similar  equations  for  the 
axes  OA  and  OB. 

It  is  now  easy  to  correct  the  procedure  which  led  to  the  erroneous  equations  of  motion 
(2).  The  axes  0(A,  B,  C)  coincide  with  the  fixed  axes  0(D,  E,  C)  at  the  instant.  The 
former  axes  are  in  motion  and  the  coincidence  does  not  continue  :  OB  separates  from  OE 
atrater  =  <i.     Consider  ->  ^„  ■>„ 

£fl<&+**)}-Ap%+*9% (6) 

The  ordinary  process  assumes  that  there  is  no  variation  of  iAp-  +  ^Bq-  with  variation  of  </>, 
since  <f>  does  not  appear  explicitly.  The  correct  view  is  that  </>  is  only  apparently  absent, 
owing  to  its  having  been  given  the  special  value  0.  The  values  of  dp/d<b,  c^/cty  are  not 
zero.     We  have  in  fact     p=     Wlcos<£  +  w-sin </>=     pcosO+gsinO,  *|  (y) 

q  =  —  Wjsin  4>  +  wicoscf)=  -psin  O  +  gcosO.  J 

dq 
d<j> 

T  =  (A-B)M (9) 


Thus 

and  therefore 


'dp  n 

~^r=qcos0  =  q, 


—  p  cos  0=  —  p, 


(*) 


</> 


5.  Proof  of  Eider's  equations  by  vectors.  In  matters  of  this  sort  vector 
considerations  conduce  to  clearness  of  conception,  and  the  method  of 
forming  equations  of  motion,  so  often  emploj^ed  in  this  work,  is  really  only 
a  simple  process  of  applying  vector  ideas  to  give  at  once  the  ordinary  scalar 
equations.  But  it  may  be  desirable  to  give  here  a  brief  vector  treatment  of 
the  points  just  discussed. 

If  i,  j,  k  be  unit  vectors  along  the  axes  OA,  OB,  OC  the  resultant  angular 
momentum,  considered  as  a  vector  H,  is  given  by 


H  =  Ajpi+Bgj+Ok. 


•(1) 


Since   the   axes  are  principal  axes  and  move  with   the  body  A  =  B  =  C  =  0, 

andwehave  .      _.      _,,        ,    <H     _   cfi     ,,  '/k 

R  =  Api+Bqj+OrlL+Apjt+Bqft+Crjt 


(2) 


But  i,  j,  k  being  unit  vectors  do  not  vary  in  length  as  they  are  changed  in 
direction.     The   direction  of  <hf<lt  is  perpendicular  to  i,  and  obviously  its 
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scalar  components  in  the  directions  of  j  and  k  are  r  and  —  q.     Similarly  we 
obtain  components  for  d&/dt,  <lk<tt.     Thus  we  have 

,!i  i  (ft        i  '1*  /ox 

jg-Jr-fcg,     (Tt  =  *P-ir,     Jt=iq-lP, (3) 

and  therefore  (1)  becomes 

H=i{Ajp-(B-C)gr}+i{Bj-(C-A)rp}+k{Cr- (A-B)^}.    ...(4) 
Thus,  since  H  =  iL+jM  +  kN, 

the  resultant  couple,  we  get 

Ap-(B-C)gr=L3    Bj-(C-A)rp=M,    Cf-(A-B)^  =  N.    ...(5) 

Tlie  vector  method  thus  accepts  the  components  of  A.M.  as  they  are  given 
without  an}-  explicit  appearance  of  <p,  and  by  taking  account  of  the  motion 
of  the  axes  virtually  takes  account  of  the  variation  of  the  angular  momenta 
with  0. 

An  example  of  the  necessity  for  introducing  additional  terms  to  take 
account  of  the  motion  of  the  axes  in  forming  the  equations  of  motion  is 
found  in  the  discussion  of  the  motion  of  a  solid  through  a  liquid,  when 
referred  to  axes  moving  with  the  body.  If  u,  v,  w  be  the  components  of 
linear  velocity  of  the  solid,  p,  q,  r  its  angular  speeds  about  the  axes,  and 
A,  B,  C,  P,  Q,  R  constants,  the  kinetic  energy,  under  certain  conditions  as  to 
symmetry,  is  of  the  form  3,(Au-  +  Br-  +  Ct(;2  +  P£>2  +  Qg2  +  Rr2)  +  K,  where  K 
depends  on  the  circulation,  if  any,  through  the  solid.  The  equations  are 
formed  by  Lagrange's  method  with  suitable  connections  [see  XIII]. 

6.   (•(in  raliscd  momenta.    Hamilton's  dynamical  equations.    <  'anonical 

equations.     The  equations  of  the  type 

*c* (1) 

give  linear  equations  by  which  qx,  q.2,...  can  be  calculated  in  terms  of 
px,  p2, ... ,  which  are  called  the  generalised  components  of  momentum.  The 
values  of  qlt  q2, ... ,  thus  obtained,  can  be  substituted  in  the  expression  for 
T,  which  then  becomes  a  quadratic  function  of  the  momenta.  The  equations 
of  motion  become  transformed  into  what  are  known  as  the  Hamiltonian 
equations  of  motion,  given  originally  by  Sir  William  Rowan  Hamilton. 
( 'onsider  the  function  K  defined  by  the  equation 

K  =  Z(pq)-T, (2) 

where  T  is  supposed  to  be  expressed  in  terms  of  the  ^s.  Winn  T,  or  K.  is 
expressed  in  terms  of  the  momenta  we  shall  indicate  the  fact  by  the  suffix  m 
as  in  Tm  or  K,„.  It  will  be  observed  that  2(#j)  is  not  2T,  unless  T  is  a 
homogeneous  quadratic  function  of  the  qs. 

We  find  first  ^',    ^, 

/'  7 
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■where  the  notation  K„,  indicates  that,  both  in  1.(pq)  and  in  T,  the  qs  have 
been  replaced  by  functions  of  the  £>s  and  qs.     We  get  at  once 

3K„ 


(3) 


dq  '    "V  dqJ      dq  \dq  dqJ  dq\ 

The  results  in  (3)  are  of  great  importance.     We  get  from  the  second  of 
(3),  by  substitution  in  the  typical  Lagrangian  equation  (5),  3,  the  form 

$+%-» <+1 

and  from  the  first  of  (3)  the  companion  equation 

q=0 (5) 

If  we  suppose  that  Q  is  derivable  from  a  potential  V,  a  function  of  the  5s, 
so  that  —dY/dq  =  Q,  and  write  H  for  Km  +  V,  we  obtain  the  equations 

P+zj=°-   *-^=0' <6> 

and  a  similar  pair  of  equations  holds  for  each  coordinate  q.  These  are 
the  so-called  canonical  equations  of  dynamics.  They  were  given  by 
Hamilton  for  the  case  of  H  =  T  +  V,  and  are  the  fundamental  differential 
equations  of  motion  in  modern  physical  astronomy. 

We  may  notice  further  that,  if  H  be  an  explicit  function  of  t,  we  have 

^=2(|^)+2(|H.)+ai=tfJ (7) 


dt         \dq  V        \dpx  J      dt       dt 
by  (6).     Thus  H  is  constant  if  t  does  not  appear  in  it  explicitly. 
But  since  H  =  K  +  V,  and  K  =  E(jpj)  —  T,  (7)  may  be  written 

dt~~~~  dt  +  dt~^      dt  +  dt ' 

Thus,  if  H  is  not  an  explicit  function  of  t,  it  is  a  constant,  h  say,  that  is 
h  =  K+  V,  or  there  is  conservation  of  K  +  V  ( =  T  +  V)  in  the  system.  This  is 
also  the  case  if  3T     dV  q 

Now,  if  the  time  appears  explicitly  in  the  kinematical  relations  of  the 
system,  T  is  no  longer  a  homogeneous  quadratic  function  of  the  qs,  but 
consists  of  the  sum  of  such  a  function  T.,,  a  linear  function  Tx  of  the  7s.  and 
a  function  T0  of  the  coordinates,  and,  it  ma}*  be,  of  /.  that  is  we  have 

K  =  2T2+T1-T=T2-T0 (10) 

Hence,  when  K+V  =  A,  we  have 

T,-T0+Y=/,, 

or  T-T1-2T0+V=A (11) 
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It"  t  dors  not  appear  in  the  kinematical  equations  the  a,  jS,  y  of  (•">),  2,  are 
/.I'm,  and  T,  ami  T0  disappear  from  (11).     The  system  is  then  consenn/ i > ■< . 

It  follows  from  (10)  that  we  may,  in  forming  the  Lagrangian  equations 
of  motion,  regard  the  homogeneous  quadratic  function  T2  as  the  kinetic 
energy,  and  V  —  T0  as  the  potential  energy.  There  will  be  conservation  of 
K  +  V  it'  (!))  is  fulfilled,  and  conservation  of  energy  if  T:  and  T0  are  zero. 

When  Q  ia  in  whole  or  in  part  derivable  from  a  function  V,  we  may  write  L  for  T  — V, 
and  put  (5),  3,  in  the  form  d  dh    3L 

didq      SQ-^'    (ll) 

where  Q'  is  the  part  of  Q,  if  any,  not  derivable  from  V.     L  is  called  the  kinetic  potential. 

7.  Systems  which  arc  not  Twlonornous.  If  the  system  is  not  holo- 
nomous,*  a.  b,  c  are  not  partial  differential  coefficients  of  finite  functions, 
which  express  ./•,  y,  z  for  each  particle  in  terms  of  qlt  qt,  ...,qk.  The  process 
of  derivation  just  used  for  Lagrangian  equations  is  no  longer  applicable  and 
another  must  be  sought.  In  the  discussion  of  this  question  we  shall  no 
longer  refer  to  the  Cartesian  equations  of  motion,  though  we  shall  suppose 
that  as  a  rule  the  kinetic  and  potential  energies  have  been  expressed,  in 
some  primary  system  of  reference,  in  terms  of  coordinates  and  velocities, 
from  which  it  has  been  necessary  to  transform  to  the  generalised  coordinates 
and  the  corresponding  velocities. 

Let  the  kinetic  energy  be  primarily  expressed  by  the  time-rates  of  change 
''.  0,  w, ...  of  quantities  u,  v,  w, ... ,  which  fulfil  the  equations 

8u  =  axoqx  +  (i.,Sq.,  + . . .  +  a^Sqi + 46*4  +  46*4  +  •  •  •  +  ej8Sj ," 

SV=  b,oq,  +  b,Sq,+  . . .  +  biSq*  +/10.S,  +f,8s,+  . . .  +fjS8f. 


(1) 


For  a  rigid  body  ii,  v, ...  may  be  taken  as  the  product  of  the  square  roots 
M-,  N*, ...  of  inertia  coefficients  M,  N, ...  by  velocity  components  of  the 
centroid,  or  the  products  of  angular  velocities  of  the  body  about  given  axes 
by  the  square  roots  of  the  proper  inertia  coefficients  for  this  case;  and  so 
for  other  systems.     Thus,  if  T  be  the  kinetic  energy,  we  shall  have 

T=},(u-+i*+wi+...) (2) 

We  thus  simplify  the  equations  by  avoiding  the  introduction  of  mass 
coefficients,  which  are  easily  supplied  for  any  illustrative  example. 

The  parameters  are  divided  in  (1)  into  two  sets,  the  qs  and  the  ss,  for  a 
purpose  which  will  appear  later  in  connection  with  ignoration  of  coordinates. 

By  (!)  it  =  < i ,g ,  +  d./h  + . . .  +  «,'};  -i- 44  +  44  +•...  +  44 , \ 

v=blq1+b&+...+bi${+ /&+/&+...+ fa,] (3) 

•The  following  discussion  of  the  dynamics  of  Bystema  which  arc  not  holonomoue  and  of 
the  genera]  dynamics  of  gyrostat \<-  systems  is  taken  in  the  main  from  a  paper  by  the  author 
in  Proc.  R.S.E.,  1909. 
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if  we  suppose,  as  we  do  for  the  present,  that  t  does  not  appear  in  the 
kineinatical  equations.  We  suppose  these  values  of  ii,  v, ...  substituted 
in  (2). 

Also    by   the    signification    of    v,   v, ...    we    have    primary   equations    of 
motion,  which  may  be  written 

n=V,     v=X,...,  (4) 

and  therefore  obtain  a  series  of  equations  of  the  form 

olu+61i)+...=a1U+61V+...  =  Q    \ 

a2u+b2v+...=a2TJ+b2Y+...=Q2,\ (5) 

>' 

where  Qly  Q._>, ...  are  generalised  "forces"  according  to  the  meanings  of 
u,  v, ... .     There  are  i-\-j  such  equations,  since  there  are  now  supposed  to 
be  i+j  independent  parameters  qx,  q2, ...  ,  8lt  s.2, ... . 
By  (2),  (3),  and  (5)  we  obtain  at  once 

d  3T     ,.  .*  .         ,    n 


.(6) 


These  equations  are  applicable  to  all  cases,  whether  the  system  is 
holonomous  or  not.  When  the  system  is  not  holonomous  the  terms  in 
brackets  on  the  left  cannot  be  replaced  by  dT/dq-^,  dT/dq.2, ...  ,  for  the 
coefficients  a,  b,  c  are  not  partial  differential  coefficients,  as  they  are  in 
holonomous  systems. 

Jt  is  to  be  noticed  with  reference  to  (2)  that  different  modes  of  breaking  up  the  kinetic 
energy  into  a  sum  of  squares  are  not  always  equivalent,  but  may  involve  different  sets  of 
forces.  For  example,  the  expression  iA(#'-  +  sin-'#  .  \p-)  which  occurs  in  the  expression  for 
the  kinetic  energy  of  a  symmetrical  top,  and  which  is  already  a  sum  of  two  squares,  may 
also  be  written  in  the  form  £A(#cos<£  +  ^sm  0sin<£)2+£A(  — #sin<£+^sin  #cos<£)2. 
The  former  is  the  kinetic  energy  of  the  top  (apart  from  kinetic  energy  of  rotation)  when 
the  axis  of  figure  is  inclined  to  the  vertical  at  the  angle  9,  and  the  axes  chosen  arc  axes 
(ill  and  <)K  as  shown  in  Fig.  104,  while  the  latter  is  the  same  kinetic  energy  when  the 
axes  chosen  are  ()A  and  OP>.  The  couples  are  different  in  the  two  cases,  as  may  be  seen 
by  supposing  that  the  a.m.  about  the  axes  of  figure  is  Cn,  and  writing  down  the  equa- 
tion-. But  we  have  here  two  perfectly  reconcilable  solutions  of  the  same  problem,  which 
was  to  be  expected  since  the  system  is  holonomoua 

It  is  otherwise  for  systems  which  are  not  holonomous.  It  is  possible  in  fact  to  specify 
two  distinct  cases  of  motion,  which  have  exactly  the  same  expressions  for  the  kinetic  and 
potential  energies,  but  which  have  entirely  unreconcilable  equations  of  motion.  A  disk 
or  hoop  which  is  symmetrical  about  an  axis  perpendicular  to  its  plane,  rolls,  without 
sliding,  on  a  horizontal  plane,  on  an  edge  (radius  a)  which  is  the  terminating  circle  of  the 
plane  drawn  through  the  centroid  perpendicular  to  the  axis.  In  the  other  case,  the  disk 
or  hoop  rests  with  the  edge  on  a  horizontal  plane  without  friction,  while  its  centroid  is 
constrained  to  move  along  a  lixed  vertical  circle  of  radius  a  and  centre  in  the  horizontal 
plane.      I'.v  supposing  the  mass  of  the  same  in  amount    in  the   two  cases,  but  differently 
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distributed,  the  momenta  of  inertia  in  the  second  rase  can  be  made  Buch  that  the  potential 
and  kinetic  energies  in  1 1 1 « -  two  cases  are  identical.     In  their  ordinary  form  Lagrange's 

equations  are  applicable  to  the  second  case  ;   they  are  not  applicable  t<>  the  funnel-  case. 

Iii  general  Lagrange's  method  is  useless  for  finding  certain  of  the  equations  of  a  rolling 
disk  or  1  loop,  [t  may  however  be  applied  to  find  the  ^-equation,  where  6  is  the  inclination 
of  tin-  a\is  of  figure  of  the  hoop  or  disk  to  the  vertical. 

Correct  results  may  always  be  obtained  if  the  equations  of  motion  are  found  by  first 
principles.  Lagrange's  equations  do  not  "fail"  any  more  than  Taylor's  theorem  does; 
they  are  inapplicable  in  cases  which  are  excluded  by  the  conditions  involved,  tacitly 
or  explicitly,  in  the  proof  of  the  equations. 

8.  Conditions  necessary  for  usual  form  of  Lagrange's  equations. 
It  is  not  difficult  to  show*  that  if  the  conditions 

<q_3a2     'da1_l",         \ 
dq2~'dqi     3?3_<fyi''"''      (1) 

'dq.r'dqx      dq3~dql,"',J 
are  fulfilled.     Lagrange's  equations  are  of  the  usual  form  typified  by 

«?  3T_3T=q  (2) 

Equations  (1)  form  one  set  of  the  conditions  which  make  equations  (3),  7,  the  derivatives 
of  a  set  of  finite  equations  ;  and  if  all  these  conditions  are  fulfilled,  every  equation  of 
motion  takes  the  usual  form  (2).  The  fulfilment  of  each  set  involves  the  validity  of  a 
corresponding  equation  of  motion  in  the  usual  form. 

If  one  set,  say  (1),  of  these  conditions  holds,  we  can  write  (using  our  present  notation) 

8u  =  8F+  u.,8qo+  a38q3+ ...  ,\ 

8v  =  8G  +  f3~28ql+(338q,  +  ...,\ (3) 

where  oF,  6G,  are  perfect  differentials  and  8ql  does  not  appear. 

If,  then,  we  notice  when  the  fundamental  equations  are  written  down  that  the  terms 
corresponding  to  any  coordinate  are  expressed  in  a  form  corresponding  to  that  shown  here 
for  '/,,  we  know  that  the  equation  of  motion  corresponding  to  that  coordinate  can  be 
found  by  the  ordinary  Lagrangian  process. 

9.  Equations  of  motion  for  systems  ichich  are  not  holonomous.    In 

what  follows  we  shall,  for  brevity,  adopt  the  notation 

<f)lT  =  a1'i  +  />li'+... ,  I 

<k,T  =  d2ii  +  b3v+ . . . ,  j ^  ' 

If  the  form  of  T  be  modified  in  any  way,  for  example  by  the  substitution  of  the  values  of 
.-,,>.,,...  in  terms  of  the  momenta  Tfdsl,  3T/9.s:.j, ... ,  and  the  other  velocities  «/,,  </.,,..., 
then  if  '1"  be  the  modified  form  of  T,  </j[T',  c/>.,T', ...  will  be  understood  to  denote  the 
operations  indicated  in  (1),  but  performed  with  the  new  values  which  are  then  given  to 

the  coefficients  ,,f  y,,  y.,,  ...  ,  <jk. 

It  follows  from  what  has  been  Btated  that,  as  has  already  been  pointed  out  in  8,  the  opera- 
tions indicated  in  ( 1 )  cannot  lie  performed  without  reference  to  the  fundamental  equations 

t  be  paper  cii  ed  in  8  above. 
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from  which  that  expression  has  been  derived.  For  example,  two  terms  in  T  might  1  >e 
iA^  +  ABt/-'.     These  might  be  derived  either  from  ?«  — A'^,  r  =  B-^,  or  from 

&=A*sin  6 .  0  +  B*cos  6 .  £     r  =  A*cos  6 .  6>-B*sin  6 .  £ 

The  former  mode  of  derivation  would  satisfy  the  conditions  of  tntegrability  bo  far  :i< 
these  terms  are  concerned,  the  second  would  not.  It  is  possible,  in  fact,  to  specify  two 
distinct  cases  of  motion  which  have  precisely  the  same  expressions  for  the  kinetic  and 
potential  energies,  but  which  have  not  the  same  equations  of  motion.  An  example  is 
given  towards  the  end  of  7  above. 

10.  Ignoration  of  coordinates.  Let  now  the  form  of  T  be  modified  by  the 
substitutions  indicated  above.  Our  object  is  to  inquire  what  modification  is  required  in 
the  process  of  "ignoration  of  coordinates"  by  the  non-integrability  of  the  relations 
between  the  generalised  coordinates  and  the  functions  of  these  coordinates  and  their 
velocities  from  which  the  kinetic  energy  is  derived.  We  shall  suppose  therefore  that  the 
coordinates  s:,  s.,, ... ,  are  absent  from  the  kinetic  energy,  and  from  the  function  V  of  the 
coordinates  from  which  the  forces  are  derived,  if  that  function  exists.  Writing  them  for 
a  moment  rl=?)T/ds1,  r2=3T/3s2j  •••'»  we  see  tnak  ^  tDe  fundamental  relations  were 
intr^rable  '',,  >'.,,  ...  ,  would  be  constants,  since  then  we  should  have 

dSl   u'    ds2  u'-' 

on  the  supposition  that  besides  'dV/ds1,  3V/Bs2,  ...,  which  are  all  zero,  no  generalised 
forces  corresponding  to  s1?  s2, ... ,  exist.     The  equations  of  motion  are  now  however 


•(1) 


where 


ddT  . 

ddT        T 

mm  ^I=0' 


XiT  =  tf,M  +  i\v+...,\   ^ 


so  that  Xi>  X2>  ••• '  are  the  operators  for  the  s  coordinates  that  <f>l}  <f>2, ....  are  for  the  q 
coordinates. 

The  conditions  for  constancy  of  the  momenta  9T/3ij,  3T/9s2>  •••  >  are  therefore  now 

XlT  =  0,     XsT  =  0 (2') 

These  conditions  are  fulfilled  by  (2)  when  ex,  t\,.--,  are  zero,  which  is  the  case  in 
various  problems  of  the  motions  of  tops  and  gyrostats,  where  none  of  the  coefficients 
eu  /,, ...,  e2,  /2, ...,  contains  the  time  or  any  of  the  coordinates  qlt  q.,, ... .  We  shall  not 
assume,  unless  it  is  so  stated,  that  <■,,  /',, ... ,  c.,,  fSl ... ,  are  absolute  constants. 

T  T 

We  shall  assume  however  tliat  .   =  Cj,,  =  <•.,     (3) 

V] 

where  Cu  Cj, ...,  are  constants.    These  conditions  are  fulfilled  in  a  Large  number  of  problems 

regarding  rotating  flywheels  in  which  the  coordinates  </,,  </._., determining  the  positions 

of  the  axes  of  rotation  have  no  influence  on  the  momenta    T    -:, When  the  system 

is  holonomous  the  constancy  of  these  momenta  is  secured  by  the  fact  that  the  differential 
equations  (-')  become  3T/3s,  =  0, Kq nations  (3)  extended  are 

(^a1+/16j+..0^i+(^^+/i6a+.-0^a+---+(V+/i8+-0*i+(^«i+/x/8+»'K+"'=ci»] 

VI 


I  +/A  +  •  ■  •  )'/i  +  ('■/'-•  +/'A  +  •  •  O'/a  +  •  •  •  +  ('V'.'  +/i  f-i  +  ■  ■•)*!  +  («ss  +/a8  +  »»)h+  —  =  °»» 


(4) 
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The  coefficients  of  </i,  </■_., ... ,  *,,  .<._., ... ,  are  those  of  the  products  </,*,,  y^n  ■•■  >  -V'n  Mu  •••  > 
in  the  Brat  line, ami  of '/,-:.,,  '/.,n.,,  ... ,  *,*■_•'  -v-j , ... ,  in  tin-  second,  and  so  on.  Denoting  these 
coefficients  as  in  the  scheme 

('/n  »i)>     ('/■_•,  >a) (*li  's'i)<     (*li  *'•-•)'  ••• ' 

(</,,  .O,      (</.,,  Sj),  ...  ,  (*i,  8a),      (>-.,,  •-•,,),  ...  , 

we  can  write  equations  (  1)  as  follows  : 


(«u  8sK+(*2,  s8)sa+...=ca-(g'1,  *a)^,  -('/...,  .s-.,)-/,-  ... ,  .- 


.(5) 


I'loni   these  .s:j,  >:2,  ... ,  can  be  determined  in  terms  of  c,,rL,, 


and 


7 1.  7-.m 


These 


value-  then  substituted  in  the  expression  for  T  convert  it  into  a  function  T"  of  </,,  q.,,  ...  , 
Clt  •  j,  ...  ,  so  that  all  trace  of  the  variables  8lf  82, ... ,  is  now  removed.  We  have  to  inquire 
what  form  the  equations  of  motion  take  when  this  substitution  is  made,  or,  as  it  is  usually 
put,  >rhei>  the  coordinates  »x,  s2>  ••• )  are  ignored.  First  we  form  expressions  for  s\,  S2, ...  • 
Let  (<•,,  Cj),  (cj,  c>), ... ,  denote  the  ratios  of  the  consecutive  first  minors  of  the  determinant 
oi  equations  (5)  to  that  determinant,  and  put 

K=${(c1,c1)c1*+2(c1,c2)c1c2+...} ..(6) 

9K    ,,  .       ,  _         . 

.s1  =  ^r-0/lAI  +  (/2B1  +  ...) 


Then 


i  - 


(7) 


where 

Ai  =  (<a>  ^i)(vi.  si)  +  (<'i>  c2)(qi,  s2)  +  . 
Bi=(ci,  CiXft*  si)  +  (cn  C|)(?n  *»)  +  . 


A2  =  (C2,  CjXft,  *i)  +  vS2>  Cj)(?ii  s2)  +  . 

B2  =  (c2,  cj^,  s,)+(c2,  c2)(2r25  52)  +  ' 


...(8) 


11.   Ignoration  of  coordinates.     Formation  of  equations  of  motion. 

In  the  paper  referred  to  in  7  it  is  shown  that  if  T"  be  defined  as  above, 

ddT' 
dt 


and  that 


*,T'  =  *,T-2(c§) 


■(1) 


It   follows  therefore  that  when  the  coordinates  «l5  a2,.'..,  are  ignored  in  the  case  of  a 
system  which  is  not  holonomous  the  equations  of  motion  have  the  form 

ddT  ,T,_n 

Hence  we  have  the  very  simple  rule  :  modify  the  expression  for  T  by  substituting  for 
iu  s2,  ...,  their  values  from  (7),  11,  and  then  proceed  as  if  no  velocities  of  coordinates 

>-,,.vj had  ever  entered  into  the  expression  for  the  kinetic  energy.     The  equations  of 

motion  obtained  are  of  course  applicable  also  to  holonomous  systems. 

To  verify  the  results  obtained,  we  write  the  first  of  (1)  in  the  form 

rfST    dT     (  3T\ 

■  when  the  system  is  made  holonomous. 
-&T':    -&T+2(c^)--(a1ti+0l*+...)+2((^ 


and  consider  what  it  becomes  when  the  system  is  made  holonomous.      We  have 

dA 
dt 


(3) 
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and  since  we  have  also  now 

*={61-2C/A)}^1+{62-2(/B)}^+..,) 


> 


•     ^[{|-|;-w}^{t-4^B}^+-] 

+ O) 

If  now  da2/'dql  =  dal/'dq2, ...  db2ldql  =  'dblfdq2J ... ,  (4)  becomes 

^-  =  rt1«  +  6^+...-«|y1^-lA(eA)  +  (y2^-2(eB)+...j 

- (5) 

by  (2'),  11.     Hence  finally 

d  3T'    3T'      ._./    /3A     3B\)   ,  n  ,fiv 

and  similarly  for  the  other  equations.     The  terms  in  </j,  </2, ...  are  called  gyrostatic  terms. 
The  coefficient  of  qx  in  the  first  equation,  of  q2  in  the  second,  and  so  on,  is  zero. 
Equation  (6)  is  thus  of  the  form 

d  OT'    3T'    T      n  ... 

dtWi~Zq~i+  1=Ql' {,) 

and  we  have  as  many  such  equations  as  there  are  coordinates  qx,  q2,  ... .  If  we  multiply 
the  first  equation  by  qu  the  second  by  q2,  ... ,  and  add,  we  get  as  the  sum  of  the  quantities 
on  the  right  <  >,71  +  Q.//2+.... 

All  the  terms  Lj,  L2,  ... ,  the  gyrostatic  terms,  have  disappeared.  These  terms  disclost' 
themselves  by  certain  dynamical  phenomena,  due  to  motions  and  connections,  which  an 
ordinary  inspection  of  the  body  and  even  some  dynamical  experiments  may  fail  to 
detect. 

12.   Rout  lis   rule  for   ignoration    of  coordinates   in   a  holonomous 

si/stem.  Gyrostatic  terms.  This  simple  modification  of  the  expression  for  the 
kinetic  energy  by  which  the  equations  of  motion  are  obtained  when  certain  coordinates 
are  ignored,  may  be  compared  with  the  modification  given  by  Eouth  for  the  case  of  holo- 
oomous  systems  {Stability  of  Motion,  \i.  60).  If  T  and  T' have  the  meanings  assigned 
above,  we  have  now  gx'     3T       ,/     cV\ 

,    ..  •  d  9T'    dT    vf   Id   ds      ds\}     d  3T     dT    n  ~\ 

;m,1"1,tam     dtwrwr-v'ydtwr^Jrdtdq-r^r^] w 

But,  by  the  result  stated  at  the  beginning  of  1 1, 

*i£)~*2).  *(•©-«*$)-**©--} » 

»J 

so  that  (1)  becomes 

ddT    dT  f   /?A     9A\\,     -f  /3A     J'B\)  3K         -| 
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Equations  (1)  show  that  it'  we  modify  the  expression  T  to  T'  by  substituting  in  il  the 

values  of  «i,  a given  by  (7),  11,  and  then  write 

T"    T'    Mi  -«A--i  (4) 

we  can  useT  to  obtain  the  equations  of  motion  for  the  coordinates  qlt  q2, ...,  g*  for  a 
holonomous  system  by  the  ordinary  process.  Equations  (3)  Bhow  thai  the  so-called 
gyrostatic  terms  Mow  from  the  added  expression  -c^  —  c&  — —  In  equations  (I),  11, 
these  added  terms  are  dispensed  with,  and  the  equations  are  applicable  to  all  kinds  of 

-\  -trills. 

Now  in  (  r  regard  '1"  for  a  moment  as  still  a  function  of  </,,  </■_., ... ,  7,,  81,  sa, ... ,  •->■,,  thai 
is  in  fact  T,  while  T  "ii  the  left  represents  the  right-hand  side  of  (4)  as  modified  by  the 
substitution  specified.     We  get  by  direct  differentiation, 

9T"_^9T  3s  vf   3*\        j  (:i) 

Moreover  T  ,  as  modified,  and  T"  involve  qu  ().,, ...  in  the  same  way.    Therefore 

9T.=§T' (G) 

7       ^9 
Tli.'  modified  T    consists  of  three  groups  of  terms,  (1)  a  homogeneous  quadratic  function 

of  7,,  '/._. which  we  shall  denote  by  T,  (2)  a  function  bilinear  in  </,,  j.,, ... ,  clt  <■■,, ... , 

and  (3)  a  homogeneous  quadratic  function,  K,  of  <.-,,  c2, ....    But  from  (4)  we  get 

3T"     ,3T"  m 

1    =1     —  C,  ^5 Coo *      \') 


1   Ct 


i        2  3c, 


On  the  right  the  bilinear  terms  appear  twice  over,  once  in  T"  with  one  sign,  and  again  in 
tli-  products  c3T"/3c,  with  the  opposite  sign.  Thus  the  kinetic  energy  T  is  the  sum  of  the 
two  homogeneous  quadratic  functions  T  and  K. 

13.  Cyclic  systems.  Kinetic  potential.  Gyrostatic  terms  are  charac- 
teristic of  what  have  been  called  cyclic  systems.  These  have  the  peculiarity 
that  certain  coordinates,  of  the  type  s,  do  not  appear  in  the  expression  of  the 
kinetic  energy,  which  depends  only  on  quantities  of  the  type  q,  the  q,  and 
the  n.  Hence  coordinates  of  the  type  s  are  sometimes  referred  to  as  "  speed 
coordinates."  Also,  as  stated  in  10,  no  forces  of  the  type  S  exist.  Thus  the 
-•■illations  of  motion  for  the  s  coordinates  are  of  the  type  d(dT/ds)/dt  =  0,  that 
is  we  have  ,/,.  ,/,. 

1^=0,   9?=o in 

at  at 

The  g-equations  of  motion  are  at  once  obtained  from  Routh's  modified 
value,  T",  of  the  kinetic  energy  given  by 

T'^T'-cy,-^-..., (2) 

in  which,  on  the  right,  ilt  *.,,  ...  are  supposed  to  have  been  replaced  by  their 
values  in  terms  of  quantities  of  the  type  q,  q,and  c.  These  equations  contain 
gyrostatic  terms.  When  the  Qs  are  derivable,  in  whole  or  in  part,  from  a 
potential  V  we  may  include  these  forces  in  the  forms  on  the  left  of  the  equa- 
tions by  using,  instead  of  T'  and  T",  T'-V  and  T"-V,  or  as  they  are 
usually  Bymbolised,  L'  and  L",  the  so-called  kinetic  'potentials  [see  6  abxn  e |. 
Then  the  complete  equations  are  of  the  form 

d  3L"       L       -.  ., 

■  If~7q~~~dq~=   ^ 
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where  Ql  is  the  part  of  Q,  if  any,  not  derivable  from  a  potential  function. 
Bere  also,  of  course,  the  terms  derived  from  the  chain  of  products 
—  Cj.s-j  —  c.,.s.,  —  ...  are  gyrostatic. 

In  the  equations  of  motion  thus  obtained  no  &  (and  of  course  no  s) 
appears.  Thus,  by  the  process  of  modifying  the  kinetic  energy  adopted,  it 
is  possible,  in  the  case  of  holonomous systems,  to  "ignore"  the  s  coordinates 
and  their  velocities.  But  this  "ignoration  of  coordinates,"  as  it  is  called,  is 
only  possible  when,  as  explained,  arrangements  are  made  to  enable  the  8 
motions  to  have  their  proper  influence  on  the  system. 

It  ought  to  be  mentioned  that  M.  Appell  has  invented  a  dynamical  method 
in  generalised  coordinates  which  is  applicable  to  all  systems  whether  holono- 
mous or  not.  He  constructs  a  function  S,  which  has  been  called  the  "  kinetic 
energy  of  the  accelerations,"  since  it  is  obtained  from  the  expression 

£2{m(a52+#2+22)}, 

by  substituting  for  xx,  x2,  ... ,  their  values  from  the  equations  [see  (5'),  2] 
of  the  form  x  =  alq1+a2q2+ 

The  partial  derivatives  of  S,dS/dqlt  dS/q2,  ...  ,  equated  to  the  values  of  the 
generalised  forces  Qls  Q2,  ... ,  then  give  the  equations  of  motion  (see  Appell. 
Mecanique  Rationelle,  t.  2,  p.  374). 

14.  Reversibility  of  the  motion  of  a  system.  The  motions  of  systems 
which  are  not  gyrostatic  are  in  a  certain  sense  reversible.  If  we  suppose 
that,  starting  from  a  certain  instant,  the  time  element  is  reversed,  no  change 
takes  place  in  the  equations  of  motion.  For  there  are  no  linear  terms  in 
the  kinetic  energy,  and  so  no  term  in  an  equation  of  motion  is  altered  in 
value.  If  then  the  forces  for  each  configuration  be  the  same  as  before, 
we  may  suppose  time  to  flow  on,  and  the  velocities  to  be  reversed  at  the 
instant  in  question.  The  system  will  pass  through  the  configurations  of 
the  direct  motions  in  the  reverse  order,  and  where  there  was  positive 
acceleration  for  any  coordinate  there  will  now  be  retardation  for  the  back- 
ward passage,  and  vice  verso. 

If  there  be  gyrostatic  terms,  this  /<>/"/  reversal  will  not  be  possible  for 
reversal  of  the  gs  only;  the  ns  must  all  be  reversed  as  well.  Reversal  as 
regards  the  gr-motions  is  however  possible.  The  motion  of  a  top  is  a  good 
example.  The  axis  moves  between  two  limiting  inclinations  0  to  the  vertical. 
As  the  top  moves  from  the  smaller  limiting  value  of  6  to  the  larger,  it  passes 
through  a  succession  of  values  of  0,  and  the  backward  passage  is,  in  a 
sense,  an  image  of  tin'  forward  passage,  in  which  the  values  of  0  are  assumed 
in  the  reverse  order,  and  the  6s  are  the  same  for  the  same  6s  but  reversed. 
The  a/.imuthal  motions  however  are  not  reversed;  the  axis  swings  round 
in  the  same  direction  in  rising  as  in  Balling.  For  the  same  forces  the 
a/.imuthal  motion  cannot  be  reversed  except  by  reversal  of  the  spin. 
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The  kinetic  energy  of  tin1  cyclic  motions,  which  are  left  when  every  q  is 
ni;i«lc  zero,  may  be  expressed  cither  as  a  homogeneous  quadratic  function  T'  of 
the  velocities  typified  hy  *.  or  as  a  homogeneous  quadratic  function  K  of 
the  cs.      As  we  have  seen,  we  have  for  any  7-coordinate 

_9T/=3K 
7       <%? ' 
As  before,  we  have  relative  equilibrium  of  the  system  when  for  variation  of 
each   coordinate   q,  Y  —  T'  or  Y  +  K   is  stationary,   that   is  all   the   partial 
differential  coefficients      ->  ■>. 

are  zero. 

15.  St <(bili til  of  the  motion  of  a  cyclic  system.  In  the  second  case  K  is 
equivalent  to  an  addition  to  the  potential  energy  V.  It  can  be  proved,  just 
as  it  is  proved  that  static  equilibrium  is  stable  when  V  has  a  minimum 
value,  that  the  relative  equilibrium — the  state  of  motion  for  which  the  qs 
are  all  zero — is  stable  when  Y  —  T",  or  Y  +  K,  has  a  minimum  value,  that  is 
the  variation  6\Y  +  K)  caused  by  any  small  disturbance  from  steady  motion 
must  be  positive. 

The  best  example  is  that  of  a  top  spinning  with  its  axis  inclined  at  an  angle  6  to  the 
upward  vertical,  and  supported  at  a  point  on  the  axis.     The  kinetic  energy  is 

T  =  hAfr  +  hA*mid.rP2  +  Wn*,  (1) 

where  a  =  (j>  +  \p  cos  6,  the  constant  angular  speed  of  the  spin.  The  potential  energy  is 
MgA  cos  8.  Here  Cn,  the  a.m.  about  the  spin-axis,  has  a  constant  value  c,  and  the  a.m.,  G, 
about  the  vertical  through  the  point  of  support,  given  by 

G  =  C«cos#  +  Asin20.^, (2) 

is  also  constant.     Thus  we  have 

v+K=M^cos^^u;":":r")J+^;'; (3) 

Now  for  relative  equilibrium  with  B  constant  the  expression  on  the  right  must  be  a 
minimum.     Differentiating  with  respect  to  6,  and  equating  the  derivative  to  zero,  we  get 

A^cos  6  -C>4  +  Mgh  =  0,  (4) 

the  rendition  for  steady  motion  when  6  is  not  zero. 

Differentiating  again,  we  find  for  the  condition  that  Y  +  K  should  lie  a  minimum,  the 
inequality  c(c-Gcos0)  +  G(G-ccos0)      ,-,  .        a  ,., 

/   .    A  — ->4Mfl/<COS0 (o) 

Asin-0  ,y 

If  we  suppose  the  top  upright,  so  that  0  =  0,  we  must  take  c  =  G,  since  we  have  then 

each  of  these  quantities  equal  to  Cn.    Supposing  then  $  very  small,  we  have  for  the 

inequality,  very  approximately, 

,  ,.al-coafl     4A  M„;tcosfl     (d, 

sin-0  ° 

or  in  the  limit  when  6  is  evanescent 

c*>4AMgh,  (7) 

a  result  obtained  otherwise  in  1_,  V,  above. 
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16.  Visible  and  concealed  coordinates.     Nature  of  potential  energy. 

The  association  of  K  with  V  in  the  criterion  for  the  stability  of  the  steady- 
motion  of  a  cyclic  system,  and  its  treatment  as  equivalent  to  so  much 
potential  energy,  suggest  that  all  energy  may  be  kinetic,  that  in  fact  energy 
of  configuration,  or  potential  energy,  of  ordinary  bodies,  is  kinetic  energy  of 
motions  of  the  system  depending  on  coordinates  which  are  concealed  from 
us,  and  which  we  cannot  control.  In  the  dynamics  of  the  motion  of  solids 
through  a  fluid  the  configuration  of  the  solids  is  specified  by  the  g-coordinates, 
and  by  means  of  these  and  their  velocities  the  energy  of  the  system  is 
expressed,  and  the  equations  of  motion  of  the  solids  obtained  by  the 
Lagrangian  method.  In  this  process  the  coordinates,  infinite  in  number, 
which  determine  the  positions  of  the  particles  of  the  fluid,  are  ignored, 
and  the  corresponding  components  of  momentum  are  taken  as  zero, 
except  in  the  case  of  circulation  in  cyclic  regions,  such  as  channels  formed 
by  perforations  in  the  solids,  when  momenta  must  be  introduced  which 
are  exactly  analogous  to  those  of  the  flywheels  of  a  gyrostatic  system 
(see  14,  XIII). 

Thus  the  total  energy  of  a  gravitational  system  is  capable  of  expression 
by  the  visible  coordinates  and  velocities  of  molar  matter,  but  the  potential 
energy  is  no  doubt  really  the  kinetic  energy  of  unseen  and  individually 
uncontrollable  particles,  among  which  the  bodies  observed  move  just  as  solids 
move  in  a  fluid. 

17.  Case  of  'a  group  of 'constant  velocities.  If,  instead  of  the  momenta 
of  the  s-coordinates,  the  velocities  of  that  group  are  constrained  to  remain 
constant,  the  dualism  of  such  systems,  as  illustrated  by  the  Lagrangian 
and  Hamiltonian  equations  of  motion,  shows  that  there  arise  here  again 
terms  of  gyrostatic  form.  Let  us  suppose  that  the  kinetic  energy  is  of 
the  form 

T1  =  T+T,+(a11^1+a2122+-"K+(«i2?i+«2+"-)^+ C1) 

where  T  and  T'  arc  homogeneous  quadratic  functions  of  the  js  and  the  .ss 
respectively.  Also  let  the  kinetic  energy  be  independent  of  the  s  coordi- 
nates; then  the  coefficients,  un,  <<.,p  ...  ,  a12, . ..<<._,._,.  ...  ,  ...  are  functions  of  the 
qs  only.     The  ordinary  Lagrangian  equations  are  of  the  form 

d    T     dT     dT 
ilt  d('ij     dqf    dqf 

+(s^'  +  a/,''=+->'  +  W  '"+o(/!  *+•<•>+■•■ 
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We  can  write  this  aa 

d    T_3T_3T; 
di    '/,     dqf    dqf 


+ 


{(&-gMS?-g)*+~)* 


+ 

+ =Q/ (2') 

The  reader  will  see  that  if,  for  example,  we  put  first  /=1,  then  f—%  the 
coefficients  of  '/.,  in  the  first  case  and  of  qx  in  the  second  have  the  same 
numerical  value  but  are  opposite  in  sign. 

An  equation  of  motion  can  be  written  down  for  each  coordinate.  These 
equations  contain  no  terms  in  §1}  *.,, ...  ,  and  dT'/dsl,  dT'/ds2, ...  are  all  zero. 

Thus  dT     dT  .    ,3T'.    ,  ,Q, 

~dJ[  =  ^+^+ (3) 

Hence,  if  we  multiply  the  first  ^-equation  of  motion  by  qlt  the  second  by  q\, 
and  so  on,  and  add  the  products,  we  get 

d{T~T)  =  Qiq\  +  QA!+---+Qa (4) 

If  the  forces  are  derivable  from  a  potential  V  we  get 

d(T-j+Y)=0 ; 

at 

If  for  any  configuration  all  the  qs  are  zero  T  is  zero,  and  we  have  from 
the  equations  of  motion,  the  conditions,  i  in  number, 

-S-  =  Q/i  (6) 

'7< 

or  in  the  case  when  Qr='$'V/dq/,  that  is  for  a  conservative  system, 

2%B- <w 

that  is  V  — T'  does  not  vary  with  any  coordinates,  or  in  other  words  V  — T' 
is  stationary. 

We  might  express  the  kinetic  energy  of  the  s  motions  as  a  homogeneous 
quadratic  function  K  of  the  s  momenta.  We  have  then  dT'/dqf=  —dK/c</,, 
and  <ti)  becomes  3CV+  K  i 

~^<h      =  ° ( 

18.  Relative  potential  energy.  Stability  of  relative  equilibrium.  The 
expression  V-T'  may  be  interpreted  as  relative  potential  energy.  A  simple  example  is 
that  of  a  conical  pendulum,  inclined  at  an  angle  6  to  the  vertical,  and  in  stead;  motion. 
The  velocity  8  is  zero,  but  the  azimuthal  angular  speed  <:<  is  oot.    The  coordinate  </>  does 
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not  appear  in  the  expression  for  T',  which  is  hnl2s\n28 .  </>2,  where  I  is  the  length  of  the 
supporting  thread.     The  potential  energy  is  -  mgl  cos  0,  so  that  we  have 

V-T'=-m%cos  0  +  ^sin20.</>2). 
This  is  to  be  stationary,  and  so  we  must  have 

J^(V-T')  =  Wsin0(r/-lcos0.c/>2)  =  O. 
Thus  the  azimuthal  angular  speed  is  given  by 

*  _Jcos0' 

the  well-known  condition  for  steady  motion. 

It  will  be  seen  that  we  have  obtained  the  condition  of  relative  equilibrium,  that  is  for 
steady  motion,  by  treating  V-T'as  potential  energy.  Here  T'  is  the  kinetic  energy 
corresponding  to  the  so-called  centrifugal  force. 

It  is  not  difficult  to  show  that  this  relative  equilibrium  is  stable,  and  it  will  be  found 
by  a  second  differentiation,  that  for  the  steady  motion  with  angular  speed  (g/l 'cos  0)'-.  tin- 
value  of  V-T'  is  a  minimum. 

But  now  consider  the  a.m.  c  of  the  bob.  It  is  w/'-'sin20 .  </>.  Then  in  terms  of  c  the 
kinetic  energy,  which  we  have  denoted  by  T',  has  the  value  hc2/ml'-sm-6.  We  now 
denote  this  by  K,  and  find  the  result  of  considering  V  +  K  as  stationary.  Differentiat- 
ing, and  equating  to  zero,  we  obtain  exactly  the  same  result  as  before,  that  is  tp>i=g/lcos  8. 

When  we  differentiate  again  with  respect  to  0  we  find  that  V  +  K  is  a  minimum. 

19.  Illustrations  of  the  general  equations  of  motion.  (1)  As  a  first  and  very 
simple  example,  we  take  the  motion  of  a  particle  of  mass  m  in  a  plane  curve.  If  at  time  I 
the  radius-vector  drawn  from  a  fixed  point  be  of  length  r,  and  make  an  angle  8  with  an 
axis  < if  ./•  drawn  from  the  same  origin,  the  coordinates  of  the  particle  are 

x  —  r  cos  0,    y  =  r  sin  6. 
Hence  for  the  kinetic  energy  T  we  have 

2T=m{(rcos0-r0sm0)2+(fsin0+?-0cos0)2}, (1) 

or  2T  =  m(r-  +  r-V-) (2) 

In  applying  (6),  8,  to  the  problem  of  finding  the  /•,  8,  equations  of  motion  of  the  particle, 
we  have  to  take  the  first  expression  for  the  kinetic  energy.     We  obtain 

d  3T 

dtdl-  =  '"r- 
By  (6),  8,  we  have  to  subtract  from  this 

m(r cob 6  — rd am  8)  ,-(cos  0)  +  ?»(>*-sin  0  +  ?-0cos  8)-r{su\  8)  ; 

that   is  uvrt)-.    The  same  result  would,  of  course,  be  obtained  by  calculating     T 

Hence  the  r-equatiou  of  motion  is        m(r-r$i)='Ri (3) 

where  I!  is  the  applied  force  in  the  outward  direction  along  /•. 

For  the  0-equation  we  have  'T,^z='"l('"1^+-r>'^)- 

at  o8 

We  have  to  Bubtracl  from  this 

-  mi  (r  cos  8-r8s\n  8)  ,  (rs'm  #)  +  ?»(>'•  sin  8  +  r8cos  8)~r  {r  cos,  8) 

<»r  zero.     Thus  the  0-equation  of  motion  is 

m(i*6+2rrfy=6 (4) 

where  6  is  the  applied  force  perpendicular  to  the  radius-vector. 
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This  method,  if  it  had  been  applied  to  the  value  of  T  in  (2),  would  have  failed.  T  is 
here  a  Bum  of  squares  referred  to  a  set  of  axes  bo  specialised  thai  in  the  formation  of  T 
the  quantities  cos0,  Bin  0have  taken  the  special  values  1  and  *>;  and  unless  we  ^<<  back 
tn  the  fundamental  expressions,  for  the  velocities  along  the  unspecialised  axes  <>.<-,  Qy,  it 
is  not  apparent  how  the  process  is  to  be  carried  out. 

It  will  lie  observed  that  in  (l)  we  have 

^(cos  0)=  -  'y(- sin  6),     -^(si"  0)  =  ^O*cos  6), 

bo  that  the  integrability  conditions  are  fulfilled.  Tims  it  is  possible  to  proceed  in  the 
ordinary  way  by  calculating     T'  /•  and  subtracting  it   fr m'r.    The  function  <>f  r 

involved  in  (1)  and  (-1)  is  the  same,  and  so  in  the  latter  ease  the  ordinary  process 
remains  applicable,  though  then,  a/>/><rre7it///,l]\v  integrabilitv  conditions  seem  unfulfilled. 
This  explains  why  in  many  cases,  e.g.  in  the  next  example,  when  specialised  axes  are 
taken,  the  ordinary  method  is  applicable,  while  the  other,  set  forth  in  §  9  above,  is  not. 
The  latter  can  only  be  applied  when  the  values  of  u,  i,  ...  are  perfectly  general. 

20.    Illustrations  of  the  general  equations  of  motion.    (2)  Gyrostatic 

[»  itrfulu in.  As  a  second  example  we  take  the  gyrostatic  pendulum  problem  already 
discussed  above  [21,  V  1 1].  The  pendulnm  as  ordinarily  made  is  a  rigid  body  symmetrical 
about  a  longitudinal  axis,  and  containing  a  fly-wheel  with  its  axis  of  rotation  along  the 
axis  of  symmetry.  The  suspension  is  by  a  Hooke's  joint,  or  by 
means  of  a  piece  of  steel  wire  so  short  that  it  may  be  taken  as 
untwistable,  while  yielding  equally  freely  to  bending  forces  in 
all  vertical  planes  containing  the  wire  (see  Fig.  105). 

Suppose  the  axis  of  the  flywheel  to  contain  O,  and  denote  this 
axis  by  OC.  Let  0  be  the  inclination  of  OC  to  the  vertical,  ^  the 
allele  which  the  vertical  plane  through  OC  makes  with  a  fixed 
plane  through  the  vertical  containing  the  point  of  support,  </>  the 
angle  which  a  plane  containing  OC,  and  fixed  in  the  wheel,  makes 
with  a  vertical  plane  also  containing  OC.  We  shall  not  suppose 
in  the  Hist  instance  that  the  pendulum,  apart  from  the  flywheel,  is 
symmetrical,  but  take  C  as  its  moment  of  inertia  about  the  axis  of 
the  wheel,  which  we  shall  suppose  to  be  a  principal  axis  of  moment 
of  inertia,  and  A  and  B  as  the  other  two  principal  axes  for  the 
point  of  support.  We  shall  also  denote  the  moment  of  inertia  of 
the  flywheel  about  its  axis  by  C,  and  its  moment  of  inertia  about 
any  axis  at  right  angles  to  this  through  the  point  of  support  by 
A'.*  It  is  easy  to  show  from  Fig.  105  that  the  angular  velocity  of  the  pendulum  (apart 
from  the  tly  wheel)  about  the  axis  of  symmetry  is  —  i^(l -cos  #).  That  of  the  flywheel 
about  the  same  axis  is  (j>  +  \pcos$.     We  refer  in  what  follows  to  Fig.  106,  below. 

W  ••  suppose  now  that  the  principal  axis  about  which  the  moment  of  inertia  is  l'>  is 
incline. |  at  the  instant  under  consideration  at  the  angle  <f>  to  the  vertical  plane  containing 
the  axis  of  the  flywheel,  so  that,  if  without  other  change  of  position  of  that  plane  the 
axis  of  rotation  of  the  wheel  were  brought  to  the  vertical,  this  principal  axis  would  lie 

*  There  is  here  a  deviation  from  the  notation  of  20,  VII  above  ;  but  it  can  hardly  be  avoided 
unless  the  case  containing  the  gyrostat  is  symmetrical.  When  there  is  symmetry  tin-  deviation 
consists  simply  in  the  interchange  of  C  and  C.  In  comparing  the  solution  here  given  in  20,  21 
with  that  of  21,  VII,  the  reader  will  also  observe  that  the  w  of  the  latter  is  the  angular  Bpeed 
of  ;in  axial  plane  of  the  flywheel  relative  to  an  axial  plane  fixed  in  the  turning  case,  so  that 
<p—  w  -  yp.      For  the  turning  case,  or  body,  <p=  -  \j/. 


Fig.  10".. 
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in  the  plane  from  which  ^r  is  measured.  The  pendulum  is  turning  with  angular  velocity 
ft  about  01),  taken  perpendicular  to  the  vertical  plane  through  the  axis  of  the  flywheel, 
and  with  angular  velocity  ^sin#  about  an  axis  in  that  plane  and  at  right  angles  to  tin- 
flywheel  axis.  The  angular  velocities  about  the  axes  of  A  and  B  (taken  as  related  to  the 
third  axis  as  the  usual  axes  O.r,  Oy  are  to  Oz)  are  therefore  #cos<£  +  ^sin  0sin  </>  and 
—  6 sin  '/>  +  >/'  sin  0  cos  (f>  respectively. 
The  equation  for  the  kinetic  energy  can  now  be  written  down,  and  i- 

T  =  i{  A{6  cos  «£+^sin  0  sin  <£)'-' +  B(  -  0sin  <£  +  if  sin  0cos  <£)2  +  C(l  -  cos  Offr  \ 

+J[A'(#+v^sin2^)+C{^+^cos^}2] (1) 

From  this,  by  the  ordinary  process,  since  the  coordinates  of  any  particle  of  the  body  are 
connected  with  tin- angles  here  specified  by  finite  relations,  we  can  obtain  the  equations 
of  motion  ;  and  this,  of  course,  is  the  simplest  mode  of  proceeding.  All  the  data  for 
forming  the  equations  in  this  manner  will  be  found  worked  out  in  Thomson  and  Tait. 
§  330.     The  following  is  another  discussion  of  the  problem. 

21.  Discussion  of  (jyrostatic  pendulum.  We  refer  the  motion  of  any  particle 
of  mass  m  in  the  body  to  fixed  axes  coinciding  for  the  instant  under  consideration 
with  the  principal  axes  A,  B,  C,  and  denote  the  angular  velocities  about  these  axes  by 
p,  q,  r.  The  corresponding  angular  velocities  for  the  flywheel  are  p,  q,  r'.  If  .<',  y,  :  1  »e  the 
coordinates  with  reference  to  these  axes  of  a  particle  of  mass  m  in  the  pendulum  apart 
from  the  flywheel,  and  .?•',  //',  .:',  those  of  a  particle  of  mass  m'  in  the  flywheel,  we  have 

x  =  qz  —  ry,      y  =  r.r  -  pz,        z  =py  -qr, 

•'■' = q-  -  I'll'-,    y' = rx'  —pz\    -  =i'i)  - 1'- 

Hence  2T  =  ?[ra](qz  -  ry)-  + (r.r- pzf  +  (py -q,)-[} 

+  ^[ltl'\(qz'-r'yr  +  (r'y-p:y  +  (py'-qyr\l (0 

where  the  second  line  refers  to  the  flywheel  and  the  first  to  the  rest  of  the  pendulum. 
From  t  his  we  obtain 

3T 
^=2[m{-(w-p^+(^-?a?)y}]+2[m'{-(r'^-^y+0W'-gr^)y}]. 

Calculating  the  total  time-rate  of  variation  of  this,  and  taking  account  of  the  fact  that  the 
axes  of  reference  coincide  with  the  principal  axes  of  the  body,  we  get 

+  -  [m  j  y  (/'//  -  </.»•)  +y(py + p>)  -  qx)}] 

+  similar  expressions  for  the  flywheel (-) 

From  this  we  are  to  -ul it  ract,  according  to  ((>),  7,  above, 

2[m{-&(ra>    ps)+$(py    gw)}]+2[ro'j  ■#(r'x'-pJ)+y'{py'-qa/)}], 
which  vanish  identically,  and  we  have  2{»»(*z+#£)]      (A  -(')</,  2{wj(*y+##)}  =  (B  —  A 
With  these  identities,  and  the  substitutions  #=  rx    p..  i  =py  -qx,  >j  =/.»•'  -  p:'.  •  =p.>i  -  <ir  \ 
Bg  =  l'!//'(' ;     '')'•  A'q     2{m'(SV     :'.<)!,  (_)  becomes,   with  equation  to  the  momenl   of 
external  forces  round  the  axis  of  A, 

{A+A')p  -(B-C)gr-(A'-  c>7,-'  =  L (3) 

Similarly  we  obtain  another  equation 

(B+A')g    (C     A)rp    (C'-A»=M.  (3) 

These  arc  really  Killer's  equations  of  motion  for  the  pendulum,  and  might  of  course 
have    been    written   down   at    once.      We   may    now    pass   to   the   special   axes   (  )(  I ».    K.  <    >. 

which  ha\e  Keen  bo  often  used  above,  ami  which  with  0(A,  B,  C),  and  the  vertical  *  >X, 
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PlO.  100. 


are  indicated  in  Fig.  106.  The  axia  <>!■:  moves  with  the  plane  ZOC,  and  we  rnaj  take 
BOB  as  the  angle  through  which  the  body  in  its  turning  about  OC  has  outstripped  the 
plane  ZOC  Denoting  tliis  angle  by  </>,  we  have  </>  for  the  angular  speed  relative  to  this 
plane.  From  the  diagram  we  have  the  following  values 
oip,  y  (which  have  already  been  given  in  20), 

p  =  0 cos  <f>  +  \j.  sili  $  sin  </),    <j     -Osin<f>+\J/sin  dcos<f>, 
ami  we  have  seen  above  that 

r=  —  y(1  —  cob  6),     r'  =4>  +  \p  cos  $. 

Substituting  in  (3)  and  (3'),  multiplying  the  first  trans- 
formed equation  by  COS</>,  and  the  second  by  sin  </;,  and 
subtracting  the  second  product  from  the  first,  we  get  the 
equation  of  motion,  relative  to  the  axis  OD.  Multiplying 
the  tirst  transformed  equation  by  sine/)  the  second  by  eose£, 
and  subtracting  the  second  product  from  the  first,  we  get 
the  equation  of  motion  for  OE. 

The  reader  may  work  all  this  out  and  compare  with 
the  results  of  the  Lagrangian  process.  He  may  then  pass 
at  once  to  the  case  of  symmetry  about  an  axis  coincident 
with   that  of  the  flywheel.     We  may  however  pass  to  the 

case  of  symmetry  by  supposing  the  angle  (f>  of  Fig.  105  equal  to  zero,  and  inserting* 
&  +  \l<j>-s'm  t)  for  p,  \psh\6  for  q,  -\J/(l-cos6)  for  r,  <f>  +  \J/cosd  for  r,  we  get  the 
0-equation  of  motion.     Similarly  the  other  equations  can  be  obtained. 

If  the  pendulum  be  symmetrical  about  the  axis  of  the  flywheel,  (3)  becomes,  with  the 
substitutions  specified  above, 

A#-{CXl-cos6Osin#  +  Asin0cos0}^2  +  C'sin#.^  =  L,  (4) 

where  n  denotes  the  speed,  cj>  +  if/cos$,  of  the  flywheel  about  its  axis,  and  A  is  put  for 
A  +  A'. 

The  other  equations  of  motion  will  be  found  to  be 

;Asin2^-C(l-cos^)cos^}0  +  2{(A-C)cos^  +  C}sin6'.#-C'«sin^.^  =  O,1 

d     ■       ■  I  •••(&) 

^(<£+^cos0)=O.J 

In  the  first  of  the  last-written  equations,  account  of  the  second  lias  been  taken,  in  putting 
/'  for  (f>  +  \f/cosd,  and  treating  n  as  a  constant.  When  the  difference  of  notation,  referred 
to  in  the  footnote  on  p.  423,  is  taken  account  of,  it  will  be  found  that  the  equations  of 
motion  here  found  agree  with  those  obtained  from  first  principles  in  21,  VII,  above. 

The  angular  speed  of  the  flywheel  is  simply  that,  (f>  +  \//cos  6,  of  a  top  or  gyrostat,  about 
the  axis  of  figure.  The  expression  w  —  (1  —  cos6)\p  has  the  same  meaning,  but  involves 
explicitly  the  turning  of  the  body  of  the  pendulum  due  to  the  mode  of  suspension. 

•Referring  to  Fig.  105,  we  may  introduce  the  Eulerian  angles  by  supposing  axes  drawn 
from  the  point  of  BUSpension  0,  as  there  indicated.  These  axes  0(D,  E,  (')  arc  to  be  taken 
a-  coinoidenl  With  the  axes  0( A,  B,  C)  of  the  text.  If  d  lie  the  inclination  of  OC  to  the  down- 
ward vertical,  the  angular  speeds  about  tin-  axes  are,  for  the  body,  9,  ips'mO,  -^(1  -  cos  d), 
and  for  the  axes  themselves  0,  i/'.sin  6,  i^cos  6.  The  rate  of  growth  of  angular  speed  a  bail  ()D, 
■  led   for   the   moment   as  a   fixed  axis,   is  what  we   have  denoted   by  /<,   and   this   is   made 

up  of  9  due  to  acceleration,  together  with,  by  our  rule,  the   two  parts   -  \j>s\n  6  ,\fi  cos  6, 
.1       os fi  •:  -in",  due  to  the  turning  of  OE  about  or,  ami  the  turning  of  OC  about  0E 
respectively.     Thus,  or  by  differential  ing  the  value  of  p  given  in  20,  and  remembering  that,  in 
the  rotation  of  the  pendulum  body  ('<"/  /»/'  in  that  of  tin  flywh  >/),  <p=  -  f,  we  have 

jt  =  0  -  i^sin  0  cos  0  -  yp-(\  -  cos  0  sin  6)  =  6-  f-sin  6. 
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Putting  now  c)T/3<£  or  C(cj>  +  ip cos  6)  =  k,  we  have 

4>  =  jj,-cos6.\p, (6) 

and  therefore,  since  </>  is  the  velocity  for  the  ignored  coordinate  $,  we  have  from  (8),  10, 
B  =  cos#-l,  A  =  0,  where  B  and  A  are  the  functions  from  which  the  gyrostatic  terms  are 
derived. 

Now  we  can  write 

=  A^  +  A^2sin2^  +  C^2(l-cos^)2  +  C'^cos^  +  </)K 

=  A#2  +  A^sin2#  +  C^2(l-cosfl)2  +  ^  =  2(T1  +  K), (7) 

where  K=£*c2/C. 

Tims  the  kinetic  energy  is  reduced  to  the  sum  of  two  quadratic  functions,  one,  Tj,  of 
the  velocities  </>,  0,  the  other,  K,  of  the  momentum  k  corresponding  to  cj>. 

The  equations  of  motion  are  reduced  to  two,  which  have  the  form 

A#-;C(l-cos0)sin#  +  Asin#cos0}^2  +  K^sm0  +  »n#Asin0  =  O,)         ,gx 
{Asin-'^-C(l-cos^)cos6'}^  +  2J(A-C)cos^  +  C}sin^.^-K^sin6'  =  0./  * 

The  terms  Ki^sind,  —  k6  sin  6  are  the  gyrostatic  terms.  One  is  —  ipKd(cos  6)  [dd,  the 
other  is  0*3  (cos  $)fdd. 

22.  Gyrostatic  pendulum  vibrating  through  small  range.  These  equa- 
tions can  be  reduced,  when  6  is  small  throughout  the  motion,  to  .r,  y  coordinates,  and 
take  then  a  symmetrical  form  which  exhibits  better  the  gyrostatic  terms.  They  are  best 
obtained  by  transforming  the  kinetic  energy  to  the  new  coordinates  .v,  y,  taken  in  a 
horizontal  plane  through  the  centre  of  inertia  of  the  pendulum,  with  the  projection  of  O 
upon  this  plane  as  origin. 

We  have,  approximately,  1  -cos  6  =  r2/2h2,  where  r{  =  (x'-+y2)^}  is  the  distance  of  the 
centre  of  inertia  from  the  new  origin,  d  =  (-''j+y{i)/hr,  \p  =  (xy-yx)!r-,  so  that,  neglecting 
terms  of  higher  order  than  r-jK1,  we  get 

2T  =  ^(^2  +  y2)  +  ^  =  TI  +  K (1) 

For  the  calculation  of  the  gyrostatic  terms  we  have 

=£+Ai+B0,  (2) 

where  A=-^-2p)'    B— *(i-2p) (3) 

'  Since  dTJd.v,  dTJdy,  9K/3.r,  <3K/9y  are  all  zero,  the  equations  of  motion  are 

dt  dx     K\dx     dy)y+d.v~U,[  } 

d  3T.        /     B        AN.        V  I    

dt  3j/+K\ar     dy)Jj+dy~   'J 

d  3T,      ...„,     d  ST,      ......     dV  x     dV  y     3A     ?B  1 

or»SinCe    dt   dI  =  Aj'^    dt^  =  A^ **'     lXv=m9V    ^j  =  m9V    dy-dx=-^ 

k£-K.y+mghx=0,\     (6) 

Ay  +  «.<■'  +  mghy  =  0.) 

The  analogy  <>f  these  equations  to  those  for  the  simplest  vibrations  of  an  electron  in  a 
magnetic  field  has  already  been  pointed  out  (see  9,  IX,  also  6,  XX,  below). 
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23.  Motion  of  a  hoop  or  disk  treated  l>u  modified  Lagrangian  equations. 
We  now  sketch  as  a  final  example  the  modified  Lagrangian  solution  of  the  problem  of  a 
hoop  or  disk,  which  is  interesting  as  a  case  in  which  the  conditions  of  integrability  (1),  8, 
arc  in  part  fulfilled.  The  reader  may  compare  the  solution  here  given  with  that  obtained 
ltv  first  principles  in  7,  Will. 

We  refer  the  motion  of  the  centroid  to  rectangular  axes  Or,  0>/,  Qz  in  and  perpendicular 
to  the  plane  in  which  the  hoop  rolls,  with  origin  O  at  the  point  of  contact,  and  denote  the 
coordinates  of  the  centroid  by  j;  //,  :.  Let  ^be  the  angle  which  the  vertical  plane  through 
the  axis  of  the  hoop  makes  with  the  fixed  vertical  plane  containing  Or,  and  </>  be  the 
angular  velocity  of  the  hoop  relatively  to  the  former  plane.  The  angular  velocity  of  the 
hoop  about  its  axis  of  figure  is  thus  <f>  +  if/cos  8. 

A  consideration  of  the  geometry  of  the  problem  shows  that  the  following  equations 
hold:  (1)  If  the  inclination,  6  say,  of  the  axis  of  the  hoop  to  the  vertical  remain 
unaltered,  and  the  hoop  roll  through  an  angle  8\, 

°''i=-.y5X<     6>1=ycot^.8x- 
(•2)  Hue  to  the  alteration  of  6  we  have 

&r2  —  —  a  sin  6 cos  ty .  86,     8y2  =  —a sin  6  sin  ty  .  86,     8z  =  a cos  6 88. 

Combining  these,  we  get 

.;■-=  -<((</>  +  ^cos  #)sin  \p  —  a  sin  8cosyjs .  6,\ 

[I  =  a (4>  +  ip  cos  6)  cos  yj/  —  a  sin  6  sin  i//- .  6,     V  (1) 

z  =  a  cos  6.6,  J 

which  are  the  kinematical  conditions. 

The  kinetic  energy  of  the  motion  of  the  centroid  is 

=  hma-[(sin  dcosyfr  .  8  + cos  6sin\p- .  i^  +  sin  if/  .  (f>)2 

+  (-sin  dsinyjr.  6  +  cos,  8cos\fr  .  xf  +  cosyfr  .  </>)2  +  cos20.  62].  ...(2) 

This  reduces  to  Tr  =  \ma2{8-  +  cos2  (9  .  i/2  +  </>2  +  2  cos  6 .  <j>\j>),  (2') 

but  for  our  present  purpose  it  is  necessary  to  leave  it  in  the  expanded  form. 
Along  with  this  we  have  the  kinetic  energy  of  rotation 

Tr  =  i{A(02  +  ^2sin20)  +  C(c/>  +  ^cos#)2!,  (3) 

where  C  is  the  moment  of  inertia  of  the  body  about  its  axis  of  symmetry,  and  A  that 
about  any  other  axis  at  right  angles  to  the  axis  of  symmetry  and  passing  through  the 
centroid.     Then  T  =  T  +T  (4) 

1 1  will  be  seen  from  an  examination  of  the  expression  for  T  above  that  the  integrability 
conditions  are  fulfilled  as  between  6  and  <£,  and  6  and  \fr.  As  regards  Tr  the  relative 
coordinates  are  integral  functions  of  8,  <£,  V*-,  and  the  ordinary  methods  apply.  Hence 
the  ^-equation  for  the  hoop  or  disk  can  be  found  in  the  ordinary  way  by  the  equation 

rfST_3T__3V  . 

dtdd    W     d6' w 

where  V(  =  nt;f<j  sin  6)  is  the  potential  energy. 
The  i/<-  and  </>  equations  are  however 

rf?T    9Tr,        f    d.       a  .     .,     .  d.       n        ,A     n~\ 

,  +ma  (  ,•  ^(cos  6>Sin  f)  -  f/^(cos  8  COS  i/Oj  =0, 

since  dTr[d<f>  =  0.    The  last  two  equations  may  be  written  out  in  full  by  the  reader.    The 

^-equation  reduces  to  </  3X 

—  —7  —  ??2a2sin  8  .  6\p  =  0. 

dt     C 


(6) 
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The  ^-equation  (5)  worked  out  has  the  form 

(A  +  ma2) 6+ (C  +  ma-  -  A)</-sin  $cos6  +  (C  +  ma-)^  sin  ■$  =  -  wgra  cos  6 (7) 

This  equation  agrees  with  that  obtained  by  an  appeal  to  first  principles  in  G,  XVIII, 
above. 

24.  Hamilton 's principal  function.  Integration  of  the  canonical  equa- 
tions. We  now  give  a  short  account  of  the  general  method  in  dynamics 
invented  by  Sir  William  Rowan  Hamilton  and  completed  by  Jacobi,  and 
apply  the  method  to  the  discussion  of  the  motion  of  a  top.  The  reader 
must  refer  back  to  the  canonical  equations  proved  in  6.  The  solution  of 
these  equations  was  reduced  by  Hamilton  to  the  integration  of  a  certain 
partial  differential  equation,  (7)  below,  or  of  a  conjugate  differential 
equation.  The  method  here  given  of  deriving  the  differential  equations 
is  taken  from  a  paper  by  the  author  in  1'roc.  R.S.E.,  Feb.  19,  1912. 

Hamilton  and  Jacobi  reduced  the  solution  of  dynamical  problems  to  the 
determination  of  a  function  (Hamilton's  "Principal  Function")  S  of  the  qs, 
/,  and  h  constants  ava2,  ...,  a*,',  which  depend  on  the  initial  configuration 
or  motion  of  the  system.  When  this  function  is  known,  the  finite  equations 
of  motion  are,  as  we  shall  prove,  the  partial  derivatives  of  S  with  respect 
to  these  constants,  each  equated  to  another  constant,  that  is 

oS      7              S     ,                3S      , 
— s— =0,,    —  ^—  =  o2, ...,  —  5—=  bk (1) 

An}'  problem  is  solved  when  the  qs  for  time  t  are  found  in  terms  of  t,  the 
initial  coordinates,  and  the  initial  speeds,  or  a  set  of  2k  distinct  constants  by 
which  the  initial  configuration  and  motion  can  be  expressed. 

The  solution  consists  therefore  in  a  set  of  k  equations  of  the  form 

7,=//(«i>  a»  ••• .  °k<  K  K  ■■■  >  bk>  0 ( -> 

which  we  shall  write  in  the  abbreviated  form 

q<=Ma,  b,  t) (3) 

From  (2)  or  (3)  we  obtain  q^dfjdt,  so  that  the  speeds  can  also  be 
expressed  in  terms  of  (a,  b,  t).  Now  from  (2)  we  can  find  the  values  of 
the  lis  in  terms  of  the  qs,  the  «s,  and  t.  These  substituted  in  (3)  give 
equations  of  the  form  %  =  fo{q,  a,  t).  These  values  of  the  speeds,  used  in 
(1)  of  6,  give  k  equations  of  the  form  2>,  =  F,(r/,  <>,  ().  By  differentiation 
of  this,  and  use  of  the  canonical  equations,  we  gel  For  any  p, 

3H    3H  dp     3H  dp  dH    p  p 

dq+dp1dql  +  dp.2~dq,+  "+   p     q-      ?t ( 

where    II    is  a    function  of  the  7s.  the  ps,  and  /.  as  explained  in  G.     But 
differentiation  of  11  as  thus  expressed  gives 

3H     ?H;> .,  f^ /'■■_.        .?M^.     /?H\ 

vg    q>i   7      p2  ?>q  3p*  vq    Vs?/' 
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where  <  II  q)  on  the  ri^ht  is  the  partial  derivative  of  H,  when  E  is  made 
a  function  of  (q,  a,  t)  by  substitution  from  (4)  in  the  value  of  K  as  given  in 
(2),  t>.     Eence  (4)  and  (5)  give  h  equations  of  the  form 

*g(8-»}-©+l m 

The  Left-hand  side  of  ((>)  suggests  that  each  />  may  be  the  partial  derivative 
S    q  of  a   function  S  of  the  qa  and  t,  so  that  all  the  terms  on  the  left 
vanish  identically. 

If.  moreover,  the  value  of  S  cause  the  right-hand  side  of  (6)  to  vanish, 
we  ha  ve,  since  j>  =  dS/dq,  d(dSjdt  +  H)/cty  =  0.  Hence,  if  we  insert  3S/3<7  for 
the  corresponding  p  in  H  expressed  in  terms  of  the  7s,  the  £>s,  and  t,  and 
use  the  abridged  notation,  we  get 


•J-*-     ~—>  ■■  -  &- 


3S  ,  TT/     dS    ,\     ,,  /HN 

at +HC«-  ag«- V-° <7) 

for  the  determination  of  the  function  S,  which,  with  p  =  dS/dq,  as  suggested 
above,  will  fulfil  all  the  conditions  involved  in  the  equations  of  motion. 
This  is  Hamilton's  partial  differential  equation. 
We  have  dS/dt  =  dS/dt  +  ^(qdS/dq),  so  that  by  (7), 

f  =  2(j|)-H  =  2(Pj)-H (S) 

If  the  right-hand  side  of  this  be  denoted  by  L,  it  will,  when  T  +  V  =  /<, 
coincide  with  L  as  defined  in  3.     Thus  to  a  constant  we  have 

S=[L^, (9) 

which  may  be  used  for  the  calculation  of  S. 
Equation  (8)  gives  to  an  additive  constant 

S  =  -L(pq)-]{(pq)+E.}dt=I,(pq)-S', (10) 

which  defines  a  second  function  S'.  We  have  dS'/dt  =  'Z(pq)  +  H.,  and  if  we 
suppose  S'  to  be  a  function  of  the  ps  and  t,  we  get 

dS'/dt  =  dS'/dt  +  2(p  dS'/dp). 

Further,  if  we  put  3S'/d*  =  H,  and  q  =  dS'/dp,  we  shall  have 

3S'     „/     3S' 

which  is  Hamilton's  second  differential  equation.  If,  instead  of  the 
equations  pi  =  F,((/,  a,  t),  we  obtain,  as  we  may,  equations  of  the  form 
qt=Gt(p  a,  (),  and  proceed  [as  we  did  for  j>  and  (d'H./dq)]  to  express 
/  and  (dH/dq),  on  the  supposition  now  that  H  is  a  function  of  (p,  ",  t),  we 
are  led  to  (11),  so  that  S'  is  a  function  of  the  ps  and  t,  by  which  S  may  be 
replaced. 


•=(»§■«)-* (11) 
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It  may  be  proved  that  dS/da=  —  dS'/da,  except  when  a  is  the  value  of  a 
constant  p,  taken  as  one  of  the  constants  in  S.     Obviously  dS/dt  =  —  dS'/dt. 

The  second  partial  differential  equation  (11)  may  be  obtained  by  a  process 
in  which  the  p*  and  qs  play  a  part  precisely  similar  to  that  played  by  the 
7s  and  2>s  in  the  process  by  which  the  first,  (7),  was  arrived  at.  This  fact 
illustrates  the  reciprocity  of  the  two  equations,  which  corresponds  to  the 
duality  of  the  canonical  equations.  It  will  be  seen  that  (7)  or  (11)  is  the 
proper  partial  differential  equation  according  as  H  is  expressed  as  a  function 
of  the  qs  and  t,  or  as  a  function  of  the  pa  and  t. 

25.  JacoMs  theorem.  Jacobi  showed  that  if  a  complete  integral  of  (7; 
is  known,  that  is  an  integral  which  contains  h  constants,  o.v  a.„  ...  ,  ak, 
besides  the  additive  constant,  the  integrals  of  the  canonical  equations  are 
(L)  of  24,  with  the  k  equations 

*-i ; (1) 

This  can  be  proved  directly  by  showing  that  d(dSjda)/dt  is  constant,  so 
that  (1),  24,  are  consistent  with  the  equations  of  motion.     We  have 

dtda     da\dt+    Vdq))         \dq  da)     da        Xdqda) " 

But  L  =  Z(2^j)  —  H,  and  therefore 

da        \da^    *  da     dp  da)        V  ?«, 

This,  since  dS/dq^j),  makes  the  expression  on  the  right  of  (2)  zero,  and  the 
theorem  is  proved. 

The  /.:  equations  (1)  of  24  enable  the  coordinates  (the  qs)  to  be  found 
in  terms  of  t  and  the  2/»;  arbitrary  constants,  which  express  the  initial 
configuration  and  motion;  and  these  equations  [(2)  above]  are  therefore  the 
complete  solution  of  the  dynamical  problem  proposed. 

26.  Case  in  which,  II  <lo<*  not  contain  t.  If  the  function  does  not 
depend  on  t  as  an  explicit  variable,  (7)  of  25  becomes 

'!+'<=« w 

where   A    is  put  for  the  constant    value   which,  as  we  have  seen,  H  now 
possesses.     Integrating  from  ^,(  =  0)  to  t,  we  obtain 

•s=  -ht+W(qli  </.,,  ... ,  (/,.,  (/,,  a.,,  ... ,  a*-!,  h) (2) 

The  function  W  is  the  value  of  Hamilton's  Characteristic  Function 

S+\\t-H0t0 
when  II  does  not  contain  t.     It  is  a  complete  integral  of  (1)  for  each  value 
<>t'  fi  ;  that  is,  it  is  possible  to  choose  the  constants  au  ...  ,  «*_,  so  as  to  give 
for  any  chosen  value  of  h  arbitrary  values  of  ?W/dqu  ... ,  dW/dqk_l;  and, 
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conversely,  if  these  constants  can  be  so  assigned,  \V  is  a  complete  integral 
of  il).      For  if  we  desire  that    0W/3gr,,  ...  ,  dW/dqk_x  shall   have  certain 

arbitrary  values  (/),t ,  (?>,)„,  ... ,  (pj0,  for  /„,  (7,1,  (ga)0l  ... ,  ('/,,)„,  we  put 

/<  =  />„,  the  corresponding  value  of  h,  and  then  the  value  of  3W/3r/,  is  that 
given  by  the  value  //,,  of  II. 

Lne  equations       ^T  =  6i' —  >  e^      =  &*-i>     ~^k=f~t»  (' 

give  the  "path"  by  the  first  /.•  —  1,  and  the  time  of  passage  is  given  by 

the   last. 

The  reader  may  prove  that,  if  coordinates  qx,  q.2t  ... ,  q,  do  not  appear  in  H, 
&=c1q1+ciqi+...  +c#,+U(<,  qi+1,  ... ,  qk), 
where  clt  c>,  ...  ,  c,  are  the  (constant)  components  of  momentum  correspond- 
ing to  the  absent  coordinates. 

27.  A  top  on  a  horizontal  plane  without  friction.  Jacobin  solution  by 
the  Samilton-Jacdbi  method.  Aa  an  example  we  take  the  motion  of  a  top  on 
a  horizontal  plane  without  friction.  We  take  x,  y  as  the  horizontal  coordinates  of  the 
centroid,  C  and  A  as  the  moments  of  inertia  about  the  axis  of  figure  and  about  an  axis 
transvei  se  to  the  axis  of  figure  and  through  the  centroid,  respectively,  and  the  rest  of  the 
notation  as  usual.  The  horizontal  components  of  velocity  are  ./•,  y,  and  the  vertical  velocity 
(downwards,  since  6  is  taken  with  reference  to  the  upward  vertical)  is  A  sin  0 .  6.  The 
kinetic  and  potential  energies  are 

T=i{M(.;-2  +  f/2+/i2sin2  6  .  £)+A#+Asin2  6  .  fr  +  C(<j>  +  $cos  0)2},    Y=Ughcoa  6,  ...(1) 

where  of  course  h  is  not  the  energy  constant,  but  the  distance  of  the  point  of  support 
from  the  centroid 

The  coordinates  are  thus 

q1  =  .v,     q.,=i/,     q3=d,     qt  =  <f>,     qr,  =  f (2) 

The  last  two  and  the  first  two  do  not  appear  in  T  or  V.     The  momenta  corresponding  to 
these  are 
p,=Mx,    pa=M#,    p3=(MA2+A)sin20.0,    Pi  =  C(<j>  +  ipcosd), 

p5  =  Asin2#  .  \p  +  C  cos  6{<j>  +  >p  cos  6).  ...(3) 
Solving  these  last  equations  for  the  velocities,  and  substituting  in  the  value  of  T  +  "\ 

n'e-et    H_    1    f :)  ■■  ,  ,,  •">  |  i   f             P^              |  P**  |  (P,-,-/>4CQ8fl)8l  ,  Mgi.  co,  a  (4) 

H-2M(A  +^)  +  2  {{m,  +  A)sin,e  +  JJ  +  -    As-m,e       }  +  Mghco±V (4) 

We  can  now  form  the  canonical  equations 

3H      .         3H      .  3H      .  3H      .  11 

Pl~~dq~i'  P*~~W*    Ps~~W*   Pi~    Zq*'  p6~    9?s' 

With  these  of  course  are  the  companion  equations 

.  _3H      .  _3H 

The  first  two  and  the  last  two  of  the  canonical  equations  are 

;,,=<»,  p2=o,  p4=o,  p6=o, (5) 

since  7,.  </_.,  qt,  qr,  do  not  appear  in  H. 
Thus  we  have  Pi=Ci,    Pa=c2i    /'i  =  'p    P6=c« W 
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where  cn  <■.,,  c4,  c6  are  constants.     These  are  first  integrals,  and  they  state  results  we  are 
already  familiar  with,  namely 

M  i     <•,,     .Mi/  =  c2,    C(<^^-^/'Cos6,)^'•,,     Asin20^+C»cos 0=cfi (7) 

The  last  two  state  the  constancy  of  angular  speed  t^  +  i/'cos  $=»,  and  of  angular  momentum 
Cn,  about  the  axis  of  figure,  and  the  constancy  of  a.m.  ahout  the  vertical  through  the 
centroid,  while  the  first  two  assert  that  the  centroid  moves  with  uniform  velocity. 
The  Hainiltoiiian  differential  equation  in  the  present  cast-  is 

1+H=°. <8> 

where  in  II  has  been  substituted  for/*,,  p2,  ps,  /».,,  pb  their  values  as  partial  differential 
coefficients  9S/3.r,  3S/3y,  ...  of  the  "principal  function"  S.     Thus,  by  (4), 

tt~"*t\5£/  +\d7/J  +A+MhHm*8\d6j  +  Asin20\3f     30CO8t7  +CVd^/  J 

+MghcoBd (9) 

We  notice  in  the  first  place  that  T  +  V  =  k',  a  constant,  and  that  6  is  the  only  coordinate 
which  appears  in  (!i).     Hence,  by  26,  we  assume 

S=  -h't+clx+c2^+ci<j>+c6ylr+'F{8)=  -h't+W, (10) 

where  F  is  a  function  of  6  to  be  found.  [Here  and  in  what  follows  h'  is  put  for  the 
energy  constant,  to  prevent  confusion.]     Now  we  have  3S/30=F'(6O,  and  so  get,  by  (9), 

Thus  we  have  F(0)=  [{(A  +MA2sina0)/(0)}*d0,    (12) 

where  f(d)  is  given  by  (11 ).     Hence p3  =  d8[dd  =  F'(6),  and 

p3={(A.+Mh?sin*d)f(d)}* (12') 

Thus  finally  we  obtain 

S=  -h't+c^+c^'+c^+c^ + f{{A.+Mh*Bm*6)f(6)fidd,    (13) 

which  containing,  as  it  does,  five  distinct  constants,  is  the  complete  integral  of  (8). 
I!y  (3),   2(1,  the  integral  equations  corresponding  to  the  canonical  equations  are 

3S_3W,      3S_3W               dS_     ,,3W_  . 

-rT^-6"    73^2-  3c,  ""-'••■  '3A'"     '+9A'~     '"'  (M) 

where  bu  62,  64l  &6,  /,,  are  all  constants. 

If  now  we  write  R={(A+MA2sina0)//(0)}*,  we  get,  from  (14)  and  (11), 

x    i^j-RdO^bi,    ij-c2f'Rdd=bs,    t-j'Rdd=tfi,  ) 

♦-/*{a™<*-*-»>}*»-*«  ♦-/B4*£r"iM 

The  fust  two  and  the  last  two  c.f  these  equations,  (15),  give  the  "path"  of  the  top,  the 
remaining  equation,  the  third,  the  time  of  passage  from  an  initial  to  a  final  configuration. 
From  the  third  equation  we  get  /  .,  ia_f_t 

SO  that   the  first  t\V<>  bee, one 

a?-61=c1(<-*0),    y-&a=Cj(*-<0),   (16) 

which  again  shows  that  the  centroid  moves  along  a  straight  line  with  uniform  speed. 


CHAPTER   XX 

THEORY   OF   GYROSTATIC   DOMINATION 

1.  <  'i/i-hi'nlnl  Motion.  An  important  feature  of  the  second  edition 
of  Thomson  and  Tait's  Natural  Philosophy,  published  in  1879,  is  the 
discussion  there  given  of  what  the  authors  called  cycloidal  systems,  which 
in  their  most  general  form  contain  rotating  flywheels.  The  simplest 
example  of  cycloidal  motion  (apart  from  the  motion  of  a  particle  under 
gravity  in  a  cycloidal  path)  is  that  of  a  particle  hung  by  a  vertical  spiral 
spring  of  negligible  mass.     The  equation  of  motion  is 

g4.£, —  o 

where  I  is  the  distance  through  which  the  spring  is  drawn  out  when  the 
particle  hangs  in  statical  equilibrium.  In  this  case  the  displacement  : 
from  the  equilibrium  position  is  a  simple  harmonic  function  of  the  time, 
which  is  also  the  law  fulfilled  by  the  bob  of  a  cycloidal  pendulum  as 
regards  the  displacement  of  the  bob  along  the  cycloidal  path  from  the 
lowest  position.  For  if  s  be  that  displacement  the  differential  equation  for 
motion  along  the  arc,  situated  with  the  vertex  as  the  lowest  point,  is 

4" 

whfiv  ''  is  the  radius  of  the  gin, rating  circle  of  the  cycloid. 

Here  the  solution  of  the  differential  equation  is  given  by  the  roots  of 

the  quadratic  n 

P+&-0. 

which  are  pure  imaginaries,  so  that  the  motion  is  simple  harmonic  in  the 
real  period  2ir(4a  </)',  that  is  the  period  is  that  of  a  simple  pendulum  of 
length  equal  to  the  length  of  the  cycloid  from  the  middle  point  to  either 
cusp. 

On  the  other  hand,  if  a  particle  were  constrained  to  mow  undo-  gravity 
in  a  cycloid  with  its  cusps  turned  downward,  the  equation  of  motion 
would  be  ,, 

■i<l 
O.G.  2B 
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for  the  force  per  unit  mass  along  the  path,  which  is  numerically  </*  \n  in 
both  cases,  is,  contrary  to  the  former  case,  now  directed  away  from  the 
ini<ldle  point.     The  roots  of  the  quadratic  are  real,  and  the  finite  equation  is 

where   a  =  (t7/4«)-.     This   might  perhaps  be  regarded  as  simple  harmonic 

motion  in  an  imaginary  period  liri^ajg)  . 

Both    these    examples    are    typical    of    what    Thomson    and  Tait  called 

cycloidal  motion.     In  such  motion  each  component  of  displacement  is  in 

i  he  general  case  of  the  form 

AeA'  +  BeA'<+..., 

where  X,  X',  ...  are  real  or  complex  quantities.  With  real  values  of  the 
coefficients  of  the  equation  of  motion  the  complex  roots  occur  in  pairs 
(«  +  /3i,  a  —  (3i),  and  every  such  pair  furnishes  a  term  of  the  form 

GV'cos(/3£-/), 
where  C  and  /  are  constants  of  integration. 

2.  Cycloidal  systems  containing  flywheels.  We  can  only  give  a  very 
short  discussion  of  cycloidal  systems  which  contain  gyrostatic  flywheels. 
A  general  cycloidal  system  is  one  acted  on  by  forces  of  two  kinds, 
"  positional  forces  "  which  are  proportional  to  displacements,  and  "  motional 
forces "  which  are  proportional  to  velocities,  and  is  such  that  its  kinetic 
energy,  T,  is  a  homogeneous  quadratic  function  of  the  velocities  with 
constant  coefficients.  Thus  if  qx,  q2,  ...,  qk  be  the  coordinates  defining  the 
configuration  of  such  a  system,  the  equations  of  motion  of  the  system  are 

+  <v/,  +  a<g2  +  •  •  •  +  aif2i  +  aSh  +  •  •  •  =  °> 


•(1) 


ill    >j] 

dt^  +  b1q1  +  b2qi+...+P1q1+P2q2+...  =  Q, 

If  a2  =  l31>  a3  =  yl,  ...  the  positional  forces  are  said  to  be  conservative;   if 
<i.,=  —bv  a3=  -(p  ...  we  have  gyrostatic  terms,  which  also  involve  no  dissi- 
pation of  energy.     Non-gyrostatic  motional  forces  are  not  here  considered. 
If  a  particular  solution  of  the  equations  of  motion  be 

7i  =  VA'>     7j  =  /'-/'a' 

(hen,  if  T0  be  the  same  quadratic  function  of  hv  A., that  T  is  of  qv  j.,,  ...  , 

we  obtain  by  substitution  in  the  differential  equations 


X2^"  +  X((/1A1  +  ",/',+  ...)+cq//1+a,/(,+  ...=0, 


.(2) 
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If  DOW  -^  =  ''\i'/i~+-<'\'>j//i+---+''://<1+-1'  ■  :'/■:'/:;+•••  » 

these  equations  become 

(a11X2+a1X  +  «,)//!  +(a12X2+a2X+a2)A2+...=  (),| 
(asaX2+61X+/81)Ai+(a^2+^X+/32)/i2+...=0,[  (3) 


'J 


with  a12=a2i'  "i:;  =  ":;p  "j:;  =  ":;-2-  •••  > so  that  'NV('  g^'t  the  determinantal  equation 

r/11\-  +  a1X  +  up     a12X2+a2X+  a2, .. 
aaX2+61X+i81,    a,X~+b.^  +  /3,, .. 


0,  (4) 


which  is  of  degree  2k  in  X,  and  has  2&  roots  on  which  the  possible 
particular  solutions  depend.  If  we  use  any  one  of  the  roots  in  (3)  we 
shall  obtain  the  ratios  of  the  values  of  h.>,  h.s,  ...  to  hl  (or  of  any  k  —  lof 
the  hs  to  the  remaining  k),  that  is  we  obtain  a  solution  with  one  arbitrary 
constant  lix.  Each  root  thus  gives  a  particular  solution  with  one  arbitrary 
constant,  and  the  general  solution  is  the  sum  of  these  particular  solutions. 
By  proper  choice  of  the  arbitrary  constants,  the  general  solution  may  be 
made  to  satisfy  any  given  initial  conditions. 

3.  Effect  of  repeated  roofs  of  the  determinantal  equation  on  stability. 

But  these  conditions  presuppose  that  the  roots  X  are  all  different.  The 
determinantal  equation  may  however  have  multiple  roots,  and  in  either  or 
both  of  two  ways :  (1)  For  a  particular  value  of  X  not  only  the  determinant 
D  of  (4)  may  vanish,  but  all  the  minor  determinants,  up  to  and  including 
those  obtained  by  striking  out  in  —  1  rows  and  m  —  1  columns  from  the 
main  determinant,  may  vanish.  If  this  is  the  case,  the  determinantal 
equation  has  m  identical  roots ;  but  no  terms  containing  powers  of  t  appear 
in  the  solution.  The  only  effect  of  the  root  of  multiplicity  m  is  that  m  of 
the  coefficients  hlf  }i2,  ...  are  left  undetermined.  These  may  be  chosen 
arbitrarily,  and  the  necessary  m  independent  particular  solutions  obtained. 

(2)  It  is  possible  for  the  determinantal  equation  to  have  a  multiple  root 
without  evanescence  of  the  minor  determinants  in  the  manner  specified. 
The  necessary  particular  solutions  can  then  only  be  obtained  by  supposing 
that  /'P  /<2,  /'.;.  ...  are  not  constants,  but  rational  integral  functions  of  the 
time. 

To  prove  shortly  these  statements,  we  go  back  to  (1),  2,  and   regarding 
X  as  d/dt,  to  which   Eor  the  solution  assumed  it  is  equivalent,  we  write 

(3)  as 

(auX8+a1X+  a,  )(jl  +  (c-vX2  +  ".,\  +  a2)g2+- . .  =  (U 

(«.,1X2+61X4-/31)714-(".,..X-+/>..X  +  /l)7.,4-...=0,  \    (  '  ' 
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These  equations  may  be  solved  by  assuming  one  of  the  qs  to  be  known  by 
it-  coefficient  h,  then  by  omitting  one  of  the  equations,  k  —  1  equations 
are  made  available  to  give  the  remaining  k—l  rjs  in  terms  of  the  assumed 
value.  In  this  way,  if  Mx,  M2,  ...  be  first  minors  of  the  determinant  D, 
being  of  course  functions  of  X,  and  V  be  the  function  defined  in  (3)  below, 

weSet  qi=M1Vi     &=M2V,     q8=M8Y, (2) 

and  it  is  clear  that  DV  =  0. 

It  is  of  no  consequence  what  set  of  first  minors  is  chosen. 

V  is  a  function  of  /,  and  is  called  by  Routh  [Adv.  Rigid  Dynamics, 
Ch.  VI]  the  type  of  the  solution.  It  is  that  function  which  operated  on  by 
the  functions  Mr  M2,  ...  yields  the  values  of  the  coordinates.  If  the  roots 
of  the  equation  D  =  0  be  X',  A",  ...,eachof  the  expressions  eA',  eA"',  ..., satisfies 
the  equation,  and  so  the  general  form  of  V  is  given  by 

V  =  LV'  +  LV'  +  ...,  (3) 

where  L',  L",  ...  are  the  arbitrary  constants.  Should  however  m  roots.  \. 
be  equal,  we  shall  have,  by  the  usual  theory  of  equality  of  roots,  for  V  the 

equation  V  =  (L„+  V  +  ...  +  Llft_1*»-V  +  etc., (4) 


that  is 


V 


Tims,  by  (2),  we  have 


(               3                       /3Y"_11 
Lo  +  L.^  +  .-.  +  L,^  -         ^  +  etc (5) 


l\W     J 


.(6) 


f  3  /  3  V""M 

r/l  =  JL(,M1  +  L1M1^+...  +  Lm_,M1(^J       j-^  +  etc, 

(  3  /  3  \m-1l 

7,  =  I  LoM2  +  L,  M,  :,x  + . . .  +  LW_,M^J      jeV  +  etc., 


where  the  etc.  denotes  terms  depending  on  other  roots. 

Now  we  know  that  if  M  be  a  rational  integral  function  of  the  operator 
d  'H  (  =  X)  and  n  be  any  integer, 


,r3"eA<     /3V*,  ... 


and  .so  obtain 


^{i^M^+L^M^O-f-..^^ 


'/-• 


.(7) 


From  this  it  follows  that  the  necessary  and  sufficient  condition  that  there 
shall  be  no  terms  involving  powers  of  t  in  the  solution,  is  that  all  the 
minors  of  D  up  to  and  including  the  (m —  l)th  should  vanish.  For  the 
investigation  shows  that  the  root  X  of  multiplicity  m  must,  if  such 
terms  are  to  be  excluded,  be  repeated  m  —  1  times  in  every  first  minor  of  1). 
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Hut  it'  du'  root  is  thus  repeated  it  is  repeated  also  m  —  2  times  in  every 
second  minor,  m— 3  times  in  every  third  minor,  anil  soon.  These  minors 
appear  in  consequence  of  the  differentiations  in  (7)  and  all  vanish  in  con- 
sequence of  the  repetition  of  the  root. 

The  general  rule  as  to  the  stability  of  a  moving  system  is  that  the  real 
roots,  and  the  real  parts  of  the  complex  roots,  should  be  either  all  negative 
or  all  zero.  These  are  the  general  necessary  and  sufficient  conditions, 
subject  to  the  following  reservations  as  to  equal  roots,  which  we  give 
substantially  as  stated  by  Routh  (loc.  cit.).  As  a  rule  there  are,  in  the 
ease  of  equality  of  roots,  terms  containing  powers  of  t  as  factors.  If  X 
be  positive  a  term  L^e*'  renders  the  system  unstable.  If  X  be  negative 
the  highest  possible  numerical  value  of  this  term  is  \h(s/e\)s\,  and,  if  X 
be  small,  an  initial  disturbance  may  be  such  as  to  make  the  oscillatory 
disturbance  of  the  ^s  a  serious  departure  from  the  stable  state.  But  if  the 
initial  disturbance  does  not  have  this  effect,  the  term  ultimately  disappears 
and  the  motion  is  stable. 

I  >f  course  if  X  is  a  pure  imaginary,  ni,  the  term  is  of  the  form  ifamnt 
and  the  motion  is  unstable. 

If  there  are  more  than  k  equal  roots,  there  will  be  powers  of  t  in  the 
solutions  as  factors. 

4.  Motional  forces.  Dis.sijxifion  function.  With  regard  to  motional 
forces  it  may  be  noted  that  (1),  2,  give  (with  dV /dqv  dV /dq.2,  ...  for  the 
positional  forces,  supposing  these  conservative)  by  multiplication  of  the  first 
by  qv  of  the  second  by  q2,  ...  and  addition, 

d(T+Y) 


dt 


=  -{a1?i2+(a2+&i)^2+(as+c1)^s+...+62222+...} (1) 


The  quadratic  function  of  the  velocities  shown  in  brackets  on  the  right 
of  (1)  is  essentially  positive  for  all  natural  motional  forces,  and  is  the 
rate  of  diminution  of  the  energy  of  the  system.  It  has  been  called  by 
Lord  Rayleigh  the  "dissipation  function"  and  by  Thomson  and  Tait  the 
dissipativity."     Denoting  the  dissipation  function  by  F,  we  get  by  (1) 

T+V  =  E0-f  Fdt, (2) 

Jo 

where  Ey  is  the  total  energy  when  t  =  0.  When  the  system  is  at  rest  in  an 
equilibrium  position  T  and  F  are  zero,  otherwise  they  are  both  positive. 
1 1  '-nee,  as  time  advances,  while  the  system  moves,  the  time  integral  of  F 
must  continually  increase  towards  infinity  unless  the  system  comes  asym- 
totically  to  res!  or  V  diminishes  towards  —  x  .  If  Y  is  positive  the  system 
will  come  more  and  more  nearly  to  rest  in  the  configuration  for  V  =  (>.  and 
unless  V  is  positive  in  the  zero  configuration,  the  equilibrium  is  unstable 
[see  Thomson  and  Tait,     345"  et  seq.\ 
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It  is  to  be  observed  that  gyrostatic  motional  forces  contribute  nothing 
to  dissipation,  and  do  not  appear  in  the  dissipation  function,  though  they 
have  a  very  real  existence  in  the  equations  of  motion,  If  for  example 
"■j7-j>  V/i  are  wholly  gyrostatic,  a2+61  =  0,  and  the  term  (Uo  +  b^q^j.-, 
disappears  from  the  dissipation  function  on  the  right  of  (1). 

5.  Motional  forces  zero.  Gyrostatic  systems.  The  algebraic  conditions 
are  simplified  if  the  motional  forces  are  zero,  for  then  the  determinant 
has  k  roots,  each  a  value  of  A'2,  The  2k  values  of  A  may  be  denoted  by 
±/Y,  ±A",  ... ,  and  the  complete  solution  of  the  equations  of  motion  is 

qy  =       A  V  +  B'e  ~ yt  +        A  V"'  +  B"e  ~  *"'  +...;, 

^  =  |i(AVHB'e-^  +  ^'2(AV'''  +  B''e-^)+..., (1) 

But  now  equations  (3),  2,  become 

To  see  the  effect  of  equality  of  roots  let  A'"2  =  A""2,  and  assume  that  the 
liist  minors  of  D  vanish.     Then  twice  over  in  (2)  we  can  take  an  arbitrary 
value  of  hjhv  and  in  terms  of  this  obtain  the  other  ratios.     If  these  values 
of  the  ratios  hjf^  be  denoted  by  r,  r"  we  have  for  the  arbitrary  constants 
A'  +  A",    B'+B",   r'A'+r"A",   r'B'  +  r"B",   A'",   B'",  . . .  ,  A<*> ,  W\ 

in  all  2/,'.  We  have  therefore  the  general  solution.  In  a  similar  way  a 
triple  root,  a  quadruple  root,  etc.,  may  be  shown  to  leave  the  number  of 
particular  solutions  unaltered. 

For  the  discussion  of  gyrostatic  systems  it  is  desirable  to  suppose  the 
kinetic  energy  reduced  to  a  sum  of  squares  of  velocities  with  positive 
coetlicients  each  equal  t<>  unity  [as  in  (2),  7.  SIX],  and  V  1"  a  sum  of 
squares  of  coordinates  with  positive  or  negative  coefficients  as  the  ease  may 
lie.*  This  amounts  to  supposing  that  the  coordinates  are  those  which 
would  he  "normal  coordinates"  if  there  were  no  motional  forces.  It  will 
conduce  to  clearness  also  to  adopt  Thomson  and  Tait's  notation  of  12  for  a.2, 

13  for  ".. 21  for  bv  23  for  b.v  As  we  shall  suppose  (unless  it   is 

otherwise  stated)  that  no  motional  forces  appear  that  are  not  gyrostatic- 

we    have    (^  =  0,   /;._,  =  0,   <:i  =  Q Hence,   since   the  motional   forces    are 

gyrostatic,  we  ha\  e 

12=  —21,  13=-31,    23= -32, (3) 

T-K&,+&,+2?+...)i    V  =  M-l7l-  +  -^+...),  (4) 

For  the  general  theory  of  vibrations  about  equilibrium,  and  thee litionsof  transformation, 

see  Whit  taker,  Analytical  Dynamics',  I lhapter  VII.  See  also  Routh,  Advanced  Rigid  Dynamics, 
Chapter  VII. 
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and  the  equations  of  motion  Ktouk' 

7,  + 1*27.,+  i:i7;;+  -  •  ■  +  -l7l  =  (), 
g2+21j1+23^+...+Bi2g2=0) 

7:;  +  :il7l+327,  +  ...+-;7:i  =  0> 


.(•») 


0. 


.Hi) 


The  determinantal  equation  now  becomes 

X-  +  -,,     12X,  13X, 

21X,  X2+w2,     23X, 

SIX,  32X,  A-  +  -,,  ... 


Since  12=  —21,  13=  —31,  ...  ,  this  is  a  skew  determinant. 

It  will  be  of  use  in  examples  of  gyrostatic  systems  to  have  the  expanded 
determinantal  equation  for  two,  three,  and  four  equations  of  motion.     These 

are       A4  +  (-1  +  -:,+  12-)X-  +  -1-o  =  0 (7) 

X,;  +  (-1  +  -2  +  -,+J22  +  23-  +  312)X4+{-1(-2  +  312) 

+  -,(-.{  +  122)  +  -3(CT1  +  232)}X-  +  -1(rr:,~3  =  0 (8) 

V  +  (-!  +  -,  +  nr:i  +  -4  + 1 22  +  232  +  3-i2  + 1 32  +  342  +  412)X° 

+  {~x~ ._,  +  uT2uT3  +  T3z~i  +  —  4~ !  +  ZSitS2  +  ( ~i  +  ~->)  342 

+  (-2  +  -3)U2  +  (-3  +  -,)122  +  (-4  +  ~1)232  +  (o71  +  -.J)42- 
+  (-2  +  -4)132  +  12.34-+13.42  +  14.23}X4 

-\-{~i7o0~3-\-  ~o~3~4T~;;~4~i  4~  ~1~.,~4  -\-  ~1~.>*l4" 

4-  ~.,~3412  +  -  s~1422  4-  ~1~4232  +  --,.,  1 32  +  ~4-3l  2-  )X2 

4"  ~j~0~3~4  =  0 ( 9 ) 

6.  /\.riini/i/i  •:  Gyrostatic  pendulum,  two  freedoms.  We  take  as  an  example 
the  equations  of  the  gyrostatic  pendulum  (5),  22,  XIX,  above.  These,  as  already  stated, 
are  precisely  similar  t<>  the  equations  for  the  simplest  case  of  motion  of  an  electrified 
particle,  an  electron,  in  a  plane  at  rjght  angles  to  the  lines  of  force  of  a  magnetic  field. 
The  equations  may  he  written 

$-kg+z3x=o,   ,;;+/■; +  s7y=o, (i) 

where  k=  k/A,  T3=mgkfA. 

Here  12  =  £,  and  ~  =  //<<////A,  and  the  determinantal  equation  is 

( A-  +  -)-  + 12-'  A2  =  0. 

If  the  given  equations  had  been  of  the  more  general  form, 

A  -  -  k;i  +  Ex  =  0,      1  \y  +  kx  +  Fy  =  0, 

we  could,  by  writing  g--r(A)-,  >/  =  y(B)-,  have  transformed  them  to 

£  -  kfj + ~,£ = < ),   ;; + 1£ + -., ,) = o, 

where  /•-  k(.\  \\y\  ~      E  A.  5JS     V  B. 

We  shall  coi  aider  this  case  a  Little  in  detail.    The  determinantal  equation  is 

(A-  +  -1)(A-  +  -,,)  +  t-A-'  =  0. 
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This  equation  involves  only  even  powers  of  A,  and  so  the  roots  will  occur  in  pairs 
±(/x  +  u').     For  stability  it  is  necessary  that  every  />.  should  be  zero,  otherwise  terms 

"'*!!!  vi  would  appear  in  the  solutions. 

There  are  two  possibilities  of  stability,  ~,  and  ~.,  may  be  both  positive  or  both 
negative.     If  they  are  both  positive  we  see  at  once  that   both  roots  of  the  quadratic 

A"-',  A"-  arc  negative,  so  that  all  four  roots  ±  A',  ±  A"  are  pure  imaginaries.  and  the 
solution  is  oscillatory  and  stable  in  the  usual  sense. 

If  however  o7,  and  ~.,  are  both  negative,  another  condition  must  he  fullilled.  The 
product  of  the  roots,  A  "-'A"-,  is  positive,  and  so  they  have  the  same  sign.  Their  sum  will 
In-  negative,  and  they  will  be  real  if 

*"  >  -  (mx  +  or,)  +  2  (~,~,A 

or  as  we  may  write  it,  taking  /'  positive, 

These  are  the  conditions  of  stability.  Now  the  rotational  coefficient  is  in  gyrostat i<- 
sj  stems  usually  very  large.  Taking  it  so,  we  see  that  the  sum  of  the  roots  is  numerically 
very  Large  in  comparison  with  their  product,  so  that  one  root  must  be  large  and  the 
other  small  numerically.  The  approximate  numerical  value  of  the  greater  of  the  two 
roots  is  thus  k*,  and  that  of  the  smaller  is  therefore  W^ToJk'1.     More  exactly  the  roots  are 

^=-(^  +  -I+-,)(l-^), 

If  no  rotational  terms  existed,  and  ~l5  ~.,  were  positive,  the  system  would  have  two 
fundamental  periods  of  oscillation,  of  periods  2-/~,-,  2tt /~2-,  having  2-  (","._,)'  as  their 

g trie  mean.      It  will  be  seen  that  the  geometric  mean  of  the  periods  when   rotation 

exists  i>  the  same  as  that  for  zero  rotation. 

When  rrr,,  — ._,  are  negative  the  irrotational  motions  are  not  oscillatory,  and  there  is 
iii-tability  in  both  freedoms.  Sufficiently  rapid  rotation  converts  these  two  instabilities 
intestability.  But  if  without  rotation  the  motion  according  to  one  freedom  is  stable,  and 
that  according  to  the  other  is  unstable,  that  is  if  ~,  and  ~._,  have  opposite  signs,  the 
establishment  of  rotation  still  leaves  one  freedom  stable,  the  other  unstable.  It  is  clear 
thai  the  general  theory  shows  that  only  an  even  number  of  instabilities  can  he  stahilised 
by  rotation. 

The  different  mountings  of  a  gyrostat  shown  in  Figs.  !(!,  17,  above  illustrate  the  different 
ways  in  which  the  freedoms  are  arranged.  These  are  described  with  sufficient  fulness  in 
3,  I.  5,  VIII. 

7.    Gyrostatic  system   with   three  freedoms.     Electric  and   magnetic 

analogue.  The  case  of  three  freedoms  differs  only  slightly  from  that  just  treated.  The 
equationsare  8,+^,-*rf.+©,ft-W 

7-'  +  ^i'/;!-^7i  +  ~j'/^-()-|"    ( 

73  +  l'-/jl  -^'l7 J  +  ~;'/:;      " 

The  similarity  of  these  to  the  equations  of tion  of  a  body  with  respect  to  axes  rotating 

about  themselves  with  angular  speeds  -/-,,  -/-._,,  -/.-..,  as  described  in  (2),  1<>,  II,  will 
strike  the  reader  at  once.  But  it  is  dear  that  the  equations  should  have  this  form,  for,  it 
we  impose  equal  bul  opposite  rotations  on  both  axes  and  body,  we  get  exactly  the  equa- 
tions just  written  as  those  for  the  now  rotating  body  referred  to  tixed  axes, 
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It  is  dear  from  the  remark  just  made  thai  the  turning  would  be  about  an  a\is  the 
direction  cosines  of  which  arc  proportional  t>>  /,,  /'._.,  /:;.  This  Buggesta  changing  to  this 
line  through  the  origin  as  one  coordinate,  say  that  of  :,  and  t  \\><  other  axes,  of  X  and  _//,  at 
right  angles  to  themselves  and  to  this  direction.     Multiplying  then  the  firsl  equation  by 

ix,  the  second  by  /.-._.,  and  the  third  by  ka,  and  adding,  we  gel 

or,  if  we  suppose  the  left-hand  side  divided  by  (/-,-  + /v'  +  *:r)*(  =  2o>),  z  +  Z  =  0. 

\  iw  let  I,  ni,  n  be  thf  direct  ion  cosines  of  the  axis  of  X  \  those  of  the  axis  of  y  arc  then 
(k--.ii)  -1:,,k  k\n-kj,  k:J -k\n>)  2w.  Multiplying  the  first  equation  by  I,  the  second  by  m, 
and  the  third  by  n,  and  adding,  we  get  #-2o>y+Xs=0. 

similarly,  multiplying  the  equations  respectively  by  the  cosines  of  the  axis  of  y,  and 
noting  that  1-  +  /H-  +  «-  =  l,  kil+k2m+k3n=0,  we  findy+2(o*+Y=0. 

Thus  the  equations  of  motion  arc 

a?-2w#+X=0,    y+2(DX  +  Y=0,     z+Z=0 (2) 

These  may  be  regarded  as  the  equations  of  motion  of  a  particle  attached  by  massless 
springs  to  a  body  revolving  uniformly  about  the  axis  of  :.  This  is  Thomson  and  Tait's 
interpretation  of  the  case,  but  other  interpretations  are  possible.  For  example,  they  are 
exactly  the  equations  of  motion  of  an  electron  in  a  combined  electric  and  magnetic  Held 
in  which  the  magnetic  force  acts  along  the  axis  of  z.  The  first  two  equations  give  the 
effect  of  the  magnetic  field  on  the  electron  in  its  motion  in  the  electric  field,  the  final 
terms  in  all  three  equations  take  account  of  the  forces  acting  against  the  inertia  of  the 
:  nui,  and  of  the  electric  forces  in  the  three  component  directions. 

The  Zeeman  effect  in  its  most  elementary  form  is  due  to  the  action  of  a  magnetic  field 
in  changing  the  period  of  vibrational  motion  of  an  electron  in  a  plane  (the  plane  of  x,  u) 
at  right  angles  to  the  magnetic  field  intensity.  If  there  were  no  magnetic  field  the 
equations  of  motion  would  be,  we  shall  suppose, 

.'+~.''  =  0,     }}  +  7ni/  =  0,     i'  +  <77~  =  0,    (;j) 

where  ~  is  positive.     The  imposition  of  the  magnetic  field  in  the  z-direction  gives  the 

equations  J-2o>;i  +  ~.r  =  0,     </  +  -2w.'r  +  u7y  =  0,     z+wz  =  Q (j) 

Thus  we  have  12  =  2w,  23  =  31=0,  and  the  determinantal  equation  is,  by  (4), 

AG  +  (3-  +  4oJ-)A4  +  (3--  +  4o;--)A-  +  -3  =  0 (5) 

The  first  two  equations  of  (4)  are  quite  independent  of  the  third,  and  so  we  have  from 

them  /V  +  (2-  +  4or)A2  +  --  =  0 o;) 

Multiplying  the  last  result  by  CT,  and  subtracting  the  product  from  (5),  we  obtain 

Afi +  (2~  +  4(o2)  A4  +  o72A2 = 0. 
Thisgr  A2  =  0,     and     A4  +  (2~  +  4or)A2  +  ~2  =  0 (7) 

In  this  case  of  three  freedoms  thf  mot  ion  at  right  angles  to  the  axis  of  z,  taken  by  itself, 
i-  -table  whether  —  be  negative  or  positive,  provided  the  condition  stated  in  (I  is  fulfilled. 
If  ~  be  positive,  the  whole  motion  is  stable  ;   if  ~  is  negative,  the  :  motion  is  not  stable. 

8.   Gyro8tatic  domination.    Large  and  small  roofs  of  the,  determinantal 

equation.  When  the  ^yrostatic  terms  are  due  t<»  very  rapidly  rotating 
Mywlio.ls  tli-y  ••  dominate"  the  motion:  for  example,  in  (6)  the  term  4VJ  is 
very  great.  Bence  there  is  a  large  root  of  (7  land  a  small  one.  Approxi- 
mately these  are  given  respectively  by 

_  —■: 


-+"'Hi+5:=i-      -4,,,, 


Z<0 
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The  large  root  is  practically  independent  of  the  applied  forces  which  enter 
through  — ;  the  small  root  depends  very  directly  on  these  forces,  but  is 
rendered  small  by  the  gyrostatic  coefficient.  Thus  we  have  an  example  of 
what  has  been  called  "  gyrostatic  domination." 

To  a  first  approximation  the  large  root  is  —  4a>2,  and  to  this  approximation 
does  not  depend  on  the  applied  forces  at  all.  Hence  Thomson  and  Tait  have 
called  the  motion  corresponding  to  this  root  "adynamic."  We  shall  not  use 
this  term  :  one  motion  is  as  dynamical  as  the  other,  and  it  may  be  preferable 
to  refer  to  one  as  the  rapid  motion  and  to  the  other  as  the  slow  motion.  In 
ordinary  applications  2-jrjiX  is  the  period  of  precession.  When  X  is  the  large 
root  the  precession  is  fast,  when  X  is  the  small  root  the  precession  is  slow. 

When  however  or  must  be  taken  as  small  in  comparison  with  ~,  as  for 
the  electron  in  the  magnetic  field,  the  detenninantal  equations  give  again 
(6) ;  but  we  have  now  approximately 

X2=-~(l±2f' 


The  period  of  "precession,"  being  lirjiX,  is  in  this  case  27r/(c>  ±&)). 

If,  for  example,  the  electron  goes  round  in  a  circle,  it  does  so  in  one  or 
other  of  these  two  periods,  according  to  the  direction  of  motion. 

We  have  thus  treated  again,  with  rather  more  detail,  the  problem  of  the 
gyrostatic  pendulum  when  restricted  to  motion  of  small  amplitude.  Up  to 
a  certain  point  the  analogy  between  this  pendulum  and  the  electron  moving 
in  an  electric  and  magnetic  field  is  complete. 

9.  System  with  four  freedoms.  The  reader  can  now  write  down  at  once 
the  equations  for  a  system  of  four  freedoms  with  six  gyrostatic  links  con- 
necting each  freedom  with  the  three  others.  Such  a  system  is  fully  discussed 
in  Thomson  and  Tait's  Natural  Philosophy,  §§  345xii...  345xxi,  and  we  shall 
here  only  state  the  main  results,  leaving  the  verification,  which  is  not 
difficult,  to  the  reader. 

(1)  If  no  forces  act,  that  is  if  — j  =  — o  =  o73  =  u74  =  0,  the  determinant^,] 
equation  (8),  5,  has  two  zero  roots,  and,  except  as  a  special  case,  two  others 
(values  of  —X2)  which  are  real  and  positive.  The  modes  of  motion  corre- 
sponding to  the  zero  roots  are  neutral  as  regards  stability,  the  other  two 
1 1 Hides  are  stable. 

2)  If  the  forces  be  not  zero  but  very  small,  the  detenninantal  equation 
has  the  two  roots  just  referred  to,  and  two  other  roots,  which  replace  the 
zero  roots  of  the  case  of  no  forces.  These  are  given  (nearly)  by  the  quadratic 
equation  obtained  by  leaving  out  from  (9),  5,  powers  of  X  greater  than  the 
fourth,  and  retaining  only  the  terms  involving  the  six  gyrostatic  Coefficients 
12,  13,  ...,  34,  in  the  coefficients  of  X1  and  X". 

('.])  All  four  modes  of  motion  are  stable,  but  for  this  it  is  not  necessary 
that  ~p  ~.2,  — 3,  oi4  should  be  all  of  one  sign.     The  product  must  be  positive, 
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so  that  two  niiist  be  negative,  two  positive.  If  -,,-.,  Ik-  positive,  -..,  ~, 
negative,  the  Eollowing  two  inequalities  arc  the  necessary  and  sufficient 
conditions  «»!'  stability, 

|      12     ±     34      |-       |        13     _t  42       )-     f       14        |        23        £ 

where  the  plus  signs  give  one  inequality,  the  minus  signs  the  other.  All 
the  conditions  are  fulfilled  when  the  rotation  is  sufficiently  rapid  and  the 
coefficients  have  suitahle  values. 

For  further  particulars  and  for  conclusions  as  to  general  systems  the 
reader  should  consult  the  Na rural  Philosophy,  %%  :H5xi  to  345xxviii. 


CHAPTER    XXI 
GEOMETRICAL  REPKESENTATION   OF   THE   MOTION  OF  A  TOP 

1.  Motion  of a  rigid  body  under  no  forces.  A  new  mode  of  presenting 
the  theory  of  the  motion  of  a  top  was  worked  out  by  Darboux  in  his  notes 
on  Despeyrous'  Cours  de  Mecanique,  on  the  basis  of  a  theorem  due  to  Jacobi 
connecting  the  motion  with  that  of  a  body  under  the  action  of  no  external 
forces.     We  consider  therefore  first  Poinsot's  theoiy  of  the  latter  motion. 

A  rigid  body  turns  about  a  fixed  point,  O,  under  no  applied  forces;  its 
angular  speeds  are  p,  q,  r  about  the  principal  axes  0(A,  B,  C)  drawn  through 
O.  The  moments  of  inertia  are  of  course  A,  B,  C.  First  we  suppose  that 
the  applied  couples  are  not  zero,  but  have  values  L,  M,  N.  The  equations 
of  motion  are  three,  of  the  form 

Aj>-(B-C)qr  =  L,    (1) 

;ind  arc  applicable  even  if  there  is  translational  motion  of  the  point  O. 

If  now  we  multiply  the  first  equation  hy  p,  the  second  by  q,  and  the  third 
by  v,  and  add,  we  obtain 

App  +  Bqq +Crf  =  Lp  +  M  7  +  Nr. 

But  if  T  be  the  kinetic  energy  of  the  rotational  motion  this  equation  is 

^=Lp+Mg+Nr (2) 

that  is  the  time-rate  of  increase  of  this  kinetic  energy  is  tin-  rate  at  which 
the  couples  do  work.     Hence,  if  L,  M,  N  are  zero,  the  value  of  T  is  constant. 
Again,  multiply  the  equations  of  motion  by  Ap,  B</.  Cr.  respectively:  we 
get,  if  H-  =  A^+B'Y2+C-V-, 

71  I  1 

^  =  H(LA^  +  MB'/  +  XC>) (3) 

II  is  the  resultant  a.m.,  and  (Ap,  Bq,  Cr)/H  its  direction  cosines.  Thus  the 
equation  states  thai  the  rate  of  growth  of  11  at  any  instant  is  equal  to  the 
total  moment  of  the  couples  about  the  localised  vector  direction  of  H.  If 
L,  M,  X  are  all  zero  the  resultant  II  remains  unchanged  both  in  magnitude 
and  in  direction.  This  direction  will  be  indicated  by  OH  (or  by  OL)  in 
the  diagrams  which  follow. 
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Thai  OL  remains  thus  stationary  may  be  seen  aa  follows.  Denote  the  positions  of  the 
principal  axes  at  the  beginning  and  end  of  dt  by  0(Als  Bj,  Cj)and  0(A2,  B2,  <  !8).  These 
are  fixed  positions,  and  the  corresponding  angular  momenta  are  kp,  BqyCr  and  A(p+pdt), 
B(q+qdt),  C(r+rdt)t  while  at  the  final  instant  of  dt  the  angular  momenta  aboul 
0(A,,  li, ,  < ',)  have  become 

Ajt>+{Ajo-(B    C)qr}dtt     Bq+{Bq-(C-A)rp}dt,    Cr+{Cr^{A-'S)pq}dt. 
But  it  L=M=N=0,  these  reduce  to  \/>,  By,  Cr,  that  is  the  position  of  <>L  with  respect 
to  0(An  Bj,  C|)  has  net  altered. 

2.    Poinsot's  representation  of  the  motion  of  a  body  under  no  forces. 

If  01  be  the  instantaneous  axis  (i.a.  for  brevity)  its  direction  cosines  with 
respect  to  0(A,  B,  C)  at  time  t  are  (p,  q,  r)jw,  if  or  =  2>"  +  9~  +  >'2-     We  have 

cos  LOI  =  -^  ( kf-  +  Bq1  +  O2). 

lint  it'  T  be  the  kinetic  energy  this  can  be  written 

wcosLOI=S (l) 

The  product  on  the  left  of  (I)  is  the  component  of  angular  velocity  about 
( >L,  which  we  have  seen  is  invariable  in  direction  if  L  =  M  =  N  =  0.  Hence 
when  this  is  the  case  the  body  turns  with  uniform  angular  speed  about  OL. 

In  the  general  case  the  directions  of  OL  and  01  are  both  changing,  and 
the  body  is  turning  about  01  as  instantaneous  axis.  Hence  the  component, 
H  sin  _  LOI,  of  H  at  right  angles  to  01  is  being  turned  towards  the  position 
of  the  normal  to  the  plane  LOI  at  rate  <o,  so  that  the  rate  of  production  of 
a.m.  about  the  normal  is  Hw  sin  LOI. 

It  is  clear  that  the  motion  can  give  rise  to  no  other  rate  of  change  of  a.m. 
Now  (B  —  C)qr,  (C  —  A.)rp,  (A-B)pq  are  the  components  of  rate  of  growth 
Of  a.m.  due  to  the  motion,  and  their  resultant  must  be  perpendicular  to  the 
plane  HOI  and  be  equal  to  H«  sin  LOI.     Hence 

HwsiiiHOI={(B-C)2^V+(C-A)2r2p2+(A-B)2pV}i (2) 

We  may  prove  this  otherwise.    The  cosines  of  OL  and  01  are 

(Ap,  By,  GV)/H,     (p,  q,  ?•)/«. 
Hence  the  cosines  of  a  normal  to  the  plane  LOI  are 

!  (B  -  C)qr,  (C  -  A)rp,  (A  -  B)pq}/<i>TL  sin  LOI. 
Squaring  these  cosines  and  equating  the  sum  of  squares  to  1,  we  get  again  (2). 

The  quantity  on  the  right  of  (2)  has  been  called  the  centrifugal  couple, 
a  name  which  tends  to  obscure  the  true  meaning  of  the  expression. 

We  now  introduce  the  method,  due  to  Poinsot,*  of  discussing  the  motion  of 
the  body  by  means  of  the  corresponding  motion  of  the  momental  ellipsoid 
(m.e.).  The  conclusions  obtained  when  the  motion  is  restricted  to  be  about 
a  fixed  point  0  will  be  applicable  in  other  cases,  for  example  to  the  oscilla- 

*  Thiorit  nouvelh  de  la  rotation  de*  corps,  1851. 
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tions  and  rotations  with  respect  to  the  centroid,  of  a  quoit  or  stick  thrown 
into  the  air,  since  these  motions  are  not  affected  by  the  action  of  gravity 
when  the  body  is  free  in  the  air. 

We  prove  first  that  <-<  varies  as  OP,  the  length  of  the  coincident  radius 
sector  of  tli<'  m.e.  If  x,  y,  z  be  the  coordinates  of  P  with  respect  to  the 
principal  axes,  we  have 

p  _  q  _  r  _    (a 
x~  y~~  z~  OT' 
from  which  we  obtain  at  once 

Ap2 + B92  +  Cr2    A2^2  +  BY  +  CV      «?  ,„. 

A^  +  B^+Cz2     A2x2-fB'?/2  +  C222_OP2 K  } 

The  numerator  of  the  first  fraction  is  2T,  the  denominator  by  the  equation 
of  the  M.E.  [ Ax2  +  By2  +  Cz2  =  k*,  where,  taking  the  mass  of  the  body  as 
unity,  we  must  suppose  h  a  length  to  keep  the  dimensions  right  in  formulae 
which  follow]  is  k*.     Hence  we  have 

J*.  =  **  (4) 

a  constant.     Thus  w  varies  as  OP. 

We  have  seen  that  00  cos  LOI  =  2T/H.     Hence  (4)  gives 

cos  LOI  =  fypr,  J, (5) 

If  we  take  the  second  relation  in  (3), 

A2y>2  +  B2g2  +  C2r2_    o>2  (n 

A2x2  +  B2y2+C2z2~  OP2 

we  notice  that  the  perpendicular  from  the  centre  0  to  the  tangent  plane, 
which  touches  the  M.E.  at  the  point  P  in  which  it  is  intersected  by  the  I.A., 


Fig.  107 


has  cosines  proportional  to  A.r,  By,  Cz,  that  is  to  Ap,  Bq,  Cr.  The  perpen- 
dicular therefore  coincides  with  the  fixed  line  OH.  Its  length  —  is 
l-i/{A-.r-+B1>r  +  C-z-)h,  that  is  by  ((J)  /.Vn  (H  .  OP),  =/,-(2T)'  11.  which  is 
constant.     Thus  the  m.e.  always  touches  a  plane  perpendicular  to  the  axis 
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of  resultant  a.m.  .-a  the  constant  distance  Jt?(2Ty  II  Erom  the  centre  of  the 
ellipsoid.  A.  plane  through  0  parallel  to  the  plane  just  determined  |s  called 
the  invariable  plain  (i.p.).  In  tbi*  plane  an  impulsive  couple,  of  moment 
II.  would  have  to  be  laid  to  produce  the  motion  Erom  rest.  The  fixed  line 
OL  is  called  the  invariable  line  (hi.).  [See  Fig.  L07,  in  which  OH  coincides 
with  OL  and  OP  is  the  radius  vector  of  the  momenta!  ellipsoid  which 
coincides  with  01.] 

3.  Measurement  of  tin  tirm  of  motion.  Sylvester' 8  theorem.  The  m.e. 
is  turning  about  01,  which  is  coincident  with  OP.  At  P  the  m.e.  touches 
a  plane  parallel  to  the  LP.,  and  so  rolls  on  that  plane.  The  angular 
Bpeed  <•>  resolves  into  two  components,  wcosHOI  =  2TH  about  OL,  and 
wsin  L0I  =  (^-H--4T-)-  H  about  OG,  the  intersection  of  the  plane  LOI 
with  the  i.p.  If,  then,  we  suppose  the  i.p.  to  turn  with  the  m.e.  about  OL 
with  speed  2TH,  the  motion  of  the  ellipsoid  relative  to  that  plane  will 
be  simply  one  of  rolling  about  OG  with  speed  «  sin  LOI.  The  line  OG 
describes  a  cone  in  the  body,  and  in  space  it  sweeps  over  a  part  of  the  LP. 
about  0.  The  angle,  x  say,  turned  through  by  the  LP.  about  OH  is  pro- 
portional to  the  time  t,  in  fact  (  =^H/2T. 

A  method  of  determining  the  time  by  the  motion  of  an  ellipsoid,  confocal 
with  the  M.E.,  and  rolling  on  a  plane  parallel  to  the  LP.  was  given  by 
Sylvester.     Such  an  ellipsoid  has  the  equation 

A     *2  +  ^2/2  +  i^n*2  =  ^ (1) 


1  +  hA     ^l+hBJ  ^1+hC 

It  touches  a  plane  parallel  to  the  i.p.  in  a  point  Q  of  coordinates 

x,y,z=R{(l+hA)p,     (l+hB)q,    (l+/<C)r}, <2> 

where  R  is  the  common  value  of  the  ratios 

x        _        y z 

(l+/tA)p-(l  +  /iB)</-(l+/tC>' 

Substituting  for  x,  y,  z  in  (1)  we  get 

R-{A2y2(l+AA)  +  Br/-(l+/tB)  +  C7-(l  +  /X,)}=/.'4, 

fchatia  R2=Vr+m^ ,:;> 

The  perpendicular  distance  of  this  plane  from  O  is  fc'2(2T+ H2)*/H.     But 

OQ2  =  x2  +  y2+:J=K2!Y/2(l+AA )-+...}, 

so  that  0Q-=  2T+&H8         

The  point  <v>  lies  in  tie-  plane  IOL,  if  L  be  the  point  in  which  the  invariable 
line  meets  the  tangent  plane.  For  the  direction  cosines  of  a  normal  to  the 
plane  IOL  fulfil  the  two  conditions  lp+mq+nr=0,  lAp+mBq+nOr=0, 
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and  so  l(l+hA.)p+'m(l+hB)q+n(l+hCyr=0,  or  lx+my+nz=0,  that  is 

the  normal  is  perpendicular  to  the  line  OQ. 

Now  the  body  turns  about  01  as  LA.,  and  the  M.E.  and  its  confocals  move 
with  it.     Hence,  if  v  be  the  speed  of  the  point  Q,  we  have 

u  =  w.OQsinQOI (5) 

The  angular  speed  &>'  of  Q  about  the  invariable  line  OL  is  therefore  given  by 

sinQOl  /Px 

sm  QOL 
It  is  easy  to  prove  that 

OQ.cosQOI  =  -(ft>2+2AT),     OQ.cosQOL=5(2T+m2)  (7) 

CD  -tl 

From  these  we  find 

sin2QOI     H2  cc2(co2  +  4/iT  +  km2)  -  (to2  +  2hT)-     A-H2 
sin2QOL~o,2  H2(ft)2  +  4/iT  +  /62H2)-(2T  +  AH2)2       w-  : 

and  therefore  «  - — ,?LT  =hU I  s> 

sin  t^OL 

Thus  the  point  Q  turns  with  constant  angular  spued  AH  round  the  I.L., 
and  the  time  of  motion  from  any  epoch  is  6/hH,  where  6  is  the  angle 
turned  through  in  the  interval  considered. 

Sylvester  gave  a  generalisation  of  Poinsot's  theory,  which  may  be  stated 
as  follows :  Let  a  polhode  E  be  given,  traced  on  a  surface  S  (the  surface  of 
an  ellipsoid  or  any  surface  of  the  second  degree),  that  is  let  the  locus  of 
points  traced  out  on  the  surface,  as  it  rolls  on  a  fixed  plane,  be  given. 
Then,  if  from  each  point  on  E  we  set  off,  outwards  say,  along  the  normal 
at  the  point,  a  given  constant  distance,  the  extremities  of  the  lines  so 
drawn  is  a  polhode  E,  traced  on  a  surface  S,  confocal  with  a  surface 
similar  and  similarly  situated  to  S.  We  do  not  enter  here  into  the  mathe- 
matical discussion,  but  refer  to  Sylvester's  original  paper  {Phil.  Trans., 
156,  I860),  or  to  Darboux's  Note  XVII,  appended  to  Despeyrous'  Cov r*  </<■ 
Mecanique. 

Following  on  the  discussion  of  Poinsot's  theory  just  referred  to,  Darboux 
gives  in  his  Note  XVIII  a  representation  of  the  motion  of  the  axis  of  a  top 
by  means  of  a  deformable  hyperboloid  of  one  sheet,  of  which  we  shall  give 
an  account  later  in  this  chapter. 

4.  Polhode  <iikI  Tierpolhode,  Body-cone  and  space-cone.  As  the  m.e. 
rolls  on  the  fixed  plane,  the  successive  points  of  contact  trace  out  two  loci, 
one  on  the  ellipsoid,  the  other  on  the  plane.  The  former  is  called  the 
polhode,  the  latter  the  herpolhadc.  For  all  points  on  the  polhode  the 
tangent  planes  to  the  ellipsoid  are  at  a  constant  distance  ~  from  O,  and  we 
have   seen   above   that 

-=/'XUi) i1) 
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Hut  we  have  from  the  equation  of  the  m.i:. 

A,'+lVr  +  ( ':-  =  /',     Av-+H-.7-  +  C-:-  =  /'4'!r. 

Eence  we  may  write 

A,  -_'AT  -  1 1  ),-■+  l ;,  2BT-H2  )//2 +  C(2CT-H2):2  =  0, 

or  A(/.'--2AV2  +  B(/>  -^ID/z-'  +  CC/-4-  rn-C  ):-  =  <> (2) 

This  is  the  equation  of  a  cone,  fixed  relatively  to  the  body,  and  called  the 
body-cone,  which  contains  the  successive  lines  in  the  body  with  which  the 
instantaneous  axis  coincides  as  the  ellipsoid  rolls.  Its  intersection  with 
the  m.i:.  is  the  polhode. 

It  is  clear  that  the  body-cone  rolls  on  a  cone  fixed  in  space  the  intersection 
ot'  which  with  the  plane  of  contact  is  the  herpolhode.  This  is  called  the 
space-cone.  The  body-cone  does  not  exist  unless  H2/2T,  that  is  Z;4/oj2,  lies 
between  the  greatest  and  the  least  of  A,  B,  C,  since  otherwise  the  sum  of 
three  quantities  of  the  same  sign  would  be  zero.  If  C  be  the  greatest  and 
A  the  least  moment  of  inertia,  we  have 

2AT-H2=B(A-B)g2+C(A-C)r2/| 

2CT-H2=A(C-A)p2+B(.C-B)g2,J   

so  that  -AT  —  H2  is  negative  and  2CT  — H2  positive.     Hence 

C>|*>A. 

If  A  =  B  the  body  has  an  axis  of  symmetry,  the  m.e.  is  of  revolution,  and 

the  equation  of  the  body-cone  is 

P  9prp  _  IT2 

^^A^AT-H2^0 (4) 

The  axis  of  z  is  the  axis  of  symmetry  of  the  body,  and  the  polhode  is  a 
circle  described  round  Or.     Euler's  equations  give,  since  there  are  no  forces, 

A  —  O  .        O  —  A  a  /  r  \ 

p=-j^-qr>   2=-^— 7^'    '     (5) 

Thus  /•  is  constant,  and  pp+qq+rr  =  0,  so  that  fi1-\-<f+  r2,  that  is  or,  is 
constant.  But  a>cosHOI  =  2T  H,  and  therefore  -HOT  remains  constant 
as  tin-  body  moves. 

Thus  the  instantaneous  axis  01  remains  at  a  constant  inclination  to  the 
axis  of  symmetry,  and  01  is  always  inclined  at  the  same  angle,  cos-1(2T  c>\\  ). 
to  the  invariable  line. 

Where  in  what  follows  we  consider  only  the  motion  of  the  m.e.  we  shall 
generally  suppose  that  k  =  l,  so  that  then  et=(2T)*/H. 

5.  c<i.«  of  axial  symmetry:  M.E.  is  of  revolution.  With  an  axis  of 
symmetry  the  M.i:.  may  be  oblate  or  prolate.  In  the  first  case  C  is  the 
maximum,  in  the  latter  the  minimum,  moment  of  inertia     We  have 

cos  IOr  =    ,      cos  hOz  =  u  . 
ta  ri 

q.g.  •_'  K 
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If  the  m.e.  is  oblate  Cr/Ca><Cr/H,  and  therefore  ^IO:>_LOz.  In  this 
case  the  space-cone  lies  within  the  body-cone,  and  the  concave  surface  of 
the  latter  rolls  round  the  convex  surface  of  the  former. 

If  the  m.e.  is  prolate  Cr/C«>Cr/H,  and  therefore   <iIOr<_L02.     The 
,  body-cone    is    now    external    to    the 

-T"-7=T=aM  — — -*>/      .      space-cone,  and  the  two  convex  sur- 

~Z>sr\  V^— _^_— -yV  7\    i  aces  are  in  contact. 

The  diagram  (a),  (o)  of  Fig.  108 
shows  the  two  cases.  OA  (Oz  in  the 
text)  indicates  the  axis  of  the  body- 
cone,  OL  that  of  the  space-cone. 

The   rolling  of    the   ellipsoid  (sup- 
,a)        Fi  ,bv  posed  of  revolution  and  prolate)  on  a 

fixed  plane,  parallel  to  the  invariable 
plane  through  0,  is  illustrated  in  Fig.  107,  which  gives  an  idea  of  the 
polhode,  shown  on  the  ellipsoid,  and  of  the  herpolhode  as  described  on 
the  plane 

6.  Cone  described  in  the  body  by  the  project  ion  of  the  instantaneous 
axis  on  I. P.  Separating  polhodes.  Now  consider  the  motion  of  the  line 
OG,  joining  0  with  the  projection  of  P  on  the  invariable  plane.  Thus  GP  is 
parallel  to  the  invariable  line  OL,  and  equal  in  length  to  ~,  that  is  (2T)'  II 
(if  k  =  l).  As  stated  in  3  above,  OG  describes  a  cone  in  the  body.  Let  G 
have  coordinates  £  >/,  £  while  those  of  P  are  x,  y,  z ;  the  projections  of  GP 
on  the  axes  are  then  £— x,  rj  —  y,  £—  z.  These  are  proportional  to  the 
direction  cosines  of  the  normal  at  P  to  the  m.e.,  and  therefore 

£-x^i,-y_£-z_ 
Ax  ~  By'  Gz  _M'sa3 (1) 

But  also  OG  is  perpendicular  to  the  invariable  line,  so  that 

Aatf+Bjft+Ctf-O (2) 

Ei  I  nations  (1)  give 

£=(An  +  l);r,     t,=(Bfji+l)y,     f  =  (C>  +  l): (3) 

Multiplying  these  by  Axe,  15//,  C:,  respeetively,  and  adding,  we  obtain 

AroHB//HC2HM(Av'-+B2//'-  +  C-:-)  =  0 (4) 

or  (since  now  /c=l)  l+/*/tar2  =  0,  that  is  n  =  —  —  -.     Thus  we  obtain  from  (3) 

a  -. _      A£  r„_       ''"/  n ffi      . 

L —  73  A  1—  ~d  i —  T3K 

and  therefore,  instead  of  (2), 

1-ct2A^1-w2B^1-ct2C       '  (    } 

the  equation  of  a  cone. 
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Going  back  now  to  the  equation  of  the  body-one  we  sec  (hat  ii'  0  be 
fehe  greatesl  moment  of  inertia  and  A  the  least,  the  «m ) n.it i< >n  becomes 

i:(i:-A)/r  +  C(C-A)c2  =  (),1 

or  AvA-CV-  +  P»(B-C)//-  =  0,J 

according    aS     A=I    ~-    Or    C  =  l/tIT2.      Each    of    these    represents    ;i   pair    of 

imaginary  planes  ;  the  former  pair  meets  in  the  axis  of  x,  the  latter  in  the 
axis  of  ~ 

The  cone  degenerates  into  two  real  planes  if  B  =  l/n72,  where  B  is  the 
intermediate  moment  of  inertia.     For  then 

A(A-B).^-C(B-C):'3  =  0 (7) 

These  planes  intersect  in  the  axis  of  y  and  separate  the  polhodes,  which  art- 
closed  curves  surrounding  the  axes  of  greatest  and  least  moment  of  inertia, 
as  shown  in  Fig.  109.  Their  intersections  with  the  m.e.  are  called  the 
separating  i>olhodes. 

c 


Fio.  10'.'. 


7.  Herpolhodes.  The  herpolhode  is  a  curve  consisting  of  different  parts, 
corresponding  to  successive  repetitions  of  the  polhode.  From  the  manner 
of  its  description  by  the  rolling  of  the  M.E.  it  must  always  have  its  concavity 
turned  towards  the  point  L  (Fig.  107),  and  therefore  cannot  have  a  point 
of  inflexion.  The  distance  of  P  from  L  at  any  instant  is  (OP-  —  vr)~  ;  and 
it  is  evident  from  the  form  of  the  polhode,  as  displayed  by  its  projections 
just  indicated,  that,  in  each  fourth  part  of  a  description,  OP  varies  between 
a  maximum  and  a  minimum  value.  Thus  the  distance  (OP-  —  rrr'2)*  simi- 
larly varies,  and  so  the  herpolhode  is  a  curve  lying  between  two  circles 
which  have  the  projection  of  the  centre  of  the  m.e.  as  their  common  centre, 
and  touching  the  outer  circle  internally  and  the  inner  externally  as  shown 
in  Fig.  1 07.  The  herpolhode  is  not  however  in  general  a  closed  or  re-entering 
curve:  unless  the  angle  turned  through  by  LP,  from  contact  with  one 
circle  to  contact  with  the  other,  be  commensurable  with  '2ir,  the  CUTV6  will 
not  be  repeated. 
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When  —  2=1/B  the  polhode  passes  through  the  extremity  B  of  the 
principal  axis  of  intermediate  moment,  and  is  therefore  one  of  the  ellipses 
which  form  the  separating  polhodes.  When  the  point  B  is  in  contact  with 
the  fixed  plane  LP  =  (OP2 —  —-)'-  =  0,  and  so  the  radius  of  the  inner  limiting 
circle  is  zero. 

Let  the  motion  of  the  M.E.  begin  at  any  point  of  the  polhode  distant 
from  the  extremity  of  the  axis  OB  at,  say,  the  maximum  value  of  OP  '• 
then  the  motion  consists,  as  we  have  seen  in  2  and  3,  of  a  spin  about  the 
invariable  line  at  angular  speed  2T;  H,  and  a  turning  about  the  line  OG 
with  angular  speed  oo  sin  IOL.  If  we  suppose  now  the  invariable  plane 
to  turn  about  OL  with  the  M.E.,  the  whole  motion  of  the  latter  is  summed 
up  by  saying  that  it  is  at  each  instant  one  of  rolling  of  the  M.E.  about  OG, 
supposed  to  be  at  the  same  time  turning,  with  the  invariable  plane,  about 
the  invariable  line,  with  angular  speed  2T/H,  so  that  OG,  fixed  in  the 
invariable  plane,  is  at  each  instant  in  the  plane  LOP. 

As  then  the  ellipsoid  moves  and  its  point  of  contact  with  the  fixed  plane 
approaches  B,  the  motion  becomes  more  and  more  nearly  that  due  to  the 
spin  alone,  and  so  the  herpolhode  consists  of  constantly  diminishing  arcs 
of  a  spiral  closing  down  on  a  pole  P.  The  spiral  is  given  double  by  its 
geometrical  definition,  but  only  one  half  of  it  is  described  by  the  point  of 
contact. 

8.  Variation  of  the  radim  rector  of  tin  herpolhode  trith  time.  Denoting 
by  p  the  distance  LP,  the  radius  vector  of  the  herpolhode  from  L  taken  as 
origin,  and  putting  as  before  x,  y,  z  for  the  coordinates  of  P,  with  reference 
to  the  principal  axes  of  the  moving  ellipsoid,  we  have 

,-  +  r  +  3-  =  p2  +  -2,     A.v;2  +  B^  +  CV=l,     -2(A2./'--fBV  +  C2c2)=l.  ...(1) 

I  It  nee,  solving  these  equations,  we  get 

*2,^,s2={BC(C-B)(P2-«),  CA(A-C)(p2-/3), 


where 


a=  — 


AB(B-W-Y)}(A_B)(B_C)(C,_A) (2) 

(4,«B-1)(^C-1)      a_  _ 

'  •  •      \  O  ) 


--BC 


'.     0  = 


y 


( 'oiinccting  .'•,  //,  z  with  p,  q,  r  we  have  by  (4),  2  (with  /'=  1), 

/  )/x  =  q/y  =  r/z  =  o>/OP  -  ( 2T)h. 
Hence  also  p/cb=q  //  =  /•  .i  =(2T)-',  and  we  can  write  Euler's  equations  in  the 

form  A«-(2T)4(B-C)2/3  =  0,    By-(2T)*(O-A)«aj«0J 

G:-(2T)HA-B).n/  =  0. 

Phesegive      .'■.'■  +  ////  +  ::=  -(2T)-  v];r  xyz (5) 


(■*) 
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r>iu  since  -    is  constant  and  ./•-  +  //-+  :'-  =  /r  +  ~'J,  the  quantity  on  the  lefi  of 
(5)  19  pp\     From  this  and  the  values  of  x,  //,  :  given  by  (2),  we  gel 

p/b  =  {2T)h{-(f-u)i,r-f-!Hfr-V)}K  (6) 

from  which  p'1  can  be  found  in  terms  of  t.     It  is  to  be  remembered  thai 
here  k  has  been  taken  as  unity,  which  explains  the  apparent  difference  in 

the  '•dimensions"  of  the  expressions  on  the  two  sides  of  (6).     To  restore  / 
we  have  to  multiply  the  right-hand  side  by  7c2. 

Now  it  is  proved  in  (4),  2,  that  (if  £=1)  ar  =  2T.  OP2,  so  that  w6)  =  ~'fpp- 
Hence  I  ti  >  becomes 

W(b  =  (2Ty{-(p2-a)(p2-p)(p2-y)}' (7) 

We  may  write  this  also  in  the  form 

wtb=  {  —((D2  —  cOa2)(ur  —  (t)p2)(ar  —  wy2)}- (8) 

For  we  have  p-  =  ■/■-  —  —  2  =  ar/2T  —  — 2,  so  that  the  equation  has  the  form 

statedif  Wa2  =  2T(-2  +  «),     «/«...,     «,««....    (9) 

The  value  assigned  to  k  does  not  affect  (8). 

9.  Tin  differential  equation  of  the  herpolhode.  The  differential  equation 
of  the  herpolhode  can  be  found  in  the  following  manner.  The  double  rate  of 
description  of  areas  by  the  projection  of  the  radius  vector  OP  on  the  plane 
of  yz,  is,  by  (+),  S,  ....j/A-B    2     C-A  A 

From  this  the  other  components  of  the  double  rate  of  description  of  areas 
can  lie  at  once  written  down  by  symmetry. 

The  components  yz  —  yz,  etc.,  give  a  component  on  any  plane  parallel  to 
the  invariable  plane.  Let  then  I,  m,  n  be  the  direction  cosines  of  the  normal 
to  the  invariable  plane  at  P.  We  have  I,  m,  n  =  uj(Ax,  By,  Cz).  If  0  be 
tie-  vectorial  angle  of  the  herpolhode  corresponding  to  the  radius  vector  p, 

p"-<l>  =  /(.'/:-//:)  +  m  {zsb  -  zx)  + 1  i(xy-  xy) 


But 


+  C:2(^x2-^r)] (2) 


1   A' 

and  corresponding  values  hold  for  the  other  terms  on  the  right  of  (2),  and 
so  (2)  becoiii 

•  ;      (- J  )V  »    ..~"A  —  1  .  -D   o  oT"B  —  1     n  „~-(J  — 1\  o 

A         1;r-  +  B/r     (.A     +  <  --     A1;     ) (3) 
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By  the  values  of  x2,  y2,  s2  in  (2),  8,  this  reduces  to 

^0  =  ~(2T)V  +  E),  (4) 

where  E  =  (-'A- 1)(--B- 1)(-'JC-1)-T^15n= -(-«,3y)-^ (5) 

by  (3),  8. 

By  the  value  of  pp,  given  in  (G),  8, 

±  =  d±= CT(p2+E)  (6) 

P    ''<>        p\-(p2-^(fr-ft)(p2-y)}h 

10.  Rod  ins  of  Curvature  Of  the  herpolhode.  From  (4),  9,  we  might  calculate 
the  radius  of  curvature  of  the  herpolhode  for  any  point,  and  verify  that  it  can  nowhere 
he  infinite,  so  that  the  curve  cannot  have  a  point  of  inflexion.  The  result  which  is,  as 
suggested  above,  almost  ohvious,  may  also  be  established  by  a  process  due  to  M.  de 
Saint  <  rermain  (Comptes  rendus,  100, 1885),  which  is  less  laborious  than  a  direct  calculation 
of  curvature.  At  a  given  instant  two  generators  of  the  space  and  hody  cones  are  in 
contact.  Along  these,  from  the  common  vertex  of  the  cones,  take  a  length  OP  =  w,  and 
through  P  draw  a  plane  cutting  hoth  cones  at  right  angles  to  the  coincident  generators, 
and  let  R,  R'  he  the  radii  of  curvature  of  the  body-cone  and  the  space-cone,  respectively, 
in  this  normal  plane  of  section.  If  the  distance  travelled  in  dt  by  P,  taken  as  fixed  on 
the  body-cone,  be  ds,  we  have 

«*-&(£+£) a) 

If  R'  be  infinite  at  P  we  have  ,„dt  =  --      or     w  =  ^ (-) 

R  R 

This  relation  is  impossible.  To  prove  this  statement  take  an  adjacent  generator  OQ, 
so  that  ~PQ  =  ds.  Then  the  area  of  the  triangle  OPQ  is  U<>ds,  if  OP  represents  oj.  But  the 
-  ime  area  may  be  expressed  in  terms  of  the  coordinates 

0,  0,  0,     /),,,  q0,  /•„,     p0+pdt}  q0+qdt,  r0+rdt 

of  O,  P,  Q,  and  the  equation  «2="^'t!l^,  (3) 

where  a,  &,  c=A(2AT  — H2),  ...,  ...,  is  obtained. 

Changing  the  origin  to  P,  and  taking  two  other  points,  M,  X,  on  the  normal  section, 
through  I',  of  the  body-cone,  and  distant  ds  and  ils  +  d-s  from  P,  we  find  the  distance 
of  the  point  N  from  the  tangent  plane  to  the  cone  at  P,  and  hence  that  the  angle  between 
the  tangent  to  the  section  at  M,  and  the  tangent  at   N  is 

Hapodfy+bqodtq+crodfy)-^-^, 

w  here  N     (aV+8W+«V)*' 

Bui  from  the  fad  that  I'M  is  perpendicular  at  ome  to  OP  and  to  the  normal  to  the 
.surface  at    P,  so  that  the  relations 

/v//'  !'/,,"''/  +  '•,,"''•  =0,     apodp  +  bq0dq+crodr=Q 
hold,  and  by  the  equation  of  the  body-cone,  which  La  now 

op2+&g2+cr*=0, 
it  can  be  shown  that  the  value  of  the  angle  just  found  can  also  lie  written  ds . aoc<os  N  ;. 
Bui  the  angle  is  also  da/R,  and  so  we  have 

\ 

B--S   ., (4) 

aoour 
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But  if  I;  were  infinite  we  should  have  by  tins  resull  a  N  ;  uxzbc,  and  by  (3)  also 
•s:=x  b>ABC. 

Thus  the  accessary  rendition  is  \-      "  "   . 

ABC 

the  equation  of  the  surface  and  the  values  of  2T  and  II-  give  three  equations  which 
enable  V-  to  be  expressed  in  terms  of %P,  or  in  terms  of  /-'.  It  will  then  be  seen  thai  .V 
cannot  have  the  value  here  stated,  and  a  point  of  inflexion  on  the  herpolhode  is 
impossible.    [This  is  necessarily  true  only  for  the  ordinary  herpolhode  here  considered.] 

It  is  impossible  also  thai  R  can  be  zero:  this  follows  from  the  equations  for  2T  and  H-. 
A  point  of  sudden  change  of  direction  on  the  herpolhode  would  be  characterised  by  R'=0, 
and  this  would  involve  also  If  =0. 

11.  A  special  case  of  the  kerpolhode.  In  the  case  referred  to  above,  in  which 
~-=  l  r,,  the  differentia]  equation  (6),  9,  reduces  to 

d<f>=  1 

Substituting  jt>=l/y,  we  get 

oty      1  1  ,     d*y     VQ 

"^=ii("^I?  and  #2=B^ 

which  gives  —  ^  

P  2/3* 

As  <f>  is  supposed  to  start  from  an  apse  of  the  curve,  where   d(p/dp  =  cc,  and   there 

p  =  (3-,  both  terms  on  the  right  have  the  same  coefficient  1/2$, 

12.  Stability  of  the  motion  of  a  symmetrical  body  under  no  forces.  A 
result  of  interest  in  gyrostatics  can  now  be  deduced  from  Euler's  equations 
of  motion  for  a  rigid  body  turning  about  a  fixed  point  under  the  action  of  no 
forces.  The  motion  is,  in  a  certain  sense,  stable  when  the  axis  of  greatest 
or  least  moment  of  inertia  is  the  instantaneous  axis.  This  is  of  importance 
in  the  case  of  a  body  thrown  into  the  air,  such  as  a  quoit  or  an  elongated 
projectile,  and  left  to  move  under  the  action  of  gravity.  If  gravity  alone 
acts  there  is  no  couple  on  the  body,  and  the  translational  motion  and  accele- 
ration may  be  ignored. 

\\  <•  suppose  then  that  the  body  is  symmetrical  about  an  axis  of  figure, 
and  thai  the  moment  of  inertia  about  that  axis  is  either  greater  or  less  than 
the  moment  of  inertia  about  any  other  axis  through  the  centroid.  A  quoit 
is  an  example  of  the  former  case,  a  rifle  bullet  or  a  spear  spinning  about  its 
longitudinal  axis  is  an  example  of  the  latter.  Spears  do  not  seem  to  be  so 
thrown,  but  a  juggler,  when  he  throws  knives  from  hand  to  hand,  some- 
times at  least,  spins  them  in  this  way. 

If  the  axis  of  rotation  coincide  with  OC,  so  that  p  =  q  =  0,  the  equations 
of  motion  are 

Ap  =  0,     Bq  =  0,     CV  =  0 (1) 

If  however  the  axis  of  resultant  angular  velocity  deviate  slightly  Erom 
Ol  '.  so  that  the  angular  speeds  are  p,  rj,  rQ+r'  where  /'.  '/.  /  are  small,  we 
can  prove  that  under  certain  circumstances  p,  q  can  never  become  large. 
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1 1'  products  of  small  quantities  be  neglected,  the  equations  of  motion  are  now 

A.p-(B-C)qr0=0,    Bq-(C-A)rol)  =  0,     Cr'=0 (2) 

Differentiating  the  second  equation,  and  eliminating  p  between  the  result 
.11  id  the  first  equation,  we  obtain 

„+(C-A)(O-B)Vg=0 (3) 

Now  (C  — A)(C  — B)  is  positive  if  C  is  either  the  greatest  or  the  least  of 
the  three  principal  moments  of  inertia.     If  £his  condition  is  fulfilled  we  have 

q+n*q  =  0,    (4) 

where  n2  [  =  (C  —  A)(C  —  B)r02AB]  is  real  and  positive.     For  initial  values 
q0  and  q0  of  q  and  q  we  get  the  solution 

q  =  qa cos  vt  +     sin  nt. 

1       u  n 

But  initially  ij  =  (C  —  A)p0rJB,  so  that 

q  =  q0cosnt+         ~rQp0smnt (5) 

Hence,  if  JV  #o  ^e  8maM  initially,  q  cannot  acquire  more  than  tin-  small 
value  given  by  (5),  and  a  similar  result  can  be  obtained  for  p.  The  instan- 
taneous axis  thus  remains  in  the  vicinity  of  OC. 

By  substituting  for  q  from  (5)  in  the  equation  Rq  —  (C  —  A)?;,p  =  0,  we 
obtain  Bn 

V  =Po  cos  n*  +  a — n      sm      (   ^ 

Now  we  have 

tanCOI=^+<    tanCOL=(^W^ ,7, 

In  the  case  we  have  been  considering  these  tangents  are  both  small. 
According  as  C  is  the  greatest  or  the  least  moment  of  inertia,  the  fixed  cone 
lies  within  or  without  the  moving  cone. 

13.  Space-cone  and  body-cone  according  as  C  is  tin  greatest  or  tJu  least 
moment  of  inertia.  If  C  be  the  greatest  or  the  least  moment,  and  A  =  B, 
the  instantaneous  axis  describes  in  the  body  a  right  cone  round  OC,  the 
axis  of  figure,  and  this  cone  rolls  on  a  right  cone  fixed  in  space.     Here 

.,     (C-A)-v                   C-A 
m-  =  —    A-/    °      or     «  =  — £—  >'0,    (1) 

and  we  have 

y=2)ocos  nl ~'!n sin nt,     q=q0eos  nt+p0&in  nt [2) 

These  may  be  written 

p  =  R  cos  ( n  t  +  e),     q  =  R  sin  (  n  t  +  e),     t  •*> ) 

if  R  =  (p02  +  9o8)    andtane=gr0/p0.      The  resultant  of  /-  and  7  is  therefore  an 
angular  speed  about    an  axis  ()1>.  which   lies  in   the  plane  of  the  axes  OA, 
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OF>,  and  makes  an  angle  nt  +  e  with  ( >A.  Thai  angle  increases  ai  rate  n, 
and  OD  moves  round  Erom  OA  in  the  direction  of  rotation  about  ()(J  if 
C>  A.  and  in  the  contrary  direction  if  C  <  A. 

It  is  clear  from  the  Poinsot  representation  of  the  motion  th.it  as  the  m.k. 
(now  of  revolution)  moves,  the  instantaneous  axis  is  ajways  inclined  at  the 
same  angle  to  the  invariable  line  OH.     For,  as  wo  have  seen  in  1 1  >,  2, 

2T 

cos  IOL=  ~ , 

a>ri 

and  Euler's  equations  give 

pp+qZ+rr=$-jj-  =  0}    (4) 

so  that  co  is  constant. 

Equation  (7),  12,  now  becomes 

tanC0I  =  5     tan  COL  =  ^? (5) 

The  ancle  COL  is  greater  or  less  than  COI  according  as  C<A  or  C>A. 
In  the  former  case  the  cones  are  external  to  one  another,  and  roll  with  their 
convex  surfaces  in  contact,  in  the  latter  the  fixed  cone  lies  within  the  moving 
cone,  and  the  concave  surface  of  the  latter  rolls  on  the  convex  surface  of 
the  former.     See  Fig.  108  above. 


» 


14.  Illustrations  of  the  stability  of  a  body  under  no  forces.  As  stated 
above,  we  have  a  good  illustration  in  a  well  thrown  quoit.  A  moderate 
rotation  about  the  axis  of  figure  is  given,  that  rotation  remains  unchanged 
during  the  flight,  except  for  the  effect  of  air  resistance,  and  the  direction 
of  the  axis  changes  comparatively  slowly,  if  at  all.  The  action  of  the  air 
is  rendered  perfectly  regular,  and  the  mark  aimed  at  is  more  certainly 
reached.  The  cones  have  been  already  illustrated  in  Fig.  108.  In  the 
present  case,  if  R  have  any  sensible  small  value,  the  angles  COI  and  COL 
are  both  small,  but  the  latter  is  smaller  than  the  former. 

For  a  quoit  C  is  not  very  different  from  2A,  and  so  n  is  approximately 
equal  to  r0.  Thus  the  axis  of  figure  OC  (OA  in  Fig.  108)  turns  round  the 
invariable  line  with  nearly  the  angular  speed  ?'0.  The  angle  COL  is  small 
and  approximately  |R/r0.  The  larger  this  angle  is  the  more  the  quoit 
has  of  the  usual  regular  wobbling  motion,  which  is  simply  the  precession 
of  the  axis  of  figure  about  the  invariable  line. 

With  the  foregoing  case  we  contrast  that  in  which  C  is  the  small  moment 
of  inertia,  e.g.  in  the  case  of  the  knife  thrown  by  the  juggler.  Here  again 
there  is  stability  for  rapid  rotation  about  the  axis  of  figure.  But  when  the 
body  is  long  and  slender  (A  —  C)  A  is  nearly  equal  to  unity,  so  that  again  n 
is  nearly  equal  to  r0>  but  has  the  opposite  sign.  Now  tanCOI  =  R/r,,  and 
tanCOL=AR  0r0,  of  which  the  latter  is  much  the  larger,  and  the  cones 
lie  as  in  Fig.  108(6).  In  this  case  the  wobble  due  to  the  motion  of  the 
axis  of  figure  about  the  invariable  line  is  very  much  more  marked. 
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15.  Illustrations  of  stability  of  a  top  under  no  forces.  Diabolo,  The 
top  called  diabolo,  which  was  very  popular  some  years  ago,  illustrates  the 
principles  set  forth  in  the  preceding  articles.  It  consists  of  a  kind  of  spool, 
constructed  as  shown  in  the  diagram  of  frustums  of  two  equal  cones,  put 
together  with  their  axes  in  line  and  turned  in  opposite  directions.  The 
surface  at  the  junction  is  slightly  rounded  out  to  receive  the  spinning 
cord. 

This  spool  is  supported  with  its  axis  of  figure  horizontal,  or  nearly  so, 
on  a  vertical  loop  of  cord  suspended  from  two  handles  held  by  the  operator, 
also  as  shown  in  the  diagram.     The  spin  is  produced  by  successive  strokes 

each  made  by  raising  the  right  handle  |  say  i 
quickly  and  then  lowering  it.  but  more 
slowly.  A  friction  couple  about  the  axis 
of  the  spool  is  applied  in  the  first  upward 
motion.  In  the  succeeding  downward  motion 
of  this  handle,  which  of  course  is  accom- 
panied by  upward  motion  of  the  left  handle, 
there  is  little  or  no  couple  applied  to  the 
spool ;  for  the  motion  of  the  spool  at  the 
point  of  contact  is  now  in  the  opposite 
direction  to  that  of  the  cord,  and  the  relative 
motion  of  the  spool  and  cord  at  the  point 
is  a  maximum. 

As  the  diabolo  is  usually  constructed  its 
axis  of  figure  is  an  axis  of  minimum  moment 
of  inertia  ;  in  other  words,  the  momental  ellipsoid  is  a  prolate  ellipsoid 
of  revolution.  The  spool  may  however  be  made  so  as  to  have  maximum 
moment  of  inertia  about  the  axis  of  symmetry,  that  is,  so  that  the 
momenta!  ellipsoid  is  oblate. 

In  either  of  these  cases  the  rotational  motion  is  stable,  and  illustrates 
therefore  the  conclusions  of  12  and  13.  The  spool  when  spinning  fast  can  be 
throwD  into  the  air  from  the  string,  and  preserves  its  axis  unchanged  in 
direction,  so  that  it  can  easily  be  caught  again  on  the  string  by  the  per- 
former. Should  a  component  of  a.m.  about  an  axis  transverse  to  the  axis 
of  symmetry  exist  at  any  instant,  the  action  of  friction  will,  as  explained 
above,  tend  to  bring  the  axis  of  resultant  A.M.  into  coincidence  with  the 
axis  of  figure. 

If   the    s] 1    be    made   so   that    the   moment   of   inertia   about   the  axis  of 

figure  is  equal  to  that  about  any  transverse  axis  through  the  centroid  it 

will  be  Pound  impossible  to  get  up  any  spin  in  the  ordinary  way.  For 
there  is  nothing  to  determine  stability,  and  disturbing  couples  acting  on  the 
Imdy  will  cause  the  instantaneous  axis  to  change  its  position  in  the  body 
without  any  tendency  to  approximate  to  the  axis  of  A.M. 


Fig.  no. 
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Two  equal  cones  (or  rather  a  single  right  circular  cone,  of  e<pial  sheets) 
made  of  uniform  sheet  metal,  and  united  at  their  vertices  with  their  axes 
in  line,  would,  it'  the  angle  of  the  cone  were  tan_12*  give  a  spool  the 
momenta]  ellipsoid  of  which  would  be  a  sphere.  This  ideal  construction  is 
difficult  :  for  one  thine,-  we  cannot  unite  the  two  cones  if  their  vertices  are 
sharp.  The  required  result  can  however  he  obtained  by  making  the 
momenta]  ellipsoid  oblate,  that  is  with  an  excess  of  the  moment  of  inertia 
C,  about  the  axis  of  figure,  over  that  A  about  a  transverse  axis,  and  pro- 
viding it  with  a  tubular  hollow  along  this  axis.  A  rod  of  wood  filling  this 
hollow  symmetrically  will  leave  the  centroid  unchanged  in  position,  and 
will  atld  to  both  the  moments  of  inertia,  but,  unless  it  is  very  short,  more  to 
A  than  to  C.  If  the  rod  is  made  of  proper  length  the  ellipsoid  of  inertia 
becomes  a  sphere.  The  diabolo,  which  could  be  spun  without  difficulty 
before,  becomes  incapable  of  stable  spin  after  the  insertion  of  the  rod. 

The  equality  of  the  moments  of  inertia  about  the  principal  axes  may  be 
tested  by  hanging  the  diabolo  by  a  torsion  wire,  and  observing  the  period 
( 1 )  with  the  axis  of  figure  vertical,  (2)  with  that  axis  horizontal.  The 
periods  should  not  differ  so  much  as  2  per  cent. 

This  experiment  is  due  to  Mr.  C.  V.  Boys  [Proc.  Phys.  Soc,  Nov.  22, 
L907]. 

If  the  stick  is  not  inserted  in  the  hollow  symmetrically,  the  centroid  will 
be  shifted  along  the  axis,  and  the  moment  of  inertia  about  a  former  trans- 
verse axis  will  be  increased  by  an  amount  ma2,  where  m  is  the  mass  of  the 
stick  and  a  the  distance  of  its  centroid  from  that  of  the  spool.  If  the 
difference  is  great  enough  there  will  be  stable  spin,  together  with  precession 
about  the  vertical  transverse  axis,  with  angular  speed  mga/Cn.  The 
vector  of  a.m.  of  the  spool  is  to  be  drawn  towards  the  operator,  and  turns 
of  course  in  the  precession  towards  the  axis  of  the  couple. 

If  the  operator,  after  spinning  the  balanced  diabolo  with  his  right  hand 
draws  that  hand  towards  him,  a  couple  about  a  downward  vertical  axis  is 
applied,  and  the  end  of  the  spool  near  the  operator  turns  downward.  The 
contrary  turning  takes  place  if  the  operator  draws  in  his  left  hand.  Equal 
drawing  in  of  both  hands  will  apply  a  couple  about  a  horizontal  axis 
pointing  towards  his  left,  and  the  spool,  if  it  has  been  spun  with  the  right 
hand,  will  turn  in  azimuth  in  the  clock  direction  as  seen  from  above,  that 
is  the  outer  end  of  the  spool  will  turn  towards  the  performer's  right. 

The  reader  will  easily  see  how  these  results  are  modified  it'  the  spin  is  in 
the  opposite  direction,  that  is,  has  been  produced  by  the  h-t't  hand. 

16.  Stability  when  the  body  under  no  forces  is  u/nsymmetirical. 
Returning  to  the  general  case  of  unequal  moments  of  inertia,  with  C  >  15  >  A,  we  e.msid'T 
the  motion  starting  from  approximate  coincidence  of  the  axis  <  >l  with  <  >i>.  If  the  initial 
values  of  /<,  y,  r  l>e  p0,  </,„  r0,  /■,,,  r0  are  very  small,  and  therefore  </  \aiie>  slowly.  We 
have  theequations  Ap-(B -C)ftr=0,    Cr-(A  -B)pq0=0,  (I) 


Since  »'o=— q- !',>'/„, 


r  =  lr0(e*<  +  e-«')  +  $[^_^yPl)(e>>'-e->>') (7) 
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since  we  suppose  that  so  .short  an  interval  of  time  lias  elapsed  that  j>  and  /•  are  still  small 
and  y,,  is  little  different  from  its  initial  value.     Eliminating  p,  we  find 

AC;:- (A -!})(]! -<>/,;-7  =  0 (-2) 

\      1!  and  B  — Care  both  negative,  so  that  we  can  write  this  equation  in  the  form 

r  -  n'-r  =  0,    (3) 

where  »2=(A-B)(B-C)^U2/AC,  and  is  positive.     Hence,  if  K,  L  are  constant-. 

r  =  Key,t  +  he  -'" (4) 

When*=0,  ?-0  =  K  +  L,  and  ?\  =  n(K-h),  so  that 

K.J^+2).    L=i(r0-j). 

Thus  r=%r0(en'  +  e-'")  +  —{&•'  -  c~'") (•"') 

Z  it 

After  a  short  interval  of  time  r,  we  have 

r  =  rll(l+hi^) +  ;-,-,    (6) 

to  the  second  order  of  small  quantities.     There  is  no  oscillation  of  the  value  of  ;•. 

A-B 

C 

we  may,  bv  the  value  of  «'-',  write  (5)  in  the  form 

C(B-O) 
From  this,  by  the  second  of  (1),  we  obtain 

y  =  ^„(e''(  +  e-"0  +  *{^((^^))}a>-l>(^-«-"0 (8) 

Of  course  it  is  to  be  remembered  that  these  integrals  cannot  be  used  except  for  small 
values  of  t,  otherwise  it  will  not  be  possible  to  consider  q  as  retaining  sufficiently  nearly 
Its  initial  value  </„. 

17.  Extension  of Poinsotfs  theory  to  the  motion  of  a  f<>/>.  We  now  con- 
sider an  extension  of  Poinsot's  theory  to  a  top  spinning  under  gravity  about 
a  fixed  point  in  the  line  of  its  axis  of  figure  OC.  If,  as  we  shall  suppose,  the 
angular  speed  n  about  OC  be  constant,  and  a  distance  00'  be  laid  oft' on  OC 
to  represent  n,  the  extremity  P  of  the  instantaneous  axis  lies  in  the  plane  of 
OC  and  the  resultant  of  p  and  q.  As  the  top  moves  this  plane  moves  also. 
and  a  curve  is  described  in  it  by  P,  which  shows  how  the  instantaneous  axis 
moves  in  the  body.  The  angular  speeds  about  the  principal  axes  0(A,  B,  C) 
are  p,  q,  r  (r  =  n),  so  that  we  have  O'P  ( =  p)  =  {/>-  +  7-)-  =  (0*+  xj/'sin-Of. 

Apart  from  spin  the  kinetic  energy  is  J,  A(tf-  +  \j/2sm2d)  =  \  A (}>-  +  7-).  The 
energy  equation  is  thus 

^  +  ^sin^  =  ^_2Y'cosr),    (1) 

where  E  is  the  total  energy,  less  the  constant  energy  of  rotation.     Putting 
as  at  1()-  V>  2E/A  =  «    and     2Mgh  A=a, 

we  got  p+xi,-su{-0  =  r'  +  q-  =  a-u: (2) 
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Thus  we  can  write  the  energy  equation  in  the  compad  Eorm 

p-  =  a  —  ":      "i-      :  = *- (->) 

(t 

As  w,>  have  Been  (/"<■.  cit.)  the  equation  of  a.m.  about  tin-  vertical  through 

()  <';l"  be  written  ,£(]  ~32)=/3-&tt2l,    (4) 

ainl  elimination  of  \jr  between  this  equation  and  ("2)  leads  to  the  conation 

z*=(a-az){l-z*)-(l3-bnz)*=f(z) (o) 

which  has  already  I n  discussed  to  some  extent. 

Now  from  (•"»)  we  have  :  =  —  -/>/>  a,  and  from  (5), 

pfi—M^)* w 


To  find  the  vectorial  angle  (^,  say)  corresponding  to  p,  we  calculate 
tan*1(g  p).  The  angular  speeds  6,  \/rsin  6,  are  those  about  OD,  OE  (Fig.  4, 
p.  48),  and  by  (2),  2,  IV 

I >  =  6  sin  (f>  —  \'/  sin  6  cos  </>,     q  =  Q  cos  <p  +  \/r  sin  0  sin  r/>. 

,         \/r  sin  0 

cot  0  + - — — 

Hence  tanv  = : — : 

,      \'/  sin  9 

1  — : COt  f/> 

Now  sin  tf  0  =  -(1  -:-):=  -(1 -«*)/{/(*)}*  and  f={^-bnz)  (1-:-),  and 

therefore  .    r  .0-iwsj  ,- 

tan^  =  tan^7r  —  r/>  —  tan-1- — T ■ (0 

Thus  we  may  write        x=  h~  —  0  — tan"       _ •'"" (,s) 

Differentiating,  remembering  that 

:  =  I  /( : ) ! l     and     <j>  =n-  ~\j,  cos  0  =  n-{/3- hnz) c  (1  - z2), 
we  get,  after  reduction, 

(a-az)x=\{bihc-ufJ)+hl(b-2)(a-<iz), 

tliat  is,  since  a  — as  =p'2, 

/02^=|w(6_2)p2+K^o-a6) (9) 

18.    The  outer  extremity  of  th<-  la.  ,/o>-  £Ae  /"/>  lies  <>n  a  fixed  spherical 

Surface.  The  locus  of  the  extremity  of  the  instantaneous  axis  is  a  sphere 
fixed  in  space.  For,  let  plt  qx,  i\  be  the  angular  speeds  of  the  top  referred 
to  fixed  axes,  of  which  the  vertical  OZ  is  one,  and  let  rx  be  the  angular 
speed   about    OZ.     Then   we    have   p12+q12+r12=p2+q*+ni=<*  — az+n*. 

But,  clearly,  r1=^sin20+wcos0=j8+(l—  b)nz (1) 

Eliminating  z  between  this  equation  and^?12+g12+r12  =  a— oz+  r&2,we  obtain 

(l-6)n(2)18+o12+r12)+ar1-a/3-(l-6)n(a+w2)=0 (2) 

But  plt  7,,  /•,  an-  the  coordinates  of  the  extremity  P  of  the  instantaneous 
axis,  and   the   equation  just   found   shows  that   P  describes  in  space  a  curve 
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on  a  spherical  surface  the  centre  of  which  is  on  the  vertical  at  a  distance 
!r/  (1  —  6)11  below  0.     'Hie  radius  of  the  sphere  is 

.•+,,i+(i^jiW+,i-tJ]' 

If  the  top  be  "spherical"  6  =  C/A  =  1,  and  the  equation  of  the  surface 
reduces  to  '>\  =  fi,  (3) 

the  ciination  of  a  plane  at  distance  8  above  the  fixed  point  O. 

The  motion  of  the  top  is  given  by  the  rolling  of  a  body-cone  on  a  space- 
cone  the  generators  of  which  are  the  lines  joining  0  to  the  successive  points 
of  the  spherical  curve  just  defined.  The  curve  given  by  the  successive 
positions  of  P  in  the  body  is  the  polhode,  and  the  successive  positions  of 
OP  in  the  body  make  up  the  body-cone.  This  cone  rolls  on  the  space-cone 
and  the  polhode  on  the  spherical  curve. 

19.  Reduction  of  the  locus  of  the  extremity  of  the  i.a.  to  a  j>l<ntc. 
Spherical  t<>i>.  If  the  top  is  "spherical"  its  motion  is  represented  by  a 
motion  of  the  momental  ellipsoid  in  which  the  polhode  rolls  on  the  curve  in 
the  plane  r*1  =  /8,  to  which  the  spherical  curve  now  reduces.  To  find  this 
curve  let  pi1=Pi-\-(li,  then,  when  b  =  l  and  t,=/3, 

p*=p*+n*-P* (1) 

Also,  from  Fig.  12,  p.  69,  we  get 

p1  =  —  0 sin  \fs  +  <j> sin  0 cos \js,   qx  =  dcos\{s  +  <j> sin  6 sin  \js,  i\  =  \js  +  <j> cos  6  (2) 
[and  when  the  top  is  spherical  /3  =  i\  =  0  cos  6  +  \J/\.     Hence 

dsin  0 

COt  \'s+  ' 

ii,        0  cos  \fs  +  <h  sin  6  sin  yfs  0  , 

-ti  =  - r      y. '      = — =  taiiY_  •  sav. 

£>i      —  0  sin  \ls  +  0  sin  0  cos  \fs         ,   ,  d>  sin  0         . 

7  '  '  —  1  + r — : COt  \V 

d 

Thus  tanx'^tan^+^Tr-tan-1^1^) (3) 

Now,  returning  to  the  spherical  top,  we  have,  by  (1  ),  p{p\~ Pi1-  au<^  sniri' 
;=(u-p"-)la,  f(z)=f{(u- Pl>+n-- /}-)!«}. 

Hence  ftA=  -  J„  [/(«  ~/V+  »!=£)] .' ,4. 

Expanding  the  right-hand  side  to  the  form 

f(z)  =  (a-az)(l-z*)-(P-bnz)\ 
and  writing  <<'  Eor  <<  +  />-  —  /3'-\  we  get,  since  6  =  1, 

Now  lei  a  line  OL  be  drawn  Erom  O  to  represent,  in  magnitude  and  axis, 
the  resultant  a.m.  of  the  top:  the  velocity  of  the  point  L  represents  the 
moment  of  the  couple  Mgh  sin  0  about    OD.     The  rate  of  production  of  A.M. 
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is  therefore  iv presented  by  the  horizontal  vector1  OP,  if  taken  of  proper 
length.  [The  rate  of  alteration  of  angular  velocity  is  given  by  the  motion 
of  the  point  I'  in  the  plane  >\  =  (3-]  The  vector  representing  the  component 
of  <.'  at  right  angles  to  the  vertical  is  pv  and  the  radial  ami  transversal 
components  of  the  velocity  of  P  are  thus  />,,  />,y'.  But  the  rate  of  change 
of  c\  sine.-  there  i-  no  change  of  the  angular  speed  ahout  tie'  axis  of  figure, 
has  the  value  Mgh  sin  r)  A,  or  Ui  sin  0.     Thus 

/v+/vx-]^^^K(i-^) (6) 

Hence,  by  (4),  ^V  =  ]'^{(1 -^W-/('' ~^)l (7) 

Here  z  =  (a'—p12)  a,  and  so  we  get  after  reduction,  remembering  that  for  a 

spherical  top  6  =  1,  pi2X=}A">l-a'P  +  Ppi2) ,S) 

We  sliall  call  the  curve,  of  which  this  is  the  polar  equation,  the  curve  s. 

20.  Tin  locus  of  tin  extremities  of  the  la. /or  the  top  is  a  polhode. 
JacoMs  theorem.  Comparing  (5),  19,  with  (6),  8,  we  see  that  s  is  a  her- 
polhode,  in  the  plane  '\=/3,  which  would  be  described  by  a  properly  specified 
"ellipsoid"  of  inertia,  constructed  for  an  imaginary  body  turning  about  O 
under  the  action  of  no  forces.  In  the  present  case  the  distance  OP,  taken 
along  the  instantaneous  axis,  represents  to,  the  numerical  measure  of  the 
lvsnltant  angular  speed  of  the  top  ;  in  the  case  discussed  in  8  the  multi- 
plier ( 2T)-  on  the  right-hand  side  of  (6)  is,  in  the  notation  used,  to  OP. 
Hence  or  OP-  corresponds  to  the  multiplier  \  in  (5).  Thus,  reducing  to 
the  same  scale  we  see  that  the  angular  speed  of  rolling  of  the  imaginary 
ellipsoid  is  half  the  angular  speed  of  the  top. 

It  is  to  be  observed  that  what  we  call  here  an  ellipsoid  of  inertia  may 
not  fulfil  the  conditions  of  ordinary  ellipsoids  of  inertia  and  that,  for 
completeness,  it  is  necessary  to  generalise  the  notion  of  matter  so  far  as  to 
consider  inertia  as  having  either  sign. 

We  have  now  seen  that  the  curve  s  is  described  by  a  body-cone  Cb,  fixed 
in  the  body,  rolling  on  a  cone  Cs  fixed  in  space,  and  that  it  can  also  be 
described  by  a  cone  C'h,  fixed  in  the  momenta]  ellipsoid  of  an  imaginary 
body  moving  about  the  point  O  under  the  action  of  no  forces,  and  turning 
at  each  instant  about  the  instantaneous  axis  of  the  top,  with  half  the  top'-, 
angular  speed.  Now  let  a  fourth  cone  C"b  roll  on  Cb  so  as  to  trace  out  by 
tin'  relative  motion  the  polhodi  in  the  top,  which  lies  in  the  plane  perpen- 
dicular to  the  axis  of  figure  at  distance  n  from  O.  Further  let  the  cones 
all  move  SO  that  at  each  instant  each  is  in  contact  along  one  generator  of 
the  space?cone. 

It  is  a  theorem  of  Jacobi,*  stated  however  somewhat  differently  and 
given    by    him    without    proof,   that   the   cones   C',,  and    C",.   air    identical. 

*  Jacobi,  Werke,  Bd.  2,  p.  4s". 
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Analytical  proofs  of  this  theorem  have  been  given  by  Halphen*  and 
Darboux,  f  but  the  identification  can  be  effected  in  the  following  more 
simple  way  suggested  by  M.  de  Saint  ( leiniain.t 

Describe  a  sphere,  centre  O,  cutting  the  common  generator  in  a  point  P, 
and  in  Px,  Ql,  Q\,  Q'\,  the  four  generators  which  after  time  dt  should  be  in 
contact.  The  arcs  V\\,  PQj,  PQ'p  PQ"X  must  all  have  the  same  length  ds. 
Lei  then  R  be  the  radius  of  curvature  of  the  space-cone,  Rj,  R'r  R"x  the 
radii  of  curvature  of  the  others,  taken  in  a  plane  drawn  through  Pat  time  t, 
at  right  angles  to  the  coincident  generators.     "We  get  then 


^V     "    "   VR^RV     a         VRX     K", 
The  first  two  equations  give    |a>  =  £.^ — .,,  J, 

so  that  by  the  last  equation        R'i=  —  R"i (  -) 

Since  in  the  kinematic  equations  (1)  the  radii  of  curvature  are  taken 
positive  when  they  are  turned  in  opposite  directions,  that  is  when  convex 
sin  face  rolls  on  convex  surface,  we  see  that  the  radii  R'1;  K\  in  contact  at 
their  extremities  are  turned  in  the  same  direction  and  are  equal.  This 
holds  for  every  element  of  the  cones  which  come  into  contact,  and  so  the 
cones  are  identical.  Thus  the  polhode  on  C'b,  the  body-cone  for  the 
momenta!  ellipsoid  of  the  imaginary  body  under  no  forces,  rolling  on  the 
space-cone,  gives  the  herpolhode  which  is  the  curve  s,  and  the  rolling 
motion  of  the  same  cone,  relative  to  Cb,  gives  the  polhode  of  the  tops 
motion.  A  horizontal  plane  through  O  is  the  invariable  plane  for  the 
absolute  motion,  while  a  plane  at  right  angles  to  the  axis  ( )( !  is  the  moving 
(invariable  plane)  for  the  relative  motion. 

21.  Case  of  an  unspherical  t<>i>-     When  the  top  is  not  spherical  the 

motion  can  be  reduced  to  that  of  a  spherical  top  by  choosing  n'  ==  On./ A  (  ==bn)> 
and  using  n'  as  the  speed  of  rotation,  when  the  equations 
become  those  for  a  spherical  top.  Consider,  then,  a  solid  of 
revolution  which  has,  with  respect  to  the  top,  an  angular 
speed  (b  —  \)n,  and  its  axis  of  figure  always  in  the  same 
direction  as  OC.  To  this  body  all  the  results  just  obtained 
apply,  and  lo  its  motion  that  of  the  top  exactly  corresponds. 
The  body-cone  for  this  top  is  not  the  same  as  that  of  the 
Fi(  actual  top;  for  example  if  A>C,  we  have   /''<//,  and  so  if 

OP  he  the  line  representing  the  real  angular  speed  to  at 
time  /,  ( )P'  will  be  that  for  the  spherical  top.  The  cone  with  <  M  !'  as  repre- 
senting a  will  roll  on  a  corresponding  space-cone  [<>('  is  not  necessarily 
\  ert  ieal]. 

Journ.  •  /•  Mathem.,  t.  2,  1886.  tC'owi/<^>  rendu*,  t.  100,  p.  L065. 

J  Remm4  d<  la  thdorii  du  mouvt  m<  <*'  '/'mi  8olid(  avtour  '/'mi  point  fix< . 
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22.    I\(ssti(/i    from    one   Poinsot    movement    /<>   another,     if  we  write 
])=  H-  2T  and  h    2T  II  the  equations  of  energy  and  a.m.  become 

.V-+iy  +  <V--l>A-,     A 7<-+i;-y-  +  CV--    ]>-/,- (1) 

or,  if  also  we  write  \i     \\l>  =  Cc=  I>/', 

^+£+"  *,  ^+g+^=i (2) 

Tin'  dynamical  equations  are,  in  this  notation,  which  is  due  to  Darboux, 

p-a(\-tyr=0>  *-b(\-lh=o>  '-'(s-£)«-0 <3> 

t  lonsider  now  for  a  moment  the  surface 

A./-  +  %-'  +  CV-'=l>o- (1) 

The  direction  cosines  of  the  normal  drawn  at  the  point  x, ,?/,  :  are 

A..-,  By,  Cg_p     g     r  f5v 


Do-  <r    i, 


where  ~  is  the  Length  of  the  perpendicular  from  the  centre  on  the  tangent  plane  at 

.1  equations  (3)  we  may  use  the  equations 

p-aqr=0,     q-firp=0,     r-ypq=0,    (6) 


r.  y,  .. 

ln-tead  of  the  dynamical  equations  (3)  we  may  use  the  equations 


wlii.-h  agree  with  (3)  if 


a(c—  b) 


,  ll  =  ^'~\         yJ^t (7) 

'  i'lt  I  fill 


be     '      ,J         ca     '      (         ab 

In  this  case  a,  (3.  y  satisfy  the  condition 

a  +  /3+y  +  a£y=0 (8) 

If  it  is  satisfied  we  say  that  equations  (6)  represent  a  Poinsot  movement.     [Of  course  a,  fi 
are  not  to  be  confused  in  meaning  with  the  letters  o,  (3  of  16,  above.] 
From  one  Poinsot  movement  another  can  be  derived.     For  writing 

p'=a'p,     <{'  =  fi'q,     /-'  =  yV, 
we  obtain  for  the  new  coefficients  cq,  /?j,  yi  of  equations  (6)  for  the  movement  p',  q',  >■', 

-=(H)^.  A-G-D&  *-(*-»)# <9) 

If  this  is  also  a  Poinsot  movement  (8)  must  be  satisfied  by  the  values  of  <q,  /;?,,  y,  found 
in  (9).    The  condition  for  this  is  found  to  be 

aa(c-6)(a'2-l)+62(a-c)()8'2-l)+c2(6-a)(y'a-l)=0 (10) 

Thus,  for  a  change  from  one  Poinsot  movement  to  another,  only  a  single  relation 
requires  to  be  satisfied  by  the  multipliers  a',  ft',  y',  so  that  two  of  these  multipliers  may 
be  arbitrarily  chosen. 

The  relation  (10)  is  obviously  satisfied  by  a'=/J'=y'=  —  1.  Thus  we  pass  from  one 
Poinsol  movement  to  another  by  mere  reversal  of  p,  q,  r.  If  a\  b\  c*  be  the  constants 
for  the  new  motion  we  have 

O  •'  ■'  o  o  *> 

'-v'v;  *,  S+jfi+5-i cm 

./         I,        c  ti  -/>-(■  - 

If  we  multiply  the  first  of  (2)  by  A,  the  second  by  /*,  and  identify  the  sum  of  the 
products  with  the  first  of  (11)  we  get 

I      A.     ii       1      A      u      1      A     u       .  ,  . ,  ,_. 

it        ,i       a-        I,        I,       h-        C         C       '- 
G.G. 
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Similarly,  multiplying  by  An  /*,,  and  identifying  the  sum  of  products  with  the  second 
II)  we  get  I       A      a        1       A       u         l       A       u 

_AI,/'tl  '        _A1      I      /'l  X      _A1      ,ft  \       /        ,       ,,  1  /ION 

From  (12)  and  (13)  we  have  "A  +  /».       ...  =  "A,  +/<], 

and  similar  pairs  of  equations  hold  for  b,  b'  and  c,  <•'. 

Eliminating  "'  and  a'2,  we  obtain  for  a  the  cubic  equation 

X1a3-(A2-/t1)a2-2A/xa-/i2=0 (14) 

An  exactly  similar  equation  holds  when  b,  and  also  when  c,  replaces  a.     Hence  a,  6,  c  are 

root9  of  the  cubic  A1*3-(a2-/a1)#2-2A/ju:-/a2=0 (15) 

Thus  we  have  the  five  equations 

A- -/',  =  A, (a  +  b  +  c),  -2X./j.=X1(ab  +  bc+ca),  //.'-'=  XjCibc,  AA+/*=A',  A,/'  +/*,  =  1,  ...< '1  6) 
for  the  determination  of  A,  //,  A,,  /',.  k'. 

Solving  these  equations  we  obtain 


-n 


2R 


A~  "12'     ,l~  12'    Al  = 


ii; 


lh 


Q2  -  4PR 


.(17) 


where      Y  =  a  +  b  +  c,     Q  =  be+-ca  +  ab,     R  =  abc,     fi2=Q2-4E(P-A)=4/i2/A1a.  J 

From  (17)  we  can  new  find  a'}  b',  c'}  k'.     Adopting  (since  a,  (3,  y  are  again  at  our  disposal) 

the  notation  j>   a 


we  obtain  from  (12) 


a  =  —  be  +  ca  +  ab  =Q  —  2  — , 

a 

(3  =     bc-ca+ab=Q     2^, 

y=     bc+ca  —  ab=Q    2   -, 

c    J 


•(18) 


«'=2i2, 6'=|j25  C'=^rA'=^:    [I2= 


17 


.(19) 


The  dynamical  equations  for  the  motion  fulfilling  the  conditions  p+p'=g+q'=r+r'     ". 

are  therefore 

p'-a'(l>-l)<ir=0>  *-v(?-hh-°>  ?-'(h-vfa-* (») 

( lomparing  with  (3),  22,  we  obtain  the  relations  a(l/b-  l/c)=  -a'(l  7/-1  c'),  etc  .  or 


a     a'    a    a'     /<    b'    l>     b' 

//       h        c       C        C      C        "      " 


.(21) 


23.  Passage  back  from  ///<■  second  movement  to  th6  first.  The  problem 
is  thus  completely  solved  of  passing  from  the  first  of  these  associated  movements  to  the 
second.  If  12',  ».',,  (3\,  y\  be  the  corresponding  quantities  for  passage  back  from  the  second 
to  the  first,  w  e  have 

a'0,       1212'      .      b'  Ml'  ,■  Ml 

a  cor  /)  /j/)  y  yy 

so  that  aa  =  (3(3' =  yy'  =  Ml' (1) 

We  shall  show  presently  that  12    12',  so  that 

a_12      (3_  12      y      12 

12     a"     12     |8"     12     y' l"j 

We  observe  that  by  the  values  of  r,  o,  l»  [see  (17),  --]  we  obtain  from  (Is).  -2-2, 

a+/3+y=Q,    a/3+£y+ya=4PR-Q2     o)87=4PQE-QS-8E2>  -I 

«-=<»-■      tft(P-a),     />>-  =  <,>- -4R(I>     /.).     y-  =  Q--4R(P-c).    /' 
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To  prove  thai  ota     1212     12-.  we  have,  Bince      a  =a(P  -a)  -  R  a, 

oa'     [a(P    a)  -  -J  (-o'c'+c'a'+a'o'). 
But,  by  (19),  22, 

Inserting  from  (is),  ^2,  the  values  of  o,  (3,  y,  in  the  terms  in  brackets  on  the  extreme 
right  of  the  last  equation,  we  find  that  the  expression  becomes 
/,.,..  _  a2(j _ ,.)-•=  [bc'+a(b - c)}  [be - <t{b - c)) 

=  (q-^)(q-^)=-Q2+2Q>  +  4R,/. 

Thus  ua'=-[(/(P-a)-5[-(-(.t)-  +  2Q/>c  +  4Ea)^r (4) 

Multiplying  out  and  reducing,  we  find  that  this  becomes,  l>v  the  values  of  P,  Q,  R, 

aa'  =  (4PQR  -  Q:!  -  8R2)  -2  =  12-, 

o.py 

by  (3).     Or,  the  first  factor  on  the  right  of  (4)  is  a,  the  second  f$y, 
\ gain  we  ha\ e,  by  (19),  22, 

,  _(j/<  -  2R    </  n  _  ft(Q/<  -  2R)  -  r/O- 
"  ~       12  a  .  aO 

It  will  be  found  that  this  reduces  to 

k ' —a'=  —  —A(h  -  a). 

all 
Thus  we  obtain  the  three  relations, 

If  a,  6,  c  are  in  algebraical  order  of  magnitude  it  is  clear  by  (2),  2:2  that  h  lies  between 
a  and  c.  The  two  quantities  Q2-4R(P-a),  Q2-4R(P-c),  that  is  a-,  y'-',  are  essentially 
positive,  and  Q2-4R(P-a)>  Q2-4R(P-A)>Q2-4R(P-c). 

Thus  Q2  —  4R(P  —  h),  or  12-,  is  essentially  positive,  and  the  expressions  above  in  which  12 
appears  are  real. 

\_.iin.  the  relations  {l1  =  aa —ftft' =  yy'  show  that  a',  ft',  y'  have  the  same  signs  as 
u,  /).  y  respectively.     Thus  if  the  surface  corresponding  to  the  first  motion  is  an  elli])soid 

of  inertia,  so  also  is  the  surfac ^responding  to  the  associated  motion. 

The  discussion  of  two  associated  movements  given  above  is  founded  on  the  Notes  of 
Darboux  in  Despeyrous1  Cow»  de  Mecanique.  A  more  general  discussion  was  given  by 
Darboux  in  the  Journal  de  Mathimatiques  for  1885,  but  the  relations  found  all  reduce  to 
those  given  above  when  the  top  is  spherical.  As  all  tops  can  be  reduced  to  this  form  by 
the  substitution  indicated  in  21,  the  restriction  to  the  case  of  p  +p  =  q  +  q'  —  r  +  r'  =  0,  does 
not  deprive  the  discussion  < »f  any  needful  generality. 

24-  Body-cone  arid  space-cone  for  associated  movements.  Now  consider 
the  two  surfaces,  8,  S'  [l  I).  22],  which  corresj 1  to  the  two  motions.     We  may  suppose 

for  the  moment  that  the  two  sets  of  principal  axes  are  coincident.  Along  the  system  of 
axes  thus  given  lay  off  coordinates  p,  y,  r.  This  will  L,ri\e  a  point  on  a  polhode.  It'  the 
who].-  sequence  of  points  l>e  thus  constructed  for  the  successive  positions  of  the  surfaces 
S,  S'  (which  it  must  be  remembered  move  in  a  manner  depending  on  the  body's  motion),  we 
shall  ha\  e  a  polhode,  ami  the  lines  joining  the  fixed  point  0  to  the  points  of  the  Bequen 
will  give  a  cone  ( '.  which  can  l>e  used  as  the  moving  cone  for  cither  motion. 
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In  the  motion  of  the  surface  S  the  moving  cone  rolls  on  a  cone  A  fixed  in  space,  the 
base  of  which  is  a  herpolhode  H  ;  in  the  motion  of  the  other  surface  the  moving  cone 
rolls  in  the  opposite  direction,  with  the  same  speed  at  the  same  instant,  on  another  space- 
cone  B,  the  base  of  which  is  a  herpolhode  H'. 

Now  at  a  given  instant  tn  let  a  generator  gm  <>f  C,  considered  as  rolling  on  A,  be  in  con- 
tact with  a  generator  g0  of  that  cone  ;  at  time  t  it  will  be  in  contact  with  another 
generator  g.  If  at  time  /,,  the  moving  cone,  considered  as  rolling  "i>  B,  have  its  generator 
v  in  contact  with  a  generator  r/',,  of  that  cone,  at  time  t  it  will  be  in  contact  with  another 
generator  <?'.  If  now  we  suppose  g0  and  </',,  to  be  in  contact  at  time  t„,  and  B  to  roll  on 
A,  with  angular  speed  opposite  to  and  twice  as  great  as  the  angular  speed  of  C  on  B,  the 
generators^  and  g  will  be  in  contact  at  time  t.  This  motion  of  B  with  respect  to  A  is 
of  importance  in  the  discussion  of  Jacobi's  theorem  regarding  the  motion  of  a  top. 

25.  The  polhode  as  the  intersection  of  two  surfaces  of  the  second  degree. 
The  following  proposition  is  also  important  in  this  connection.  The  intersection  of  two 
surfaces  of  the  second  degree  which  are  concentric,  and  have  their  principal  axes  along 
the  same  straight  lines,  can  be  considered,  in  two  different  ways,  as  a  polhode. 

Let  the  equations  of  the  surface  be 

A.,'-  +  1V/-  +  C22  =  D,     AV-'  +  By  +  CV^D' (1) 

The  proposition  will  be  proved  if  it  can  be  shown  that  equations  (1)  can  be  combined 
linearly  so  as  to  give,  first,  a  resultant  identical  with 


r2       i/2       r2 

a     o     c 


(2) 


and,  second,  a  resultant  identical  with 


■'"+/r  +  --P- 

„-  +  lr  +  <?-C- 


.(3) 


Take  the  first  linear  combination  of  equations  (1).  Multiply  the  first  of  (1)  by  A.  the 
second  by  /a,  and  add,  and  identify  the  coefficients  of  .<■'-',  //-,  :-  in  the  sum  with  those  in 
(2).     We  obtain 

AA+/iA'--=0,    \B+/iB'-i=0,    \C  +  iA"-l=Q (4) 

That  these  equations  may  hold  simultaneously,  the  condition  is 

1 


A. 


B,  B',     -b 

C,  (",     \ 


=  0. 


•(5) 


In  the  same  way  we  obtain  from  (1 )  and  (3)  the  other  condition 

1 


A,     A. 


I 


B,  B',     /; 

C,  (    , 
Equations  (5)  and  (6)  are  evidently  of  the  form 

:>?+?-".  s+fi+5-ft m 


=  0. 


(0) 
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where  a, /?,  •)  [nol  the  same  quantities  as  in  22]  are  functions  of  A,  B,  C,  A',  B',  C.  [f 
we  writer  afb,a  <<  c,  and  eliminate  first  a  then  r  between  the  two  equations  (7),  we 
get  the  quadratics  for  r  and  i  ; 

0(/3+y)r»+2a0r+a(a+y)=O,l 
y(j9+y)«a+  2ay«+a(a+j3)=0j 

The  roots  of  each  of  these  arc  real  if 

a/?y(<x+/3+y)<0 (9) 

and  the  roots  are  equal  if  «i/iy(«  +  /i  +  y)  =  0 (10) 

Thus  in  general,  it'  it  is  possible  at  all,  it  is  possible  in  two  ways  for  the  curve  of  inter- 
section of  a  given  pair  of  surfaces  to  give  a  polhode,  that  is  for  a  given  curve  there  are,  if 
(9)  is  satisfied,  two  real  Poinsot  motions.  These  coincide  in  the  limiting  case  in  which 
the  roots  arc  equal. 

Examination  shows  that  if  (10)  is  satisfied  the  surface  (2)  is  either  a  plane  or  a  sphere, 
and  the  curve  cannot  in  general  be  a  polhode, 

If  two  of  the  quantities  a,  (3,  y  have  a  zero  sum,  for  example,  if  a  +  /3  =  0  the  surface 

(2)  has  the  equation  x"  +  ,p  =  ah,    (II) 

that  is,  it  is  ;i  cylinder  of  revolution  about  the  axis  of  z.  In  the  Poinsot  motion  for  this 
form  of  the  moving  surface  this  cylinder  remains  in  contact  along  a  fixed  plane,  and  the 
generator  in  contact  revolves  with  constant  angular  speed  about  the  perpendicular  let 
fall  from  the  fixed  point  to  the  plane.  This  case  corresponds  to  r—1,  8=0;  but  the 
other  roots  for  the  same  curve  are  r={(3-y)j{(3  +  y),  s  =  2f3j((3  +  y),  and  there  is  a 
corresponding  Poinsot  motion.     The  surface  (2)  in  this  case  has  the  equation 

£+£+3<«+6>=* <I2> 

It  will  be  observed  that  in  this  case  we  have 

?•  +  1  =  s     or     bc  +  ca-ab  =  0 (13) 

26.    Relation  of  the  curve  of  intersection  of  two  surfaces  to  a  family  of 

COJlfocal  surfaces.     We  take  next  the  following  proposition  :   Thecurve  of  intersection 

of  two  surfaces  of  the  second  degree,  which  have  the  same  lines  as  principal  axes,  is  normal  to 
cm  infinite  number  of  confocal  surfaces  of  the  second  degree  forming  one  of  the  three  families 
of  an  orthogonal  system. 

To  prove  this  we  observe  that  if  a,  (3,  y  have  values  which  fulfil  the  equations  (7),  25, 
and  a,  b,  c  be  three  new  constants  suitably  chosen,  we  obtain,  taking  the  surfaces  (1)  of 
22,  as  the  given  surfaces,  considering  a  point  .r,  >/,  :  of  the  curve,  and  eliminating  in  turn 
.-  and  .'-', 

a      (3  ji      y 

It  i-  obviously  possible  t"  find  a  quantity  p  such  that 

x*=a(a+P),    y-  =  l3{b  +  P),    8»=y(c+p) (1) 

The  value  of  p  will  vary  from  point  to  point  of  the  curve.  We  sec  at  oner  that  tic 
surface  of  which  the  equation  i- 

'+A-+      -=*  +  (3  +  y   

<i+l>      l>  +  p      r+p  '         >  v    ' 

passes  through  the  point   <\  //.  :  of  the  curve  of  intersection  of  (1 ). 
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Differentiating  with  respect  to  an  infinitesimal  step  along  the  tangent  to  the  curve  we 
get  from  (1)  dz=_adp      dy=_(3dp     dz=_ydp  (3) 

els         .'■  ds*     ds        y  ds     ds         p  ds 
But   a  =  x-j(a  +  p),   etc.     Hence   the   values   of  dxjds,   dyjds,  dz/ds  are   proportional   to 
'  ("+/')<  y/(°+p)i  zl(c  +  p)-     But  so  are  also  the  cosines  of  the  normal  to  the  surface  (2) 
at  the  point  :r,  y,  z.     Hence  the  curve  meets  the  surface  (2)  at  right  angles  at  that  point. 

If  a  +  (3  +  y  =  0  the  surfaces  are  confocal  cones,  and  the  curve  lies  on  a  sphere.  If  this 
relation  is  not  fulfilled  the  equation  (2)  may  be  written  (by  making  a  +  (3  +  y  =  l)  in  the 
form  -2         ,/-'         -2 

4-  +  r^  +  ^=1 (-0 

n+ p     b+p     c+p 
Equations  (1)  prevent  passage  of  any  of  the  quantities  u(a  +  p),  f3(b  +  p),  y(c  +  p)  through 
zero  from  a  positive  to  a  negative  value  :  hence,  when  the  signs  of  a,  f3,  y  are  fixed, 
(4)  represents  only  one  of  the  three  families  of  orthogonal  surfaces,  a  member  of  each 
<'f  which  passt-s  through  .<-,  y}  z. 

It  is  now  clear  that  since  the  curve  meets  every  member  of  the  family  (4)  at  right 
angles,  it  must  be  the  intersection  of  two  other  real  surfaces  belonging  to  the  other  two 
families  of  the  triply  orthogonal  system.  The  curve  must  therefore,  by  Dupin's  theorem, 
be  a  line  of  curvature  on  each  of  these  intersecting  surfaces.  We  have  therefore  the 
theorem  (according  to  Darboux,  loc.  cit.,  due  to  M.  de  la  Gournerie)  that  every  curve 
which  lies  on  two  concentric  surfaces  of  the  second  degree,  the  principal  axes  of  which 
are  along  the  same  lines,  can  be  considered  as  the  intersection  of  two  real  confocal  surfaces 
on  each  of  which  it  is  a  line  of  curvature. 

The  intersecting  confocal  surfaces  will  have  equations  of  the  form 

9  o  O  O  O  •> 

*   +j£_+ ^-l,    -^_+^L_+_!_=1 (5) 

a  +  px     o  +  pl     c  +  pl  a  +  p2     b  +  p.2     c  +  p2 

Now  let  a,  (3,  y  be  multipliers  such  that,  for  any  point  of  the  path, 

.,*  =  a(a  +  p),    tf-  =  ft{b  +  p),     22=y(c+p) (6) 

Substituting  in  (5),  subtracting  one  equation  from  the  other,  and  reducing  slightly,  we 
find  that  u,  (3,  y  must  satisfy  the  conditions 

a± + £* + y° =o  1 

(a  +  p,)(a  +  p2)T(6+p1)(&  +  p2)     (c  +  Pl)(c  +  p2)       '  I    (?) 

« + 'J* + 1  =o    | 

(a  +  Pi)(«  +  Ps)     (h  +  Pi)(h  +  p2)    (c  +  Pi)(c  +  P-2)        J 

<  obviously  these  will  be  satisfied  if 

(q  +  Pi)(q  +  p,)        /?_(6  +  p,)(ft  +  p2)       .._(c+Pi)(c+Pa)  (o\ 

(a- b)(a -  <■)  '      p ~  (b-a)(b -c)  '      Y~  (c-a)(c-b) K  ' 

27.  Determination  of  the  parameters  of  the  confocal  surfaces.  Now 
consider  the  quadratic  equation 

^+^+_L-=0 (1) 

a  +  u     b  +  u     c  +  u  v  ' 

It  is  easy  to  verify  that  this  is  satisfied  by  u  =  plt  and  by  w=p2,  so  that  />,,  p.,  are  the  roots 
of  the  quadratic.     Thus  if  u,  (3,  y  are  known  p},  p2  are  obtained. 

If  we  multiply  the  second  of  (5),  26,  by  a  constant,  and  add  the  product  to  the  first 
equation,  we  obtain  the  general  equation  of  the  surfaces  which  pass  through  the  inter- 
section of  the  two  Mil  fans  represented  by  (5),  25.     It  may  be  written 

(a-k)j*  (b-k)y*  (c-k)~ 

(a+Pi)(a+p2y(b+Pl)(b+p2y(c+p1){c+p2)    (~} 


(5) 
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It'  tliis  surface  roll  with  successive  points  of  the  curve  of  intersection  in  contact  with 
a  fixed  plane,  the  distance  from  the  (fixed)  centre  to  the  tangent  plane  must  be  the  same 
for  all  such  points.  We  have  then  t<>  express  the  condition  that  this  distance,  ~,  shall 
be  invariable.     From  (2)  we  get 

I  («-A-)V-  (b-k)\f  (c-flV  . 

-       (a  +  PJ-(a +  P,r  +  (h  +  l,iy(b  +  l,^'t  (,■  +  ,,  J-{C  +  I,^ V' 

Substituting  for  .<-',  y-',  :'-'  from  (*!)-.  26,  we  find,  by  (1),  _<;,  for  the  condition  thai  the  term 
involving  p  should  vanish,  which,  since  the  aggregate  of  terms  in  pa  is  zero  by  (8),  26,  ia  the 

condition  that  rrr  should  be  constant  as  the  surface  rolls, 

(a—k)*  lb  —  A)2  (c  -/)-' 

(5+  p,)(a  +  p2)(a -b)(a-c) +  (b  + Pl)(b  +  p^b  -  a){b^) +  (c  +  Pi)(c  +  p2)(c-a)(c-b) =  °"    ( ' } 

This  can  be  put  in  the  simpler  form 

(Pl-*)a  (/>,     /)- 

("+/',)C'+/,i)(''+/,i)  {«+p->)(b+p2){c+p.,y ' 

which  is  a  quadratic  equation  for  k,  of  which  the  roots  can  only  be  real  if  the  ratio 

(ll+Pl)(b  +  Pl)(c  +  pl) 
(„+/J.,)(/,  +  /32)(c  +  /).,) 

is  positive.  Thus  since  the  surfaces  to  which  px,  p.,  apply  are  two  of  the  three  surfaces 
of  the  triply  orthogonal  system  which  have  .'•,  y,  z  as  a  common  point,  all  the  three  factors 
in  tlie  numerator  or  denominator  of  this  fraction  must  he  positive  and  two  of  the  other 
three  negative.  Thus  the  surfaces  are  an  ellipsoid  and  a  hyperboloid  of  two  sheets. 
The  surfaces  normal  to  the  curve  must  therefore  be  a  family  of  hyperboloids  of  one  sheet. 
The  surfaces  (5),  26,  intersecting  in  the  curve  are  imaginary  unless  the  normal  surfaces  be 
such  hyperboloids. 

It  is  interesting  to  observe  that  the  two  rectilineal  generators  of  the  hyperboloid  of 
one  sheet  which  passes  through  the  point  f,  g,  It  in  which  the  generators  intersect,  and 
is  normal  to  the  polhode  curve,  are  normals  at  that  point  to  the  surfaces  (2)  on  which 
the  curve  lies.     For  the  normals  to  the  two  surfaces  have  the  equations 

x-f=y-g=s-h  \ 

1  m  U    '  I (6) 

where  ("-*)/  m-       (»-*fr  B-      (C~W         I 

~(a+Pl)(a+p2Y    m~(b+Pl)(b+p2y    n~(c+Pl)(c+p2)  J 

The  ratios  lt  m,  n  are  proportional  to  the  direction  cosines  of  the  normals,  and  there  are 
really  two  sets,  since  k  has  two  values. 

That  these  normals  should  be  generators  of  the  hyperboloid 

-!T-+ri-+-: —  =  <*  +  /?  + y,    (7 

a+p     b+p     c+p  '  v   ' 


tin-  c.inditioiis  are 


fl        ij  in        hn 


=0,1 

ti+p     b  +  p     c  +  p  | 

.-£-al 

C  +  p  J 


JO  •' 

t-         m- 

+  ; 


.(8) 


a  +  p     b  +  p     <■  +  p 

Since  /■  =  '<■{"  + p),  T  =  fi{l>  +  l>),  A2=y(c+p),  where   ft,    ft,  y    have    the    values   given    in 
(8),  26,  the  first  of  (8)  becomes 

a — k  b—k  c—k 


(a  -b){a-c)    (b  -u)(b-r)     (<-,/)(.•     b) 
which  is  identically  true. 

The  ,,ther  condition   is  simply  ( 1),  the  condition  that  ~  should  not  vary  as  the  surface 
rolls  on  which  the  polhode  is  traced. 
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28.   Motion  of  the  aoris  of  a  top  represented  by  a  deformable  hyperboloid. 

This  theorem  of  the  representation  of  the  normals  to  the  surfaces,  on  which  the  polhode 
i-  traced,  by  the  pairs  of  generators  of  the  members  of  the  family  of  hyperboloids  of  one 
sheet,  which  arc  normal  to  the  polhode  at  their  points  of  intersection  with  the  curve,  is  ol 
great  importance  for  a  representation  of  the  motion  of  the  axis  of  a  top.  But  it  is 
necessary  for  this  representation  that  the  hyperboloid  should  go  through  a  continuous 
process  of  deformation  from  the  extreme  ease  in  which  the  generators  are  flattened  down 
in  one  plane,  that  of  the  focal  ellipse 

f+?=«+/5+r W 

to  any  other  possible  configuration  which  the  generators  can  take,  subjeci  to  the  con- 
dition that  the  intersections  of  all  pairs  of  generators  of  opposite  systems  remain  always 
the  same.  This  deformation  cannot  be  carried  out  completely  by  a  model  made  with 
rods  in  the  ordinary  way,  as  these  must  be  of  finite  thickness,  and  cannot  interpenetrate 
one  another. 

Sir  fieor«-e  <  ireenhill  describes  the  march  of  this  deformation  in  the  following  theorem: 
A  hyperboloid  of  one  sheet  is  capable  of  a  deformation  in  which  the  rectilineal  generators 
remain  rectilinear  generators,  and  the  lengths  of  the  sides  of  all  quadrilaterals  formed 
by  these  generators  and  their  unvarying  points  of  crossing  remain  unaltered.  If  the 
centre  and  the  axes  remain  fixed  the  successive  hyperboloids  will  be  confocals,  and  the 
trajectory  of  every  point  will  be  orthogonal  to  the  system  of  confocal  hyperboloids. 

To  prove  this  we  note  that  the  coordinates/,,  gx,  lti,f->,  ,9->,  h>  of  the  two  points  PP  1'^ 
on  a  generating  line  both  fulfil  the  equation  of  the  surface 

z^-+AX-+73?-=a+/3+y,   <-> 

((+/>     !>  +  />     <"  +  /)  '        »' 

and  since  they  lie  on  a  tangent  plane  to  the  surface,  also  the  equation 

^+™  +  ^  =  «  +  /i  +  y (3) 

a+p    b+p    c  +  p  '       i 

Similar  equations  hold  for  the  two  points  P'1;  P',  of  coordinates/',,  <flt  h\,  /'._>,  g'2,  h'i: 
on  a  generating  line  of  the  confocal 

£-  n-  t- 

—~+,''      +-zi-r-=«+/?+y (-0 

a  +  p  +  a      0  +  p  +  (T      C  +  p  +  (T  ' 

If  these  two  points  iumxpond  to  the  former  pair  of  points,  that  is  be  points  which  have 
beer  carried  nut  from  their  initial  positions  to  their  final  positions,  along  trajectories 
orthogonal  to  the  successive  surfaces,  we  have 

/i     /    «+P    \h      !h(    b+p  \*      hi=(    c  +  p    V'  n) 

/',      \a+p  +  <rj  '    g\     \b+p  +  <r)   '     h\     \c+p+<rj  

The  ratios /2  / "._.,  ;/.,  g'2i  />._,//'.,  have  the  same  values. 
The  squares  of  the  distances  P,P2,  P'iP'2  are 

ifi-ffl+toi-ffilr'+Hi-W*    lfi-fi)*+tfi-</i)*+(h'i-h'2)i, 

and  by  the  preceding  relations  we  have 

P^P7-fK»-cr(^  ^8+fcM8+^zM2] (6) 

1     -         '    -         I     a+p  l>  +  p  c+p    ) 

The  expression  on  the  right  is  zero  by  equations  (2)  and  (3). 

Hence  any  quadrilateral  made  up  of  the  portions  I'd'..  r..P3,  P3P4,  P4Pi  of  crossing 
generating  lines  of  the  two  systems  remains  unaltered  in  the  lengths  of  its  sides  as  the 
deformal  ion  proceeds,  and  each  point  moS  es  along  a  trajectory  orthogonal  to  the  successive 
surfaces. 
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29.  Forces  acting  on  the  body  carried  by  the  body-cone.     Nov  calling 

tin-  body-cone  B  and  tin-  space-cone  A,  and  going  bach  bo  the  moti f  the  cone  B  on  A 

described  in  2 1,  in  which  the  relai  h  e  rotation  of  B  on  A  baa  components  _(/*,  g,  r),  we  recall 
that  for  the  two  motions,  from  which  this  total  motion  comes,  we  have  the  equations 


•(I) 


£+£+£-*,  S+5+S-1. 

,i         b         c  "-       b-       C- 

with  p+p'=q+q'=r+r/=0.  The  two  motions  give  herpolhodes  in  planes,  the  direction 
cosines  of  the  normals  to  which  are  respectively  p/a,  q/b,  r/c,p'/a',  q'/b',  r'jr'. 

We  now  suppose  that  in  the  motion  of  B  relative  to  A,  B  carries  with  it  a  moving  body 
and  find  the  forces  acting  on  this  body.    We  shall  suppose  that  the  momenta!  ellipsoid 

of  this  body  is  a  sphere  for  all  axes  passing  through  O.  It  has  been  seen  that  if  this 
ellipsoid  is  not  a  sphere,  the  motion  may,  by  a  substitution,  be  reduced  to  that  case.  If 
A  be  the  moment  of  inertia  about  any  diameter  of  the  sphere,  the  components  of  the  a.m. 
are  -A/<,  -_'A</.  2Ar.  We  shall  suppose  that  the  normal,  the  direction  cosines  of  which 
we  take  as  p  a',  q  b\  /'<•',  is  the  axis  of  the  body  (or  rather  we  shall  call  it  the  axis  of  the 
body),  and  that  the  perpendicular,  the  direction  cosines  of  which  are  p/a,  qjb,r/o,  coincides 
with  the  vertical  drawn  upward.  The  axis  of  the  body  (the  top  in  Jacobi's  theorem)  and 
the  vertical  are  thus  parallel  to  the  two  generators  of  the  hyperboloid  of  one  sheet,  which 
passes  through  the  point  of  contact/,  g,  h  of  the  herpolhode  s  [see  19]. 
The  angular  speed  about  the  axis  of  the  body  is 

while  the  a.m.  about  the  vertical  is 

A(^2p+hq+-c  2r)=2Ah-Ap. 

(  llearly  these  quantities  will  be  constant  if  there  is  no  couple  about  the  axis  of  the  body, 
and  no  couple  about  the  vertical.  This  will  be  the  case  if  the  body  is  under  the  action 
of  gravity,  and  the  centroid  is  on  the  axis  of  figure. 

If  ti  be  the  inclination  of  the  axis  of  the  body  to  the  vertical,  we  have 

2  =  cos0=  V\  +  £,+  -, (2) 

aa      bb      cc 

If  the  momenta!  ellipsoid  of  the  body  is  really  a  sphere  the  kinetic  energy  is  -1 A (//-'  +  q-  +  /■'-). 
If  the  body  has  been  made  "spherical"  by  substitution  this  will  not  be  the  kinetic 
energy  even  if  p,  q,  r  be  the  components  of  angular  velocity  given  by  the  substitution, 
for  the  substitution  consists  in  equating  angular  momenta.  Calling  the  kinetic  energy 
T  we  suppose  that  we  can  write 

T=D'2+E', (3) 

where  D'  and  E'  are  constants.  This  will  be  possible  if  we  suppose  that  D'=  -T&gl, 
where  M  is  the  mass  of  the  body  and  'is  the  distance  of  the  centroid  from  < ).  Thus  a 
body  under  gravity  and  supported  at  0  will  satisfy  the  conditions  referred  to  above  and 

have  the  energy  equation 

T  +  Mflrfe=E' |  i) 

E  is  the  total  energy. 

If  the  top  be  truly  spherical,  that  is  if  the  momental  ellipsoid  be  a  sphere,  so  thai  the 
kinetic  energy  for  the  angular  speed-  2(p,  q,  r)  may  be  written  2A(p2+g2+»'2),  we  can 
show  thai  the  equation 

pS+gi+r^-^Dz+IE, (5) 
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which  is  what  (4)  becomes  in  this  case  when  we  put  -D'=AD,  E'=  A  K.  is  a  linear  com- 
bination  of  the  first  two  equations  in  (1)  above,  that  is  "f 


n+c=;''  5+&+?-1 <•> 


■'       "      •' 

We  have  :  =  cosfl=  y— ,  +  ^  +  — „  (6') 

aa     lib 

and  so,  instead  of  (5),  we  can  write 

K>+=)+'(»+wM>4)-*« m 

Multiplying  the  first  of  (6)  by  A  and  the  second  by  /;.,  and  subtracting  the  first  product 
from  the  second,  we  obtain  ;i  linear  combination  of  the  two  equations  which  we  identify 
with  (7).     Tims  we  have 

D       .h-a.E      .,    D       ,/i-b     ,  E      .       D      .h-c     .  £  ,_. 

1+2««'  =  A^+^--"     1+M=XT"%     1+2^==A^  +  ^C-' (8) 

With  this  we  have,  if,  as  above,  Aft  be  the  a.m.  about  the  vertical,  and  n  the  angular 

speed  about  the  axis  of  the  top, 

-h'=hi,    h  =  \ft  (9) 

[It  will  be  observed  that  2D'  in  (3)  above  has  the  meaning  assigned  to  -a A  in  17,  so 
that  when  a  is  used  in  this  sense,  it  is  not  to  be  confounded  with  a  as  used  in  (6).  The 
symbol  1)  as  used  in  (5),  (7),  and  (8)  has  the  meaning  ha  as  a  is  defined  in  17.] 

30.   Determination,  of  the  constants  of  the  surfaces.     In  (19),  22,  above, 

it  has  been  shown  that 

<         ""  \ 

a  = ^,  etc., 

Q-2- 

a 

where  Q  =  bc  +  ca  +  ab,  R  =  «6o,  $2= -{Q2-4R(P-A)}*     Thus  the  first  of  (8),  29,  becomes 

i'i»<<-  +  D(Q-2?)  =  2A(/<-«)i2  +  E12, 

and  we  have  exactly  similar  equations  in  h  and  c  from  the  second  and  third. 
Hence  it  is  clear  that  if  we  write  this  equation,  with  x  instead  of  a,  in  the  form 

2i^!  +  2iLU-2  +  (DQ-2ftA/i-S2E).,-2DR  =  ^  (1) 

we  have  a  cubic  equation  the  roots  of  which  are  a,  b,  c.  We  have  therefore,  first  (by  the 
last  term),  12  =  D,  and  also  A=-P,     E  =  2P/«-Q (2) 

It  remains  to  show  that  the  values  of  ",  6,  c,  thus  determined  are  real.     By  (19),  22, 
since  fl2=D2=Q2-4R(P-A),  and  h  =  ift,  h'=  -h>, 

QA-2R     Q/3-4R         . 

h— ir~=— 2i2~  =  -^ <3> 

Further,  since  12  =  1),  D2  =  Q2-2E(2P  -  ft) (4) 

Also,  by  (2)  and  (3),  P/3-Q  =  E,     Q/i-4R=-,d> (;,) 

From  these  we  obtain  P,  Q,  II  as  expressed  in  the  equations 

2D-'/3  +  2»DE-»D/j-      -\ 


^         /P-2nJ)-2ftE 

2D2-»Dff+E/j2-2E2 
/33-2«D-20E       ' 

D2(/?2-?i2) 


2R= 


ft-i-2nD-2ftE' 


.(G) 
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These  values,  substituted  in  the  cubic  (l),  give  a,  b,  c  in  terms  of  the  known  quantitie 
fl,  »,  I  >,  E  by  the  process  of  solving  that  equal  ion,  w  hich  bas  now  the  form 

IV-'  +  O.r-K-  =  0 (7) 

To  settle  the  question  of  the  reality  of  the  roots  of  this  cubic  we  notice  that  we  have 

already  obtained  the  result 

i-  =  (a-«;)(\  -:')- (/3 -bn:)- (8) 

where  a    (2E    Ore8)  A,  0=G/A,  a=2Mgl  A,  6=C/A.     But  we  are  here  dealing  with  a 
spherical  top,  bo  that  b     L,  and  (8)  becomes 

*=(j£-az)(l-*)-(P*+n*-2f3nz) (9) 

But  we  Live,  by  (<0,  29,  *=2(g+g;+£), 

where  of  .muse  a  is  quite  different  from  the  a  in  (9).     Hence,  by  (3),  22,  and  the  values 
of  "'.  &',  •■'  given  in  (19),  22,  and  of  a,  /;>,  y  given  in  (18)  22,  we  obtain 

n-     ,.(«  — &)(&  — c)(c  — a)  ,,ftl 

-fl;  =  4  -         abc         ~Mr (1U) 

Fn>m  equations  (<>)  and  (6'),  29,  we  find 

p-=  2ah-a-Qz       f/_  2bh-j3-&z       r>       2ch-y-ilz  (U) 

a2    2(a-6)(a-c)'    62    2(6- a)(6-c)'    c2~2(c-«)(c-&)'     [     ' 

where  a,  (3,  y  have  the  values  set  forth  in  (18)  of  22  above.     Thus  (8)  becomes,  by  (10), 

m2z°-  =  {  +  a-2«h  +  ih)(  +  f3-2bh  +  nz){  +  y-2ch  +  nz) (12) 

This  can  be  shown  to  reduce  to  (9).     The  three  roots  uu  u2,  m3,  say  of  the  cubic  equation 

:-'  =  0,  are  thus  i 

i(-a+2are,    -f3  +  2bh,    -y  +  2eh). 

Now,  identically,       +  a-2ah  =  2k* -2P/i  +  Q-2(/'~ °){/! -bWl~ c) (13) 

It         (J* 

If,  to  avoid  confusion,  we  use  here  B  in  the  sense  assigned  to  (3  in  (G)  and  (8),  we  have, 

by  (2),  2A2-2PA  +  Q  =  iB2-E,     2(h  -  a){/<  -b)(h  -c)  =  |(B3-2/iD-2BE), 

.  ,      .  n        1T)„     v     B3-2«D-2BE  .... 

so  that  we  obtain  Qu,=hB2~E ^ — ; (14) 

1     -  2B  -  4a 

The  other  roots  are  given  by  exactly  the  same  form  of  equation,  witli  b  and  c  respectively 
substituted  for  a.     The  roots  are  obviously  real. 

If  we  substitute  for  the  variable  z  on  the  right-hand  side  of  (12),  equated  to  zero  (so 
that  a  cubic  equation  equivalent  to  z  =  0  is  obtained),  the  value  of  u  given  by  (14),  we 
obtain  a  cubic  in  a,  the  three  roots  of  which  are  the  squares  a,  b,  c  of  the  lengths  of  the 
axes  of  the  quadric  surface. 

31.  Determination  of  the  constants  for  the  associated  motion. 
Darboux  remarks  that  the  quantities  a',  h',  c',  which  can  be  expressed  in 
tonus  of  </,  b,  c,  might  have  been  determined  directly  by  taking  as  the 
basis  of  the  discussion  the  equations 

r+r+'Uh:,    g+£+£=i (i) 

a       b      c  it  -     I)  -     c  - 

If  this  had  boon  done    —  n  would  have  been  the  value  of  B,  and  —  B  the 
value  of  /'.     Thus  if  we  make  the  substitutions  shown  in  the  scheme 

"•  b,  c,       B,      n,     a,  &',  e' , 

''  .  //.  c',   —  //,  —  B,     a,  b,  c, 
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we  shall  obtain  the  equations  determining  a',  b',  c',  in  terms  of  a,  b,  c.     For 

example,  instead  of  (14),  30,  we  should  have 

Qit=hn2-E-    — = — — — (2) 

2n  +  4a 

It  was  proved  in  23  that  Q  is  not  changed  by  passage  from  a,  b,  c,  h  to 
a',  b',  '•',  A'.     In  fact  we  have 

( )-'  =  D2  =  (a  b  +  be  +  caf  -  4«  be  (a  +  b  +  e-h) 

=  (a'V  +  b'c'+c'af  -  4a'b'c'(a'  +  V  +  c'  -  h'). 

It  has  already  been  shown  that  there  is  no  difficulty  in  bringing  under 
the  scope  of  this  discussion  the  general  case  in  which  the  momental  ellipsoid 
of  the  top  is  spherical.  It  has  also  been  shown  in  18  that  the  locus  of  the 
extremities  of  the  instantaneous  axis  for  the  different  positions  of  the  top 
is  a  curve  lying  on  a  fixed  sphere,  which  when  the  top  is  spherical  reduces 
to  a  fixed  horizontal  plane,  at  distance  rx  =  ^  from  the  fixed  point. 

32.  Deformation  of  the  hyperboloid  of  one  sheet  as  the  t<q>  moves. 
We  have  now  to  examine  the  relation  of  the  motion  of  the  hyperboloid  of 
one  sheet  to  the  motion  of  the  top  somewhat  more  particularly.  Supposing 
a  confocal  surface  to  start  from  the  focal  ellipse,  we  can  write  its  equation 
in  the  form  x-  y%        z2 

^+A+^  +  A  +  A  =  1 (1> 

We  suppose  X  to  be  positive,  so  that  the  equation  represents  an  ellipsoid  of 
which  the  squares  of  the  same  axes  are  a2  +  A,  /32  +  A,  A.  We  suppose  also 
in  what  follows  that  a2>/32. 

For  a  hyperboloid  of  two  sheets,  passing  through  the  same  point ./',  //.  :. 
and  confocal  with  the  ellipsoid,  we  have 

-sSr+olz  +-=i (2) 

a-  +  v     p'  +  v      r 
Here  v  is  negative  ami  ct2>  —  i'>/32. 

A  hyperboloid  of  one  sheet  passing  through  the  same  point  .'•.  //.  :  and 
confocal  with  the  other  two  surfaces  is 

+  s&:+i:  =  i (3) 


<r  +  /x     /^2  +  /u      m 

where  /*  is  negative  and    —  m</32.     Thus  for  the  three  surfaces  we  have 
the  sequence  of  magnitudes 

Now.  as  we  have  seen  in  27,  the  intersection  of  the  ellipsoid  and  the 
hyperboloid  of  two  sheets  is  a  polhode  for  the  top  to  which  the  surfaces 
correspond  in  the  manner  explained  above.  These  surfaces  remain  fixed 
relatively  to  one  another  as  the  top  moves,  and  we  have  a  new  position  of 
the  hyperboloid  of  one  sheet  for  each  point  on  the  curve  of  intersection. 
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The  equation  is  (3),  and  the  range  oi  values  is  from  ()  to  —  ji1.  We  take 
.<-,  ;i,  :  as  tin-  extremity  II  of  the  radius  vector  representing  the  angular 
momentum.  Through  that  point  pass  the  two  generators  of  the  hyperboloid 
which  arc  parallel  to  the  vertical  and  to  the  axis  of  the  top  for  its  position 

at  the  instant. 

It  is  clear  that  A,  «,  v  are  the  roots  of  the  cubic  equation 

a8+*+/8»+*+*     ' <4) 

for  k.  This  fact  enables  us  to  find  x\  //-,  z1  from  (1),  (2),  (3)  very  readily. 
Wewrite  xs  y*         2  (x-k)(v-k)(v-Jc)  ( 

„-+/.•   fi+ir~k  (a2+k)(p*+k)k  ; 

Multiplying  by  <c  +  />\  and  then  putting  /.  =  —<r,  we  get  at  once  x-,  and  a 
similar  procedure  gives  >/'-  and  :-.     Tims  we  obtain 

(u*-/?V  '     "'  '  (^-a2)^2  '      ^  ~.r/3-'   "'"^    ^ 

Adding  and  reducing,  we  obtain 

r  +  y-  +  :2  =  a-  +  ^  +  X  +  M  +  .  =  Off (7) 

The  only  quantity  that,  varies  in  the  passage  from  point  to  point  of  the  line 
of  intersection  is  ju,  which  is  therefore  the  only  variable  parameter. 

33.  Summary  of  results.  The  geometrical  discussion  contained  in 
•J  2...  32  may  be  summarised  by  saying  that  a  polhode  on  a  quadric 
surface  rolling  on  the  horizontal  invariable  plane  through  C  (Fig.  112) 
traces  out  on  that  plane  the  herpolhode  H  (s  of  19),  while  a  second  rolling 
quadric  related  to  the  former  traces  out,  by  means  of  the  same  polhode  as 
h> ■  f tyre,  the  herpolhode  H'  on  the  invariable  plane  drawn  through  C  at  right 
angles  to  the  axis  of  the  top,  and  therefore  carried  by  the  top  in  its  motion. 

Tin-  polhode  is  considered  first  as  the  intersection  of  the  surfaces 

A,-  +  By'  +  C;-  =  Do2,    AV+By+CKs^DV,  (1) 

or,  as  given  in  (2),  22. 

p      r/  -     ,-_        P~q~r-_ 
a+b+7-h>     a*+V+#~l (2) 

The  passage  from  one  form  to  the  other,  and  the  connection  with  the 
notation  employed  in  the  earlier  part  of  the  chapter  on  Poinsot  motions 
may  be  effected  by  the  equalities 

x,  y,  z=m(p,  q,  r),     l)o-  =  2m2T,     Dc$  =  mH,    o2=,/,-A- (3) 

where  T  is  the  kinetic  energy  of  the  motion  and  II  the  resultant  A.M.  about 
an  axis  through  the  fixed  point. 

The  length  of  the  perpendicular  from  the  origin  on  the  tangent  plane 
at  the  point  .'•.  '/.  Z  of  the  rolling  surface  is  easily  seen  to  be  Do-,  Do  =  o. 
The   first   equation  in  (1)  and   in  (2)  is  the  equation  of  the  rolling  surface, 
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the  polhode  in  any  of  its  positions  is  the  line  of  intersection  of  (1)  and  (2). 
The  squares  of  the  semi-axes  of  the  rolling  quadric  are 

Do  \A'  B'  ri)  =  /""/',,/-  &i  c)> 

so  that  DQ'i'c)  =  i(a,6'c) <4) 

The  same  polhode  exists  on  a  quadric  surface  coaxial  with  the  former, 
which  rolls  on  the  invariable  plane  of  C  and  gives  the  herpolhode 
in  that  plane.  The  two  associated  quadrica  in  this  case  have  equations 
which  may  he  written  down  by  merely  accenting  all  the  letters  in  (1)  and 
(2)  except  x2,  y2\  z2,  p2,  q-,  r2.  The  relations  between  the  two  motions,  and 
the  equations  for  passage  from  one  to  the  other,  have  been  set  forth  in  22, 
Again  we  have 

x}y,z=m{py$,r),     D'<S'2  =  2m2T',     D'o=mW,     S'2=m2h'2s  (5) 


.(6) 


Elevation 


with     D'o'-(l   i,  ^)  =  m2h\a,  b\  c)  or  D'(j-„  g»,  ^)  =  \,{a\  V,  e).  .. 

Through  every  point  of  the  polhode  there  passes  a  hyperboloid  of  one 
sheel  to  which  the  polhode  is  perpendicular  at  the  point,  and  this  polhode 
is  coaxial  with  each  of  the  rolling  quadrics.  There  is  thus  a  family  of  one 
sheet  hyperboloids  the  members  of  which  are  met  orthogonally  by  the 
polhode,  and   from  the  theorem  of  triply  orthogonal  quadric  surfaces  there 

meet  at  any  point  x,  y,  :  of  the  polhode  three 
surfaces,  the  hyperboloid  of  one  sheet  already 
referred  to,  an  ellipsoid,  and  a  hyperboloid  of 
two  sheets;  these  are  all  confocal,  and  to  the 
latter  surfaces  the  polhode  is  a  line  of  curvature, 
while  to  each  of  the  family  of  one  sheet  hyper- 
boloids, which  it  meets  in  its  course  for  any  one 
position  in  space,  it  is  normal.  The  ellipsoid 
and  two  sheet  hyperboloid  are  definite  for  each 
position  of  the  rolling  quadric  and  give  the 
whole  curve  for  that  position. 

34.  Calculation  of  the  motion  of  th*  axis. 
Different  forms  of  the  energy  equation.  Measur- 
ing 8  from  the  upward  vertical  drawn  from  0 
we  have  for  the  a.m.,  G  say.  about  that  vertical 
the  equation 

C^costf  +  AyVsin-o^G,   (1) 

and  its  value,  in  the  absence  of  any  couple  about 
the  vertical  OZ,  remains  invariable.  Fig.  L12  shows  the  position  of  the 
axis  00  of   the   top  and    the  angle   it    makes  with   the  vertical   OZ.     The 
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length  0( '  laid  oil' along  the  vertical  oZ  represents  the  a.m.  o.  while  OC 
along  the  axis  of  the  top  represents  Cn.  In  the  diagram  CK  represents 
(Cw— Ayr  cos  0)  sin  0,  and  KM  represents  A$.  Thus  oil  represents  the 
resultant   a.m. 

The  single  couple  Mgh am 6  about  an  axis  through  O  parallel  to  KM 
acts  on  the  body,  and  this  must  measure  the  rate  al  which  II  is  moving  a< 
the  instant.  This  motion  is  in  the  direction  IvH.  Thus  CH  is  increasing 
in  length  at  rate  Mgh  sin  0  s\n  KCI  I  =  My//  sin  0  .  K  1 1  CH.  We  have  there- 
fore, since  KH  =  A.0.  ,/ 

CH.^(CH)=]%AA0sine,    (2) 

or,  by  integration,  CH-=  -aA2(cosfl-E),  (3) 

where  a=2Mgh  A,  and  E  is  a  constant,     [Mgl  is  used  for  Mgh  in  29.] 
Similarly, 

OHj|(OH)=M0ftA0sin0,     CH  J(C'H)  =  M^A0sin0; 

and  therefore 

OH-  =  -«A-(cos0-F),     CH2  =  -aA2(cos6-K) (4) 

where  F  and  K  are  constants. 

We  put  21,  2V  for  G/A,  C11/A  respectively  and  Am2  (  =  £Aa)  for  Mgh. 
From  the  relations  connecting  CH,  OH,  and  CH,  we  find  that  the  constants 
E,  F,  K  fulfil  the  condition 

E+C^  =  F  =  K  +  C^     or     E  +  2  l\  =  ¥  =  K  +  2-., (5) 

<'A-  ((A-  m-  in- 

Also  we  have 

,-  =  G-Cncosfl_   1  /G-C»       G+Cu\        l-V  1  +  /' 

V     A(l-cos-0)~2A\l-cos0+l+cosr)/     l-cosO+l+costr  ""( 

a      •  ;  ;         a     A      C\      ,  C?i-Gcostf 

Agani,         cp  =  n  —  \p-co$6  =  [  1  —  -^  b>  + 


A/      '       Asin2# 

_/l      1\  1  fC/i-G       C/>+G\ 

~\C     A/bn  +  2AVf-cos0+l+cos0/ 

=  HC-1)/+1-COS^1+COS^ {,) 

Hence 

>/'+'/"=fc-'V-+,;:'sf).  KH)-(j-i)f+i^  ■■*) 

Now  by  Fig.  112 .we  have 

KH2=OHa-OK2=OH2-CK2-OC 

==2A-///-(F-cc»s^)-(G--2CnGcosO  +  C-/r-)sin-a 

Thus,  since  i=  -  sin  0.0  and  KH=A0, 

:-  =  2,„-<  F-  :  i(  I  -c-)_4(/--2//';  +  /'-) 

=  2//,-(K-:)(l-;-)-4(/'-/:h  =  2//,-(K-:i(l-r-)-4(/-/:)'.   ...<!>> 
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H.ich  of  these  is  a  form  of  the  energy  equation,  with  account  taken  of  the 
constancy  of  a.m.  about  the  upward  vertical  and  about  the  axis  of  the  top. 
We  can  write  each  equation  in  the  form 

52=2m2Z,  (9') 

where    Z  =  (F-:)(  1  -  :')-2^~2^f +  r2=(E-c)(l -r-)-2(^^Y 

=  (K-c)(l--)-2(^)2....(10) 

There  is  no  difficulty  in  establishing  these  results  analytically:  the  geome- 
trical investigation  given  here  is  due  to  Greenhill  (R.G.T.,  p.  43  et  seq.). 

35.  ( 'alculation  <>/  t  in  terms  of  %.  The  calculation  of  t  in  terms  of  z 
c;m,  as  we  have  already  seen,  be  carried  out  by  the  methods  of  computation 
of  elliptic  integrals.  To  recapitulate,  if  zx,  z2,  zz  be  the  roots,  in  order  of 
i Magnitude,  of  the  equation  2  =  0,  we  have 

Z  =  (z-zJ(z2- :)(:,-:),   (1) 

and  the  roots  are  situated  as  in  the  sequence 

^c>z1>l>z2>z>z3>-l. 

Each  value  of  z  concerned  in  the  motion  must  lie  between  c,  and  z3.  Thus 
z  =  m(2Zy,  and  so,  if  z  =  z.A  when  £  =  0, 

rt-f-*, (2) 

Thus  the  motion  is  periodic  in  the  complete  period 

dz 


///   J, 


'-: 


(3) 

(2zy 


Also,  since  mdt  =  dz/(2Zy,  the  azimuthal  motiou  is  given  by  the  equation 

'/: 

z«(l-2)(2Z)<  '     m    J--n(l  +  :)02Z)< 

tliat  is  \J/  is  the  sum  of  two  elliptic  integrals  of  the  third  kind,  the  poles  of 
which  arc  respectively  the  points  z  =  \,  z=  —  1. 


lj=r»        ,/:  i+vr.        ...       

m    y,(\-:)(2Z)h        m    V 


36.  Path  of  the  extremity  of  the  vector  representing  the  resultant  a.m. 

II  describes  a  curve  in  the  horizontal  plan.'  through  ('.  If  p  be  the  radius 
vector  from  ('  as  origin,  and  -  the  vectorial  angle,  the  speed  of  H  at  right 
■  ingles  to  CH  is  pis.  But  since  M.gh  sin  (>  Is  the  rate  at  which  H  is  moving 
at    the    instant,    and    M.gh  =  Am'2,    this    speed    is    Am-  sin  GcOsKCH.       But 

cosKCH  =  CK/CH=(Cn-Gcos0)  psinG.     Hence 

p-,ri7  =  A»,'(('"-Gcosr)) (1) 
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But,  by  (3),  34,  /o2  =  2A«m8i  E-«),  and  therefore  by  the  values  of/,  /'. 

/-/:    ,    r-n: 


=K-:='+K- 


(2) 


Substituting  cfc  m»(2Z)J  Eor  cfe,  and  integrating,' we  obtain 


(3) 


(E-:)(2Z)' 

Eor  the  vectorial  angle  turned  through  in  time  /  by  the  radiua  vector  CH, 
in  terms  of  It,  and  an  elliptic  integral  of  the  third  kind,  the  pole  of  which 
is  the  point  z  =  E. 

Multiplying  (2)  by  ,,-  =  2A ',/,  (F.-;),  we  get 

■f?{ib-l)  =  2A2mz(l'-m) (4) 

Thus  the  curve  (p,  -  —  If)  is  a  central  orbit,  for  p-(rfr  —  /)  is  a  constant  double 
rate  of  description  of  area  by  the  radius  vector.     The  law  of  force  is  kp9+lp. 
From  Fig.  1 1  2  we  have 

_      /         irrrnr     i      -i  KH     i        i      AflsinO 
~  —  iv=  _  KOhL  =  tan   x  7ST?-  =  tan"1  r,        ~         „, 

CK  C/i  —  G  cos  ft 

*w                                         ,      i        1-m(2Zy  ... 

that  IS  51  — Yr  =  tan,"1  o/;/_7  v • (°) 

But  also  _KCH  =  cos-1(CK/CH)  =  cos-1[(2^-2^)/m{(l-^)2(E-s)}i])  for, 
since  ft  vanishes  when  cos  0  =  z.i,  we  take 

Aft  .    _,  -(2Z)* 


_KCH  =  sin-1 


—  sin-1 


{(1-^)2(E-:)! 


,,V 


(0) 


A/n{2(E-:)p 
Thus  writing  x  for  _KCH,  we  get 

sinft(cosY+>'sinv)  =  sinft.e;x=    2         '■ — i('2Z)'~\  —=- (7) 

I       m  J  {2(E-0)}* 

In  (6),  34,  (3),  and  (5)  above  we  have  obtained  the  known  result 

i—v  f:       dz        i+v  r--       dz        i'-mp       dz 


I 


(1+:)(2Z)"        m    K(K-z)(2Z)i 

-(2Z)* 


=  /^-sin"1 


,  -.(8) 


(l-s*){2(E-s)}* 
which  expresses  the  sum  of  two  elliptic  integrals  of  the  third  kind. 

Now  from  (  1  ),  35,  and  (10),  34,  putting  z—  —  1,  2=  +1,  z  =  E  in  succession, 
taking  account  of  t4>.  and  defining  ft,  by  writing  z^coshftj,  we  obtain 


(l+    V  =      ^(l4-:1)(l  +  :,j(l  +  ::;)  =  4cosh2'01cos'2i0,cos-'.O,, 

//I      / 

(I     l-)Z  =-J(l-z1)(l-z2)(l-^)  =  4sinh2jei8in402sin408J 

^'~rJ=   l(«-^)("-%)(B-^ 


•(9) 


.(10) 
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Thus  by  (4),  35,  we  obtain 

•0-  =  sinh  10.  sin  10.,  sin  \0.,  I 


dz 


-fcosh  h01  cos  h0.2  cos  hO, 


sin2i0(2Z); 


cos2£0(2Z)a 

But  also,  since  \/s  =  -  —  ■%,  we  have  by  (3)  and  (10) 

Vr  =  ^  +  -,{(E-2l)(E-^))(E-z3)}ir - . 

.     ,  -Z* 


.(11) 


(E-c)(2Z); 


sin 


f(i--2)(E-0); 


.(12) 


The  vector  CH  is  pei(° ,  and  so  the  vector  velocity  is  (p+ipvs)eia,  where 
to  is  used  for  —  in  the  exponentials.  The  velocity  p  is  the  rate  at  which 
the  vector  is  lengthening,  pib  is  the  rate  at  which  the  extremity  H  of  the 
vector  is  moving  in  the  plane  at  right  angles  to  Oc. 

The  couple  has  magnitude  M///tsinO,  and  direction  coinciding  with  KH. 
But  the  angle  which  KH  makes  with  the  initial  direction  of  CK  is  (see 
Fig.  112)  xfs+hir.     Hence  as  a  vector  the  couple  is 

Mgh  sin  0 .  dW+W  =  Am2  sin  0 .  ie**. 


Thus 


Am2  sin  0 .  ie;+  =  j  {pe1")  =  (p  +  ipti)  eu 


37.   Hodograph  for  the  motion  of  a  top.     The  point  H  moves  with  speed 
equal  to  the  moment  of  the  couple,  and  the  direction  of  its  motion  is  at 
each   instant  that  of   the  line  KH  at  the  instant.     If  lines  equal  to  the 
successive  values  of  Am2  sin  0  are  drawn  from  O,  each  parallel  to  the  corre- 
sponding position  of  KH,  the  extremities  of  these  lines  will  give  a  curve 
the  tangent  to  which  at  each  point  is  the  direction  of  the  change  of  the 
couple.     The  speed  of  a  particle  imagined  to  move  along  the  curve,  so  as  to 
be"  at  each   instant  at  the  extremity  of  the  line  representing  the  couple  at 
thai  instant,  will  represent  the  speed  of  variation  of  the  couple.     The  curve 
is   the  hodograph  of  the  point  H.     The  idea  of  this  hodograph  and  the 
vector  speeilie.it  lob  given  in  36  above  are  due  to  Greenhill  {R.G.  7'.,  p.  46,  and 
Th<  Mathonatical  Theory  of  the  Top,  Verhandl.  Intern.  Math.  Kongresses, 
1!M>4.     The  reader  is  specially  referred  to  the  R.G.T.  for  a  fuller  discussion. 
!!'•  will  notice  that  there  z  is  given  the  opposite  sign]. 


CHAPTER   XXII 

ANALOGY  BETWEEN  A  BENT  ROD  AND  THE  MOTION  OF  A  TOP. 
WHIRLING  OF  SHAFTS,  CHAINS,  ETC. 

1.  Flexure  <m<l  torsion  of  a  thin  bar:  analogy  to  the  motion  of  a  top. 
It  was  pointed  out  by  Kirchhott'  (Grelles  Journal,  56,  1858)  that  an 
exact  parallel  exists  between  the  motion  of  a  top  and  the  combined 
bending  and  torsion  of  a  thin  elastic  bar.  We  suppose  that  the  bar  is 
held  fast  at  one  end,  and  that  at  the  other  a  force  and  a  couple,  of 
determinate  amount  and  direction,  are  applied.  Consider  a  disk  of  the 
bar,  intercepted  between  two  near  cross-sections  which,  in  the  straight 
undeformed  state  of  the  bar,  were  parallel.  The  substance  of  the  bar 
beyond  the  disk  on  each  side  applies  to  the  adjacent  face  of  the  disk  a 
force  and  a  couple. 

Now  each  force  and  associated  couple  can  be  converted  into  a  force, 
acting  at  the  centroid  of  the  cross-section,  and  a  couple  about  a  determinate 
axis.  We  shall  choose  for  each  cross-section  three 
axes,  one  along  the  line  of  centroids  of  the  successive 
cross-sections,  the  others  at  right  angles  to  one 
another,  and  parallel  to  the  sides  of  the  cross-section, 
if  that  is  rectangular.  In  any  case,  they  are  taken 
so  as  to  be  the  principal  axes  of  bending  moment 
for  the  section.  As  each  cross-section,  being  only 
slightly  distorted,  is  practically  a  plane  at  right 
angles  to  the  line  of  centroids  where  it  meets  that 
line,  we  get  thus  for  each  section  three  axes  at 
righl  angles  to  one  another,  two  of  which  are  in 
thf  section,  and  the  third  at  rieht  aneles  to  it.  The 
tirst  two  we  call  transverse  axes,  the  third  we  ma}-  call  the  axis  of  the  bar 
at  tie'  cross-section  considered. 

The  three  axes  are  shown  in  Fig.  113  for  the  two  sections  which  form 
the  ends  of  the  disk  considered.  P(A,  B,  C)  are  the  axes  of  .;•,  //.  ;  for  one 
end  fae.  .  l'(A.  15',  C)  are  those  for  the  other  end  face.  The  directions  of 
the  latter  would  he  the  same  as  those  of  the  former  if  the  turnimrs  of  the 
-•  cond  aei  relative  to  the  first  were  undone. 
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2.  Equations  <>/  equilibrium.  In  strictness  the  bending  of  the  bar 
brings  into  existence  distortions  of  the  cross-sections,  but  these  distortions 
are  negligible  if  the  radius  of  curvature  of  the  bar  is  great  in  comparison 
with  every  dimension  of  cross-section.  The  same  kind  of  result  hold-  as 
regards  the  effects  of  torsion  about  the  axis  of  the  bar,  provided  the  twist 
is  very  small.  Ji*  the  twist  about  the  £-axis  be  f,  that  is,  if  £  be  the  angle 
turned  through  per  unit  distance  along  z,  we  shall  suppose  that  1  f  is 
also  great  in  comparison  with  the  greatest  dimension  of  cross-section,  as 
when  this  is  the  case  we  may  neglect  any  distortion  of  the  sections  from 
planarity. 

We  now  specify  the  forces  and  couples  applied  to  the  disk  by  the 
substance  of  the  bar  on  the  two  sides  as  follows.  Aloncr  the  axes,  and  in 
the  opposite  sense  to  the  axis  in  each  case,  act  forces  P,  Q,  R,  and  about 
the  same  lines  the  couples  F,  G,  H.  The  system  is  fully  indicated  by  the 
dotted  lines  and  arrows.  At  the  opposite  face  of  the  disk,  along  and  about 
the  axes  F(A',  B',  C)  act  the  forces  and  couples  P  +  r?P,  Q  +  rfQ,  R  +  c?R, 
F+eZF,G+<sZG,H+dH. 

We  now  suppose  that  the  directions  of  the  axes  P'(A',  B',  C)  ma}-  have 
been  obtained  from  those  of  P(A,  B,  C)  by  small  turnings  gds,  yds,  £ds 
about  the  directions  PA,  PB,  PC,  simultaneous!}',  or  by  turning  first  through 
gds  about  PA  held  fixed,  then  through  r/ ds about  PB  held  in  its  new  position, 
and  finally  through  f  ds  about  PC  held  in  the  position  to  which  it  has  been 
brought  by  the  two  preceding  turnings.  The  superposition  of  the  turnings 
leads  to  a  result  which  is  independent  of  the  order  of  imposition  if  the 
displacements  are  small. 

We  now  resolve  along  the  axes  P(A,  B,  C)  the  forces  which  act  at  P' 
along  the  axes  P'(A',  B',  C).  P'A'  and  P'B'  are  now  inclined  to  PC  at  the 
respective  angles  W  +  tjd.s,  \ir— gds.  The  force  P-MP  along  P'A'  has 
therefore  a  component  parallel  to  PC  of  amount  —  (P  +  rfP) rids,  while  in 
the  same  direction  the  component  of  Q  +  rfQ  is  (Q+dQ,)gds.  R  +  </R  along 
P'C  gives  in  the  limit  simply  R  +  fZR  along  PC.  The  force  account  for  the 
•  •lenient  of  the  bar,  worked  out  in  this  way  for  each  of  the  directions 
P(A,  B,  C),  is  found  to  give  the  following  balances  of  force  applied  by  the 
adjacent  matter  to  the  element, 

< / 1  *  -  Q£  ds  +  ll,j  < Is,    ( /Q  -  Rids  +  P£  ds,    c/R  -  P,,  < h  +  Q£ < Is, 

for  these  directions  respectively.  These  must  be  reduced  to  zero  by  the 
application  of  the  external  forces  Xds,  Yds,  Uds.  Hence  we  have  the 
equations  of  equilibrium, 

g-Qf+Bi+X-O,    ^-Bf+Pf+Y-0.    ^-P,+Q#+Z  =  0.    ;..(!) 

There  are  also  three  equations  of  moments  which  can  be  established  in  a 
similar  way.     The  forces  give  moments  about  axes  of  x  and  y  of  amounts 
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—  Qcfe,  P ds.  The  equations  .-ire  (if  there  be  no  couples  applied  to  the 
element  from  without  the  system) 

^-a^H,-Q  =  0,    '^-l[c+F<;+P  =  0,    '^-F,7  +  G^0.   ...(2) 

F  and  O  are  the  couples  of  bending  moment  applied  about  the  principal 
axes,  ami    II    the  torsion  couple      They  are  equivalent  to  a  single  couple 

1  V  ~  < !  V  about  an  axis  in  the  plane  of  xy  inclined  at  the  angle  tan-1(F/( « ) 
to  the  axis  of  X.  If  no  external  forces  or  couples  are  applied,  except  at  the 
terminals,  X,  Y,  Z  are  zero  in  (1)  for  an  internal  element;  equations  (2) 
stand  as  they  are. 

The  element  is  bent  through  the  angles  gds,  >]ds  in  the  planes  yz,  xz 
respectively.  Hence  £  ;/  arc  the  Curvatures  of  the  element  in  these  planes, 
while  £  is  the  twist  at  the  element.  We  may  write  H  =  C£,  where  C  depends 
on  the  materia]  and  on  the  extent  and  form  of  the  cross-section.  If  the 
cross-section  is  circular,  C  is  the  product  of  the  rigidity  modulus  n  and  the 
■•  moment  of  inertia  of  the  cross-section"  about  the  axis  of  the  bar,  that  is 
if  r  be  the  distance  of  a  ring  of  the  cross-section  from  the  axis,  the  integral 

2  —  I  ,''■'' >lr  for  the  cross-section. 

Now  by  the  theory  of  elasticity  we  have  F  =  A£  G  =  B>?,  if  A,  B  be  the 
iiexural  rigidities  about  the  principal  axes,  that  is  if 

A  =  Young's  modulus  X  moment  of  inertia  of  cross-section  about  GA, 
B  =  Young's  modulus  x  moment  of  inertia  of  cross-section  about  GB. 
Hence  equations  (2)  become 

A^-CB-Otf-Q,     B^-(C-A)£=-P,    og-(A-B)ft  =  0.    (3) 

These  are  exactly  Eider's  equations  of  the  motion  of  a  rigid  body  about  a 
fixed  point  under  applied  couples  P,  Q,  R,  if  £  >/,  £  be  interpreted  as  the 
angular  velocities  about  principal  axes  through  the  fixed  point,  A,  B,  C  as 
the  moments  of  inertia  of  the  body  about  the  axes,  and  ds  as  an  element  of 
time. 

Thus,  passing  from  element  to  element,  ds,  along  the  curve,  we  have  an 
exact  parallelism  between  the  values  of  £  i],  £  and  those  of  the  angular 
velocities  of  a  rigid  body,  for  which  the  corresponding  quantities  are  as 
stated,  and  which  is  started  under  initial  conditions  which  correspond  to 
the  terminal  conditions  of  the  bar. 

We  will  now  suppose  P  and  Q  to  be  zero.     We  have  then  from  (3)  the 

equations  V,^+BV  + ('-<;- =  F,    Af  +  r»/'  +  Cr  =  J2, (4) 

where  I  and  .1  are  constants.  The  expression  on  the  left  in  the  second  of 
these  equations  is  twice  the  potential  energy  of  the  combined  bending  and 
twisting  per  unit  length,  and  the  hiet  that  J  is  a  constant  shows  that  this, 
when  1*  and  Q  are  zero,  is  the  same  at  each  cross-section.     The  two  equations 
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in  (4)  correspond  to  the  equations  of  angular  momentum  and  kinetic  energy 
in  the  case  of  a  rigid  body  turning  about  a  fixed  point  under  no  forces. 

If  we  do  not  suppose  that  P  and  Q  are  zero  we  may  multiply  the  first  of 
(3)  by  £  the  second  by  >/,  and  the  third  by  £  and  add  the  results  to  the 
third  of  (1),  and  obtain,  since  Qf—  P>?  =  R, 

that  is  R  +  J,(Af2  +  B>/2  +  Cf)  -const.,  (5) 

which  is  the  analogue  of  the  energy  equation  for  the  moving  body. 

3.  Case  of  bending  in  one  plane.  It  is  interesting  to  consider  various 
particular  cases  of  this  analogy.  We  take  first  the  case  in  which  the 
bending  is  in  one  plane,  that  of  x,  z.  Then  £  and  £  are 
zero.  Let  UV  (Fig.  11.4)  be  an  element  ds  of  the  rod,  and 
a  force  S  in  the  plane  of  bending  be  applied  at  A.  We 
have,  by  (2),  2,  for  the  axial  force  R,  the  shearing  force  P, 
and  the  couple  G,  the  equations 

R  =  Scos0,     P=-Ssin0,    ^  +  P  =  0 (1) 


dU 


But  the  elastic  reaction  couple  is  —~Bd6/ds  =  G.     Thus  we 
get,  from  the  values  of  P  and  G  and  the  third  equation, 


Br-^  +  Ssin0  =  O 
dsr 


•(2) 


as  the  equation  of  equilibrium. 

We   may  establish    this    equation    from   first  principles 
Clearly  we  have  by  the  diagram,  if  UM  =  /, 

dO 


Hence 


But 


B^  +  SZsin0  =  O  

ds 

( is-  ds  <  Is 

dl  =  ds  +  LS  =  ds  +  yiSc^  =  ds-lde(^. 

sin  (9  sin  0 


(3) 


Substituting  we  get  again  (2). 

At  a  point  of  inflexion  on  the  curve  of  the  bar  d6  ds  is  zero;  hence  by  (3) 
points  of  inflexion  exist  where  the  line  of  S  intersects  the  curve,  but 
nowhere  else. 

JSdtultiply i » i lc  (-)  I'.v  tlH  <h,  and  integrating  from  an  inflexion,  whore  </H  >/■<     ".  we  get 

B^)2=2S(cos0-cosa)=4S(sin2£a-sin2£0) (4) 

h  here  a  ia  the  value  of  I)  at  the  inflexion,    This  equation  can  be  integrated  by  means  of 

elliptic  functions.     We  write  tt=*(S/B)*  bo  that  ( I)  becomes 

(^/-4(sinHa-Sin40) (5) 
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Now,  putting  sin \6     ainja  sin  </>-/•  sin  ./>,  we  get  sifter  reduction 

(',/!;/  ■  -*1™'* ^ 

Thus  for  the  are  from  if>  =  ^Tr  to  <f>  =  0,  thai  is  from  the  inflexion  to  the  point  where  the 
curve  is  parallel  to  the  force  S,  we  have 

",=       — i^-k 

Eence  also,  for  the  range  from  W  to  </>,  we  have 

J^(l-/--sin-</,)i    J0(l-#»sin2oS)* 

that  is  f*     — ^ t=K+u (8) 

Jo(l-/--'sim</>)i 

Thus  sin$0=/fcsn(K+tt),    ^=2/fccn(K+w) (9) 

It  now  we  take  fixed  axes  of  x  and  y  along  and  at  right  angles  to  the  direction  of  S,  we 
have,  by  Fig.  114,  dx/ds=cosQi  d///ds=  -sin  d.  Hence,  integrating  and  reducing  by  the 
results  just  obtained,  we  find 

h  J  I    " 

y=-fsin0<k=-n|j  f*  2kam<f>d<f>=(^\  2kcn{K+u).  | 

4.  Bending  in  our  j>!<t)ic  represented  by  pendulum  motion.  Consider 
then  the  curve  between  two  points  of  inflexion,  when  points  of  inflexion  exist. 
The  kinetic  analogue  is  a  pendulum  of  length  Br//S  vibrating  through  a 
finite  arc,  from  rest  at  a  position  corresponding  to  one  inflexion  to  rest  at 
a  position  corresponding  to  the  other.  Of  course  the  forces  S  at  the  two 
points  of  inflexion  are  in  opposite  directions.  These  forces  alone — that  is 
without  couples — keep  the  rod  in  equilibrium.  If  the  end  of  the  rod  remote 
from  A,  say  B  in  Fig.  114,  is  fixed,  then  B  is  a  place  of  maximum  bending, 
and  corresponds  to  the  middle  of  the  range  of  the  corresponding  pendulum. 


Fio.  115. 


ii...  11.;. 


Fio.  117. 


Fig.   115  shpws  forma  which  have  inflexions,     Fig.  116  shows  a   non- 
inflexional   form,  and  Fi"\  117,  a  form  intermediate  between  the  inflexional 
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and    non-inflexional   forms.     Tlie   non-inflexional    form    corresponds   to  a 

revolving  pendulum,  the  intermediate  form  to  a  pendulum  which  starts 
from  a  position  infinitely  near  the  upward  vertical,  and  oscillates  through 
a  complete  revolution  to  a  point  infinitely  near  the  upward  vertical  on 
tin'  other  side.*  The  infinite  time  required  for  the  first  finite  deflection 
from  the  upward  vertical,  or  the  final  finite  angle  of  turning  before  again 
reaching  it,  is  shown  by  the  infinite  parts  of  the  curve  as  asymptotic  to  the 
line  of  force. 

The  discussion  of  the  form  of  the  curve,  whether  inflexional  or  non-inflexional,  by 
means  of  elliptic  functions,  does  not  differ  from  that  given  in  Chap.  XV  above  for  the 
pendulum  oscillating  through  a  finite  arc  or  making  complete  revolutions.  A  single 
open  loop  of  the  inflexional  form  of  the  rod  gives  the  shape  of  an  initially  straight 
uniform  rod,  when  the  two  ends  are  pulled  towards  one  another  by  a  cord  under  tension 
— a  bowstring.     The  equation  of  the  curve  is,  as  we  have  seen  in  3, 

-+Sy  =  0,     (1) 

where  l/p=dd/ds,  the  curvature  at  the  element   considered,  and  y=lain0.     If  we  put 

<i-  for  !'•  S,  and  measure  x  along  the  bowstring,  say  from  one  end,  we  get  from  the  usual 
formula  for  radius  of  curvature 

*%-->{»®P? <■> 

where  on  the  right  we  are  to  take  the  positive  value  of  the  square  root.  If  p=dyjdxx  the 
equation  becomes  ,  p,hi 

and  therefore  y2=C+2a2 — 7,     (3) 

where  C  is  a  constant.     Since  p  =  0  when  y=h,  say,  we  have  C  =  /<-'-  2aa,  and  therefore 

?/-'-A2  +  2a2  =     2a~    , (4) 

(l+i>2)* 

..         ...           ,  .   .                   1     dx            y2-h?+2a?  ... 

I<  rem  tins  we  obtain  -  =  -=-  = ■- ;    (•>) 

P    dy     {4a4_(y2_#i+2a2)2p 

andtherefore  .r=    — -^ '-^— L (<•) 

J{4a*-(y-A2+2a2)8}* 

The  determination  of  the  length  of  the  curve  from  one  inflexion  to  the  next  corresponds 
i"  the  determination  of  the  period  of  oscillation  of  the  finite  pendulum.     Now 

ds=dy(l+^\  =>dy{(l+p*filp}, 

Bence,  by  ( l)  and  (5), 

,  _  2a2d>/ 2a- dy .  ,-\ 

~{4a*-ty2-h2+2a2)2}b~{k2-yafi{4ai-{h*-y*)fi' 

or  it'  we  put  y=Acos</>,  and  integrate  from  y=0  to  y  =  /t,  tli.it  is  from  <£  =  i—  to  <£  =  (».  we 

get,  for  t  he  whole  Length  of  the  curve  from  one  inflexion  to  the  next, 

»=2afin  '/c/'     -T  =  2„K,    (8) 

J0    (1    -/-si  „'-'</>)* 

where  K  is  the  complete  elliptic-  integral  of  the  first  kind  to  modulus  /■  =  /<■  2". 
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I'. >i  any  arc  specified  by  the  limits  0 and  </>,  Wl'  have 

•     -    [  'A/'     -7=2aF(<fc*) (9) 

If  tlic  term  {dyjdxf  be  omitted  from  (2)  the  differentia]  equation  becomes  thai  of  n 
curve  of  sines,  and  it  is  generally  assumed  that  when  tin-  slope  of  the  curve  is  very  small 
a  curve  of  sines  will  give,  for  a  fixed  distance  from  inflexion  to  inflexion  and  a  given 
value  of  8,  a  sufficiently  close  approximation  for  pracl  ical  purposes  to  the  ordinatesof  the 
elastica-  the  deflections  of  the  bow  from  the  straight.  This  assumpl  ion  is  quite  warranted 
provided  the  maximum  ordinate  of  the  curve  of  sines  is  chosen  eipial  to  that  of  the  elastica  ; 
it  i-  not  bo  however  if  the  lengths  along  the  two  curves  from  end  to  end  are  exactly  to 
agree. 

The  exact  length  of  the  elastica  is  given  by  (8),  and  the  reader  may  easily  prove  thai 
the  exact  length  of  the  curve  of  sines, 

*=#sin-,    (1") 

17  a 

extending  from  .>•  =  (!>  to  .>•  =  —«,  and  having  h'  as  maximum  ordinate,  is 

s  =  2(V  +  ^E    [mod.  A7(a2+A'2)*],  (11) 

where  E  is  the  complete  elliptic  integral  of  the  second  kind.  If  the  s  in  (9)  and  the  e  in 
(11)  have  the  same  value,  there  is  no  difficulty  in  showing  by  expanding  the  integrands  in 
K  and  E  and  integrating  term  by  term,  that  approximately,  when  the  deflections  are 
small,  Jt'  =  \h.  This  remark  is  made  by  Mr.  \\.  YV.  Burgess  in  a  paper  in  the  Physical 
/.'      •  ■  ■-.  March,  101 7 . 

This  however  does  not  vitiate  the  approximation,  under  the  condition  specified  above, 
of  equality  of  maximum  ordinates,  and  of  distance  from  end  to  end  along  the  bowstring. 
The  lengths  of  the  curves  will  no  doubt  differ  slightly,  the  curve  of  sines,  which  has 
slightly  longer  ordinate's,  will  exceed  the  elastica  in  length  by  about  Trh2/I6a,  which  is 
only  a  small  fraction  of  2a.  For  slightly  deflected  elastic  rods,  for  example  flexible  shafts 
rendered  Btable  by  rotation,  it  will  be  possible  under  proper  conditions  to  neglect  the 
factor  1  ;1  +  (<///  c£r)2}5  in  the  expression  for  the  curvature. 

From  (2)  we  have,  neglecting  the  multiplier  (l+j>-)-  on  the  right, 


This  gives  the  curve  of  sines,  y  =  h  sin  (  ~  +  a  )> 


where  y=0  when  x  =  Q  and  when  x  =  L  As  we  have  seen,  this  agrees  with  the  elastica 
closely  when  the  deflections  are  small  and  the  maximum  ordinates  ate  made  the  same. 
The  terminal  conditions  are  fulfilled  if  a  =  )>-  and  /"  +  (/.  =  ( n  +  1)-.      Thus  l/a=tr.     Hence 

£  =  7r«  =  7.(^1       or     S  —  TT-p- 

Thus  tie-  distance -2  along  the  chord  will  diminish  it'  S  be  made  greater  than  -T5  /-.  ami 
increase  if  S  1»-  brought  below  this  limit.  Hence  when  the  bar  is  straight  the  value  of  S 
required  to  produce  any  bending  at  all  is  77- W  ll'1. 

It  follows  that  a  bar,  acting  as  a  pillar  supporting  a  load  S,  must  not  lie  longer  than 
i-(B  s)-,  if  tie-  lower  end  is  vertical. 

5.  .1  thin  bar  l><  at  into  a  helix  is  analogous  t<>  <<  top  in  .<t<o<lji  motion. 
Wo  m.w  consider  a  thin  bar  bent  into  a  helix  ami  hold  in  equilibrium  by 
a  force  S  applied  at  the  free  end  along  tin-  axis  of  the  helix,  while  the  other 
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end  is  held  fixed.  More  generally  the  force  system  applied  at  the  free  end 
includes  the  couple  G,  the  axis  of  which  is  coincident  in  direction  with  S, 
so  that  the  system  is  a  wrench  about  the  axis  of  the  helix.  Let  us  now 
suppose  that  the  two  principal  flexural  rigidities  of  the  bar  are  equal. 
Since  there  are  no  forces  except  those  applied  at  the  ends,  the  equations  of 
equilibrium  are 

A§-(A-C),/^°'     A|!-(G-A)^0,     J=0 (1) 

The  third  of  these  shows  that  £  is  the  same  at  all  points,  just  as  the  axial 
spin  of  a  top  remains  constant  in  the  absence  of  a  retarding  or  accelerating- 
couple. 

The  two  first  equations  give 

A (f-  +  >,-)  =  const,  (2) 

that  is,  the  curvature  is  the  same  at  all  points ;  in  other  words  the  form, 
being  in  three  dimensions,  is  a  helix. 
If  p  be  the  radius  of  curvature,  we  have 

l=(e+>f)h (2'j 

The  bending  about  the  .r-axis  gives  convexity  at  the  element  ds  with 
respect  to  the  positive  direction  of  the  i/-axis,  and  similarly,  the  bending 
about  the  y-axis,  convexity  with  respect  to  the  .''-axis.  Thus  the  direction 
cosines  of  the  normal  at  a  point  P  are  yip,  —£p,  1,  while  those  of  the 
binomial  are  £p,  }]p,  0.  These  are  the  projections  of  unit  length  of  the  bi- 
nomial on  the  axes.  At  a  distance  ds  along  the  curve,  at  P',  the  values  are 
£p  +  (l(€p)>  IP  +  "'('//')•  At  this  latter  point  the  axes  have  been  turned  from 
their  directions  at  P,  through  the  angles  gd«,  yds,  £ds  about  the  axes, 
P(x,  //,  :)  [that  is  the  axes  P(A,  B,  C)  of  Fig.  113],  respectively.  The 
projections  of  the  binomial  at  P'  on  the  axes  at  V  are 

ip + d  Up)  -  np±  cls>    ip  + ' '  (>ip)  +  £p£  ds>    °- 
Tlic   direction    cosines  with    reference    to    the    axes    at    P   have    therefore 

,',,""-,'dby  d(if>)-wSd8,    dM+iptds. 

The  angle  dfi  through  which  the  binomial  has  turned  is  given  by 

d^wipi-nptdsY+WM+iptday (3) 

Bui  the  angle  <p  between  OD  and  OA  in  Fig.  118,  p.  491,  is  the  angle  between 

the  binomial  and  the  axis  PA,  and  so  we  have  gp  =  cos  0,  >ip=  —sin  </>.     Thus 

<P-(-&+f)*  OT  £~3M  w 

The  binomial  is  carried  round  the  axis  of  the  helix  at  angular  speed 
d\f/  da}  with  the  plane  containing  it  and  the  axis  of  the  rod.     Thus  if  0  be 
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the  inclination  of  the  axis  of  the  rod  to  the  axis  of  the  helix,  we  have 
,/  3  d8=cosd,  d\ft  ds.     Hence 

.    tl</>     ih'r       n  ,_, 

£=-/  +   /  cos0 5 

This  exactly  corresponds  to  the  equation 

//  —  (/>  +  \^cos  6, 
which   holds  for  a  top,  supported  at  0  [see   Fig.  118]   with    its   axis   OC 


B 


Fk;.  IIS. 


inclined  at  an  angle  6  to  the  vertical  OZ,  while  a  plane  through  the  axis 
turns  with  angular  speed  <j>  with  reference  to  the  plane  ZOC,  and  this  latter 
plane  turns  at  the  same  time  round  the  vertical  with  speed  \js.  As  already 
stated,  the  angle  ACD  in  the  diagram  is  <p. 

Multiplying  the  first  of  (1)  by  ih  the  second  by  £  and  subtracting  the 
second  product  from  the  first,  we  get 


thai  is 


Hence 


_<ty_C-A  p 
"77^"     A    ^- 


ds 


C 


.(G) 


which,  as  we  have  seen,  is  the  rate  of  turning  of  the  binomial  per  unit 
distance  along  the  curve.     This  rate  is  constant. 

The  preceding  discussion  can  be  briefly  summed  upas  follows.  Take  two 
axes  PE,  l'< '  in  the  tangent  plane  to  the  curve  at  the  element  P  (Fig.  113). 
Then  Bor  the  helix  we  have  PC  turning  at  constant  rate  d\p-'d$  about  the 
axis  of  the  curve  (the  "vertical ").  This  gives  a  rate  of  turning  d\Jr  ds .  cos  0 
about  PC,  which  obviously  is  the  rate  of  turning  of  the  binomial,  the 
tortuosity.  I5i-sid<-s  this  there  is  the  turning  of  an  axial  plant-  fixed  in  the 
bar,  with  reference  to  the  plane  CPZ,  so  that  £='/</'  '^s'  +  d\Js/ds .  cos  r). 
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Again  the  rate  of  production  of  the  analogue  of    a.m.  about   the  axis 

0Di'S  K&Q^(n?     Ar?V'       l\fy   •    a     ft 

A-r^+   Ct—  A-^cosO  )-/-  sin  0  =  0. 

i/s-        \      s  (Is  J  (Is 

The  first  term  is  zero,  and  so  we  get,  since  6  is  not  zero, 

S>»*-it <'> 

We  can  put  the  radius  of  curvature  and  the  torsion  of  the  helix  into 
other  simple  forms  as  follows.  Let  a  narrow  strip  of  paper  be  wound 
nmnd  a  right  circular  cylinder  so  that  its  middle  line  is  a  helix.  The  paper 
is  bent  at  each  point  about  a  generator  of  the  cylinder.  This  bending  can 
be  resolved  into  two  components,  one  across  the  band  about  a  line  perpen- 
dicular to  the  middle  line,  and  one  about  the  middle.  The  angle  subtended 
at  the  axis  of  the  cylinder  by  the  element  ds,  in  consequence  of  the  bending 
about  the  generating  line,  is  dssmO/a,  if  <i  be  the  radius  of  the  cylinder 
The  components  just  specified  are  therefore  dssm-Od  and  rfscosdsind  a. 
Hence  the  curvature  and  tortuosity  are  respectively 

sin20  ,     sin  0  cos  0 

and  

a  a 

6.  A  helix  held  in  equUibrmrn  either  by  a  <-<>iti>l<  or  by  axial  force.    The 

helix  can  be  held  in  equilibrium  either  by  a  couple  alone  or  by  an  axial 
force  alone,  applied  at  the  free  end.  In  every  cross-section  of  the  bar  two 
couples  of  elastic  reaction  exist,  one  of  amount  C£  about  the  axis  of  the 
bar,  the  other  Asin2  6/a,  about  an  axis  at  right  angles  to  the  osculating  plane. 
These  have  a  resultant  (C2£2  +  A2 sin4  6/a2)*  =  Asin  6/a,  the  axis  of  which 
lies  in  the  tangent  plane  to  the  helix  and  is  inclined  to  the  axis  of  the 
bar  at  the  angle  0,  that  is,  is  parallel  to  the  cylinder  axis  (the  vertical, 
in  the  analogous  top  motion).  If  in  addition  a  force  S  acts  along  the 
axis  of  the  cylinder  we  have  the  wrench  specified  above.  But  particular 
cases  are  that  in  which  the  force  is  zero  and  that  in  which  the  couple 
is  zero. 

When  both  act,  the  total  moment  about  the  axis  of  the  bar  is 
Gcos0  +  Sasin  6.  Also  the  moment  about  the  perpendicular  to  the  osculat- 
ing plane  is  Gsin0— Sctcosft     Thus  we  have  the  equations 

G  cos  0  +  Sa  sin  9  =  G£,     G  sin  0- Sa  cos  0  =  A  '^1 

&sin  r)       .sin20COS0       _,      n .        Q         siirf 
Hence  S  =  <  C       -  —  A  -,    G  =  CVcostf+A  (1) 

If  the  £ore«-  is  zero  we  have 

.      A  sin  0CO8  6       ~       ,  sin  6  A  , ... 

f=7S  ,     G  =  A-    -  =  -  (-2) 

*     C         a  a       psu\6  x 
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hi:; 


If  the  couple  is  zero  we  ha\ e 

,_  _\  Bin8fl  1 
( '  cos  9  a 


S  -  -  A 


sin'r) 


<•'*) 


a2coa  6 

It  follows  From  the  first  of  1 1 ),  that  if  the  step  of  the  helix  be  very  small 
(that  is  if  0  is  very  nearly  '-)  and  a  be  not  small,  the  axial  force  depends 
almost  entirely  on  torsion.     An  ordinary  sprint'  balance  works  by  torsion. 

7.   .1  gyrostat  on  an  overhanging  flexible  shaft.   Equilibrium  of  the  shaft 

So  far  we  have  lu-en  dealing  with  a  bent  and  twisted  bar  in  its  analogy 

with  the  motion  of  a  top.      We  now  suppose  the  bar,  loaded  in  some  definite 

manner,  to  be  subjected  to  rotation  about  a  specified  axis.     To  fix  the  ideas, 

we  take  first  the  practical  problem  of  the 

motion  of  a  gyrostat  mounted  at  the  free 

end  of  a   flexible   shaft.     In   the  case  of 

steady  motion  the  shaft  is  bent   at  each 

instant  in  one  plane.      We  shall   suppose 

that     the    slope    of    the   curve    from    the 

-i  raight  position  is  everywhere  small. 

The  diagram  shows  the  directions  of 
the  axes  chosen.  First  we  consider  the 
bending.  Denoting  as  before  the  tiexural  rigidity  by  B,  supposing  that 
a  couple  of  moment  L  and  a  force  Y  act  in  the  directions  shown  by  the 
arrows,  we  have  for  the  cross-section  S, 


ix  cos  0 


fj.  sin  0 


(1) 


The  couple  L  we  shall  see  is  due  to  gyrostatic  action.  But  since  the  motion 
is  steady  and  the  centroidof  the  gyrostat  moves  in  a  circle  of  radius  a,  with 
angular  speed  /ul,  the  shaft  must  exert  an  inward  pull  on  the  gyrostat  of 
moment  M/J?a,  where  M  is  the  mass  of  the  gyrostat,  and  therefore  the 
gyrostat  exerts  on  the  shaft  an  outward  force  of  the  same  amount. 


I  Lence  (1)  becomes 

Integrating  we  obtain 


Bp£=L+Mf*?a2 (2) 


(3) 


where  c  is  a  constant.     But  when  ;  =/,  dy  '/:  =  0,  and  so 

c=-U-JMm^/-. 

Hence  when  :  =  <>,  that  is  at  the  attachment  of  the  gyrostat, 

Btan0  =  L^+1M/>i2(Yi2 (4> 

Integrating  (3)  from  z  =  0  to  z  =  l  we  get 

-Ba=1L/-+,,,M/JrW:;  +  r7, 

that  is  Ba='$LZ2+pf/A2aZ8 (5) 
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From  (4;  and  (5)  we  can  eliminate  L,  and  obtain 

tan  6  =  —, —  -., — ~ — •'■') 

(       u      r> 

8.  Determination  of  the  gyrostatie  couple.  We  have  now  to  determine 
the  couple  L.  For  this  we  consider  the  rate  of  growth  of  a.m.  about  an 
axis  perpendicular  to  the  paper  through  the  centre  of  the  flywheel.  If  On 
be  the  a.m.  of  the  flywheel  about  its  axis,  C"  the  moment  of  inertia  of  the 
case  about  the  same  axis,  A  the  moment  of  inertia  of  the  flywheel,  and  A' 
that  of  the  case,  about  a  transverse  axis  through  the  centroid,  we  have, 
considering  the  turnings  about  the  axes  indicated, 

(A+A/-O2sin0cos0-Oi/i8in0=L (1) 

Substituting  in  (4)  and  (5)  of  7,  we  get  the  two  equations 

-rBtan0+{(A+A,-C,)/*2sinecos0-Cn^8in0}Z+^MM2i2a=O)  ...(2) 

£{(A+A'- C')/*2sin 0 cos O-Gnfi sin 6}l2-(B-$MiJ.Hs)a=6.  ...(3) 

If  6  is  very  small,  as  indeed  it  must  be,  since  we  have  supposed  the  curva- 
ture to  be  cl-yjdz2,  these  equations  are 

[_B+{(A4-A,-C')/t2-C/?/u}/]^+!.M^/i"  =  0, (2') 

J,{(A  +  A,-C>--C/^!/-^-(B-?iM/a^3)«  =  0 (3') 

From  (2)  and  (3),  or  from  (2')  and  (3'),  we  see  that  if  the  equations  are 
independent  they  are  satisfied  only  by  0  =  0,  «  =  0.  If  however  they  are 
not  independent  their  determinant  vanishes,  that  is  we  get,  from  (2')  and  (3') 

(B-^M/^t-B  +  KA  +  A'-O—C^M/^] 

+  jM/*^{(A  +  A'-CV2-C/^}=0 (4) 

We  may  write  this  in  the  form 

<a+a'-°v-c^=!(4+m?™) (5> 

If,  as  is  usual,  //.  be  very  great,  the  right-hand  side  reduces  to  4B/7,  and  we 
see  that  the  quartic  has  two  roots  not  differing  much  from  the  roots,  one 
large  and  one  small  and  of  opposite  signs,  of  the  quadratic  to  which  (.")) 
approximates. 

These  results  have  been  obtained  on  the  supposition  that  the  flexible  axis 
turns  freely  in  its  hearings.  If  however  it  were  a  piece  of  untwistable  steel 
wire  prevented  from  turning  and  held  East  at  one  end  in  the  direction  from 
which  t)  is  measured,  we  should  have  for  the  terms  in  C  the  expression 
C>2(l-coB0)sin0[see  terms  in  C  (not  C)  in  (4).  21, XIX], which, since  tin- 
angle  6  is  small,  would  be  approximately  zero.     Thus  (."))  would  become 

(a+a>s-c«"=!(*+m^ub) (6) 
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We  have  therefore  a  quartic  equation  which  gives  values  of  ^consistent 

with  any  values  of  6  and  a,  which  have  the  ratio 

r>_      AM^2 _  21i-nM/r/:; 

,,-B-{(A  +  A'-C>--C»/uK     {(A  +  A'-<J>*-Cn/*}J- UJ 

For  a  value  of  the  speed  given  by  a  root  of  this  quartic  the  position  of  the 
axis  of  the  gyrostat  is  indeterminate;  but  if  such  speeds  are  avoided  the 
values  of  6  and  <<  are  zero.     The  rotating  body  is  then  self-centring. 

It  A.  A'.  C.  ("  are  so  small  as  to  be  negligible,  we  obtain  from  (5),  by  putting 
the  expression  on  the  left  equal  to  0, 

that  is  a  critical  speed  is  given  by 

/3B\* 

a  result  which  will  be  found  in  accordance  with  results  set  forth  in  the  next 
article.  The  purely  gyrostatic  action  is  in  general  of  only  secondary 
importance. 

These  results  and  those  which  follow-  are  of  great  importance  for  the 
running  of  rapidly  rotating  machinery,  such  as  high-speed  turbines.  A 
flexible  shaft  is  used,  and  critical  speeds  [those  which  satisfy  conditions 
analogous  to  (7)]  are  avoided.  The  rotating  body  then  revolves  stably 
with  perfect  balance  of  centrifugal  forces. 

9.   .1  rotor  carried  midway  between  the  two  bearings  of  a  fleocibU  shaft. 

If  the  flexible  axle  is  held  on  two  bearings,  with  the  gyrostat  or  wheel 
attached  midway  between  them,  we  may  have  one  or  other  of  two  arrange- 
ments. In  the  first  the  ends,  though  fixed  in  position,  are  free  as  regards 
direction,  in  the  second  the  bearings  are  made  to  maintain  the  directions  of 
the  ends  in  coincidence.  If  we  neglect  the  inertia  of  the  shaft  itself  we 
obtain  at  once  the  deflections  of  the  shaft  in  the  two  cases  from  the  theory 
of  the  bending  of  a  thin  rod.  If  the  deflections  produced  by  the  turning 
In-  ,</  —  ,'/,,,  where  y0  is  the  initial  deflection  from  the  straight  at  the  mid- 
point, the  deflecting  force  be  F,  and  the  distance  from  bearing  to  bearing 
In'  '21.  we  have  for  steady  rotation  in  the  two  cases 

B(3/-y0)=iFF,     B(7/-;/0)  =  ,\F^ (1) 

But  F  =  Mo>8y,  where  M  is  the  mass  of  the  flywheel  or  rotor,  and  Wj  is  the 
Bpeed  at  which  the  wheel  is  run.     Thus 

y=rr^  or  'T-fe (2) 

These  two  equations  give  infinite  values  of  y  forw2=6B/M£8  and  w2  =  24B,  .M/'\ 
respectively.  Of  course  the  condition  for  small  strains  is  deviated  from 
long  before  these  speeds  are  reached,  and  the  equations  must   not   be  taken 
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as  holding  except  for  small  strains.  But  they  indicate  speeds  that  must 
aot  be  approached  if  there  is  to  be  safety,  and,  which  is  of  great 
importance,  show  that  speeds  very  much  higher  than  these  critical  speeds 
[(6B/MJ3)*  (24B/MZ3)*]  are  consistent  with  small  defleetions,^which  approach 
zero  as  the  value  of  (o  is  increased  beyond  limit. 

In  practice  serious  deflections  of  the  flexible  shaft  are  avoided  by  means 
of  stops,  and  the  speed  is  quickly  and  safely  run  up  to  a  high  value,  at 
which  extreme  smoothness  of  running  is  obtained.  De  Laval  chose  for  his 
tnrbims  w  =  7a)c>  where  wc  denotes  the  critical  speed. 

Take  fixed  axes  Ox,  Oy  of  coordinates  in  a  plane  at  right  angles  to  the 
line  of  bearings  and  containing  the  centre  of  the  wheel:  the  equations  of 
motion  of  the  centroid  are 

$+f(x-i)=o,    y+f(y-v)=o <:i) 

where  £,  >/  are  the  coordinates  of  the  point  of  radial  coordinate  y0  or  r0, 
which  we  shall  assume  is  made  to  revolve  about  the  line  of  bearings  with 
angular  speed  co.     For  steady  turning  we  have  just  found 

F=6?(r-r0)     or     F  =  24?(r-r0) (4) 

We  may  express  both  these  results  by 

F^MovV-,-,,);  (4') 

so  that  Mft)2r-=Mft)c2(r-r0) (5) 

From  this  result  we  assume  that  f(x  —  i)  =  (ae2(x  —  £),  /(>/  —  >])  =  &/ (.'/  —  >/)> 

ao  that  (3)  becomes       x+co*x =<*?£,    y+coezy=coc2i (6) 

But  the  point  f,>;,  from  which  the  displacements  x  —  g,  y  —  t]  are  measured, 
goes  round  in  a  circle' with  angular  speed  co.     Hence  we  write  (<i)  as 

.'■  +  wc'x  =  r0wc2 COS wt,     y-\-Wc2>/—  />v'-sin  tot I  7) 

If  we  put  z  —  x+iy,  we  can  write  (7)  in  one  equation, 

o-\-Wc2z  =  r0wc2(cos(^l  +  i  sin  cot) (8) 

For  the  forced  vibration  in  period  2ir/oo,  we  assume 

z  =  A  (cos  tat  +  i  sin  cot). 

Substituting  in  (8),  we  get         A  =  r0     .,^_   .,. 

The  complete  solution  is  thus 

z  =  A  cos  &ct  +  B  sin  wct  4-  rn  — «-*  —5  (cos  wt  +  i  sin  wt ) (9) 

wc~  —  io~ 

If  A  =  a+ia,  B  =  B+i&,  we  have 

■i  "\ 

./:  =  a  cos  wct  4-  8  sin  <,\J  +  /•„  — s-5    ..  e<  >s  wt, 

a\--  —  W 


(/  =  «'(•( )s(,\.f  4-  fl'sin  (.',./ 4-  /•,,     .,  '— 7)sm  wt. 


.(10) 
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We  See  thus  that  there  is  vibration  in  the  period  2ir  V.y  about  the  circular 

motion  of  period  2-  a>.  These  vibrai  ions  may  die  out,  but  they  are  renewed 
again  with  every  irregularity  of  running.  This  circular  motion  will  not 
remain  of  small  radius  *>>,."  {<»,:'  —  w8)  if  o>fi  approaches  toc2  i"  yalue.     But  for 

large  values  of  (■>'-'  we  have 


X  =  a  cos  u)ct  +  {3  sin  wct  —  r0 
y  =  a'cos  coct  +  /3'sin  toet  —  r0 


0)c~                    . 

<0~  —  ft>c 

ft>c"          •          - 
-3 S  Sin  a>c. 

ft)""  —  ft><f 

(11) 


The  forced  vibration  becomes  opposite  in  phase  to  the  free  vibration  when 
the  value  <o2  =  ft>c2  is  overpassed. 

10.    /•'/>  <  i><  Hod  of  an  oscillatory  disturbance  is  the  period  of  revolution 

at  the  critical  speed.  It  will  be  observed  that  it  follows  from  (6)  or  from 
(11)  that  if  the  My  wheel  be  displaced  in  any  way  from  the  steady  revolu- 
tionary motion,  provided  there  is  no  tilting  of  the  wheel,  the  period  of  the 
oscillatory  disturbance  set  up  is  27r/a>,.,  that  is  the  period  is  that  of  revolution 
at  the  critical  speed.  This  result  was  given  by  Greenhill  for  a  whirling 
shaft  in  a  paper  entitled  "On  the  strength  of  shafting  when  exposed  both 
to  torsion  and  to  end  thrust,"  in  the  Proceedings  of  the  Institution  of 
Mechanical  Engineers,  1883.*  Clearly  it  is  a  general  result  which  might 
be  predicted  without  any  calculation.  For  the  rotation  in  period  2-kUo  is  a 
forced  oscillation  which,  when  performed  in  the  free  period  27r/coc,  will  be 
continually  augmented  at  the  expense  of  energy  derived  from  the  driving 
motor. 

The  effects  of  torsion  and  end4:hrust  on  the  behaviour  of  shafts  are  dis- 
cussed  by  Greenhill  in  the  paper  cited  in  10  above.  The  lateral  oscillations 
of  the  shafting  itself  are  considered  also:  in  the  discussion  above  the  inertia 
of  the  shaft  has  been  treated  as  negligible.  If  the  speed  of  rotation  is 
continually  increased,  one  critical  speed  of  the  shaft  after  another  is 
passed,  one  for  each  mode  of  lateral  vibration.  Each  mode  gives  a  musical 
note,  and  these  notes  show  the  frequencies  of  the  modes  of  lateral  vibration 
of  which  the  shaft  as  mounted  is  capable. 

With  regard  to  actual  dimensions  of  shafts,  the  choice  will  depend  on 
the  particular  case.  Of  course  shafts  of  sufficiently  great  cross-section  are 
required  for  the  transmission  of  power,  which  is  done  by  torsion  in  a 
propeller  shaft,  and  indeed  in  all  cases  in  which  a  motor  does  work  and 
i-  driven  by  pulleys  at  some  distance  on  the  shaft.  For  gyroscopes  weigh- 
ing from  1  kilogramme  to  4  kilogrammes,  Dr.  J.  G.  Gray  uses  steel  wire 
1  millimetres  thick,  and  about  10  centimetres  in  length.  These  shafts  ate 
cased  round  loosely  by  tubular  guards  to  prevent  damage  Erom  disturbances 
at  the  critical  sped. 

*  See  also  ait  i  •_•  1  >  ■  -  by  sir  (;. •oil''-  Greenhill  in  Engineering,  March  and  April,  1918. 
o.g.  _'i 
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11.  Quasi-rigidity  of  a  moving  chain.  Equations  of  motion.  The 
quasi-rigidity  conferred  on  a  flexible  chain  by  motion  is,  like  gyrostatic 
action,  of  much  interest  in  connection  with  possible  kinetic  explanations  of 
the  properties  of  bodies.  The  equations  of  motion  of  a  perfectly  flexible 
inextensible  chain,  of  very  small  links,  are  easily  found  by  the  method  so 
often  employed  above.  Let  muds,  mvds  be  the  momenta  of  an  element  ds 
along  the  tangent  and  the  normal  at  the  element,  and  <p  the  angle  which 
the  forward  direction  of  the  tangent  at  the  element  makes  at  the  instant 
with  a  fixed  direction  in  the  plane.  The  angular  speed  with  which  the 
tangent  is  turning  round  is  then  (jr.  we  shall  suppose  this  to  be  positive. 
The  rates  of  production  of  momentum  along  the  tangent  and  normal  respec- 
tively are  m(u—v<j>)ds,  m(v  +  U(j>)ds.  The  forces  in  these  directions  are 
Smds  +  dT/ds.ds,  Nmtls,  where  T  is  the  traction  in  the  chain  and  S,  N 
are  the  tangential  and  normal  applied  forces,  per  unit  of  mass  of  the 
element.     Thus  we  get  at  once  the  equations  of  motion, 

(IT                                    T 
m(u—  v<j>)  =  mS  +  ^j-,     m(v  +  U(j>)  =  m'N  +  ^,    (1) 

where  R  is  the  radius  of  curvature. 

There  are  two  kinematical  equations.  Since  the  chain  is  inextensible  the 
tangential  speed  is  the  same  at  all  points.  Consider  then  the  distribution 
of  velocity  as  it  exists  at  time  t,  and  imagine  a  particle  to  pass  along  the 
curve  supposed  kept  in  that  position,  taking  at  successive  elements  the 
values  of  u,  v  at  time  t.  The  change  of  u  between  the  two  ends  of 
the  element  ds  is  (dufds  —  vjtyds  [since  ds/K  is  the  angle  between  the  two 
ends],  and  this  must  be  zero.     Hence  we  have  for  a  given  instant 

— — —  —  0  i°) 

Again  the  rate  at  which  the  element  ds  is  turning  round  is  clearly 
(,.-f  </>•  —  vjjds  +  u/R.  For  the  angle  d<j>  turned  through  in  an  element  of 
time  dt  by  the  direction  of  motion  of  a  particle  of  the  chain  is  dvjds .  dt  +  Js/R 
=  (dvfds  +  ujR,)dt.     Hence  we  have  (again  at  a  given  instant) 

dv     u       ,  /o\ 

di+R=* (3) 

This  angular  speed  </>  is  not  to  be  confused  with  u/R,  which  is  the  rate  of 
change  of  direction  due  to  the  curvature  of  the  chain.  The  two  ends  of  the 
element  are  moving  at  different  rates  along  the  respective  normals,  and  the 
rate  of  turning  dv/ds  is  due  to  this.  In  steady  motion  however  there  is 
not  at  any  element  a  component  of  speed  along  the  normal  and  so  dv  cfe=0. 
If  the  chain  be  iii  steady  motion,  that  is  move  uniformly  without  change 
of  figure  or  change  of  position  of  its  curve  in  space  (except  uniform  trans- 
lation as  a  whole),  then  ii  =  v  =  0,  and  v  =  0.  Also  </>  =  u/R.  Equations  (1) 
are  now  0  ,  d'Y     _     mu'1        ,T     T  f/L\ 

as  K  K 
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If  thf  chain  be  under  gravity  and  the  inclination  of  the  norma]  to  the 
upward  vertical  be  9,  we  have  S=grsin0,  N=—  gcosf>.    Thus  we  have 

mgsmd+  ^=0,     wi(  g-+grcos0j=^ , (5) 

The  chain  moves  in  the  equilibrium  curve  of  the  chain  at  rest.  The  only 
difference  is  that   T  exceeds  its  value  for  stationary  equilibrium  by  mw2. 

If  the  speed  u  is  very  great  the  value  of  T  is  very  great  in  comparison 
with  the  applied  forces,  and  therefore  these  forces  have  little  effect  on  the 
figure  of  the  chain. 

12.  A  bend  in  a  moving  chain  is  not  carried  along  the  chain  by  tin 
motion  of  the  links.  Thus,  if  a  chain  [Fig.  120]  hanging  over  a  rapidly 
rotating  pulley  in  a  vertical  plane  be  struck  by  a 
hammer,  the  indentation  caused  by  the  blow  will 
remain  in  the  same  position  with  respect  to  surround- 
ing bodies,  and  be  very  slowly  obliterated  by  the  action 
of  gravity.  The  moving  chain  is  stiff  and  bends  under 
the  blow  like  a  solid  inelastic  bar. 

The  experiment  may  be  made  with  an  ordinary  \ 
curb  chain  weighing  perhaps  half  a  pound  per  foot. 
The  pulle}'  may  be  a  foot  in  diameter,  be  deeply 
grooved,  and  be  driven  at  a  high  speed  by  a  suitable 
motor  or  by  a  counter-shaft  arrangement.  The  chain 
may  be  10  or  12  feet  long,  and  should  be  struck  by 
a  hammer-head  capable  of  rotating  about  an  axis  transverse  to  the  chain 
when  in  the  act  of  striking. 

Some  experiments  wTith  lighter  chains  are  interesting  as  showing  rigidity 
imparted  to  a  flexible  chain  by  motion  of  its  parts.  An  overhanging  vertical 
pulley  carried  by  a  whirling  table  has  a  shallow  groove  round  its  edge.  In 
this  is  laid  an  endless  chain  only  a  little  longer  than  the  circumference  of 
the  pulley.  Just  under  the  pulley  is  arranged  a  plane  sloping  slightly 
downwards  in  the  direction  of  motion  of  the  top  of  the  pulley.  When  the 
chain  has  been  got  into  rapid  motion  it  is  knocked  off  the  pulley  by  a  sharp 
tap  with  a  pencil  delivered  sideways,  and  drops  on  the  inclined  plane,  along 
which  it  runs  for  several  feet  like  a  rigid  hoop  before  it  collapses  in  a  flaccid 
heap. 

13.    Theory  of  a  stationary  (» end  on  a  moving  chain,  or  of  a  moving 

hi , ni  mi  an  otherwise  stationary  chain.  To  understand  how  these  effects 
take  place,  let  us  suppose  that  there  are  no  tangential  applied  forces.  The 
value  of  T  is  then  //,//-.  For  let  the  chain  move  without  friction  through  a 
tube  of  any  shape  under  no  forces  except  those  applied  by  the  sides  of  the 
tube.      Thus  no  force  along   the  chain  is  applied    by   the   tube,  and  the 


Fig.  120. 
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stretching  force  is  not  affected  by  the  tube.  This  force  is  equal  to  the  pull 
applied  at  and  in  the  direction  of  the  ends  of  the  tube  where  the  chain 
is  free.  But  if  T  =  mu2  there,  as  it  must  be  by  (4),  11,  that  equation  gives 
N  =  0  everywhere,  that  is  no  action  is  exerted  on  the  chain  by  the  tube. 

We  have  /T\- 

u=\~) • 

Let  the  diagram  represent  an  open  loop  on  the  chain  imposed  by  the 
shape  of  the  tube,  and  let  the  ends  of  the  chain  be  straight  and  in  line. 
The  chain  enters  the   loop   at   one  end  A   and  emerges  at  the  other  B, 


B 

Fro.  121. 


with  speed  u  in  each  case ;  and  as  we  have  seen  there  is  no  action  between 
chain  and  tube.  This  fact  will  not  be  altered  if  the  whole  system  of  chain 
and  tube  be  moved  with  speed  u  in  the  opposite  direction  to  the  motion  of 
the  ends  of  the  chain.  Thus  we  have  the  straight  parts  of  the  chain 
brought  to  rest,  and  the  loop  or  bend  is  made  to  travel  along  the  chain 
with  speed  u  =  (T/m)~.  Since  there  is  no  action  of  the  tube  it  may  be 
removed. 

Thus  the  speed  of  propagation  of  a  bend  of  any  shape  along  a  uniform 
flexible  chain  or  cord  under  stretching  force  T  is  (T/m)*  This  is  the  result 
given  by  the  ordinary  mathematical  theory  of  the  propagation  of  waves  of 
transverse  displacement  along  cords  or  chains,  where,  however,  to  avoid 
mathematical  difficulties,  the  transverse  displacements  are  supposed  to  be 
small — here  no  sucli  limit  is  imposed. 

Again  consider  a  flexible  tube  through  which  runs  a  stream  of  a  fluid, 
such  as  water,  which  completely  fills  the  tube.  If  at  rest,  the  tube  will 
apply,  per  unit  of  its  length,  at  any  cross-section  at  which  the  bend 
imposed  by  the  tube  has  radius  of  curvature  R,  a  force  -mil-  11  to  the  fluid. 
This  will  arise  if  there  exist  a  stretching  force  T  =  mu2  in  the  tube 
applied  by  external  action.  The  combination  of  stretched  tube  and  flowing 
water  therefore  imitates  the  quasi-rigidity  of  the  moving  chain. 

14.  .1  revolving  chain  under  no  forces.    General  case.     We  consider 

also  in  this  connection  the  problem  of  a  uniform  chain  revolving  with 
steady  angular  speed  n  about  an  axis  O:  while  under  the  action  of  no 
forces.     Let  .<•.//,:  be  the  coordinates  of  an  element  ds  of  the  chain,  m  the 
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mass  per  unit  length,  T  the  tension  at  da.  The  equations  of  relative 
equilibrium  are 

These  give  at  once,  since  {dx  </*)-  +  (<h/  ;ds)-  +  (dz/ds)-  =  l, 

dT  ,    .    /   da;  ,     cty\     . 

Hence  we  obtain  the  three  first  integrals  of  the  equations  (1), 

T+i»M**+»»)  =  H,    T(./|-/|)  =  N,    T|  =  Z (2) 

where  H,  N,  Z  are  constants. 

The  second  and  third  of  (2)  combined  give 

dv       dx     N  /0v 

Xtz~yTz=V  (3) 

the  so-called  equation  of  areas.  If  the  radius  vector,  drawn  from  the 
chosen  origin  to  the  projection  of  ds  on  the  plane  of  x,  y  be  p,  and  the 
vectorial  angle  be  x>  we  get  for  (3)  the  polar  equation 

p  dz~Z {S) 

Again  we  have' 

But  da  dz=T  Z.     Hence  it  is  found  that 

(¥H^. w 

-v{(^^r-,^f } » 

Thu-  we  obtain  by  integration 

2Z   f<V  /r, 

//-//ij  g* 

Also,  eliminating  i  from  (:>')  by  the  relation 


n-m  g* 


2N  f  dn°- 
P1 


we  get  y=-o — I— ^i (7) 
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15.  Revolving  chain  in  a  plane  containing  flic  axis  of  rotation.  We 
have  thus  obtained  the  equations  for  a  revolving  chain  in  the  general  case 
in  which  the  chain  lies  in  a  tortuous  curve.  If  however  it  lies  at  each 
instant  in  a  plane  containing  Oz,  we  have  an  example  of  a  revolving 
catenary.  Each  particle  moves  in  a  circle  about  Oz,  and  if  we  project  on 
the  plane  of  x,  y  the  paths  of  two  particles  which  are  on  levels  slightly 
differing,  so  that  points  on  the  same  radius  have  coordinates  x,  y,  x  +  dz, 
y  +  dy,  we  see  that  y!x  =  dy/dx.     Hence  by  (2),  14,  N  =  0,  and 

sM^y-<M (i» 

m=m{(?-*M-*m <2> 

we  write  r  =  2(H-Z)'  H  +  Z'    ^' 

we  obtain  from  (2),  after  a  little  reduction, 

nm*(H+Z)*ds=  dy 

&       z  {(i-2/2)(i-^¥)}v 

Thus,  if  y  =  sin  0,  ^  =  22(H-Z)   ^(k,  <j>) ^ 

The  curve  may  lie  in  a  plane  perpendicular  to  the  axis  Oz,  and  in  this 
case  dz/ds  =  0,  so  that  Z  =  0.     Hence,  by  (7),  14, 


2N   T il£ 

n-m  I      r  2H  \2         /  X  ' 


n-m/  \n-nt> 


in 

bee 

I 


If  we  write  £  for  p1,  this  becomes 

_  21 
X~n2m  I    J.J,     2H\-         /  N    ^ 


c a , (6) 

an  expression  which  is  capable  of  being  dealt  with  at  once  by  the  Weier- 
strassian  elliptic  function  analysis. 

16.  Remarks  on  a  more  general  problem  of  the  motion  of  a  chain. 
The  more  general  problem  in  which  the  chain  is  supposed  to  be  in  motion  with  some 
uniform  tangential  speed  r,  in  a  definite  plane  path,  while  at  the  same  time  the  path  as  a 
whole  is  whirled  with  constant  angular  speed  n  about  an  axis  <>;  at  right  angles  to  the 

path,  is  interesting,  but  lias  little  practical  hearing  on  gyrostatics.  Its  solution,  and  the 
determination  of  possible  paths,  involve  difficulties  of  integration  which  do  not  appear 
when  the  motion  is  wholly  due  to  the  uniform  rotation  about  <>:.  If,  for  example,  it  is 
attempted  to  deal  with  the  problem,  with  or  without  special  conditions,  by  the  method 

of  revolving  axes,  then  it  is  to  be  noticed  that  besides  the  rotational  speed  n  about  tin- 
axis  (>:,  each  element  has  a  rotational  speed  v  I>\  where  lv  is  the  radius  of  curvature  at 
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the  I >« «i nt  of  the  trajectory  al  which  the  centre  of  the  element  is  situated  iit  the  instant. 
But  1!  varies  from  point  to  point  of  the  trajectory,  and  so  in  the  Integrals  for  the  deter- 
mination of  p  and  \,  this  varying'  radius,  which  is  introduced  in  the  calculation  of  the 
accelerations  along  and  at  right  angles  to  the  moving  tangent,  makes  the  problem  almost, 
it  not  entirely,  intractable.  It  is  however  an  excellent  example  of  the  theory  of  moving 
axes  to  calculate  these  accelerations.    We  shall  find  first  the  normal  acceleration. 

It"  /.  be  the  length  of  the  perpendicular  from  O  on  the  tangent  to  an  element  with  its 
centre  at  a  point  P  fixed  relatively  to  the  trajectory,  so  that  with  axes  Ox  outward  from 
<  I  and  parallel  to  the  normal  at  P,  and  Oy  drawn  from  O  forward  parallel  to  the  tangent 
at  P,  then  .-■  (=/>)  and  y  are  the  coordinates  of  P.  The  velocities  U,  V  along  fixed 
directions  coinciding  with  the  axes  are  given  by 

The  acceleration  towards  the  centre  of  curvature  is 

This  is  the  acceleration  of  a  particle  of  the  chain  ;  the  acceleration  of  a  point  such 
as  P  faxed  relatively  to  the  trajectory  is  a  different  matter,  and  does  not  involve  the 
variation  of  E. 

For  the  reduction  of  the  expression  thus  found  we  note  that  if  ds  be  the  length  of  an 
element  of  the  path,  the  time  required  by  a  particle  to  traverse  it  is  ds/v.  Thus  d/dt  =  vd  ds. 
Hence  y  =  vdyjds,  and  this  is  easily  seen  to  be  given  by 

ds 


ds  —  p 


while  p  =  v-£-  =  v-t, 

c       as       R 

Miiee  dp  y  =  ds/R.     Substituting,  we  find  after  reduction 

-ti  +  [?i  +  ^)v  =  ^  +  n2p  +  2nv. 

Hence  we  have  the  equation  of  motion 

( v2                    \     T 
"\R  +  n2P+2nv)=R ^ 

The  same  process  gives  for  the  acceleration  along  the  tangent  the  value  —  n2y.  This 
1 1 1 ■  i - 1  be  produced  by  the  excess  dT  of  the  tractive  force  in  the  chain  at  the  forward  end 
of  da  over  that  at  the  other  end,  so  that 

dT=  -mn-yds {•!) 

But,  as  a  diagram  will  show  at  once,  pdp=yds,  and  we  get 

dT=  —mn-pilp. 
Integrating,  we  obtain  T=  —A mnapP+  H,  (3) 

where  H  is  a  constant. 

T 

We  have  seen,  (1)  above,  that  —  =  2nvR+ri-pR+  /'-', 

fit 


so  that  '   -v*)  =  -vR+pR. 

i>-\m        In  r 


Replacing   R   by   its   valuejpj/i  -//-,  and   writing  A  for  2(T/m— »*)/»2,  we  obtain,  by 
integration,  hnp=2v^+nppi+C,   (4) 
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wliere  C  is  a  constant,  the  value  of  which  depends  on  the  origin  chosen  for  the  integration. 
Let  us  suppose  that  the  integration  is  started  from  a  point  on  the  trajectory  where  the 
radius  vector  of  length  px,  say,  is  normal  to  the  curve,  and  is  therefore  equal  to  the 
length  pl  of  the  perpendicular  from  O  at  that  point.     Hence  we  obtain  for  C  the  value 

-(n.p^  +  2rpx-)-\-  hnpl. 

We  have  thus  the  cubic  equation 

/'/):;  +  2rf}-  -  hap  -  «p,3  -  2v/>i2  -  hnpl=0   ( •". ) 

for  the  determination  of  the  locus  of  the  points  at  which  the  radius  vector  is  normal  to 
the  curve.  No  generality  will  be  lost  by  supposing  a  to  be  positive.  Equation  5  would 
appear  to  give  three  circles  which  must  be  touched  by  the  curve.  There  are  three  cases 
of  real  roots,  (1)  all  three  of  one  sign,  (2)  two  positive  and  one  negative,  (3)  two  negative 
and  one  positive.  In  (1)  the  direction  of  v  is  either  with  or  against  that  of  pxn  at  all 
three  circles,  in  (2)  and  (3)  v  and  pxn  either  agree  or  are  opposed  in  sign  at  two  circles, 
while  they  are  opposed  or  agree  in  sign  at  the  third,  as  the  case  may  be.  For  three  real 
and  positive  roots  the  quantities 

---,      -A,     npl3  +  2vpl2-nhpl 

must  all  be  positive,  that  is  v  and  n  must  have  opposite  signs  (in  other  words  the  motion 
r  must  be  opposed  to  that  due  to  the  rotation  a),  and  h  must  be  negative,  that  is  r'2>T/»i. 
Also  since  for  three  positive  roots  np13  +  2vpl2-h?ip1  must  be  positive,  and  px  is 
positive,  npx-  +  2rpx  -  nh  must  be  positive  (=k2,  say).  Thus,  for  the  avoidance  of  complex 
values  of  p,  for  all  possible  values  of  k2,  v2/n2  +  h  must  be  positive,  that  is 

%>-h. 
n- 

Going  back  to  (4)  and  differentiating  with  respect  to  p,  we  get,  after  reduction, 

1  dp_4v  +  2»p  _  1  ,„v 

p  dp     n{h  - p-)     R' 

Thus  the  curvature  is  infinite  if  h  =  p2.  If  h  is  negative,  as  it  is  for  three  positive  roots  of 
the  cubic,  no  point  of  infinite  curvature  can  occur. 

From  (4),  with  the  value  of  the  constant  of  integration  found  above,  we  obtain 

pn  +  2v=-  (Pln  +  2v)(p2  -  h){p2  -  h ), 

so  that  If     *      .gfos+ftW-*) (7) 

p  dp     E         n  (p'--h)- 

Eence  R  is  zero,  that  is  the  curvature  is  infinite  if  p2  —  h.  This  cannot  happen  if  /;  is 
negative. 

For  three  real  and  positive  roots  the  curve  would  appear  to  resemble  the  horizontal 
projection  of  the  horizontal  projection  of  the  curve  of  motion  of  the  spherical  pendulum 
as  given  in  Fig.  80  [2,  XV,  above].  For  the  curvature  at  the  different  circles  is  given  by 
the  insertion  of  the  proper  values  of  p2  in  the  denominator  of  the  expression  on  the  right 
of  (7).  In  each  case  it  is  necessary,  in  order  that  the  curve  should  be  concave  towards 
(),  that  V  should  be  negative  and  2v  > pxn.  It  is  clear  that  the  curve  must  he  thus 
concave  at  the  outer  circle;  and  if  it  were  to  become  convex  at  a  less  distance  from  <> 
i;  would  have  to  change  sign,  which  the  expression  on  the  right  of  (7)  show-  is 
impossible. 

There  remain  the  cases  (2)  and  (3).  In  case  (2)  »/)1s+2vo12— nkpx  is  negative,  in  case 
(3)  it  is  positive. 

There  are  different  possible  sub-cases,  which  we  cannot  discuss  here.  The  following 
general  fact  may  however  be  noted.      In  cases  (2)  and  (3)  there  will  be  loops  which  touch 
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one  circle.  Points  of  inflexion  must  exist  it'  t lie  loops  tom-li  t lie  outer  circle,  bul  not  if 
they  touch  the  inner  circle.  An  enumeration  and  description  of  all  the  cases  would 
occupy  much  space. 

17.  Calculation  of  the  vectorial  angle,  in  terms  of  the  radius  vector,  for 
the  curVi  of  the  chain.  Returning  for  a  moment  to  (2),  10,  we  consider  the 
case  in  which  T,  and  also  H,  varies  as  n'2.  Using  now  v  in  the  sense  of  the 
tangential  speed  due  to  the  rotation  about  Os,  we  have  v  =  np,  where  p  is 
the  Length  of  the  perpendicular  on  the  curve  from  O,  for  the  point  con- 
sidered. But  now  the  components  of  force  on  an  element  both  involve  n2 
iu  the  same  way,  and  thus  the  direction  of  the  element  does  not  depend 
on  /?'-.  From  (6),  15,  it  appears  that  in  this  case  the  vectorial  angle  also 
dues  not  depend  on  n2. 

As  before,  we  put  £=p2,  and  also  write  v2/??2  =  £'.  Thus  we  have 
h+2^=2E./mni,  and  as  we  shall  see  presently,  (h  +  2?-^)  £1-  =  4N2/(n2m)2. 
Hence  (6),  15,  can  be  written 

With  regard  to  the  substitution  for  4N2/(w2m)2,  it  is  to  be  noticed  that  by 
the  second  of  (2),  1,  we  have  T-n,^/v=N,  or  Tj  £i  =N,  where  Tx  is  the  tension 
of  the  chain  when  p2  =  p2  =  £1.  But  by  the  first  of  (2),  1,  we  have 
hnn-(h  +  2t;'  —  &)&  —  N,  which  is  the  substitution. 

Writing  the  cubic  expression  in  the  denomination  of  the  integrand  in  (1) 

Z-tf-fc)tf-fi)tf-&),    (2) 

we  shall  suppose  that  £3>£2>£i>  wnere  Pi2~£i-  The  variable  £  must 
lie  between  £3  and  £,,  so  that  according  to  the  supposition  made  gv  £, 
are  the  squares  of  the  radii  of  two  limiting  circles  between  which  the 

path  lies. 

18.  Integration  by  elliptic  functions.  The  integration  indicated  in  (1),  17 
can  be  carried  out  in  the  following  manner.  Writing  z  +  k  for  £  in  the  expression  for  4Z 
w  ••  obtain 

AZ  =  4(z  +  kf-8(h  +  -2a(z  +  ^  +  4(h  +  2Cy-(z  +  k)-4(h  +  2C-Cl)-Cl (1) 

Expanding  this,  and  choosing  k  so  that  the  coefficient  of  z2  is  zero,  we  find 

4Z  =  4^-3^  +  £3-4(/t  +  2£'- £,)-£,,     *=|(A+2f) (2) 

Thus  1/  has  l.een  converted  to  the  Weierstrassian  form  Az3 - ff.,z - g2 ,  with 

ffi=3k*,     !h=  -/P4-4(A  +  <r-<:.)2C. (3) 

rutting  $Hl  for  :,  and  ez  for  ;3,  we  have  in  the  usual  notation. 


^  r        dy u=  r # 

J    {*P-g*9-g$  Jr' 


Thus  -rf*«  = -^ 7, 
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so  that  we  get  for  the  integral  sought, 

-»/&~*/^ <*> 

if  we  write  -k  =  pv.     The  limits  are  the  values  of  u  when  z  =  <$u  and  -i  =  e3  respectively. 
Now  we  have  /•     rfM  1    (  o-(m-»)1 

or  taking  the  integral  between  the  limits  stated, 

f     du           1    f                  .             o-(o)3-t;)o-(2i  +  r)'|  /~v 

-  =-7-i  2  ( w, -u)(v  + log— ±— a — £— * (y (6) 

The  value  of  l/p'v  can  be  calculated  by  the  equation 

-pv=(4tf*v-g2pv-g3)i (7) 

These  problems  are  of  some  interest  in  the  theory  of  rotation,  but  they  are  not  direct 
examples  of  gyrostatic  action.  Further  particulars  will  be  found  in  Greenhill,  R.G.T., 
pp.  78,  193. 


CHAPTER  XXIII 

EXAMPLES    OF    GYROSTATIC    ACTION    AND   ROTATIONAL    MOTION 

1.  A  gyrOSCOpe  mounted  on  the  earth.  A  gyroscope  is  mounted  on  the 
earth  so  that  the  axis  of  the  flywheel  is  constrained  to  remain  in  a  plane  fixed  in  the 
earth.     It  is  required  to  find  the  motion. 

Referring  to  Fig.  12,  we  take  OEC  as  the  plane  in  which  the  axis  is  free  to  move,  and 
O:  as  the  projection  on  that  plane  of  the  earth's  axis  of  rotation.  The  axis  OD  is  at  right 
angles  to  the  axes  OE  and  OC.  If  the  angle  between  the  axis  of  rotation  of  the  earth 
and  Oz  be  a,  and  w  be  the  earth's  angular  speed,  the  components  about  Oz  and  OD  are 
<o  cos  a  and  wsina  respectively.  We  denote  the  angle  COs  by  x-  The  angular  speed 
about  OC  due  to  the  rotation  of  the  earth  is  thus  w  cos  \  cos  a,  and  that  of  the  wdieel  of 
the  gyroscope  is  c£  +  w  cos  x  cos  a  {  =  n,  say).  The  angular  speed  about  OE  is  wsin  xcosa. 
It  is  supposed  that  the  system  has  no  gravitational  stability. 

The   rate  of  production  of   a.m.  about  OD  is  made  up  of  Ax  due   to   acceleration, 

I      •»sin\cosa  due  to  the  turning  of  OC  (with  its  associated  a.m.  On)  about  OE  with 

angular  speed  wsin  xcosa,  anfl  _  Xur  cos2  a  sin  x  cos  x  due  to  the  turning  of  OE  (with  the 

■  •iuted  a.m.,  Aw  sin  x  cos  a),  with  angular  speed  w  cos  \  cos  a  about  OC.     Thus  we  get 

A'x  +  (Cnta  -Aw2  cos  a  cos  x)  cos  a  sin  X  =  0. 

Since  w  is  small  this  gives  small  oscillations  of  OC  about  Oz  in  the  period 

2ir(A/Cnojcosa)', 

that  is  in  the  period  of  a  simple  pendulum  of  length  ^/A/C/twcosa. 

It  will  be  noticed  that  if  a  =  0,  that  is  if  Oz  be  the  direction  of  the  earth's  axis,  the 
equilibrium  position  is  that  in  which  the  axis  OC  coincides  with  the  earths  axis.  The 
apparent  speed  of  rotation  of  the  gyrostat  is  (if  x  is  taken  an  acute  angle)  n±  w cos  x cos  o, 
according  as  the  gyrostat  axis  points  towards  the  south  or  the  north  end  of  the  earth  s 
axis.  [Quet,  Lioucille's  Journal,  1853.]  The  discussion  (loc.  cit.)  is  carried  out  by  means 
of  the  general  equations,  and  is  very  long.  The  instability  which  exists  when  the 
gyrostat  points  south  is  noticed.  It  will  be  seen  that  this  is  another  example  of  the 
instability  described  in  7,  VIII. 

To  find  the  constraining  couple  required  to  keep  the  axis  in  the  plane  fixed  in  the 
earth  we  notice  that  the  rate  of  production  of  a.m.  about  OE  due  to  the  motion,  and 
calculated  by  the  method  exemplified  above,  is  (-C«w  +  Aw2cosacos  x)sina.  This  must 
be  balanced  by  the  couple  of  constraint 

2.  -1  (/i/nism/H  with  itsa.cisofspin  a  generator  of a  cone  fixed  in  the 
earth.  In  papers  by  Quet  and  Bour  (Liouviltes  Journal,  1853  and  1863)  the  previous 
problem,  rendered  more  genera]  by  the  condition  that  the  axis  of  spin  is  constrained  to 
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remain  in  contact  as  a  generator  with  the  .surface  of  a  right  circular  cone  fixed  in  the 
earth,  is  discussed.     The  following  is  a  brief  direct  solution  from  first  principles. 

Draw  a  line  ON,  to  represent  the  earth's  axis  of  rotation,  through  the  vertex  of  the 
cone  O,  and  let  OC  be  the  position  of  the  spin-axis.     Take  a  section  of  the  cone  at  right 

angles  to  the  axis  of  the  surface.  Then  w,  the  earth's 
angular  velocity,  can  be  resolved  into  two  component-, 
one  to  cos  (3  about  the  axis  of  the  cone  (where  (3  is  the 
inclination  of  the  cone-axis  to  the  axis  of  rotation),  and 
the  other  to  sin  (3  about  an  axis  through  O  parallel  to  C'N, 
since  OC  and  C'N  are  mutually  at  right  angles. 

The  a.m.  of  the  gyrostat  about  OC  can  be  resolved 
into  two  components,  dcose  about  the  cone-axis  OC, 
and  ( '/( sin  €  about  an  axis  parallel  to  CC.  We  now 
resolve  the  angular  velocity  cosin/3,  which  has  been 
found  for  the  axis  parallel  to  C'N,  at  right  angles  to 
the  radius  CC  of  the  section  of  the  cone.  Denoting  the 
angle  CCA'  by  ^  we  get  ta  sin  (3  sin  ^.  The  rate  of 
production  of  a.m.  about  an  axis  parallel  to  CC  is  thus 
Orua sin fi sin S-.  The  wheel  will  therefore  turn  about 
an  instantaneous  axis  parallel  to  CC  with  angular 
speed  ?),  and  we  shall  have,  measuring  ?;  round  from  A' 
towards  C,  tangential  to  the  cone, 

ATJ-Cnwsin  /?sin&  —  0. 

But  if  '  denote  the  length  OC,  we  have  rr)  =  £sine.&,  and  therefore  the  equation  just 
written  hecomes  ..  gjn  o 
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A^-Cxw' 


sin  e 


sin^  =  0. 


If  we  measure  i)  and  ^  round  the  other  way,  that  is  from  A  to  C,  we  get 

A^  +  Cww-^sin^  =  0. 
sine 

The  top  will  therefore  oscillate  about  the  generator  OA  as  the  equilibrium   position. 
The  period  of  a  small  oscillation  is  therefore 

A  sine    N' 


2tt 


/    A  sine    y 

\(Jhu)  sin  13  / 


iCniasm  13  j 

It  will  be  noticed  that  if  (3  =  0,  that  is  if  the  axis  of  rotation  of  the  earth  coincides  with 
the  axis  of  the  cone,  we  have  3-  =  0,  and  the  spin-axis  moves  continuously  round  the  cone. 

The  period  found  agrees  with  that  in  Example  1. 

To  find  the  couple  constraining  the  spin-axis  to  remain  on  the  cone,  the  reader  may 
calculate  the  angular  speeds  and  momenta  about  (1)  OC,  (2)  an  axis  OE,  at  right  angles 
to  OC  in  the  plane  COC",  and  (3)  an  axis  OD  at  right  angles  to  this  plane.  The  time  rate 
of  change  of  the  a.m.  about  the  moving  axis  OD,  together  with  the  rates  of  production  of 
a.m.  about  OD,  due  to  the  motion  of  the  other  axes,  gives  the  total  rate  of  production 
of  a.m.  which  must  be  balanced  by  an  applied  couple,  if  the  spin-axis  is  to  remain  on  the 

cone. 

3.  A  gyroscope  on  <//ml><t/  rings.     Equation  of  energy.    A  gyroscope  is 

mounted  symmetrically  so  that  it  can  turn  about  an  axis  [j  fixed  diametrically  in  a 
circular  ring.  That  ring  turns  on  an  axis  I.,,  at  right  angles  to  I,,  pivoted  similarly  on 
a  second  ring.  The  second  ring  turns  about  a  diametral  axis  1:;,  at  right  angles  to  I2, 
and  fixed  in  space. 
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We  denote  deviation  of  the  plane  of  the  Brat  ring  from  planarity  with  the  Becond  by  0, 

and  the  angle  through  which  the  second  ring  has  been  turned  al I   [3  by  \p.    Thus  0 

and  v'  correspond  to  the  angles  *..  designated  in  the  theory  of  the  top,  as  set  forth 
above. 

We  denote  the  moment  of  inertia  of  tin-  flywheel  about  it-  axis  of  figure  by  C,  and 
about  a  transverse  axis  through  its  centre  by  A,  and  similarly  the  moments  of  inertia  of 
the  rings  by  < ',,  A, ,  ( '._,,  \  . 

I;  i-  easy  to  prove  thai  the  energy  equation  is 

Also  the  a.m.  about  the  axis  1 .  is 

;(A  +  C,)sin-0  +  A,cos20  +  A2}^  +  Cncos0  =  G, 

where  < !  is  constant.     Tims  we  have 

.•_ G  -  Cm  cos  0 

^  "(A  +  CJsin^  +  A^os'^  +  A,,' 

Substituting  this  value  of  \p  in  the  energy  equation,  we  obtain  the  relation 

(A  +  Ai)^+  iG-^;C?S  ^  .    =2E-CV, 

v  '  (A +C1)sin20  +  A1cos-0  +  A., 

from  which  t  ran  be  found  in  terms  of  0  by  integration. 

This  result  was  given  by  Lottuer  in  1857  [Crelle,  54,  1857].  It  was  found  however  by 
in\  estigating  the  differential  equations  of  motion  for  moving  axes,  and  from  these  finding 
a  first  integral.  It  is  instructive  to  work  out  for  two  axes  corresponding  to  OD,  OE  of  I, 
IV  above,  and  then  integrating.  OD  is  at  right  angles  to  the  vertical  plane  containing 
the  -pin-axis  OC  of  the  flywheel,  and  OE  is  in  that  plane  and  at  right  angles  to  OC. 
The  three  axes  OD,  OE,  OC  form  an  ordinary  system  of  axes. 

4.    Differential   equations  of  motion  for  example  ■>.    We  can  find  the 

differentia]  equations  of  the  last  example  for  the  axes  OC,  OE,  OD  as  follows.  A  little 
consideration  -hows  that  the  components  of  a.m.  about  these  axes  are  as  follows  : 

about  OC,  On  +  ( A,  +  A.,)  \p  cos  0, 

about  OE,  (A-t-Ao-MAJi/sintf, 

about  OD,  (A+A,)ft 

The  angular  speeds  of  the  systems  of  axes  are 

\p  cos  0  about  OC,     \p  sin  0  about  OE,     0  about  OD. 

Bence  we  obtain  by  the  method  so  often  employed  above  the  rates  of  growth  about 
these  axes;  and  we  equate  these  rates  to  zero,  since  there  are  no  applied  couples.  The 
equation-  of  motion  are  therefore  respectively 

(A1+A2)$eos0+(C1-2A1)#sin0=<V| 

(A+A2+C1)^sin0+(2A+C,)0^cos0-Cn0=O, (T) 

(A+A1)6U(A-A1+C1)^sin0coB0+C«^sin0=  i 

Multiplying  the  first  of  these  by  cos  0,  and  the  second  by  sin  6,  and  adding,  we 

A  rin80+A, 008*0+0! sin20+A8)^+2(A-Al+C1)0^siiW/ ens  ^y    C/^siu0=O.  ...(2) 

Multiplying  this  equation  by  C,  and  the  third  of  (1)  bj  0and  adding,  we  find 

\      \  )>"/  ~(A  sin20+A1co8!0+C1aina0+Aj)^'+(A-A1+CI)0V2&in0cos0==O.  ...(3) 
This  Drives  the  integral 

(A+A1)£+{(A+C1)sin20+  AI.-f.>-//-uA,.;J-  =2E-Cns (I) 

where  E  i-,  as  before,  the  total  energy. 
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Equation  (2)  can  be  integrated  at  once,  and  gives  the  constant  value  G  of  the  a.m. 
about  the  vertical. 

Thus  "we  obtain  again  tin-  nsults  already  established  for  this  arrangement  of  gyrostat 
and  rings. 

5.  A  gyroscope  in  <t  spherical  case  hung  by  n  string.    A  gyrostat  consi.-t  < 

of  a  heavy  symmetrical  flywheel  mounted  in  a  heavy  spherical  case,  and  is  suspended 
tie in  ;i  fixed  point  by  a  string  of  length  I  fixed  to  a  point  in  the  case.  The  centres  of 
gravity  "f  tin-  flywheel  and  case  are  coincident.  The  whole  revolves  in  steady  nx>ti"ii 
round  tin-  vertical  with  angular  speed  fi.     Find  the  steady  motion  equations. 

Let  a,  b  be  the  coordinates  of  the  point  of  attachment  of  the  string  to  the  case,  measured 
along  and  at  right  angles  to  the  axis  of  rotation,  a,  ft  the  inclinations  of  the  string  and 
axis  of  the  top  to  tin-  vertical,  M  the  whole  suspended  mass,  Cm  the  a.m.  of  the  flywheel 
about  its  axis,  and  A  the  moment  of  inertia  of  the  whole  about  an  axis  through  the  centre 
of  the  flywheel  at  right  angles  to  its  axis. 

We  have,  referring  to  the  motion  of  the  centre  of  gravity  of  the  whole  in  a  circle  about 
the  vertical  through  the  point  of  support,  M//tana  for  the  inward  pull  towards  tin- 
centre  exerted  by  the  cord.  But  the  radius  of  the  circle  is  I  sin  a  +a  smfi+bcoa  ft. 
Hence  equating  the  two  values  of  the  centreward  acceleration  which  we  thus  have,  we  get 

/x2(l  sin  a  +  a  sin  ft  +  b  cos  ft)=g  tan  a. 

The  \ni\l  in  the  cord  is  clearly  Mgseca.  Hence  the  total  couple  about  the  centroid 
applied  by  the  cord  is,  as  a  figure  will  show  at  once, 

M<7  sec  u{«  sin  {ft-a)  +  b  cos  (ft  -  u) }. 
This  is  equal  to  the  rate  of  production  of  a.m.  about  an  axis  through  the  centre  of  the 
flywheel  at  right  angles  to  the  vertical  plane  containing  the  axis  of  rotation.     But  we 
have  many  times  seen  that  this  is  (C«-  A/x  cos/3)/xsin  ft.     Thus  we  obtain 
(C»  -  A/a  cos  ft)  fx  sin  ft  =  Mg  sec  a  {a  sin  (ft  -  a)  +  b  cos  (ft  -  a) ; , 
and  the  motion  is  completely  determined. 

6.  A  gyrostat  suspended  hi/  a  string.  A  gyrostat  is  suspended  from  a  tixed 
point  by  a  string  of  length  a  fastened  to  a  point  P  in  the  axis  of  rotation,  and  is  in  steady 
motion  with  the  axis  horizontal.  Prove  that  if  a  be  the  angle  which  the  string  makes 
with  the  vertical,  n  the  angular  speed  of  the  flywheel,  h  the  distance  of  the  point  from 
the  centre  of  gravity  of  the  gyrostat,  M  the  mass  of  the  gyrostat,  and  C  the  moment  of 
inertia  of  the  \\  heel  about  its  axis, 

.\  re- 
tail a  =  g -—j-r,  (h  +  a  x'm  a). 

The  string  applies  a  horizontal  force  M/*2(A+asina.),  and  the  gravity  couple  is  M^A. 
Thus  iAi=M?gsh2  <'-/(-,  and  so  the  horizontal  force  applied  1>\   the  string  is 

MyA2(A+asino)  C%2. 

Tie-  ratio  of  this  to  Mg  is  tan  ... 

7.  Constraining  couple  required  for  rolling  of  a  body-cone  on  a 
space-cone*  A  uniform  solid  has  a  figure  of  revolution,  and  moves  about  a  point  bo 
that  its  motion  may  be  represented  by  the  uniform  rolling  of  a  con.-  of  Bemi- vertical  angle 
o,  and  fixed  in  the  body,  upon  an  equal  cue  fixed  in  space,  the  axis  of  the  former  being 
that  of  revolution.     Show  that  the  couple  necessary  to  maintain  the  motion  has  moment 

Wtanu  [C+(C-A)C0S  2a}, 
where  (o  is  the  resultant  angular  speed,  and  A  and  C  the  principal  moments  of  inertia 
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about  the  axia  of  revolution  and  a  transverse  axis  through  the  point,  respectively,  and 
that  the  couple  lies  in  the  plane  of  the  axes  of  the  '-<<w<^. 

The  resultant  angular  Bpeed  here  is  that  of  the  rolling  cone  about  the  generator  in 
contact  w itli  the  fixed  cone.  Hence  the  angular  Bpeed  about  the  axis  of  revolution  of  the 
body  is  ucosa,  and  we  have  On=Ca>coso.  Moreover,  the  angular  Bpeed  /'.  about  the 
axis  of  the  fixed  cone  is  to  sin  a  Bin  2a.  The  only  rate  of  production  of  a.m.  is  thai  about 
an  axis  through  the  fixed  point  at  right  angles  to  the  plane  of  the  axes  of  the  coi 
And  by  the  equations  used  frequently  above  this  rate  is 

(i      -  \n  cos  $)u  sili  ri=(  Cwcosa-  Aoj  -'".  -^r—  cos  2  a  )  (o  -. — r-  s'n  -" 
v  r         ,n  \  sin  2a  /     sin2a 

=  W-  tan  a  [C+(C  -A)  cos  2a}. 

8.  Pseudo-elliptic  case  of  the  motion  of  a  top.  A  top  moves  about  a  fixed 
point  in  its  axis  of  symmetry.  It  is  given  a  spin  (AMV//<3-)-  C  about  its  axis,  and  then 
left  t<>  itself  with  its  axis  of  figure  at  rest  inclined  at  the  angle  cos-1 (1/3*)  to  the  down- 
ward vertical.     Show  that  the  axis  will  describe  the  cone 

sin2  6  cos  2f  =  J^JL  (3i/2  +  cos  d)\ 
32.3* 

where  ^  as  usual  denotes  the  aziniuthal  angle  turned  through  about  the  vertical  [Math. 
Tripos,  I,  1894]. 
By  (1),  11  and  5,  13,  of  V  above,  with  (3  =  bn,  we  have,  if  z  refers  to  the  upward  vertical, 

dyjr_bn (:,,-:)- 

But  since  b  —  C  A,  a=2Mgh/A,  the  data  given  convert  this  equation  into 

dz  (l-22){(22  +  3^)(3i-2)^' 

It  can  be  verified  by  differentiation  that  this  gives 

2^=t»n-1[3*2-1(-s-l/3*)*(-3+3*)*(2a+3*)"*]1 

which  can  be  identified  with  the  result  stated  above. 

Note. — The  value  of  \\r  is  obtained  here  directly  in  terms  of  ordinary  functions  for  the 

•  in  which  b'-ri-:,=h:i.     Another  and  simpler  case  is  that  in  which  627i%=o,  so  that  one 

of  the  roots  of  1  -  z- -b-n-(:„-  ;)  <c  is  zero,  and  the  other  is  l/r(l.     For  a  full  discussion  of 

these  pseudo-elliptic  integrals,  see  Greenhill,  Proc.  Lond.  Math.  Soc,  25,  1894,  and  R.O.T., 

(  hap.  V.     The  case  in  the  problem  above  appears  in  §  84  of  the  L.M.S.  paper  cited. 

9.  .1  symmetrical  shell  containing  a  gyrostat  <in<l  rolling  on  a  hori- 
zontal i>ln in  .  A  symmetrical  shell  contains  a  gyrostat  the  centroid  and  axis  of  which 
coincide  with  those  of  the  shell.  The  gyrostat  has  a.m.  K  about  its  axis  of  spin.  M  is  the 
mass  of  -hell  and  gyrostat,  A  the  moment  of  inertia  of  the  two  taken  together  about  a  line 
through  the  centroid  transverse  to  the  axis,  < !  the^moment  of  inertia  of  the  shell  about  its 
axis,  a  the  distance,  measured  parallel  to  the  axi-,  of  the  point  of  contact  0  of  the  Bhell 
with  the  supporting  plane,  from  the  centroid,  b  the  distance  of  O  from  the  axis, and  H  the 
inclination  <>f  the  axis  to  the  vertical  It  is  required  to  prove  that  if  the  motion  is  Bteady 
and  the  centroid  moves  in  a  circle  of  radius  ,■  u  itli  angular  speed  I!  about  the  centre,  the 
equation  of  motion  is 

KQ  +{C(a  sin  6+c)-  Ab cos  $+Mbc{a cot  V  +  b)\ il-  -  Mgb{a  - 6 cot  #)=0. 
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We  take  axes  (1)  OD  at  right  angles  to  the  vertical  plane  containing  the  axis  of 
symmetry  and  the  point  of  contact  O,  (2)  OC"  parallel  to  the  axis  of  symmetry,  (3) 
OE  at  right  angles  to  OC  and  in  the  vertical  plane. 

Let  L  be  the  centre  of  the  circle  (radius  <>)  in  which  the  point  of  contact  O  moves  on 
the  shell.  OE  int  *i  -••■  ts  this  circle  in  a  diameter.  If  n  be  the  angular  speed  of  the  shell 
about  its  axis  the  speed  with   which  L  is  moving  in  space  is  ba  :  it  is  also  (c  +  «sin  6)  12. 

Hence  c+asmOr. 

n  = ; 12. 

b 

The  angular  speeds  of  the  axes  are  12  cos  6  about  OC  and  12  sin  6  about  OE. 

The  speed  of  the  centroid  in  the  circular  path  is  cO.     Hence  the  components  of  a.m.  are 

'-  follows  :  /,4.r/sin  f) 

a.m.  about  OC  =  C         ,  12  +  Mftcfl  +  K, 

0 

a.m.  about  OE  =  A12sin  6-Macil. 
The  rate  of  production  of  a.m.  about  OD  is  therefore 

- (AL> sin  0-Maci2)12 cos  0+  {(c c  +  asing  +  M6c)fl+K} 12 sin  d. 

The  couple  applied  by  gravity  has  moment  M<jr(asin  6-bcos  9).     Equating  this  to  the 
rate  of  growth  of  a.m.  and  reducing,  we  obtain  the  relation  stated  above. 

The  problem  here  discussed  is  a  Cambridge  Tripos  question  made  more  general  by 
restatement.  The  case  containing  the  gyrostat  was  supposed  to  be  a  prolate  ellipsoid  of 
revolution,  but  clearly  this  restriction  was  not  necessary  to  simplify  the  solution,  and  in 
fact  is  not  represented  in  the  result.  The  reader  will  be  able,  with  the  help  of  the 
equation  just  indicated  above,  to  write  down  the  complete  equation  of  motion  and  tind 
the  period  of  a  small  deviation  from  steady  motion.  It  is  only  necessary  to  add  the 
proper  acceleration  term. 

10.  -1  cylinder  rolling  on  the  circular  edge  of  one  vn<l.  a  homogeneous 
righl  circular  cylinder,  whose  altitude  is  twice  the  radius  of  the  base,  rolls  on  a  rough 
horizontal  with  its  axis  inclined  at  an  angle  of  45°  to  the  vertical.  If  n  be  the  angular 
velocity  about  the  axis,  prove  that  in  steady  motion  the  vertical  plane  through  the  axis 
turns  round  a  fixed  vertical  line  with  an  angular  speed  /x  =  30(2)-«  31.  Show  that  the 
instantaneous  axis  divides  the  axis  of  the  cylinder  in  the  ratio  31 : 29.  Prove  also  that 
the  period  27r/A  of  the  small  oscillations  about  the  steady  motion  is  given  by 

12(2)^1800, 

+     31      b~  31-      ' 

where  b  is  the  radius  of  the  base. 

We  notice  that  the  value  of  /i  is  given  by  the  last  example  if  we  put  ''  =  b,  0=45°i 
C  =  *M6S,  A=M(£o2+|o2).     The  quantity  a  sin  6-bcos  $  is  zero,  and  c  =  b[n- fx(2)}-  2}//*. 

Thus  we  find  after  reduction  r,         /  -         \ 

_„_(_  +  !  )2V  =  0, 

or  fi=- 2-/>. 

The  instantaneous  axis  passes  through  the  point  of  contact     The  angular  speed  about 

the   vertical  contributes  to  the  angular  speed    n   about    the  generator  through   that 

point    The  independent  angular  speeds  are  thus  30(2)»ti  31  about    the   vertical,  and 

[30(2)*w  31}(2)»  2,  or  n  31,  about   the  generator.    Thus  we  have  the  two  rectangular 

components, about  the  vertical  and  horizontal,  respectively, 

f30i  11  ,      1    2* 
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Hence,  if  </>  be  tln>  angle  which  the  instantaneous  axis  makes  with  the  horizontal,  we 
have  tun</>  61.  It'  <>  be  the  origin,  I  he  equation  of  the  instantaneous  axis  is  y  61a?, 
and  thai  of  the  axis  of  the  cylinder  is 

a+6(2)*=y. 
These  lines  intersect  in  the  point 

60°'      ^"GO-       ■ 

Eence,  since  y    61(2)"6/60,  the  portion  of  the  axis,  intercepted  between  the  point  of  inter 
section  of  the  axis  of  the  cylinder  produced  with  the  horizontal  plane,  is  y(2)*= 616/30. 
Bui  //(-)-  -6=316/30.    The  point  x,y  thug  divides  the  axial  length  of  the  cylinder  into 
the  two  segments  of  lengths  316/30,  '2Uh  30  respectively. 
The  las!  part  Is  left  as  an  exercise  in  finding  tin mplete  equation  of  motion. 

11.  A   hollow  cone  revolving  about  a  vertical  generator :   mot  ion  of  a 

Sphere  On  the  surface.  A  hollow  cone  rotates  with  uniform  angular  speed  Q  aln.nl 
a  vertical  generator.  A  sphere  is  in  contact  with  the  diametrically  opposite  generator 
and  spins  about  the  common  normal  with  angular  speed  <o,  and  is  prevented  by  friction 
from  slipping  down.  If  a  be  the  radius  of  the  sphere,  E  the  distance  of  the  point  of 
contacl  from  the  vertex,  h  the  radius  of  gyration  of  the  sphere  about  a  diameter,  and  a 
the  anude  of  the  cone,  show  that  the  point  of  contact  will  remain  at  rest  on  the  sphere 

and  on  the  cone,  if  /      «2\  aR_.  qa 

w  =  l  1  +jt,  liZ  sin  «--nr  "  sin  atana  +  r^. 

( lonsider  axes  OD,  OC',  OG,  at  right  angles  to  the  diametral  plane  of  the  cone  through 
the  point  of  contact  O,  along  the  generator  through  that  point,  and  along  tlie  diameter 
of  the  sphere,  respectively.  If  the  angular  speed  <->  is  such  that  the  rate  of  production 
of  a.m.  about  OD  is  equal  to  the  moment  M^acosa  about  that  axis,  the  sphere  can  rest 
in  relative  equilibrium. 

The  angular  speeds  of  the  axes,  about  an  axis  through  the  centroid  parallel  to  the 
generator  in  contact,  and  about  OG,  respectively,  are  ficosa  and  12  sin  a.  The  speed  of 
the  centroid  is  (Rsina-acosa)S2.      The  a.m.  about  OC  is  therefore 

Mk-il  cos  a  -  M (R  sin  a  -  a  cos  a)ai2, 

and  that  about  OG  is  MFw.     The  rate  of  production  of  a.m.  about  OD,  computed  by 

1  he  usual  rule,  is 

-M£-12-  sin  a  cos  a+M(Rsin  a  —  a  cos  a)  aflz  sin  a  +  Mk'-o)£l  cos  a. 

Equating  this  to  the  gravity  couple  and  solving  for  co,  we  get  the  equation  stated  above. 

If  the  >pin  tu  about  the  axis  OG  is  too  great  to  give  the  balance  here  considered,  the 
sphere  will  roll  upwards  or  downwards  along  the  generator.  Consideration  of  the  signs 
of  the  quantities  concerned  shows  that  if  12  be  in  the  counter-clock  direction  about  the 

upward  vertical,  and  to  be  also  in  the  counter-clock  direction  to  an  observer  looking  fr 

beyond  G,  the  sphere  will  roll  upwards  if  w  be  too  great. 

12.  A    horizontal  circular  dish  turning   about   its  cuds  of  figure: 

motion  of  a  sphere  On  the  Surface.  A  circular  disk  capable  of  motion  about  a 
vertical  axis  through  its  centre  perpendicular  to  its  plane  is  set  in  motion  with  angular 
speed  Q.  A  uniform  sphere  is  placed  on  the  disk  so  as  to  touch  at  an  eccentric  point  : 
prove  that,  if  there  is  mi  slipping,  the  sphere  will  describe  a  circle  on  the  disk,  and  that 
the  disk  will  revolve  with  angular  speed  7M£a$2/(7M£s+2mr2),  where  Ml-  is  the  moment 
of  inertia  of  the  disk  about    the  centre,  m  the  mass  of  the  sphere,  and  r  the  radius  of  the 

circle  traced  on  the  disk  by  the  point  of  contact 

2k 
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It  is  obvious  that  the  sphere  will  trace  out  a  circle  about  the  centre  of  the  disk.  For 
the  friction  between  it  and  the  disk  will  set  it  impulsively  in  motion  in  a  plane  at  right 
angles  to  the  radius  through  the  point  of  initial  contact,  and  will  further  constrain  it  to 
revolve  in  a  plane  at  right  angles  to  each  successive  radius  of  the  disk  with  which  it 
comes  into  contact. 

Let  P  be  the  impulse  initially  applied  to  the  sphere  by  the  disk.     Then  we  have  by  the 

reaction  on  the  disk  Pr=MF(fl-oi') (1) 

where  w'  is  the  angular  speed  of  the  disk  after  the  impulse  has  acted. 

Also,  transferring  P  to  the  centre  of  the  sphere,  we  have 

mv  =  T,  (2) 

where  v  is  the  speed  of  the  centre  of  the  sphere  in  the  direction  of  motion  of  the  disk. 
Hence  »w  =  MF(fi-w') (3) 

Again,  we  have  for  the  angular  sj^eed  w  of  rotation  of  the  sphere 

«P  =  ?ma2w,  (4) 

and  clearly  v  =  n»'  -«w,  so  that  by  (3) 

»i/-V-wraw  =  M/f2(i2-w') (5) 

Now  (4)  gives  w  =  P/f  ?««,  and  by  (1 )  this  is  MF(S2  -  <i>')l%mar.     This  value  of  o>  substituted 

in  (5)  gives  mrV-  |MF(J2  -  a/)  =  M£2(ft  -  w'), 

M'  =  -     7MF       n, (6) 

7MF  + 27717-2      '  v 

which  was  to  be  proved. 

13.  A  sphere  rolling  on  a  vertical  plane  which  turns  about  a  vertical 
axis.  A  sphere  rolls  without  sliding  on  ;i  vertical  plane  which  revolves  with  constant 
angular  speed  n  about  a  vertical  line  in  itself  :  to  find  the  motion  of  the  sphere. 

Take  an  origin  0  on  the  vertical  axis  of  rotation,  an  axis  Ox  horizontal  and  fixed  in  the 
revolving  plane,  an  axis  ()//  drawn  outwards  from  the  plane  on  the  side  on  which  the 
sphere  is  situated,  and  an  axis  Oz  downward.  Denote  the  radius  of  the  sphere  by  a,  and 
the  angular  speeds  about  axes  through  the  centre  of  the  sphere  parallel  to  the  axes 
specified  by  wx,  a>y,  a>„.  Since  there  is  no  sliding,  we  get  by  considering  as  usual  the 
growth  of  the  components  of  the  vector  of  a.m., 

(F  +  a2)o)x  - n&aiy^ g« ,     w,  +  imx  =  0,     Fw.  +  a{vn  -  ii)  =  0, ( 1 ) 

with,  foi'  the  velocities  in  the  instantaneous  directions  of  Ox  and  Oz, 

u  —  ±-an,     awx=w (2) 

The  first  equation  can,  by  the  second  of  (2),  be  written 

(l°-  +  a*)--nPw!,=ga (3) 

Differentiating  this  and  using  the  second  of  (1)  in  the  result,  we  obtain 

«'  +  m  2  iv  =  0,   ( 4 ) 

where  77i2  =  n2k'2/(k2  +  a2). 

From  (3)  we  find  by  integration         w  =  A  sin  nit,  (■rj) 

if  the.  time  be  reckoned  from  an  instant  at  which  the  vertical  motion  of  the  sphere  is  zero. 

Integrating  again  with  respect  to  the  time,  we  have,  since  A  is  a  constant, 

z=  I  wdt=—ll  -cosmO- 

Thus  the  vertical  motion  is  oscillatory,  and  the  sphere  rises  and  falls  on  the  vertical 
plane  in  simple  harmonic  motion, 
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Substitution  of W [obtained  from  (•">)]  in  (3) gives,  since  <ij„  =  0  initially,  A      i in'-  ///■(/-  +  " 

'l'h  iis  aa 

„-.     ,,     (I  -oosiiiO (6) 

For  a  uniform  sphere  /'-'-   '-/'-'.  and  therefore  in  thai  case 

^./|1       COS(?7lS)ty (7) 

The  utmost  distance  this  sphere  can  descend  from  the  position  of  relative  res!  is  therefore 

It  will  be  observed,  from  (3),  that  it  is  the  turning  about  the  axis  parallel  to  Oy,  the 
spin,  that  is. ..('  the  spline  on  the  turning  plane,  which  prevents  continuous  motion  of  the 
sphere  downward.  This  spin,  by  the  second  of  (1 ),  grows  up  at  rate  n<aa .  The  gravity 
couple  is  occupied,  in  decree  varying  from  zero  to  the  whole  value,  in  turning  the  axis 
oi  spin  ( >v  round  in  azimuth. 

Example  1 1  is  another  illustration  of  this  effect  of  spin. 

14.  The  vertical  plane  of  last  example,  turning  also  about  a  normal 
axis.  The  vertical  plane  of  last  example  revolves  with  angular  speed  n  as  stated,  and 
also  spins  with  angular  speed  fi  about  a  normal,  intersecting  in  a  point  O  the  vertical 
axis  about  which  the  plane  turns.     Prove  that  the  position  of  the  centre  of  the  sphere  at 

any  time  t  will  be  determined  by  the  equations 

7;  +  2n(.r  +  «'-.<■)  +  2//-;  =  0, 
7.r--2fiz-5n2x  =  0, 
where  x  and  :  have  the  meanings  stated  in  the  preceding  example  [Routh,  Adv.  Rigid 
Dynamics,  6th  edn.,  p.  208]. 
The  equations  of  motion  of  the  centre  of  the  sphere  are 

u  =  x  —  an,       v=xn,     w=z,   \  /u 

with  .'•-- fiz - lo.a,     i  =  —  fix  +  <j)xx  i  ' 

it  -  vn  =  .''•  -  .'Vi2  =  F,     v  +  un  =  2.ra  -  an2  =* R,  \  iq\ 

w  =  -  fix  +  ioxa  =g  +  F'  ;  J 

with  the  rotational  equations 

k?(<bx  —  n<oy)=  —  F'a,     tb!/  +  nu)x  =  0,     k2ib.  =  Fa (3) 

From  the  third  of  (2)  and  the  first  of  (3),  eliminating  F'  and  differentiating,  we  get 

-  afu-  +  ( /-  +  a")  wx  +  /c-n'Vt  =  0 ( 4 ) 

1'iut  we  have  //'•■=  —  [ix+Wjfit,,  so  that 

tr+ijuv       ..        ib  +  fix 

U)x  — ,      wx= '- — . 

a     '  a 

Thus,  since  o-  =  l  and  va='z,  we  obtain,  after  a  little  reduction  and  putting  X-  =  V"-,  instead 

of  (4),  7"£  +  :V-':  +  2/x(.>1  + /<-..•)  =  0,  (.-,) 

which  is  the  first  of  the  two  equations  stated  above. 

We  have  also,  by  the  second  of  (2)  and  the  third  of  (-'5),  with  the  relation  ao>l  =  fU  -xt 

a(*-.m2)+^— ^=0, 

that  is  7< ■•-;"i,/-..--2/Mi  =  0,   (6) 

the  other  equation. 

The  sphere  is  set   into  rotation   impulsively  at   the  beginning  of  the  motion.    The 
components  ol  rotation  have  initial  values 

w'  =  7    a  '     "      7    5     " (,) 

O.G.  2K2 


516  GYROSTATICS  chap. 

For  tli«'  Burface  in  contact  is  suddenly  started  in  one  case  with  speed  />ur0,  and  the  centre 
of  oscillation  which  is  at  distance  i"  from  the  point  of  contact  is  instantaneously  at  rest- 
Similarly  the  other  case  is  dealt  with.  Besides  the  rotation  due  to  the  impulse,  wz  con- 
tains also  the  angular  speed  n.     Hence,  from  the  equations 

-,,      -  /'■'',,  +  o>x«,     ■''„  =  /*-r„  -  o):a, 
we  obtain  for  the  initial  values  of  ',  :, 

7:„  +  ^//..'„  =  0,     7#o+7a«-2/i30=0 (8) 

15.  A  rigid  body  turning  about  a  principal  axis,  while  another 
principal  axis  lies  in  a  plane  through  the  former  and  a  fixed  line. 
<».\.  <>!;,  <  K '  are  the  principal  axes  of  a  rigid  body  which  is  in  motion  about  a  fixed 
point  O.  The  axis  OC  has  a  constant  inclination  0  to  a  line  OZ  fixed  in  space,  and 
revolves  with  uniform  angular  speed  \i  round  it,  and  the  axis  OA  always  lies  in  the  plane 
ZOO  Prove  that  the  constraining  couple  has  its  axis  along  OB,  that  its  moment  is 
(A-  ( ')/'.'-'  sin  0cos  0  [Routh,  Adv.  Rigid  Dynamics,  6th  ed.,  p.  208} 

A  diagram  for  this  is  furnished  by  Fig.  4,  p.  I*  above,  if  OA  is  put  for  OE,  OB  for  OD, 
and  ( )< '  is  retained  as  shown.  The  angular  speeds  about  OA  and  OC  are  /xsin  0,  it  cos  0, 
and  the  a.m.  A/i sin  0,  A//cos0,  respectively.  In  consequence  of  the  motion  of  the  axes 
there  is  a  steady  rate  —  A/xsin  0. /jl  cos  0  +  C/jl  cos  0.  it  sin  0  =  —(A  —  C)/x2sin  0cos  0  of 
growth  of  a.m.  about  OB.  This  must  be  balanced  by  a  constraining  couple  L,  since  the 
a.m.  about  OB  must  remain  zero.     Hence  we  have 

L-(A-C)fi2sin0cos0=O. 

16.  A   heavy  flywheel  with  added  eccentric  weight  carried  round  in 

Uniform   precession.     A  heavy  flywheel-is  pivoted  at  the  extremities  of  a  horizontal 

diameter  AOB,  and  this  diameter  is  carried  round  a  vertical  axis  through  its  centre  0 
with  uniform  angular  speed  /z.  At  a  point  P  at  distance  a  from  the  centre  on  a  diameter 
at  right  angles  to  AB  an  additional  weight  ic'is  attached.     Find  the  equation  of  motion. 

Take  as  axes  OA,  OP  and  the  axis  OC  of  the  wheel  drawn  from  0  on  the  other  side  of 
the  vertical  from  OP.  If  0  be  the  angle  of  inclination  of  OC  to  the  upward  vertical. 
the  angular  speeds  about  OP  and  OC  are  /xsin  6  and  //  cos  0,  while  the  a.m.  are  A/tsin  0 
and  (C+wa2)i*cos  6.     The  total  rate  of  growth  of  a.m.  about  OA  is  therefore 

( A  +  waP)  6+ (C  +  /'-a2  -  A )  n-  sin  0  cos  0, 
and  the  moment  of  applied  force  is  wgasmd.     The  equation  of  motion  is  therefore 
(A  +  wa-)0  +  (C  +  wa--  A)//-sin  0cos0-  wgasm  #  =  0. 

The  equal  im  i  of tion  for  OP  is  found  in  like  manner.    The  a.m.  about  <  >A  is(A+  wa 

and  the  rate  of  production  of  a.m.  about  OP  is 

A  |  (/x  sin  0)  -  (C  +  wa?)n  cos  0 .  0  +  ( A  +  wo?)  0 .  ti  cos  0. 

Hem-e,  since  there  is  no  couple  about  OP,  the  equation  of  motion  is 

A  /J.  sin  $-  (C-  2A)  0ll  cos  0  =  0. 

17.  A    (o/>  canst  rained  by  two  vertical  planes  parallel  fa  the  axis. 

A  top  i>  set  in  rapid  rot  at  ion  and  is  placed  on  a  frictionless  horizontal  plane  with  its  axis 
inclined  al  an  angle  0O  to  the  vertical,  and  is  constrained  by  two  smooth  planes  parallel 
to  the  angle  0O,  so  that  its  axis  must  remain  in  that  plane.     Prove  that  the  top  must  fill. 

No  a. tii f  tin-  constraining  planes  ran  alter  the  energy  of  rotation,  or  the  angular 

Bpeed  0,  If  0=0  when  0=0„aml  A  be  the  moment  of  inertia  of  the  top  about  a  hori- 
zontal axis  through  its  centroid,  we  have  the  energy  equation 

|(A+MA28in20)#=MgrA(cos0o-co8  0) (1) 

The  Left-hand  side  is  positive,  so  o  must  be  greater  than  0O. 
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This  result  will  be  clearer  perhaps  if  the  equation  of  motion  for  the  axis  OD  is  con- 
sidered.   The  usual  equation  is 

A.0+(Oh     A./*  cos  &)fi  sine     %Asin0 (2) 

Bui  by  the  constraining  planes  /<  is  made  and  kept  /.ere.    The  equal  ion  is  therefore 

Ad=Mghsind,   (3) 

so  that  angular  speed  6  grows  up  and  the  t < »p  falls. 
The  constraining  couple  which  added  on  the  right  of  2  gives  (3)  is  thus 

(Cm  -  A/x  cos  6)  fx.  si  n  0, 
and  arts  about  OD.     It  is  equal  and  opposite  to  the  gyrostatic  couple. 

[It  is  important  to  remember  that  any  constraint  must  affect  the  stability  of  a  top  or 
gyrostat  Conclusions,  for  instance,  derived  from  the  behaviour  of  a  top  mounted  on  a 
tray,  as  in  7.  VII,  where  a  certain  diameter  of  the  flywheel  is  constrained  to  remain 
horizontal,  cannot  l>e  regarded  as  necessarily  holding  for  a  top  perfectly  free  to  precess.] 

18.  Stability  of  a  ring  of  in' re  spinning  on  the  top  of  a  sphere.  A  ring 
of  wire  of  radius  c  rests  on  the  top  of  a  smooth  fixed  sphere  of  radius  a,  and  is  set  rotating 
about  the  vertical  diameter  of  the  sphere  with  angular  speed  n.  Prove  that  the  motion 
is  unstable  if  n?c*<2g(2a2-ciXa2-<?fi[Math.  Tripos,  1885]. 

Since  the  ring  moves  on  the  surface  of  the  sphere  it  may  be  regarded  as  a  top  turning 
al" 'Ut  the  centre  of  the  sphere.  It  is  proved  in  17,  II,  that  the  top  is  unstable  unless  the 
inequality  CV-'>  LA%Acos0 

is  fulfilled.     In  the  present  case  we  have 

0  =  0,     C-Mc2,    A  =  iMc2  +  M(a2-c2),    A  =  («2-c2)'. 
Hence  we  obtain  the  result  stated. 

19.  -I  gyrostat  sliding  freely  between  tiro  rods  the  plane  of  u-Jiieli 
revolves.  Two  intersecting  rods  are  at  right  angles  to  one  another.  One  is  placed 
vertical,  the  other  can  turn  in  a  horizontal  plane  about  the  lower  end  of  the  first.  The 
ends  of  the  axis  of  a  gyrostat  slide  freely  on  these  rods,  and  the  axis  (of  length  -2a)  is 
initially  inclined  at  an  angle  60  to  the  vertical,  when  also  the  horizontal  rod  is  turning 
with  angular  speed  y',,.  If  at  time  t  the  inclination  of  the  axis  to  the  vertical  be  8,  and 
the  azimuthal  speed  \p,  prove  that 

(M<i-  +  A)(xl>sin°-d-ip<>smo-e0)  +  Cn(cosd-cosdl))  =  0, 
(Ma- +  A)  6 + {Cn  -  (Ma- +  A)if  cos  6\ ip  sin  0-Mga  sin  0  =  0, 
where  M  is  the  mass  of  the  gyrostat  and  ( '  and  A  are  its  principal  moments  of  inertia  for 
axes  through  the  centroid.     [The  moment  of  inertia  of  the  case  about  the  axis  of  symnietrj 
is  neglected,  and  the  gyrostat  is  supposed  to  be  midway  between  the  ends  of  the  axis.] 

Tie-  first  equation  is  clearly  of  constancy  >f  a.m.  about  the  vertical  through  the  point  of 
contact,  and  requires  no  proof. 

Tic-  second  equation  is  that  which  is  at  once  obtained  when  the  motion  is  referred  t" 
axes  through  the  centroid  as  explained  in  Chapter  V. 

20.  .  I  sphere  started  spinning  about  an  axis  parallel  to  the  earth's  axis, 

and  constrained  to  Keep  the  aods  of  spin  in  the  meridian.  At  a  point  I' 
on  tic  earth's  surface  a  sphere  has  its  cent  re  fixed,  and  is  spinning,  in  t  he  direct  ion  of  the 
earth's  rotation  and  relatively  i..  the  earth,  about  a  diameter  OC  with  angular  speed  <fi. 
The  axis  OC  is  constrained  to  move  only  in  the  meridian.  Show  that  if  the  sphere  he 
disturbed  the  axis  OC  will  oscillate  in  the  meridian  in  period  •!-  (</><•>)'-',  where  oj  is  the 
angular  speed  of  the  earth  about  its  axis. 
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Lei  a  small  deviation  6  of  the  diameter  OC  from  the  direction  of  the  earth's  axis  be 
imposed,  and  the  sphere  be  then  left  to  itself.  The  equation  of  motion  for  the  axis  OD, 
BO  often  used  above,  1  lecomes  for  this  case 

A&  +  (Cn  -  A/x  cos  6)fi  sin  0  =  0, 

where  /x  =  w.     But  here  also  C  =  A,  and  8  is  small,  so  that  we  have 

0+(n-<a)a>6=0, 

that  is  6+(j>(o.d  =  0. 

The  period  of  oscillation  is  therefore  2-  (</>w)-  as  stated. 

21.  A   body  supported  at   its  centroid   <ni<l  winder  the  action  of  a 

constant  con  pic.  A  body  is  supported  at  its  centre  of  inertia  and  has  an  initial 
velocity  of  rotation  12  about  an  axis  at  right  angles  to  that  of  symmetry.  A  constant 
couple  of  moment  N  is  applied  about  the  axis  of  symmetry  :  show  that  the  cone  described 
in  the  body  by  the  instantaneous  axis  has  the  equation 

_,y_fl2CC-A      z°- 

Un     *~2N      A     .r2+.r'" 
The  equations  of  motion  are 

Aa)j-(A-C)w2cu3  =  0,     Aw.,-(C- A)a>3w, -0,)  ,  j\ 

Cw3  =  N.  / 

The  third  equation  gives  Cw3=N/, (2) 

and  the  first  two  combined  <Oj2  +  oj22=12- (3) 

Also,  multiplying  the  second  equation  by  i  and  adding  to  the  first,  we  get 

A (<o,  4-  iu2)  =  (C  -  A)(ojj  +  2Wo) i  -^ , 

\*> 

that  is  ^{log(o)1+20)2)}=— ^ ^- (4) 

Hence  we  obtain  by  integration 

....   c-a;n<2 

log(w1+«tf2)=     A      "2£T, 

C-A  iW 

or  W]4-<w2  =  e  A     -c (.")) 

This  gives  tan-1    2= — -r — ■=„■ (6) 

To  find  the  equation  of  the  cone  described  by  the  instantaneous  axis  we  have  (since 
x  a)1-y/a>2=a/w3=(iBa+y2)*/S2),  so  that  N«*/2C=CfiV/8N(^+y»). 

Hence,  by  (6),  tan  IJ— j-  ^   ,,+//,, 

which  is  the  equation  of  the  cone  required. 

22.  .1  spherical  gyrostat  contained  within  a  rolling  sphere.  A  sphere 
rotates  within  a  spherical  concentric  light  shell  of  radius  a,  which  rolls  without  slipping  on 
a  horizontal  plane  about  an  axis  through  the  common  centre  :  find  t  lie  motion.     If  tf  be  the 

inclination  of  the  axis  to  the  vertical,  U)3  the  velocity  of  rotation  of  the  sphere  about 
the  axis,  and  \j,  the  angular  speed  of  the  vertical  plane  through  the  axis,  prove  that 
i/  sin-  ()  +  (,)..<•< is  0  is  constant. 

Show  that  a  state  of  steady  motion  is  possible  in  which  the  centre  of  the  sphere  describes 
a  circle  of  radius  r  with  speed  r,  while  spinning  with  angulai  speed  to,  if  the  axis  is 
inclined  to  the  vertical  at  an  angle  a  given  by  the  equation 

/■'-'sin  a  [v  COS  a—  ru))  =  rar,  (1) 
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where  i  is  the  radius  of  gyration  of  the  Bphere  about  a  diameter  [Besant,  Dynamics, 
2nd  edn.,  p.  120} 

The  reader  will  observe  thai  this  [g  a  pari  icular  case  of  the  problem  1 1  eated  in  l  i,  X  V  I 
above.  The  inertia  of  the  pontaining  shell  is  neglected,  and  the  internal  gyrostat  is  a 
sphere.  The  firsl  result  to  be  established  is  thai  the  a.m.  of  the  internal  sphere  about  the 
vertical  is  constant,  which  obviously  is  expressed  by  the  equation  stated. 

'The  result  also  as  to  the  radius  of  the  circle  in  which  the  centre  of  the  sphere  moves  in 
steady  motion  agrees  with  (7),  1  I,  XVI,  when  properly  modified.  We  give  here  a  solution 
of  this  simplified  problem  from  first  principles. 

We  obtain  by  the  process  set  forth  in  16,  XVI,  the  complete  equation  (2) of  that  article, 
which,  since  we  may  put  K  =  £'-'w,  A  =  /■'-',  we  can  wi  ite 

(k-  +  <>-)6  +  (l--o>  +  a-n)4sm6-(l-'  +  a°-)frsindcose  =  0.  ... (2) 

1".  i  steady  met  inn,  putting  p.  for  \f/,  and  a  for  6,  we  get  from  this  the  relation 

/■'-'w  4-  <>'-')  =  (/•'-'  +  o'2)/JL  cos  a : (3) 

-t,   .  ii  '•  an  sin  a 

But  n  =  <■  r,  and  we  nave 


r     r-Msinacosa 
Eliminating  n  and  fi  from  the  steady  motion  equation  (3),  we  obtain  equation  (1). 

23.    The  ordinary  'problem  of  a  rapid/;/  spinning  top.     The  angular  Bpeed 
of  a  top  is  communicated  to  it  by  unwinding  rapidly  a  string  from  the  axis  when  the 

j^lination  of  the  axis  to  the  vertical  is  $0  :  prove  that  if  the  angular  speed  is  great  the 
inclination  6  at  any  time  t,  reckoned  from  the  starting  of  the  top,  is  given  by 

0=0o+rsin  0OO  -  cos  pt), 

and  the  azimuthal  angular  deflection  at  time  t  by 

yjr=[it— rsinpt, 
where  r=Ap?  M<//<  and />  =  ('/*  A. 

Hence  show  that  the  axis  describes  very  nearly  a  right  cone  round  its  position  in  the 
steady  motion,  in  the  same  direction  as  the  axis  rotates. 

Find  also  the  forces  applied  to  the  apex  (the  peg)  of  the  top  :  also  find  the  arc  described 
in  a  half-period  by  the  centroid. 

The  first  two  paragraphs  of  this  example  are  fully  dealt  with  in  14,  V  above,  and  a  more 
exact  discussion  is  given  in  1  ...3,  VI. 

The  last  part  is  dealt  with  in  substance  in  (3),  1,  V.     The  forces  there  denoted  by  V 
and  Z  come  out  in  the  present  case  as 

Y  =  -  M/t { 0  cos  6-(&-  +  /I-) sin  6\ 

=  -  M/<  .  rp-  sin  9  cos  9  cospt  -  r-p-  sin2  9  sin3  pt  -  sin  9      'f  .,'    -, 
Z     M</     M/< rp-: si n'2  9 (cos ^  +  /-cos  9sin'-pt). 

As  regards  the  surface  described  by  the  axis  ..f  the  top,  we  may  add  that  the  angular 
deviations  from  the  steady  motion  at  time  t  are  — rsin0cos^?4  and  —  ranpt,  the  former 
in  the  vertical  plane  through  the  axis  of  the  t<>p,  the  latter  about  the  vertical.  Thus,  if  h 
be  the  distance  of  the  upper  extremity  of  the  axis  from  the  apex,  the  linear  displacement 
are  -hrainOcoapt  and  -  hr  sin  6  em  pt  respectively.  Squaring  these,  we  L,ret  for  the  re- 
sultant -A/- si  n  0,  which  i-  independent  of  t.  The  amplitude  r  is  very  small,  and  therefore 
zis  describes  a  cone  as  stated.     It  is  easy  to  verify  thai  the  direction  is  that  specific 

The  arc  described  in  any  time  dt  is,  if  a  be  the  steady  motion  value  of  9, 

h  sin  a  (/*'-'  -  2jipr  cos  pt  +p-r'-)-  dt, 
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which,  since  r  =  Ap2lMgh,  p  =  Cn/A,  reduces  to  2hsin  asm  kpt.dt.     Hence 

Arc  described  |      .    ,    .       fnlp  .    ,    ,     ,.      ,4  . 

•  r.    -i     \  =  2uhsma\      sin  *pt.  dt  =  V—  sin  a. 
as  specified    )  J0  p 

The  arc  described  in  time  jr/p  in  the  steady  motion  is  cleanly  7rphs'ma/p.     Hence  the 

vibration  increases  the  distance  in  the  ratio  4tjir, 

24.  The  arc  described  by  a  point  on  the  axis  of  a  rapidly  spinning  top. 
A  symmetrical  top  is  set  in  motion  on  a  horizontal  plane  with  an  angular  speed  n  about 
its  axis  of  figure,  which  is  initially  inclined  to  the  vertical  at  an  angle  a.  Prove  that 
between  the  greatest  approach  to  and  recess  from  the  vertical  the  centroid  describes  an 
arc  h(3,  where  (p  _  Cos  a)  tan  (3  =  sin  a    and    p  =  C2n2/4AMg/t. 

In  the  notation  explained  in  10,  V,  but  with  a  and  (3'  for  the  a  and  (3  there  used,  we 
get  from  the  equation  of  energy 

02  +  f2sin26>  =  a'-acosc?. 
But  if  x  he  the  rate  at  which  the  axis  of  the  top  is  changing  direction,  we  have 

x  =  (02+ ft  sin2  0)*=(a'  -  a  cos  $)K 
By  the  equation  of  constancy  of  a.m.  about  the  vertical  we  eliminate  \p-  sin2  6,  and  get 

sin  u 
Eliminating  dt  between  the  two  last  equations,  we  find,  after  a  little  reduction  based  on 
the  initial  values  0  =  u,  0  =  i/  =  O,  which  lead  to  a'  =  «cosa,  /3'  =  6?«cosa, 

sin0c?0 

<*X~ " 5' 

(sin-  $  +  2p  cos  6-2p  cos  a)2 

where  2p  =  bhi-ja.     If  we  write  x-  =  (p-  cos  Of  and  c-  =  1  -  2p  cos  a  +  p\  we  get 

"X=  ~~ V 

Thus  j8=    sin-1- 

u  c'-Je=o 

r,     i          -i           «>-cosa 
that  is  /y  =  ^7r-sin-1 *—      .. 

(1  -  2p  cos  a  +p2)i 

ml   .     ,  ,         .  n  » —  COS  ft 

This  last  result  gives    cos/s  = *—  — =_, 

(1  -2pcosa+p2)* 

and  therefore  tan  (3  = , 

p  -  cos  a 

or  (p  —  cos  a)  tan  /:>  =  sin  a, 

tlic  relation  stated  in  the  problem. 

25.  J  /oy>  supported  on  a  horizontal  'plane  without  friction,  if  the 
top  he  supported  on  a  plane  which  offers  do  resistance  to  the  horizontal  displacement  of 
the  point  <>,  and  if  no  horizontal  force  act  on  it,  its  centroid  will  continue  in  its  united 
3tate  of  resl  or  uniform  motion.     This  ease  of  motion  may  be  discussed  by  means  of  the 

equations  set  forth  in  1,  V.    [See  also  27,  X  I  X.] 

We  take  axes  ( J I ),  ( I  E,  ( '< '  drawn  from  ( I  the  eentroid  in  the  directions  so  many  times 
specified  above.  If  I'  be  the  vertical  reaction  of  the  plane  on  the  point  0  of  the  top, 
we  have  A0+(C»-Af  cos0)v£sin0=FAsin0 0) 

The  speed  of  G  vertically  down  wards  is  hdaiu  0,  and  therefore 

M^(A0Bin0)=Mflr-F, 

or  F  =  M;/-M/<(sin  0.  0+COS0.  0*) (2) 
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Thia  value  of  IT  substituted  in  (1)  gives 

( A  +  yu-s\n-fi)ti  f  MA-siM  0cos  6.  £+(On  -  A  J  cos  t>)4  sin  d=Mgh  sin  $ (3) 

The  equation  of  a.m.  about  the  vertical  has  the  usual  form 

<  Vcos0+A^sin20  =  G,  (I) 

where  a  is  a  constant. 

The  kinetic  energy  in  the  present  ease  is 

${MA?sina0.0VA(0V^sin20)+C»3}, 
and  the  potential  energy  is  >!<//<  cos  0,  so  that  we  have 

(A+MA"sins0)6i2+A^2sin20+O»a+2M^Acos0=2E (5) 

I      is  constant,  and  we  can  write  by  (4), 

^  =  (G-Cncos0)/Asin-0. 
Thus  the  equation  of  energy  can  be  written 

( A  +  MA-'  sin-  0) 6'2  + (G  ^^  6y +  (-',,-  +  2Mgh  cos  0  =  2E (6) 

The  second  term  on  the  left  of  (6)  can  be  put  into  different  forms  convenient  for 
calculation  [see  4  and  19,  XII].     Another  form  of  (6)  which  is  of  practical  importance  is 

A  lA  +  M/<-(l  -:-)!:-'=  -(G  -Cnz)-  +  2A(c-Mghz)(\  -:-'),  (7) 

where  ;  =  cos0  and  2c  =  2E-Cft2,  so  that  c  is  the  whole  energy  of  the  top,  minus  the 
energy  of  spin. 

26.  Motion  relative  to  the  earth.  Considering  the  earth  as  a  rotating  body 
with  its  centroid  at  rest  in  space,  find  the  equations  of  motion  of  a  particle  with  reference 
to  axes  Oar,  Oy,  Oz  drawn  from  the  centroid  parallel  to  the  horizontally  southward,  the 
eastward,  and  the  vertically  upward  directions  at  a  point  P0  on  the  surface. 

The  coordinates  of  P0  are  thus  0,  0,  a,  where  a  is  the  vertical  distance  of  Pn  from  O, 
approximately  the  earth's  radius  at  the  point.     Let  the  direction  of  the  gravitational  force 
<;.  on  unit  mass  at  P0,  make  a  small  angle  0  with  the  vertical.     Tlie  components  of  G  at 
1'   are  Gcos(.J,-  +  0)  along  0.<-,  zero  along  Oy,  and  G  cos  0  along  Oz.     The  angular  speeds 
about  the  axes  are  «cos  A,  0,  ?tsin  A,  if  n  be  the  angular  speed  of  rotation  of  the  earth,  and 
A  the  geographical  latitude.     The  coordinates  of  any  other  point  P  with  reference  to  these 
axes  are  a?,y,  :.  and  the  components  of  force  there  are  X  +  G  cos  (^77  +  0),  V,  Z  —  Gcos03 
where  X,  Y,  Z  are  due  to  the  constraint  imposed  {eg.  in  the  case  of  a  pendulum  by  the 
sponsion  cord).     If  there  are  any  other  forces  besides  these  and  the  components  of 
gravity,  they  may  be  denoted  by  X',  Y',  Z'.     The  equations  of  motion  are 
./•-  2i'i)  sin  X  +  k-  sin  A(;cos  A-.'sin  A)  =  X  +  X-G  sin  0, 
i/  +  -2i>.;  sin  X--2/':.  cos  A  -  n-y  =  Y  +  Y', 

.  -  2ny  cos  A  -  n2  cos  A  (:  cos  A  - X  sin  A)=  Z  +  Z'  -  G  cos  '/. 

Tli-'  reader  will  note  the  terms  in  x,  it.  I.  which  ari'  in  form  gyrostatic  terms,  arising  from 
the  motion  •  .('  the  earth.  If  the  equation  of  relative  energy  is  formed  these  terms 
disappear. 

If,  a-  i-  lt'-ih  rally  convenient,  the  axes  be  taken  in  the  directions  specified,  but  from  P 
a-  origin,  it  is  only  necessary  to  substitute  \  -a  for  i  in  these  equations,  and  to  add,  on 
the  right,  components  of  force  equal  and  opposite  to  those  required  to  give  the  acceleration 
/,-',/  cos  A  of  a  particle  at  I'  towards  the  earth's  axis  of  rotation. 

27.  Theory  of  WoucauWs  pendulum  experiment.     Apply  the  equations  of 

si  example  to  a  simple  pendulum  suspended  from  PM.  ami  executing  small  oscillations 
under  gravity. 


522  GYROSTATICS  chap. 

Change  the  origin  to  P0,  as  explained  in  the  last  example,  and  then  neglect  terms  in 
/<-.',  a-//,  n-z.     Then,  if  F  be  the  pull  applied  by  the  thread  to  the  bob, 

X  =  -  F.r  I,     Y=  -  l>  I,     Z  =  -  Yzjl  =  F. 

These  are  the  only  applied  f«>i .-.  -  U;sides  those  due  to  gravity. 

Verify  thai  the  third  equation  gives  -F  =  Gcos0=£r,  nearly,  where  g  is  the  apparent 
force  <>f  gravity  on  unit  mass. 

Verify  also  that  if  oj  be  written  for  n  sin  A.  and  G  sin  0  be  neglected,  the  first  two 

equations  of  motion  are  (l  a 

:<■  -  -2i„ii  +  p  =  0,    y  +  ■2o).;+!j y =o. 

Show  that  these  equations  are  satisfied  to  terms  involving  u2  by 

x=a  cos  mt  cos  wt,    y=  —  a  cos  mt  sin  oit, 
w  here  m-=g'l.     Hence,  when  t=*0,  x  =  a,  y  =  0,  and  at  time  t, 

r  =  (.r-  +  >/-)*  =  a  cos  mt,     tan- -  =  -  Mt. 

The  plane  of  vibration  therefore  turns  round,  relatively  to  the  axes  <  >.<•,  Oy,  in  the 
direction  opposed  to  the  earth's  rotation,  with  angular  speed  w  =  «sin  A,  an  effect  which  is 
due  to  the  turning  of  the  earth  under  the  pendulum. 

This  is  the  theory  of  Foucault's  celebrated  pendulum  experiment  for  demonstrating  the 
earth's  rotation  experimentally.  After  some  preliminary  trials  it  was  carried  out  on  a 
lar^e  seale  at  the  Pantheon  in  Paris  in  1851.  The  pendulum  there  consisted  of  a  ball  of 
lead  weighing  about  28  kilos.,  carried  by  a  steel  wire  67  metres  long.  Underneath  the 
pendulum,  with  centre  vertically  below  the  point  of  support,  was  a  circle  of  wood  6  metres 
in  diameter,  divided  to  fourths  of  a  degree.  Hound  part  of  this  was  placed  a  thin  ridge 
of  sand,  which  was  cut  through  by  a  spike  projecting  below  the  bob,  and  gave  a  register 
of  turning  of  the  plane  of  vibration  relative  to  the  earth.  A  smaller  concentric  circle 
enabled  the  turning  to  be  traced  for  a  longer  time,  about  five  or  six  hours  in  all. 

The  period  of  turning  at  the  latitude  of  the  Pantheon  is  theoretically  31  h.  47  m.  146  s., 
and  the  pendulum  appears  to  have  shown  a  period  of  about  32  hours.  The  experiment 
was  repeated  successfully  immediately  after  in  the  cathedrals  of  Bheims  and  Amiens,  and 
at  other  places.  Extreme  care  is  necessary  to  make  the  suspension  perfectly  symmetrical 
[see  Travaux  Scientijiques  de  Foucault,  Paris,  1878]. 

28.   Analogy  of  Foucault 's  pendulum  to  a  gyrostatic  pendulum.    Show 

that  in  a  complete  form  the  equations  of  motion  of  the  pendulum  (origin  at  P„)  are 

./■  -  2w//  +  (j  -  co2 J  •'•  =  0,     }/  +  2w./-  +(j-  w- )  y  =  0, 

and  prove  that  they  are  satisfied  by  .r=acos  mt,  y=a sin  mt,  where  m  is  a  root  of 

m'1  +  2oj>h  -  '   -r  or  =  0. 

Show  that  the  motion  of  the  bob  is  in  a  horizontal  circle,  in  one  case  in  the  direction  of 
the  earth's  rotation    in    period   2Tr/{(g/l)-  -w),  in  the  other  in  the  opposite  direction  in 

period  2-  \{g  0'  +  '"!- 

These  periods,  it  will  be  seen,  exactly  correspond  to  those  of  the  circular  vibrations  of  a 
gyrostatic  pendulum.  The  rotation  of  the  earth  has  thus  the  same  effect  on  the  apparent 
motion  of  the  pendulum  as  the  spin  in  the  bob  has  on  the  actual  motion.  Thus  again  we 
lia\ e  an  analogy  to  1  he  circular  motion  of  an  electron  in  a  magnetic  field  [see  3,  VIII  and 
'.),  IX  above]. 

The  reader  maj  refer  to  Gray's  Dynamics  for  the  application  of  the  equations  of 
Example  26  to  find  the  relative  motion  of  a  falling  body  and  the  deviations  of  a  projectile. 
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29.  Revolving  balance  showing  the  earth's  rotation.  The  beam  of  a 
balance  can  turn  about  a  horizontal  axis  through  its  centroid  O,  and  is  symmetrical  aboul 
a  longitudinal  axis.  The  whole  arrangement  is  made  to  turn  at  uniform  angular  speed  ,• 
about  the  vertical  OZ.  It  is  required  to  find  the  motion  of  its  axis  about  the  horizontal 
position,  under  the  influence  of  the  earth's  rotation. 

We  suppose  that  the  moment  of  inertia  of  the  beam  about  the  axis  Of  symmetry  isC, 
and  about  any  transverse  axis  through  <)  is  A.  It'  A  be  the  latitude  of  the  place,  and  <<> 
the  earth's  angular  speed,  there  are  two  components  of  co,  one  to  sin  A  about  the  upward 
vertical  ;it  the  place,  and  the  other  cocosA  about  a  line  drawn  northward  horizontally 
from  O. 

We  take  three  axes  of  coordinates,  one  OC  along  the  rod,  inclined  at  an  angle  0  to  the 
upward  vertical  OZ,  and  two  OA,  OB  at  right  angles  to  00,  and  turning  with  the  system. 
Of  the  latter  we  take  Op,  as  coincident  with  the  horizontal  axis  about  which  the  beam 
turns.  The  reader  may  make  a  diagram.  OC  may  be  indicated  sloping  upward  and 
away  from  the  observer.  OB  is  directed  somewhat  towards  his  right,  and  supposed  to  be 
horizontal,  while  OA  is  drawn  so  as  to  suggest  that  it  is  at  right  angles  to  the  plane  BOG, 
and  therefore  nearly  vertical  in  the  plane  of  the  angle  6,  when  6  is  nearly  90°. 

Let  the  vertical  <  >Z  have  been  drawn,  and  a  horizontal  line,  OD  towards  the  reader  and 
in  the  meridian,  indicated  in  the  diagram.  This  line  may  be  taken  as  drawn  northward, 
so  that  DO  A  is  an  angle  nt  in  azimuth  towards  the  west  from  north,  if  t  be  reckoned 
from  the  instant  at  which  OA  coincides  with  01).  But  OD  is  turning  about  the  vertical 
with  angular  speed  co  sin  A,  if  co  be  the  speed  of  rotation  of  the  earth  and  A  the  latitude 
of  the  place.     The  earth's  rotation  gives  also  a  component  cocos  A  about  OD. 

We  find  the  a.m.  about  each  of  the  axes  in  the  order  0(B,  A,  0).  The  angular  speeds  are 
respectively         ^  +  w  cos  A  cos  ???,    (n+cosin  A)  sin  #+ cocos  A  sin  «£  cos  6, 

{)}  +  co  sin  A)cos  6  -  co  cos  A  sin  nt  sin  6. 

The  angular  momenta  about  0(A,  B,  C)are  the  angular  speeds  multiplied  by  the  corre- 
sponding moments  of  inertia  A,  A,  C.  If  there  is  no  applied  couple  the  equation  of 
motion  for  the  axis  OB  is 

A(6  —  Ticocos  A  sin  ?i£)-^(C_A)[  {(?<.  + to  sin  A)'2  —  or  cos2  A  sin- W[  sin  26 

+  2(k  +  co  sin  A) co  cos  Asin^f  cos2t9]  =  0 (1) 

If  we  suppose,  as  we  may,  that  n  is  great  in  comparison  with  co,  we  may  neglect  the 
tei  in-  in  (•>-',  and  obtain 

A(i9-ttcocos  AsinttO-^C-  A  )!(/>'-' +  2«co  sin  A)sin  26  +  2?icocos  A  sin  ntcos,26)  =  0.  ...(2) 

So  long  as  the  beam  is  nearly  horizontal  sin  26  is  very  small  and  cos2t9  is  nearly  -1. 

Then  wehave  At9-(2A-0)><ojcos  Asin?^  =  0 (3) 

If  the  beam  is  long  and  slender  C  is  negligible  in  comparison  with  A,  and  this  equation 

1""- »  6,'-2HcocosAsin;^  =  0 (4) 

Thus,  when  the  beam  is  nearly  horizontal,  the  angular  speed  with  which   it   is  turning 
about  the  axis  o.\  is  given  by         e=  -2cocos  Xcosnt (5) 

There  i-  no  con-taut  of  integration,  since  we  reckon  t  from  the  instant  at  which  t)  is  zero. 
We  may  now  suppose  that  the  turnings  about  the  different  axes  are  resisted  by  air- 
friction  couples  which  are  proportional  to  the  angular  speeds  relative  to  the  air.  The 
angular  speed  about  the  vertical  is  R  +  to  sin  A,  and  is  unvarying.  The  angular  speed 
about  (  ».\  relative  to  the  air  is  t),  hence  we  assume  that  a  couple  of  moment  kH  resists  the 

variation  of  cV.     The  equation  of tion  for  a  nearly  horizontal  position  i>  now 

A(6*-2na)COsAsin  nt)+kd=0,    (6) 

on  the  supposition  of  course  that  k&  is  great  in  comparison  with  the  quantities  neglected 
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in  arriving  at  equation  (4),  for  example  in  comparison  with  A/rsin  2$,  or  with  Ao/2.     For 
this,  as  a  little  consideration  shows,  the  balance  must  be  made  small. 
From  (6)  we  get  by  integration 

A  ( 6 + 2 w  cos  A  cos  nt)  +  k -6  =  0,  ( 7 ) 

"i,  neglecting  A6,  £#  +  2Awcos Xcos?it  =  0 (8) 

Thus  0  is  the  simple  harmonic  function  of  the  time  given  by  (8). 

Assuming  the  approximations,  the  whole  matter  could  be  put  in  a  very  brief  common- 
sense  way  as  follows.  The  axis  OB  is  in  advance  of  the  meridian  by  the  angle  at.  Con- 
sider a  perpendicular  axis  also  horizontal,  which  \^\ir-'nt  behind  the  meridian.  About 
this  the  horizontal  revolution  of  the  earth's  speed  of  rotation  gives  an  angular  speed 
(0  cos  A  sin  nt.  This  turns  the  nearly  vertical  axis  OA,  about  which  the  A.M.  is,  approxi- 
mately, An,  so  as  to  increase  the  angle  between  it  and  the  instantaneous  position  of  OB. 
Hence  a.m.  about  OB  is  being  produced  at  rate  -  A?iw  cos  Asin«£.  [The  reader  will  see 
that  the  other  turnings  produce  no  effect  on  the  whole.]  But  if  no  couple  acts  this  must 
be  balanced  by  the  rate  of  change  of  a.m.  due  to  acceleration.     This  is 

A( 6  —  nu>  cos  A  cos  nt), 
since  the  angular  speed  about  OA  is  6  +  w  cos  X  cos  tit.     Hence  we  get  as  before,  on  the 
hypothesis  of  no  couple,  (j-2,mcos \sinnt=0. 

The  couple  —  k6  can  now  be  introduced  and  the  solution  completed  as  above. 

AVe  have  thus  found  that  under  the  influence  of  the  resisting  action  of  the  air,  and  the 
periodic  disturbing  forces  due  to  the  rotation,  an  oscillatory  variation  of  $  is  produced 
the  period  of  which  is  2-n-jn  (the  period  of  the  imposed  rotation),  while  the  amplitude  is 
2Aci>COsA/£,  that  is  twice  the  result  of  dividing  by  k  (the  damping  coefficient)  the  product 
of  the  earth's  horizontal  component  of  the  earth's  angular  velocity  by  the  moment  of 
inertia  A. 

This  case  of  motion  is  interesting  as  an  example  of  rotation,  and  as  affording  a  new 
method  by  which  it  may  be  possible  to  observe  the  rotation  of  the  earth.  The  method 
was  suggested  to  its  inventor  Baron  Eotvos,  of  Budapest,  by  variations  found  in  records 
of  measurements  of  gravity  at  sea,  and  due  undoubtedly  to  effects  of  the  velocity  of  the 
ship,  according  as  it  was  directed  east  or  west,  on  the  apparent  value  of  gravity. 

The  apparatus  is  described  in  a  general  way.  without  details  of  dimensions  and  masses, 
with  some  particulars  of  the  method  of  experimenting,  in  a  paper  by  D.  Korda  in  the 
Archives  des  sciences  physiques  et  naturdles,  of  Geneva,  for  Nov.  15,  1917.  The  theoretical 
amplitude  quoted,  without  proof,  by  M.  Korda  agrees  with  that  found  above. 

The  question  of  the  accuracy  of  this  result  has  been  raised  [see  an  interesting  paper  by 
Mr.  C.  V.  Boys  in  Nature  for  March  21,  1918,  in  which  attention  was  first  directed  to  the 
device],  but  there  can  be  no  doubt  that,  under  the  conditions  stated,  the  theory  given 
above  is  correct.  The  action  of  the  device  is  gyrostatic,  and  is  in  no  way  dependent  on 
t  he  variation  of  apparent  gravity  with  direction  of  motion.* 

It  is  to  be  noticed  however  that  a  very  slight  varying  couple  is  neglected,  that  due  to 
the  difference  between  the  apparenl  gravity  on  the  end  moving  west  and  that  on  the  end 
moving  east.      But  the  balance  was  small  and  tin'  period  of  revolution  was  about  a  minute, 

so  thai  the  action  of  this  couple  is  entirely  negligible  in  i parison  with  the  effect  taken 

account  of  in  the  equations  found  above.  To  bring  the  centrifugal  force  effect  into  play, 
it  would  be  desirable  to  make  the  beam  of  the  balance  long— a  thin  rigid  rod  tipped  with 
massive  spheres  would  be  best  and  run  it  at  as  high  a  speed  as  possible.  The  theory  of 
such  an  arrangement  is  nol  difficult,  and  the  effect  might  easily  have  been  included  in 
the  discussion  given  above,  if  it  had  been  worth  while. 

*  This  has  also  been  pointed  out  by  Professor  J.  B,  hale,  Nature,  June 27,  191S. 
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processional  motion  of,  ">.  7. 

two  possible  precessions  of,  8. 

elementary  phenomena  of,  <>. 

liquid,  1<>. 

theory  of,  265-269. 

experiments  with  a,  18-33. 

doubly  unstable,  stabilised,  18. 

on  gimbals,  19. 

On  tray  carried  round  in  azimuth.  2  I . 

physical  applications  of  gyrostats,  I2»i. 

Kelvin  form  of,  127. 

t  rreenhill's  bioycle  wheel,  1 28. 

lead  ion  of,  on  its  support,  129. 

with     axis     vertical,     stable     or     unstable, 

according     to     direction     of     azimuthal 

motion,    137. 
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Gyr08tat,   Supported    by  a   string  attached  at 

a  point  of  I  he  axis,  139. 
hung  bj  si  eel  w  iif.  n>4. 

with  two  freedoms,  both  unstable,  without 

spin,  167. 
with  t\\"  Freedoms,  both   stable,   withoul 

spin.  170. 
on  trapeze  with  bifilar  suspension,  171. 

effects  of  spin  on  stability,  171. 
H.    A.    Wilson's    arrangement    of,    to    be 

doubly  stable  or  doubly  unstable,  173. 
rolling  ball  containing  a,  :!.">:>. 
rolling  cylinder  containing  a,  357. 
on  overhanging  flexible  shaft,  193. 
mounted  on  t  he  earl  h,  507. 
on  gimbal  rings,  508. 
hung  by  a  si  ring,  510. 
spinning  freely  between  two  rods  at  right 

angles,  517. 
spherical,  within  a  rolling  sphere,  518. 
Qyrostatio  phenomena,  <>  it  .«<  </. 
"experiments,  18-33,  88.  91. 
structure  of  a  rigid  solid,  23. 
couple  resisting  azimuthal  turning,  23. 
spring  balance,  24. 
pendulum,  25. 
bicycle  rider,  29. 
action  of  rotating  machinery,  33,  141. 

of  paddles  of  a  steamer,  33,  144. 

of  wheels  of  a  carriage,  34,  141. 

of  flywheel  of  a  motor  car,  34. 

of  turbines,  aeroplane  propellers,  34,  145 
screw  of  a  steamer,  144. 
control  of  the  rolling  of  a  ship,   35,   175- 

180. 
couple  and  resistance,  64. 
reaction  of  ring-guide,  or  space-cone,  on  a 
top,  91. 

explanation  of,  92. 
monorail  car,  143. 
on  drift  of  a  projectile,  148. 
chains,  discussion  of,  1S2-192. 
theory  of  regression  of  the    moon's  nodes, 
219. 

11  \mii. ton  i Sir  W.  R.),  dynamical  equations, 
41U. 
canonical  equal  ions,  410. 
principal  function,  120. 
partial  differential  equations,  428. 
Jacobi's  theorem  of  integral  of,  430. 
Helical  chain  of  gyrostatic  links,  187. 
•  hilt,  theory  of,  192. 

Helix,  of  bent  and  twisted  wire.    189  P.t  *"/■ 

»  analogy  to  a  top  in  steady  motion,  189. 
Helm,  weather,  why  a  ship  carries.  [51. 
Helmekt,  change  of   position  of   axis  of  re- 
|p«  sultanl  a.m.  of  eart  h,  :i:!7. 
Henderson  (J.  B.),  drift  of  a  projectile,  277. 
Herpolhode,  for  1'oiusot   motion,   151. 
has  no  point  of  inflexion,  156. 


Hess, pari  ioular  solution  for  an  unsj  tnmetrical 
top,  366. 

Hess-Sohiff  equations  for,  370-376. 

Hodograph  for  the  motion  of  a  top,  1*2. 

Holonomous   and    qoI    holonomous   Bystems, 
411  ei  0i  7. 

Ilvperboloid  (one  sheet )  deformable,  for  repre- 
sentation of  mot  i ou  of  a  top,  176  it  Beq. 

Jacobi,  integration  of  the  canonical  equations, 

430. 

solut  ion  of  top  problem  by  Hamilton's  prin- 
cipal function,  431. 

associated  movements  in  theory  of  the  i  < q >. 
467  e t  seq. 

Kelvin  (Lord),  gyrostats,  127. 

gyrostatic  balance  and  dipping  needle,  133. 
method  of  demonstration  of  earth's  rotat  ion, 

133. 
dynamical    explanation    of    magneto-optic 

rotation,  197. 
gyrostatic  domination,  etc.,  433  et  seq. 
Kinematics,  of  a  body  turning  about  a  fixed 

point,  39. 
Kinetic  potential,  411,  417. 
Kirchhoff,     analogy     between     bent     and 

twisted  bar  and  motion  of  a  top,  4S.I. 
Klein,   and    Sommerfeld,   graphical   repre- 
sentation of  the  motion  of  a  top,  113. 
parameters  of,  241. 

connection  of,  with   Eider's  parameters, 
241. 
air-friction  on  rotating  body,  288. 

Lagrange,  spherical  pendulum  when  nearly 
vertical,  303. 
dynamical  equations,  404  et  seq. 
Lamb  (H.),  "  intrinsic  equations  "  of  a  top,  s2. 

motion  of  a  ring  in  a  fluid,  diagrams,  284. 
Lam£,  equation  of,  318. 
Latitude,  periodic  changes  of,  14. 

causes  of,  16,  212-214,  226-238. 
systematic  observations  of,  235. 
diagrams  and  tables  of,  237. 
Liquid  gyrostat,  10. 

theory  of,  265-269. 
Lunar  attraction,  effect  of,  in  producing  pre- 
cession and  nutation,  207. 

Mai  i m  i;in   (Colin),  rotational  motion  of  an 

ellipsoid  of  liquid,  17. 
Magneto-opt  ic  rotat  ion,  190. 
gyrostatic  explanation  of,    L96. 

Mai.i.im  k,  discussion  of  drifl  of  a  projectile, 

273. 
.Medium,  continuous  gyrostat  ic,  231,   192-197. 
explanation  of  magneto-optic  rota- 
tion by,  L96. 
Motion,  equations  of,  for  moving  axes.  in. 
simple  rule-  t'.a-  forming,  51-53. 
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Motion,  steady,  of  a  symmetrical  top,  57. 

different  cases  of,  59. 
principal   equation   of,   elementary   discus- 
sion, 67. 
elementary  analysis  of,  for  a  top,  68. 
equations  of,  for  a  top  in  different  cases,  80. 

for  a  gyrostat  supported  at  a  point  of  its 
axis,  82. 

for  an  aeroplane  propeller,  83. 

symmetrical,  85. 
of  a  top,  under  different  conditions  of  start- 
ing, 106. 
of  a  liquid  in  an  ellipsoidal  case,  265-269. 
of  a  cylinder  in  infinite  perfect  fluid,  271. 
of  a  ring  „  „  „  278 

et  seq. 

elliptic  integral  discussion  of  vibrations 
of,  283. 

stability  of,  278. 
of  a  spherical  pendulum,  297-325. 
of  particle  on  a  surface  of  revolution,  325- 

331. 
of  a  frame  of  axes  {cj.  an  aeroplane),  332. 
of  a  gyroscope  mounted  on  the  earth,  51  »7. 

with  axis  of  spin  a  generator  of  a  cone 
fixed  on  the  earth,  507. 
of  a  gyrostat  in  a  spherical  caso  hung  by  a 

string,  510. 
of  a  top,  pseudo-elliptic  case  of,  51 1. 
of  a  symmetrical  shell  containing  a  gyro- 
stat and  rolling  on  a  horizontal  plane, 

511. 
of  a  cylinder  rolling  on  one  end,  512. 
of  a  hollow  cone  round  a  vertical  generator, 

with  sphere  rolling  on  the  surface,  513. 
of  a  sphere  on  a  revolving  vertical  plane, 

513,  514. 
of  a  rigid  body,  particular  case  of,  516. 
of  a  heavy  flywheel  with  added  eccentric 

weight,  51 6, 
"1  a  top  constrained  by  two  fixed  vertical 

planes,  517. 
of  a  ring  of  wire  spuming  on  the  top  of  a 

spline,  51  7. 
of  a   gyrostat    spiiming   between   two  rods, 

517. 
of  a  sphere  started  spinning  about  an  axis 

pa ralle]  bo  fche  earth's  axis,  517. 
of  a  body  under  a  constant  couple,  518. 
of   a    spherical    gyrostal    within    a    rolling 

sphere,  518. 
ivlni  ive  i "  t  he  earl  h,  •">_'  I . 
Motor-armature,  for  gyrostat.  :!. 
Moving  frame,  >i>  namics  of,  33:2. 
genera]  equations  Eor,  332-334. 

case  of  expanding  or  contracting  body,  334. 

Newcomb,   effect   of  elastic  yielding  of  the 

earth  on  changes  of  latitude,  16. 
Nutation,  of  the  earth's  axis,  14. 

mean  solar  and  lunar  couple  producing,  217. 


Oscillations,  of  a  ship,  free  and  forced,  175. 
of  gyrostats,  167,  170,  171,  173,  175-180. 

Paddles  of  a  steamer,    sryrostatic   action   of, 

33. 
Path,  of  a  point  on  the  axis  of  a  top,  96. 

cusps  on,  97. 
Pendulum,  gyrostatic. 

with  altazimuth  suspension, "15 7. 
with    flexible    wire    suspension, 

158,  423. 
analogy  of  motion  of  bob  of,  to 
that  of  an  electron  in  a  mag- 
netic field,  197. 
Perforated  solid  (a  ring),  motion  of,  in  perfect 
fluid,  278. 
use  of  Lagrange's  equations  for  theory  of, 

278. 
equation  of  energy,  279. 
impulse  of  motion,  280. 
Permanence  of  direction  of  axis  of  gyrostat,  2. 
Poinsot,  motion  of  a  body  under  no  forces, 
448. 
Poinsot  movement  in  the  motion  of  a  top, 
462. 
Polhode  and  herpolhode,  450,  451. 
in  motion  of  a  top,  467. 

as  intersection  of  two  confocal  surfaces/468. 
Precession,  two  possible  steady  precessions  of 
a  gyrostat,  89. 
effect  of  hurrying  or  retarding,  7, 8, 2 1 ,  87, 89. 
of  the  earth,  11. 

conical  motion  of  earth's  axis  in,  12. 
fast,  and  slow,  58. 
direct  and  retrograde,  59,  77.  78. 
effect   on,  of  increasing  or  diminishing  the 

applied  couple,  87. 
Sire's  experiment  on,  88. 
Projectile,  drift  of,  148. 

stability  of,  in  a  fluid,  158. 
Puiseux,  problem  of  a  spinning  ellipsoid,  379. 

Quadrantal  pendulum,  282. 

Rayleigh    (Lord),    effect    of    circulation    on 
flight  of  a  projectile,  271. 
dissipation  function,  437. 
Reaction,  gyrostatic,  66. 

of  a  top  on  its  support,  129. 
Resistance,  gyrostatic,  64. 

elementary  analysis  of,  »iti. 

Centre  of  effort  of,  for  a  body  in  a  fluid,  152. 
Rifling,  table  of,  for  projectiles,  166. 
Rigid  body  containing  a  flywheel,  lf>i>. 

motion  of,  156,  157. 
Ring-guide  on  space-cone,  reaction  of,  onjv 

top,  91. 
Rise  and  fall  of  a  top,  9(i. 

liouth's  graphical  construction  for,  102. 

when  started  with  ititial  precession,  105. 

theory  of  rising,  391-399. 
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Rolling  hall,  containing  a  gyrostat,  35. 

osoillal  ions  aboul  bI  might  line  mol  ion,  354. 

-  ilution  by  firsl  principles,  :>•">•>. 
Km  Tit,  graphical  const  ruol  ion  for  rise  and  fall 
of  a  top,  102. 

ignoration  of  coordinates.  1 16. 

SAiNT-driiM  \in  (M,  de),  proof  that  azimuth:>.l 
range    of    spherical    pendulum    in    half 
period  <—. 
discussion  of  reaction  of  spherical  surface 

on  particle  under  gravity,  316. 
proof    that    herpolhode    has    no    point    of 
inflexion,  466. 
Si  111.11  k,  gyrostatio  control  of  the  rolling  of 

a  ship/ 35,  175-180. 
Screw  of  a  steamer,  gyrostatic  action  of,  144. 
Si:i:son,  iryrostatic  artificial  horizon,  129. 
Serson-Fleuriais,  artiflcial  horizon,  129. 
Shaft,  flexible,  equilibrium  of,  493. 
Ship,  turning  action  of  the  water  on,  151. 
u  by  a  ship  carries  a  weather  helm,  151. 
Sire,  experiment  of  "  successive  falls  "  of  a 

top.  89. 
Solar  couple  on  the  earth,  204. 

regarded  as  due  to  "  sun  and  anti-sun,"  204. 
,,  ,,      mass  of  sun  distributed 

round  earth's  orbit,  205. 
Solid,  perforated  (a  ring) : 

moving  in  a  perfect  fluid,  278. 
equations  of  motion  for,  280. 
vibrations  of,  in  a  fluid,  283. 
quadrantal  pendulum,  282. 
elliptic  integral  discussion  of  unite  vibra- 
tions of,  283. 
stability  of,  285. 
Space-cone  and  body-cone,  77. 
Spherical  pendulum,  theory  of,  297-325. 
equations  of  motion,  297. 
azimnthal  motion,  299. 

angle  from  one  limiting  circle  to  the  other, 
inferior  limit,  300  ;  superior  limit,  304. 
when  nearly  vortical,  theorem  of  Bravais, 
302. 
period  between  limiting  circles,  303. 
force  along  supporting  cord  or  rod,  31  J. 
special  case,   finite  motion  of  simple  pen- 
dulum, 312,  314. 
reaction  of  surface-  on  particle,  314. 
elliptic  function  discussion  of  motion,  316- 
320. 
determination  of  azimnthal  motion,  320. 
proof  of  Bravais1  theorem,  321. 
discussion -of  special  cases,  323. 
Stability,  of  mol  ion,  meaning  of,  9 1. 
of  ■  or  1  op,  B  1. 

of  rotational  motion  of  a  liquid,  17,266  tin  </. 
of  a  rotating  pro jeotile,  153. 
St\'i  ki:i..   discussion   of   unsymmetrical  top, 

379. 
Steam-engine  governor,  34.5-347. 


"  Strong"  and  ■•  weak  "  tops,  100. 
stability  of,  1 13. 
periodic  moi  inn  of,  when   nearly  upright, 

119-126. 
stable    motion    of,    betweon    two    limiting 

circles  near  pole,  123. 
interprets!  ion  of  apparent  discontinuity  for, 
125. 
Sun    and    "anfi-sun,"    solar    attraction     re- 
garded as  due  to,  204. 
Surf  aceof  revolution,  mot  ion  of  particle  on,  305 
under  gravity,  305-307. 
on  a  developable  surface,  305. 
elliptic  function,  discussion  of,  32~>. 
caso  of  a  paraboloid,  with  axis  vertical, 

32(3. 
rolling  ball  on  surface,  328. 
reaction  of  surface  on,  330. 
Sylvester,  determination  of  time  in  Poinsot 

movement,  450. 
Systems,     separately     unstable,     interlinked 
stable,  180. 
stability  in  presence  of  dissipative  forces, 
180. 

Tait  (P.  G.),  on  the  flight  of  golf  balls,  273. 
Terrestrial  spheroid,  ellipticities  of,  226. 

period  of  free  precession  in  terms  of,  227. 
Top,  symmetrical,  motion  of,  48. 

spinning  under  gravity,  55  et  passim. 
with  hollow  rim  containing  balls,  63. 
reaction  of  ring-guide  or  space-cone  upon  a, 

91. 
rise  and  fall  of  a,  96. 

cusps,  and  loops,  on  the  path  of  a,  96,  97. 
motion  of  a,  between  two  close  horizontal 

circles,  99. 
"  strong  "  and  "  weak,"  100. 
motion  of  a,  under  various  conditions  of 

starting,  106. 
more  exact  discussion  of  rise  and  fall  of  a, 

108. 
error  involved  in  approximations  to  motion 

of  a,  110. 
upright  or  sleeping,  theory  of,  I  12. 

stability  of  a,  with  graphical  representa- 
tion, 113. 

analytical  discussion  of,  114. 
azimnthal  motion  of  weak,  116. 
periodic  motion  of  weak,  llti. 
reaction  of  a,  on  its  support,  129. 
supported  by  a  string  attached  at   a   point 

of  the  axis,  1  ■'!'•». 
one  supported  by  another,  147. 
unsymmetrical,  motion  of,  368-384. 

particular  solutions  of  Hess.  Kowalcvski. 
etc.,  367  1 1  •-'  7. 

Qess-Schiff  equations,  370-376. 
theory  of  the  rising  of  a  top,  391-399. 

( iallop's  energ;  criterion,  :196. 
example-.  399-402. 
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Top,  symmetrical,  energy  relations!  402. 
motion   of,   represented    by   Poinsot  move- 
ment, 473  et  si  i/. 
analogy  between  steady  moving,  and  bent 

and  t  wasted  bar,  486. 
pseudo-elliptic  case  of  motion  of,  511. 
constrained   by  vertical  planes  parallel  to 

.i  sis,  516. 
arc  described   by   point    on   axis  of,  when 

spinning  rapidly,  520. 
Spinning    On    a     horizontal     plane    without 
friction,  431,  520. 
Top,  unsymmetrical,  motion  of,  358-384. 
equations  of  motion,  358. 
stability    of,    spinning   about   vertical 

axis,  359. 

lines  of  curvature  of  surface  not  parallel 

to  central  principal  axes,  361. 

effect  of  oscillations  of  body,  365. 

stone   celts,   which   turn   smoothly   in 

azimuth  only  one  way,  364. 


Top,    unsymmetrical,    Hess*s,    KowalevsM's 

and  other  particular  solutions,  367- 
369. 
Tshapliguine's  integral,  3(59. 
Tshapliol'ixe,  particular  solution  for  an  un- 
symmetrical top,  369. 
Turbines,  gyrostatic  action  of,  145. 
Turning  action,  of  a  fluid  on  a  moving  body 
immersed,  160. 
of  the  water  on  a  ship,  151. 

Walker  (G.  T.),  theory  of  the  boomerang, 

294. 
motion  of  stone  celts,  364. 
Watt,  steam-engine  governor,  343-347. 
Webster  (A.  G.),  photographs  of  path  of  bob 

of  a  spherical  pendulum,  331. 
W'kierstrass,  elliptic  functions,  316  et  seq. 
Wilson  (H.  A.),  arrangement  of  gyrostat 

be   doubly    stable    or  doublv    unstable, 

173. 


GLASGOW  :    PRINTED  AT  THE   0NIVRR8ITX    PRESS   Bl    ROBERT  UAOLEH08E   AND  CO.    I.11>. 


By  PROFESSOR  ANDREW  GRAY 

Svo.     145.  net 

A  TREATISE  ON 

MAGNETISM  AND    ELECTRICITY 


2   Vols.      Cr.   Svo 

THE  THEORY  AND  PRACTICE  OF 

ABSOLUTE   MEASUREMENTS  IN 
ELECTRICITY  AND    MAGNETISM 

VOL.    I.     12;.  bd. 

VOL.  II.     In  Two  Parts.     2$s. 


By  PROF.  ANDREW  GRAY  and  DR.  J.  G.  GRAY 

Cr.   Svo.      l  Os.  net 

A  TREATISE  ON   DYNAMICS 


By  PROF.  ANDREW  GRAY  and  PROF.  G.  B.  MATHEWS 

Svo.      1 41.   net 

A  TREATISE  ON 

BESSEL    FUNCTIONS  AND  THEIR 
APPLICATIONS   TO   PHYSICS 


LONDON  :    MACMILI.AN   &    CO.,   LIMITED 


MACMILLAN'S 

SCIENCE    MONOGRAPHS 


CRYSTALLINE      STRUCTURE      AND      CHEMICAL 

CONSTITUTION.     By  Dr.  A.  E.  H.  Tutton,  F.R.S.     6s.  6d.  net. 

STABILITY     IN    AVIATION.     By    Dr.    G.    H.    Bryan, 
F.R.S.     6s.  6d.  net, 

STUDIES  IN  TERRESTRIAL  MAGNETISM.     By  Dr. 

C.  Chrke,  F.R.S.     Illustrated.     8\o.     6s.  6d.  net. 

STUDIES  IN  RADIOACTIVITY.  By  Prof.  W.  H.  Bragg, 
F.R.S.     6s.  6d.  net. 

THE  COTTON  PLANT  IN  EGYPT.     Bv  W.  Lawrence 

a! 

Balls,  M.A.     Illustrated.     6s.  6d.  net. 

RESEARCHES  IN    MAGNETO-OPTICS.       By    Prof.   P. 

/reman.     Illustrated.     7s.  6d.  net. 

STUDIES    IN    WATER    SUPPLY.     By  A.  C.   Houston, 

D.Sc,  M.B.     Illustrated.     6s.  6d.  net. 

STELLAR    MOVEMENTS    AND    THE    STRUCTURE 

OF  THE    UNIVERSE.     By    Prof.    A.    S.    Eddington,  M.Sc,  F.R.S. 
Illustrated.      7s.  6d.  net. 

TRANSPIRATION   AND  THE  ASCENT  OF  SAP   IN 

PLANTS.      By    Prof.    Henry    H.    Dixon,    Sc.D.,    F.R.S.      Illustrated. 

6s.  6d.  net.  * 

THE  MUTATION  FACTOR  IN  EVOLUTION,  WITH 
PARTICULAR  REFERENCE  TO  OENOTHERA.  Bj  R. 
Ruggles  Gates,  Ph.D.     Illustrated.      12s.  6d.  net. 


LONDON:    MACMILLAN    &    CO.,    LIMITED. 


RETURN      ENGINEERING  LIBRARY 

TO— ^  642-3366 


LOAN  PERIOD  1 

2 

3 

4 

5 

6 

ALL  BOOKS  MAY  BE  RECALLED  AFTER  7  DAYS 
Overdues  subject  to  replacement  charges 

DUE  AS  STAMPED  BELOW 


jM^ll B1985 

FEB  16-133  j 

APR  20  1996 

APR  18  1997 

,;^8no7 

sltf[*tf 

ll/iM/r. 

L 

UNIVERSITY  OF  CALIK 
FORM  NO.  DD1 1 ,  80m,  8/80  BERKELEY,  CA 


U   C   BERKELEY  LIBRARIES 


C05141451D142 


YD  07^9 


if 

;J9.'546' 

h 

i 

Engineering 
Library 

UNIVERSITY  OF  CALIFORNIA  LIERARY 

I   j                                                          ■ 

--  **^- 

llllllll^^^H 


